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AN ADAPTIVE FINITE ELEMENT PML METHOD FOR THE ELASTIC WAVE
SCATTERING PROBLEM IN PERIODIC STRUCTURES

XUE JiaNG!, PELJUN Li?, JUNLIANG Lv3 AND WEIYING ZHENG*

Abstract. An adaptive finite element method is presented for the elastic scattering of a time-harmonic
plane wave by a periodic surface. First, the unbounded physical domain is truncated into a bounded
computational domain by introducing the perfectly matched layer (PML) technique. The well-posedness
and exponential convergence of the solution are established for the truncated PML problem by devel-
oping an equivalent transparent boundary condition. Second, an a posteriori error estimate is deduced
for the discrete problem and is used to determine the finite elements for refinements and to determine
the PML parameters. Numerical experiments are included to demonstrate the competitive behavior of
the proposed adaptive method.
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1. INTRODUCTION

The scattering theory in periodic diffractive structures, which are known as diffraction gratings, has
many significant applications in optical industry [7, 8. The time-harmonic problems have been stud-
ied extensively in diffraction gratings by many researchers for acoustic, electromagnetic, and elastic
waves [1,2,4,5,15,22-24,29,33]. The underlying equations of these waves are the Helmholtz equation, the
Maxwell equations, and the Navier equation, respectively. This paper is concerned with the numerical solu-
tion of the elastic wave scattering problem in such a periodic structure. The problem has two fundamental
challenges. The first one is to truncate the unbounded physical domain into a bounded computational domain.
The second one is the singularity of the solution due to nonsmooth grating surfaces. Hence, the goal of this
work is two fold to overcome these two issues. First, we adopt the perfectly matched layer (PML) technique to
handle the domain truncation. Second, we use an a posteriori error analysis and design a finite element method
with adaptive mesh refinements to deal with the singularity of the solution.

The research on the PML technique has undergone a tremendous development since Bérenger proposed
a PML for solving the time-dependent Maxwell equations [11]. The basic idea of the PML technique is to
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surround the domain of interest by a layer of finite thickness fictitious material which absorbs all the waves
coming from inside the computational domain. When the waves reach the outer boundary of the PML region,
their energies are so small that the simple homogeneous Dirichlet boundary conditions can be imposed. Various
constructions of PML absorbing layers have been proposed and investigated for the acoustic and electromagnetic
wave scattering problems [10,12,19-21,27,28,32]. The PML technique is much less studied for the elastic wave
scattering problems [25], especially for the rigorous convergence analysis. We refer to [13,18] for recent study on
convergence analysis of the elastic obstacle scattering problem. Combined with the PML technique, an effective
adaptive finite element method was proposed in [6,16] to solve the two-dimensional diffraction grating problem
where the one-dimensional grating structure was considered. Due to the competitive numerical performance,
the method was quickly adopted to solve many other scattering problems including the obstacle scattering
problems [14,17] and the three-dimensional diffraction grating problem [9]. Based on the a posteriori error
analysis, the adaptive finite element PML method provides an effective numerical strategy which can be used
to solve a variety of wave propagation problems which are posed in unbounded domains.

In this paper, we explore the possibility of applying such an adaptive finite element PML method to solve the
diffraction grating problem of elastic waves. Specifically, we consider the incidence of a time-harmonic elastic
plane wave on a one-dimensional grating surface, which is assumed to be elastically rigid. The open space,
which is above the surface, is assumed to be filled with a homogeneous and isotropic elastic medium. Using the
quasi-periodicity of the solution and the transparent boundary condition, we formulate the scattering problem
equivalently into a boundary value problem in a bounded domain. The conservation of energy is proved for
the model problem and is used to verify our numerical results when the exact solutions are not available.
Following the complex coordinate stretching, we study the truncated PML problem which is an approximation
to the original scattering problem. We develop the transparent boundary condition for the truncated PML
problem and show that it has a unique weak solution which converges exponentially to the solution of the
original scattering problem. Moreover, an a posteriori error estimate is deduced for the discrete PML problem.
It consists of the finite element error and the PML modeling error. The estimate is used to design the adaptive
finite element algorithm to choose elements for refinements and to determine the PML parameters. Numerical
experiments show that the proposed method can effectively overcome the aforementioned two challenges.

This paper presents a nontrivial application of the adaptive finite element PML method for the grating
problem from the Helmholtz (acoustic) and Maxwell (electromagnetic) equations to the Navier (elastic) equation.
The elastic wave equation is complicated due to the coexistence of compressional and shear waves that have
different wavenumbers and propagate at different speeds. In view of this physical feature, we introduce two scalar
potential functions to split the wave field into its compressional and shear parts via the Helmholtz decomposition.
As a consequence, the analysis is much more sophisticated than that for the Helmholtz equation or the Maxwell
equations. We believe that this work not only enriches the range of applications for the PML technique but also
is a valuable contribution to the family of numerical methods for solving elastic wave scattering problems.

The paper is organized as follows. In Section 2, we introduce the model problem of the elastic wave scattering
by a periodic surface and formulate it into a boundary value problem by using a transparent boundary condition.
The conservation of the total energy is proved for the propagating wave modes. In Section 3, we introduce the
PML formulation and prove the well-posedness and convergence of the truncated PML problem. Section 4 is
devoted to the finite element approximation and the a posteriori error estimate. In Section 5, we discuss the
numerical implementation of our adaptive algorithm and present some numerical experiments to illustrate the
performance of the proposed method. The paper is concluded with some general remarks and directions for
future research in Section 6.

2. PROBLEM FORMULATION

In this section, we introduce the model problem and present an exact transparent boundary condition to
reduce the problem into a boundary value problem in a bounded domain. The energy distribution will be
studied for the reflected propagating waves of the scattering problem.
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FIGURE 1. Geometry of the scattering problem.

2.1. Navier equation

Consider the elastic scattering of a time-harmonic plane wave by a periodic surface S which is assumed
to be Lipschitz continuous and elastically rigid. In this work, we consider the two-dimensional problem by
assuming that the surface is invariant in the z direction. The three-dimensional problem will be studied as
a separate work. Figure 1 shows the problem geometry in one period. Let = [z,y]T € R2 Denote by
I'={x cR?:0<x <A, y=>b} the artificial boundary above the scattering surface, where A is the period and
b is a constant. Let {2 be the bounded domain which is enclosed from below and above by S and I, respectively.
Finally, denote by 2° = {x € R? : 0 < 2 < A, y > b} the exterior domain to (2.

The open space, which is above the grating surface, is assumed to be filled with a homogeneous and isotropic
elastic medium with a unit mass density. The propagation of a time-harmonic elastic wave is governed by the
Navier equation

pAu 4+ (A + p)VV-u 4+ wu =0 in QU 0°, (2.1)

where w > 0 is the angular frequency, p and A are the Lamé constants satisfying g > 0 and A + g > 0, and
u = [uyg, uz]T is the displacement vector of the total field which satisfies

u=0 onsS. (2.2)

Let the surface be hit from above by either a time-harmonic compressional plane wave

uinc(w) — [sin&, _ COS9}'I'ei/€1(9¢sin9—ycos@)7

or a time-harmonic shear plane wave

T ik (xsin 0—y cos 0)
€ b

Uinc () = [cos B, sin 0]
where 0 € (—7/2,7/2) is the incident angle and
w w

Arm TR

are the compressional and shear wavenumbers, respectively. It can be verified that the incident wave also satisfies
the Navier equation:

(2.3)

K1 =

pAUine + (A4 p)VV - Uine + 0 Uine =0 in 2U 02°. (2.4)

Remark 2.1. Our method works for either the compressional plane incident wave, or the shear plane incident
wave, or any linear combination of these two plane incident waves. For clarity, we will take the compressional
plane incident wave as an example to present the results in our subsequent analysis.
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Motivated by uniqueness, we are interested in a quasi-periodic solution of w, i.e., u(z,y)e™** is periodic
in x with period A where o = k1sinf. In addition, the following radiation condition is imposed: the total
displacement u consists of bounded outgoing waves plus the incident wave win. in §2°.

We introduce some notation and Sobolev spaces. Let u = [ul,uz]T and u be a vector and scalar function,
respectively. Define the Jacobian matrix of u as

8Iu1 8yu1
Vu =
8zu2 8yu2

and two curl operators
curlu = Oyus — Oyu1, curlu = [Jyu, —Bwu]T.

Define a quasi-periodic functional space
Hé7qp(ﬂ) ={ue HI(Q) su(A,y) = u(0, y)eiO‘A, u=0on S},

which is a subspace of H*(2) with the norm ||-|| g1 (). For any quasi-periodic function u defined on I', it admits
the Fourier series expansion

. 1 [ . 2
u(x) = %u(")ela"m, u™ = Z/o u(x)e ' *dx, a,=a+n <7ﬂ-> .

We define a trace functional space H*(I") with the norm given by

1/2
lull = (ry = (A > +ai)su(")2> :

neZ

Let Hévqp(ﬂ)2 and H*(I')?> be the Cartesian product spaces equipped with the corresponding 2-norms of
Hé7qp(9) and H*(I'), respectively. It is known that H~*(I")? is the dual space of H*(I')? with respect to
the L?(I")? inner product

(u,v)p = / u - vdz,
r
where the bar denotes the complex conjugate.

2.2. Boundary value problem

We wish to reduce the problem equivalently into a boundary value problem in (2 by introducing an exact
transparent boundary condition on I.
The total field w consists of the incident field u;,. and the diffracted field v, i.e.,

U = Uipc + V. (25)
Noting (2.5) and subtracting (2.4) from (2.1), we obtain the Navier equation for the diffracted field v:
pAU 4+ (A + p)VV - v+ w’v =0 in 02° (2.6)

For any solution v of (2.6), we introduce the Helmholtz decomposition to split it into the compressional and

shear parts:
v = V¢, + curles, (2.7)

where ¢; and ¢9 are scalar potential functions. Substituting (2.7) into (2.6) gives

v ((/\ +2u)Ady + w2¢1) + curl(pApy + w?¢s) = 0,
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which is fulfilled if ¢; satisfy the Helmholtz equation
Agj + Kip; =0, (2.8)

where x; is the wavenumber defined in (2.3).
Since v is a quasi-periodic function, we have from (2.7) that ¢, is also a quasi-periodic function in the z
direction with period A and it has the Fourier series expansion

0i(z,y) = 6)" (W)™, (29)
neL
Plugging (2.9) into (2.8) yields
6" )z
dij +(8) " ) =0, y>b, (2.10)
where
(n) _ (K? —az)?, an| < Ky,
B =900 21/2 (2.11)
l(an_"{j) ) ‘an| >K:j~

Note that ﬁgo) = 8 = k1 cosf. We assume that k; # |a,| for all n € Z to exclude possible resonance. Noting
(2.11) and using the bounded outgoing radiation condition, we obtain the solution of (2.10):

18" (y—
07 (y) = 9" (D)0,

which gives Rayleigh’s expansion for ¢;:

ila,z () (y—
bi(wy) = 3 oM p)el (one 8 wb) -y sy (2.12)
nez

Combining (2.12) and the Helmholtz decomposition (2.7) yields

on n (e 228 (y—
v(z,y) =iy [ (n)] o (p)ei (ane 01 (w=0)) |

neZ 1

(n)
Bs ] én)(b)ei(anxwé’(y—b))_ (2.13)

—ay,

On the other hand, as a quasi-periodic function, the diffracted field v also has the Fourier series expansion

v(z,b) =Y v (b)eln”. (2.14)

neEZ

From (2.14) and (2.13), we obtain a linear system of algebraic equations for gb;n)(b):

[ian w@] V%”)(b)] _ [v@(b)]
i5]" —ian] L5V @)) L")
Solving the above equations via Cramer’s rule gives

o 0) = -

1 n n n
e (v () + 856" ) (2.15a)
i

(n)
95" (b) = —
2 ( ) X(n)

(ﬁ§">v§">(b) — apod™ (b)) , (2.15b)
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where
X = o + M. (2.16)

Plugging (2.15) into (2.13), we obtain Rayleigh’s expansion for the diffracted field v in 2°:

v<x,y>:2ﬁ[

nez

afl o, 5571)

a, 8™ g g

(n) g(n) _ (n)
1 [BVBY —anpy o™ (p)ei (ana+857 -)) (2.17)
X(n) —« 5(") a2

nHl

n

] o™ (p)et (ana+817 (v=b)

Given a vector field v = [vy, vg]T, we define a differential operator on I:
PDv = pdyv + (A + )[0,1] "V - v = [udyv1, (A + 1) 0xv1 + (A 4 2)9yva] T (2.18)
By (2.18), and (2.17), we deduce the transparent boundary condition

v =Tv:= Z M@y (p)elen®  on I,
neL

where the matrix

X" 20, — pagx™ w265

Equivalently, we have the transparent boundary condition for the total field w:
Pu=Tu+f on I,

where .f = Quinc - yuino
The scattering problem can be reduced to the following boundary value problem:

pAu+ AN+ p)VV-u+w?u =0  in £,
u=0 on S, (2.19)
Pu=Tu+f on I.

The weak formulation of (2.19) reads as follows: find w € Hg ., (£2)* such that
a(u,v) = <faU>Fv Vv e Hé’,qp(g)zv (220)

where the sesquilinear form a : Hg (£2)* x Hg ,,(2)*> — C is defined by

a(u,v) :,u/ Vu: Vodx + (A—l—u)/ (V-u)(V-v)de —wz/ u-vde — (JTu,v)r. (2.21)
Q 0 0
Here A : B = tr(ABT) is the Frobenius inner product of square matrices A and B.

The well-posedness of the variational problem (2.20) was discussed in [23], where the authors proved that
the variational problem had a unique weak solution except for a discrete set of frequencies. It is unclear if the
scattering problem has a unique solution for all the frequencies. In this paper, we assume that the variational
problem (2.20) admits a unique solution. It follows from the general theory in [3] that there exists a constant
v1 > 0 such that the following inf-sup condition holds

a(uw,v
sup lalu, )| > mllullgio)p, YVue Héyqp(ﬁ)z. (2.22)
0£vEHL (£2)2 [Vl £ (2)2
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2.3. Energy distribution

We study the energy distribution for the propagating reflected wave modes of the displacement. The result
will be used to verify the accuracy of our numerical method when the analytic solution is not available.

Denote by v = (v1,15)" and 7 = (71,72) the unit normal and tangential vectors on S, where 7, = 15
and 75 = —vq. Let A;") = |k — a2|Y2 and U; = {n : |a,| < k;}. We point out that U; and U, are the
collections of all the propagating modes for the compressional and shear waves, respectively. It is clear to note
that ﬂj(-n) = A;") for n € U; and 5](") = iA;") for n ¢ Uj.

Consider the Helmholtz decomposition for the total field:

u = V1 + curlps. (2.23)
Substituting (2.23) into (2.1), we may verify that ¢, also satisfies the Helmholtz equation
Apj+ k30 =0 in 2U0°
Using the boundary condition (2.2), we have
Opp1 — Orp2 =0 and 0Opps +0rp1 =0 on S.
Correspondingly, we introduce the Helmholtz decomposition for the incident field:
Uine = VY1 + curlyy,

which gives explicitly that

1 i 1
1/)1 = ——2v * WUine = ——el(amiﬁy)’ ¢2 = —2Cur1un~w =0.
K1 K1 K3

Hence we have
p1 =01+ Y1, P2 = Pa.
Using the Rayleigh expansions (2.12), we get

i n) i ()
o1 (.T, y) = Toel(ax—ﬁy) + Z Tg )e (anw-‘rﬁl y)7 (2_24)
neZ
n) ila Q2
pal,y) = 3 rieilene057), (2.25)
neZ
where )
ro=— Y = oM e = o e (2.26)

The grating efficiency is defined by

O s e GO W S e

O i S T L 2.27
LT T 2 T B (2.27)

where egn) and eg") are the efficiency of the nth order reflected modes for the compressional wave and the shear

wave, respectively. We have the following conservation of energy.
Theorem 2.2. The total energy is conserved, i.e.,

Z eﬁ”) + Z egn) =1.

nelU; neUs
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Proof. Consider the following coupled problem:

Apj + K30 =0 in £,
Opp1 — Oripa =0 on S, (2.28)
Opp2 + 0rp1 =0 on S.

It is clear to note that @; also satisfies the problem (2.28) since the wavenumber k; is real. Using Green’s
theorem and quasi-periodicity of the solution, we have

0= / (P1A¢1 — p1Ap1) dx + (P2 Aps — w2 Aps) dz
Q
= /(@13,/@1 — 10y¢1) ds +/(9525u902 — 20,p2) ds
s 5
+ [ @ = er0p0 o+ [ (020,00 - 20,02) (229)
r r
Tt follows from integration by parts and the boundary conditions on S in (2.28) that
/ P10up1ds = / $10rp2ds = —/ p20-p1ds = / 20, P2 ds,
s s s s
/ P20y, p2ds = —/ $20rp1ds = / p10- P2 ds = / ©10,¢1 ds,
s s s s
which yields after taking the imaginary part of (2.29) that

Im/ (@10yp1 + P20y p2) dz = 0. (2.30)
r
Tt follows from (2.24) and (2.25) that we have

(Pl(-%‘,b) _ Toei(ax—ﬁb) + Z Tgn)e(ioznx—HAg")b) + Z Tgn)e(ianx—A(ln)b)’

nelUy n¢U1
=) rén)e(ia"”mg")b) + Y Tén)e(i“””’—Aémb),
nelUs ’I’LQUQ
and
aygol(x,b) = _iﬁroel(axfﬁb) + Z iAgn),rgn)e(laanrlAI Z Al (n) (n) locnzfAl b)’
nely H¢U1
n) (n) (iapz+ial™ n) (0 (ia,z—Al®
dypa(x,b) = > iAYrS ) o (iane+iafe) _ S Al ) (tomz—a{mb)
nels ’I’LQUQ

Substituting the above four functions into (2.30) and using the orthogonality of Fourier series, we get

> ATV 3 AP = Blrol®,

nelU; neUs

which completes the proof. O

In practice, the grating efficiencies (2.27) can be computed in the follows: (1) solve the scattering problem and
obtain the diffracted field v(z,b) = [v1(x,b),v2(z,b)] T on I'; (2) compute the Fourier coefficients of v(z,b) to
get v(n)(b) and vén)(b); use (2.15) to compute ¢§n)( b) and ¢>(n)( b); use (2.26) to compute T( ") and T( ", ; use (2.27)

to calculate the grating efficiencies eﬁ”) and eén).
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FIGURE 2. Geometry of the PML problem.

3. THE PML PROBLEM

In this section, we shall introduce the PML formulation for the scattering problem and establish the well-
posedness of the PML problem. An error estimate will be shown for the solutions between the original scattering
problem and the PML problem.

3.1. PML formulation

Now we turn to the introduction of an absorbing PML layer. As is shown in Figure 2, the domain {2 is covered
by a slab of PML layer of thickness ¢ in §2°. Let p(7) = p1(7) +ip2(7) be the PML function which is continuous
and satisfies

p1=1, po=0 fort<b and p; >1, p2 >0 otherwise.

We introduce the PML by complex coordinate stretching:

J= /Oy p(T)dr. (3.1)

Let & = (z,9) " . Noting that scattering field v(z) satisfies Navier equation in 2 U £2¢, we have
plgv(2) + (A + 1)V Va - v(@), +wo(z) = 0,

where v(&) = w(%) — Uine (&) and Vi = [04,05] " = [02,p7 10, . Introduce a new field

N _ uinc(w) + (u(i:) - uinc(i:))a S Qe’
() = {u(ac), x € . (3:2)

It is clear to note that @(x) = u(x) in §2 since & = x in (2. It can be verified that @ satisfies
B (8() — ine()) + A+ 1)V oV - () — tine(®)) + 02 (@(2) — ine()) = 0.

Let
.i”(ﬁ—uinc):o n QUQe,

where the PML differential operator

o | AT 2002 (p()rr) + 10y (07" () Byun) + (A + p)0zyuz + *p(y)us
(102 (p(y)Dsuz) + (N + 20y (p™ (y)Dyuz) + (A + )0y ur + w?p(y)uz
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Define the PML region
OPME —fp e R2:0<a < A, b<y<b+6}.

Clearly, we have from (3.2) and (2.17) that the outgoing wave @(x) — uinc(x) in 2° decays exponentially as
y — oo. Therefore, the homogeneous Dirichlet boundary condition can be imposed on

IPME— (g eR*:0<a < A y=b+d}

to truncate the PML problem. Define the computational domain for the PML problem D = 2 U 2PML We
arrive at the following truncated PML problem: find a quasi-periodic solution @ such that

Lu=g in D,
U = Wipc on ['PML (3.3)
=0 on S,

where

{.i”uinc in QPML,
g =

0 in £2.
Define Hg (D) = {u € H} (D) : u =0 on S UM} The weak formulation of the PML problem (3.3)

reads as follows: find @ € Héqp(D)2 such that & = wine on 'L and
bp(t,v) = —/ g-vdz, YveH; (D) (3.4)
D

Here for any domain G C R?, the sesquilinear form bg : H) (G)? x H;,(G)? — C is defined by

b (u,v) = / (A + 200) (pDzu10,01 + p~ ' Byusdya) + p(p~ ' Dyurdy o1 + pdyud,va)
G
+ ()\ + u)(@xugﬁyﬁl + 8xu18y172) — wzp(uﬂ?l + UQ172) dx.

We will reformulate the variational problem (3.4) in the domain D into an equivalent variational formulation in
the domain 2, and discuss the existence and uniqueness of the weak solution to the equivalent weak formulation.
To do so, we need to introduce the transparent boundary condition for the truncated PML problem.

3.2. Transparent boundary condition of the PML problem

Let v(x) = v(x) = u(Z) — winc(&). It is clear to note that ¥ satisfies the Navier equation in the complex

coordinate
pAe® + (A4 p)VeVs - o +w?v =0 in PML (3.5)

where Vg = [0;,0;5] T with 9; = p~1(y)0,.
We introduce the Helmholtz decomposition to the solution of (3.5):

¥ = Vady + curlyds, (3.6)
where curl;, = [9;, —0,] " and éj (x) = ¢; (&) satisfies the Helmholtz equation
Aoy + K205 = . )
Due to the quasi-periodicity of the solution, we have the Fourier series expansion

bi(w,y) =3 6 (y)etone. (3.8)

ne”z



ADAPTIVE METHOD FOR ELASTIC WAVE 2027

Substituting (3.8) into (3.7) yields

i (A w) R W = o (3.9

The general solutions of (3.9) is

B (y) = AT I p(r)dT g B =18 [ p(r)dr

Denote by
b+0
C:/ p(T)dr. (3.10)
b
The coefficients A;n) and BJ(-n) can be uniquely determined by solving the following linear equations
Ay Qi 5571) _5571) Agn) Agn) (b)
5(") _5(") —ay, —ay, B N
1 (n) 1 (n) (n) (n) wl= 2 () ) (3.11)
anefC e gimeis™ ¢ _gme—igm || 400 0
Bt _gme—iBMC o, o8 g, emi08V¢ | [ BEY 0

where we have used the Helmholtz decomposition (3.6) and the homogeneous Dirichlet boundary condition
(z,b+6)=0 on "ML
due to the PML absorbing layer. Solving the linear equations (3.11), we obtain
(m) __ 1 N OTRD) o (b
Aj _QX(H)X(TL){ X" (e +2) (anv (b )+ﬁ2 (b ))
+ 2887 4+ 200) (14 680 = ™) (np 6" (0) + 0268 (1)) },
! (n) (n) 5™ () — g 5
2X(n)5((n) {X €1 (Oé U ( ) 52 Uy (b))
+2(ef08 + 2(60" + oVol) (B B0 (8) — 026800 0) )
(n) _ i (n) [(0), (n) _ o(.(n) (n) (n)5(n) py - s(n)
A7) =5 D [0 =207 4 00+ (51767 0) - anif” ()
260" (14 6 = ) (8280 (8) - 0308V 1)) |,
(m) __ 1 (n) ] (g 5
By = e (X (287 1) = ] (87007 0) + cnt” 0)

= 268" (" +2) (8128007 ) + s )

B =

where
55") = coth (—iﬁj(")g) -1
5 = (ewé”’c _ ewﬁ”’c) / (e—iﬂﬁ-”’c . eiﬂﬁ-”’C) , (3.12)
nm = 54 /s — (e—iﬁi’")g _ ewﬁ”’c) / (e—iﬁé’")c _ ewé”’c)

and

PLOIERVICO) _1_4(5571) _ 5571) _ 5571)5571)) (ﬂ)ﬁ /x™. (3.13)
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Here, the hyperbolic cotangent function is defined as
coth(t) = (e +e7)/(e! —e™ ).

Following the Helmholtz decomposition (3.6) again, we have

Oy n) ry Qo . (n) ry
'lA)(.T,y) _ IZ [ o Agn)el(aﬂx-&-ﬁ jb p(T)dT) + . B%n)el(anx_ﬁl jb p(T)dT)
neEZ ﬁl _ﬁl
(n) P ﬁ(n) ) i
2 A;n)el(a,Lx+ﬁ2 JY p(7) dT) _ P2 Bén)el(anzfﬁz Iy p(7) dT) (3.14)
—Qp Oy
Combining (3.14) and (2.18), we derive the transparent boundary condition for the PML problem on I
Do = Z M n) (n) 1ozn3:
neEZ
where the matrix —
N — [mn m12]
gy gy

Here the entries are

2 p(n) 2 p(n)
w
R gq) iw* By iw?3)" { ln)ag ( (n)77 n) 25;@) 5571)5571)} ’

L X mxm
A = ipay, — liﬁgn B iw?;&f;(f(”) [ (n) (1 + 260" ) + 258" }

) = i + 50 BB [0 (10 o) 1 (257 4 250 - 57
i = iw;%n) * ;fr?)ié:) BB+ (e 267 ) 2]

Equivalently, we have the transparent boundary condition for the total field & on I":
Dy = FPMLg 4 fPML

where fPML @umc - QPMLumc
The PML problem can be reduced to the following boundary value problem:

pAuPME (N + )V - aPME 4 2 PME — in 2,
uPML =0 on S, (3.15)
GuPML — FPMLyPML | gPML on I
The weak formulation of (3.15) is to find w™" € H§  (£2)* such that
aPME(PME ) = (FPME o), Vo e Hg ,(92)?, (3.16)

where the sesquilinear form a"™& : Hé,qp(Q)Q X Héyqp(())z — C is defined by

PML _ Un ) B
a (u,v)—u/QVu.V'udac—l—()\—i—u)/Q(V u)(V - v)de

—wz/ w-vde — (TMby, v) . (3.17)
17}
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The following lemma establishes the relationship between the variational problem (3.16) and the weak for-
mulation (3.4). The proof is straightforward based on our constructions of the transparent boundary conditions
for the PML problem. The details of the proof is omitted for simplicity.

Lemma 3.1. Any solution @ of the wvariational problem (3.4) restricted to (2 is a solution of the varia-
tional (3.16); conversely, any solution u"™¥ of the variational problem (3.16) can be uniquely extended to
the whole domain to be a solution @ of the variational problem (3.4) in D.

3.3. Convergence of the PML solution

PM

Now we turn to estimating the error between u”™" and w. The key is to estimate the error of the boundary

operators .7 "ML and 7.

Let
A7 = min{Agn) ineUj}, A = min{AEn) in ¢ Ut
Denote
A At 163 24(16 + £3)?
F = max — s T J X max 12/{2,16/@%,8—1—2/@%, ’;2’ ( ‘;‘”2) .
j=1,2 e§AJ. Im¢ 1 e§Aj ReC 1 K1 K1

The constant F' will be used to control the modeling error between the PML problem and the original scattering
problem. Once the incoming plane wave win. is fixed, the quantities A7, Aj' are fixed. Thus the constant F
approaches to zero exponentially as the PML parameters Re( and Im( tend to infinity. Recalling the definition
of ¢ in (3.10), we know that Re( and Im( can be calculated by the medium property p(y), which is usually
taken as a power function:

ReC:(1+ Reo )5, 1m<:<1m0 )5

Thus we have

m+1 m+1
In practice, we may pick some appropriate PML parameters ¢ and § such that Re( > 1.

Lemma 3.2. For any u,v € Hé7qp(9)27 we have
(TP~ Zyu,o)r] < Pllullparye 0] 22,
where F = 17w F [k}
Proof. For any u,v € H évqp(ﬂ)z, we have the following Fourier series expansions:
u(z,b) = Z u(")(b)eio‘”‘”, v(z,b) = Z v(")(b)eio‘”z,
nez nez

which gives
2y = AD ™M@, [olfape =4 0™ @)
neEZ nez
It follows from the orthogonality of Fourier series, the Cauchy—Schwarz inequality, and Proposition A.4 that we
have

((FPME _ TV, )| = AZ((M(n) — M(”))u(”)(b)) o™ (b)

ne”z
1/2 1/2
< (AZ |2 — a3 Iu(")(b)l2> (AZ Iv(”)(b)2> < Fllullzeryzllvllc2cryz,
nez nez

which completes the proof. O
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Let a = min,{x € S}. Denote 2 = {x € R?: 0 <z < A, a <y < b}.

Lemma 3.3. For any u € Hg  (12)*

, we have
ullz(ryz < llullgizry: < v2llullm ),

where v = (1 + (b —a)~1)/2.

Proof. First we have

(b — a)|ub) /|u \dy+//dt\u )[2dtdy
/|u \dy+<b—a>/a 2lu(y)l [ (1)]dy,

which gives by applying Young’s inequality that

b b
(1+ap) 2lu®)? <731 +ai)/ IU(y)\zder/ [/ (y)*dy.

Given u € H} qp((Z)z, we consider the zero extension

- u in (2,
u = ~ —
0 in 2\ £,
which has the Fourier series expansion
= Z @™ (y)el*® in 0.
neEZ

By definitions, we have
J@ll2sm e = A (14 a2)Y2 (@™ ()2

nez
and
il = A [ O+ @@ + i ()
nez
Noting ||| zr1/2(ryz = [|@l| g1/2(ry2 and [|u| m1(0)2 = @] 41 (p)2, We complete the proof by combining the above
estimates. ]

Theorem 3.4. Let v1 and 72 be the constants in the inf-sup condition (2.22) and in Lemma 3.3, respectively.
If Fy2 < 71, then the PML wvariational problem (3.16) has a unique weak solution u"™¥ which satisfies the
error estimate

)

PML”Q — la(u —u

sup
ozvert (@2 vlm(e):e

o < Pral|u™ — wgel|xry, (3.18)

S,ap

where w is the unique weak solution of the variational problem (2.20).
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Proof. Tt suffices to show the coercivity of the sesquilinear form a"™% defined in (3.17) in order to prove the
unique solvability of the weak problem (3.16). Using Lemmas 3.2, 3.3 and the assumption Fy3 < 1, we get for
any w,v in Hévqp(ﬂ)2 that
" (u,v)] > |a(u, v)| = [(TTM — T)u, )|
> la(w,v)| = Fy3lullm o2 vl m o)
> (11— F%) |ull g e o)l o)
It remains to show the error estimate (3.18). It follows from (2.20)—(2.21) and (3.16)—(3.17) that

PML’ 'U)

,v) = a(u,v) — a(u
= <fav>1" _ <fPML7'U>F + aPML(’u,PML,’U) _ CL('LLPML,'U)

_ <(§PML o y)uinc’ 'U>F o <(§PML o y)uPML’ 'U>F

= <(9 - 9PML)(UPML - uinc)a U>F7

alu—u

which completes the proof upon using Lemmas 3.2 and 3.3. O

We remark that the error estimate (3.18) is a posteriori in nature as it depends only on the PML solution
uPML which makes a posteriori error control possible. Moreover, the PML approximation error can be reduced
exponentially by either enlarging the thickness ¢ of the PML layers or enlarging the medium parameters Reo

and Imo.

4. FINITE ELEMENT APPROXIMATION

In this section, we consider the finite element approximation of the PML problem (3.4) and deduce the a
posterior error estimate.

4.1. The discrete problem

Let My, be a regular triangulation of the domain D. Every triangle T" € M), is considered as closed. We
assume that any element 7' must be completely included in 2PML or (2. In order to introduce a finite element
space whose functions are quasi-periodic in the x direction, we require that if (0, y) is a node on the left boundary,
then (A,y) is also a node on the right boundary, and vice versa. Let Vi,(D) C H} (D) be a conforming finite
element space, and Vj, (D) = V;, (D) N Hj (D).

Denote by II, : C(D)? — V,(D)? the Scott-Zhang interpolation operator [31], which has the following
properties:

lv — ol 2y < Chrl| Vol pesy, [0 = ol 22 < ChY?|[ Vol pe),

where hr is the diameter of the triangle T, h. is the length of the edge e, T and é are the unions of all elements
which have nonempty intersection with the element T and the edge e, respectively, and the Frobenius norm of
the Jacobian matrix Vv is defined by

1/2

2
IVolre = [ S / Vo, [2da
j=1"¢

The finite element approximation to the problem (3.4) reads as follows: Find @, € V,(D)? such that @, = [T winc
on 'L 4, =0 on S, and

bD(ﬁh,vh) = —/ g-vpdx, Vo€ f/h(D)g. (4.1)
D
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Following the general theory in [3], the existence of a unique solution of the discrete problem (4.1) and the finite
element convergence analysis depend on the following discrete inf-sup condition:

bp(uy,,v
sup |bp (@p, vp)|

> vollin g1 (py2, ¥ @n € Vi(D)?, (4.2)
0#£v5, €V (D)2 |vrlle (D)2

where the constant vy > 0 is independent of the finite element mesh size. Since the continuous problem (3.4) has
a unique solution by Theorem 3.4, the sesquilinear form b : H} (D)? x H; (D)* — C satisfies the continuous
inf-sup condition. Then a general argument of Schatz [30] implies that (4.2) is valid for sufficiently small mesh
size h < h*. Thanks to (4.2), an appropriate a priori error estimate can be derived and the estimate depends on
the regularity of the PML solution ™. We assume that the discrete problem (4.1) admits a unique solution
ay, € Vi (D)?, since we are interested in the a posteriori error estimate and the associated adaptive algorithm.

Denote by By, the set of all edges that do not lie on '™ and S. For any T' € M}, we introduce the residual

R g(ﬁh — uinc)\T ifT e QPML,
Ry := (L, +g)|r = X .
Lup|r otherwise.
For any interior edge e € B, which is the common edge of 77 and T5, we define the jump residual across e as
Je = @Vﬁlh‘Tl - -@Uﬁh|T27
where the unit normal vector v on e points from T5 to T} and the differential operator

Do = udpv + A+ p)(V-v)v.

Define
Degp ={x € 0D : 2 =0}, Iigne ={x € 0D : 2= A}

If € = Iegs N OT for some element T' € M), and e’ be the corresponding edge on I}igne, which is also an edge for
some element 7", then we define the jump residual as

Te =0 (Gnlr) & A+ L0 V- nlr)| = e [udrin ) & (3 -+ 001,017 V- (k)]
o =6 s Gnlr) + 3+ L OV nl)] = [diinlr) + 3+ 1OV ()|
For any T' € My,, denote by nr the local error estimator:

1/2
1
nr = hrl|Rr||L2(7)2 + (5 Z h6||J8||2L2(e)2> :

eCOT

The following theorem is the main result of this paper.
Theorem 4.1. There exists a positive constant C' such that the following a posteriori error estimate holds

lw — @l g (2)2 < Y2 F||@n — Winel L2y + ¥2C2|[ ntine — Wine|| p2(rruLye

1/2
+0<1+wcl>< > n%> :

TeMy

where the constants F, v2, and C; are defined in Lemmas 3.2, 3.3, 4.3, 4.4, respectively.
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4.2. A posteriori error analysis

For any v € Hép(Q)Q7 we denote by v the extension of v such that v = v in 2 and v satisfies the following
boundary value problem

Pl + A+ ) VeVe -0+ w?0 =0 in QFME
0(z,b) = v(x,b) on I (4.3)
O(z,b+96)=0 on ['PME,

Lemma 4.2. For any w, v € H} (£2)? we have
/ TNy - v = / u- Podz.
r r

Proof. Introduce a function w € HZ (2"™%)? which satisfies

pAew + A+ p)VaVa - @ + w?w =0 in QPML/
w(x,b) = u(x,b) on I
w(z,b+0)=0 on ['PME,

<?PML

Using the definitions of the operators and 2, we have

FPMLy = 9% on I

On the other hand, it follows from Green’s formula and the extension that
/ u- Pvdr = / w - Pvdr = —/ [MV@'E (Ve + AN+ 1) (Vg - 0)(Va - ) — w?o - ﬁ)}daz
r Ia (PML
= / [,miﬁj + AN+ p)VaVs -+ wzﬁj} -vdx + / D - vdx
(PML r
= / @ﬁ%%dw:/ FPMLy, . ddx,
r r

which completes the proof. O

Define ﬁ];p(D) ={ve H,(D):v=0on '™} The following two lemmas are concerned with the stability
of the extension. The proofs are given in appendix.

Lemma 4.3. Let v € H} (£2)* and v € Iffollp(D)2 be its extension satisfying (4.3). Then there exists a positive
constant C such that

VO ey < 7201 ||v] g1 (02)2,

Lemma 4.4. Let v € Hy,(2)* and v € folép(D)2 be its extension satisfying (4.3). Then there exists a positive
constant Cy such that

||@’ZJHL2(FPML)2 S 72O2H'UHH1(Q)2~

For simplicity, we shall write © as v in the rest of the paper since no confusion of the notation is incurred.
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Lemma 4.5 (Error representation formula). For any v € Hévqp(ﬁ)z, which is extended to be a function in
H§ o»(D)? according to (4.3), and vy, € Vi(D)2, we have

a(u — Uy, v) =— / g-(v—op)de —bp(tp, v —vp)
D
+ / (9 — yPML)('&h - uinc) -vde +/ (Hhuinc - uinc) - Dpvde.
r

PML

Proof. Tt follows from (2.21) and (3.4) that
a(u — up,v) = a(u — w,v) + altt — p, v)

= /F(ﬂ TPMYY (@ — e ) - oda + a"ME (6 — @y, v) — /F(ﬂ — 7MY (@ — 4y, - vdx
= /F(y TEPMYY (@, — wine) - 9dz + aPME (@ — @y, v).
Using (2.21) and Lemma 4.2 give
a"MU (@ — @y, v) = bo(t — Gy, v / TPML (G — du) - vde = bo (@ — @y, v) — /F('& —ap) - Pode.
Since v = 0 in 2PML we deduce by Green’s formula that

boeue (U — @y, v) = — / (t —ayp) - Qodr + / (4 —ayp,) - Dgvde.
r

[PML

Applying (3.4) and (4.1) yields
M4 — @y, v) =bp (6 — @y, v) — / (@ — 1) - Dyoda
['PML
=— / g(v —vp)dx — bp(tp, v —vp) — / (@ — up) - Dyode,
D 'PML

which completes the proof. O

Clearly, it suffices to evaluate all the terms in the error representation formula in order to show the posteriori
error estimate in Theorem 4.1. Now we present the proof as follows.

Proof. Taking vy, = Il v, € H&qp(D)2 in Lemma 4.5 for the error representation formula, we have

a(u — ap,v) = — / g(v —vy)dx — bp(ty, v — vp)
D
+ / (9 — 9PML)(’&}L — uinc) . ’de + / (Hhuinc — Uinc) . @@i;dx
I [PML

=J1+ Jo+ J3 + Js.

It follows from integration by parts that

Ji+Jo = (/RT v—H;mda:—kZ /J (v — Ipv)d ),
TeMy, €

eCBT
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which gives after using the interpolation estimates and Lemma 4.3 that

1/2
|1+ 2| <C Z nr Vol gy < C(1472C1) ( Z 77%) 0] 21 (2)2-
TeMy, TeMy,

By Lemmas 3.2 and 3.3, we obtain
3] < Fllan, — winell 22y 0l 22(ry2 < V2 ll@n — tinellz2(ry2 0]l 10 ()2
Finally, it follows from Lemmas 3.3 and 4.4 that
|Ja| <Co||IIpttine — Wine|| 2 (rerny2||v] L2 ()2
<Y Ca || T Wine — Wine || L2 (revvy2 [|v] g1 (0)2-

The proof is completed by combining the above estimates O

5. NUMERICAL EXPERIMENTS

According to the discussion in Section 3, we choose the PML medium property as the power function and
need to specify the thickness § of the layers and the medium parameter o. Recall from Theorem 4.1 that the
a posteriori error estimate consists of two parts: the PML error epyp, and the finite element discretization error
EFEM, where

epmr = Flluf ™ — winel 222, (5.1)
1/2
ereM = [[up " = Wine|| p2(rrne )z + ( Z 77%) . (5:2)
TeMy,

In our implementation, we first choose § and ¢ such that FAY/2 < 10~8, which makes the PML error negligible
compared with the finite element discretization error. Once the PML region and the medium property are fixed,
we use the standard finite element adaptive strategy to modify the mesh according to the a posteriori error
estimate (5.2). For any T € M},, we define the local a posteriori error estimator

T =nr + HHhuinc - uillc‘lLi’(FPMLﬁBT)?'

The adaptive FEM algorithm is summarized in Table 1.

TABLE 1. The adaptive FEM algorithm.

Given the tolerance € > 0,7 € (0,1);
Choose § and ¢ such that FAY? < 1078;
Construct an initial triangulation M, over 2 and compute error estimators;
While €5, > € do
choose M, C M, accordir}g to the strategy Ny, > TIMy,
refine all the elements in M, and obtain a new mesh denoted still by Mp;
solve the discrete problem (4.1) on the new mesh Mj;

compute the corresponding error estimators;
End while.

© 00 3 U i W =

In the following, we present two examples to demonstrate the competitive numerical performance of the
proposed algorithm. We choose A = 1, p = 2 and the wavelength is the same as the period A = 1. The
implementation of the adaptive algorithm is based on FreeFem-++-cs [26].
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FIGURE 3. Example 1: Quasi-optimality of the a priori (left) and a posteriori (right) error
estimates.

Example 5.1. We consider the simplest periodic structure, a straight line. In this situation, the exact solution
is available, which allows us to test the accuracy of the numerical algorithm. Assume that a plane compressional

plane wave
Uine = [sin 6, — cos H]Tel(ax_ﬁy)

is incident on the straight line y = 0, where & = k1 8inf, 5 = k1 cos 6,0 € (—n/2, 7/2) is the incident angle. It
follows from the Navier equation, Helmholtz decomposition, and outgoing radiation condition that we obtain
the exact solution

U(l’,y) = uinc(xay) - [CY, ﬂ}TRlei(ax-‘rﬁy) - [550)3 _a]TRQGi(ax—i_ﬁ;my)a
where 550) = (k3 — a?)'/? and

asin@—ﬁéo)cose acosf + Bsinf
= 2 © » = 2 o |
a“ + ﬁﬁz a“ + ﬁﬁz

In our experiment, the parameters are chosen as § = /6, w = 27, and the domain 2 = (0,1) x (0,1). Figure 3
shows the curves of log ||V (u — ) || p() versus log Ny for both the a priori and the a posteriori error estimates,
where Nj is the number of nodes of the mesh My. The result shows that the meshes and the associated
numerical complexity are quasi-optimal for the proposed method, i.e., log |V (u — )| p(2) = C’N,;l/2 is valid
asymptotically.

Example 5.2. This example is concerned with the scattering of the compressional plane wave
Uinec = [sin 6, — cos G]Tei(azfﬁy)

on a grating surface with a sharp angle. The problem geometry is shown in Figure 4a. The parameters are
chosen the same as those for Example 1. Since there is no exact solution for this example, we plot in Figure 4b
the curves of log ||V (u — )| p(o) versus log Ny for the a posteriori error estimate, where Ni is the number of
nodes of the mesh Mj. Again, the result shows that the meshes and the associated numerical complexity are
quasi-optimal for the proposed method. To verify Theorem 2.2, we plot in Figure 5 the grating efficiencies and
the errors of the total efficiency for different PML thickness. Figure 6 shows the mesh and the amplitude of
the associated solution after 6 adaptive iterations when the grating efficiency is stabilized. The mesh has 8986
nodes. This example shows clearly the ability of the proposed method to capture the singularity of the solution
around the corner.
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FIGURE 4. Example 2: (left) geometry of the domain; (right) quasi-optimality of the a posteriori
error estimates for different PML thickness.
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FIGURE 5. Example 2: (left) grating efficiency with § = 0.5; (right) robustness of grating
efficiency with respect to the thickness of PML layers.
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FIGURE 6. Example 2: the mesh (left) and the surface plot of the amplitude of the associated
solution (right) after 6 adaptive iterations. The mesh has 8986 nodes.
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/ / \\ - / N\

F1GURE 7. Example 2: two zoom-in subplots of the mesh around the corner point; the right
one is a zoom-in subplot of the left one.

6. CONCLUDING REMARKS

We presented an adaptive finite element method with the PML absorbing layer technique for the elastic
wave scattering problem in a periodic structure. We showed that the truncated PML problem has a unique
weak solution which converges exponentially to the solution of the original problem by increasing the PML
parameters. We deduced the a posteriori error estimate for the PML solution which serves as a basis for the
adaptive finite element approximation. Numerical results show that the proposed method is effective to solve
the diffractive grating problem of elastic waves. The method can be directly applied to solve the diffraction
grating problems with other interface and/or boundary conditions. We are also currently extending the method
to the three-dimensional problem where biperiodic structures need to be considered.

APPENDIX A. TECHNICAL ESTIMATES

In this section, we present the proofs for some technical estimates which are used in our analysis for the error
estimate between the solutions of the PML problem and the original scattering problem.

Proposition A.1. For any n € Z, we have 3 < |x\™| < 3.
Proof. Recalling (2.16) and (2.11), we consider three cases:
(i) Forn e Uy, 55") = (k3 — a2)"/? and 55") = (k3 — a2)'/2. We have
) = a2 4 BB — a2 (62 — a2)2( - a2)1V2
Consider the function
at) =t + (ky — )% (ks — )%, 0< ki < ko.
It is easy to know that gy is decreasing for 0 < ¢ < k;. Hence
k1= g1(k1) < g1(t) < g1(0) = (kaka)'/?,
which gives k2 < ™ < Kikg.
(ii) For n € Uy \ Uy, m”) =i(a? — /@%)1/2,@”) = (k3 —a?)'/2. We have
) = 0 i~ R - o)
and
X2 = (57 + m3)ah — (kir2)?,

which gives k2 < |x("| < k3.
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(iii) For n ¢ Us, ﬁgn) =i(a? — /@%)1/2,@”) =i(a? — k3)Y/2. We have
N = 0 — (0 = k)0~

Let
ga(t) =t — (t — kY2t — ko)Y?, 0 < ki < ko.

It is easy to verify that the function gs is decreasing for ¢ > ko. Hence we have
(k1 +k2)/2 = lim go(t) < g2(t) < ga(k2) = k2,

which gives (k7 + #3)/2 < x™) < k3.
Combining the above estimates, we get k2 < \X(”)| < k2 for any n € Z. O
Proposition A.2. The function g3(t) = t/(e* — 1) is a decreasing function for t > 0.
Proof. A simple calculation yields

1—t)e! —1
g&( ) (et _ 1)2 < Oa > Oa

which completes the proof. O
Proposition A.3. The function g4(t) = 15’“/6({2*52)1/2/2 satisfies gu(t) < (s> + k22 for anyt > s> 0, k> 2.
Proof. Using the change of variables 7 = (t* — 52)/2, we have

(7_2 +82)k/2
ga(r) = ———

Taking the derivative of g4 gives

. (12 — k1 + 82) (12 + s2)1/2
92(7—) = eT/2 :

(i) If s > k/2, then g} <0 for 7 > 0. The function g4 is decreasing and reaches its maximum at 7 = 0, i.e.,

g4(t) < §4(0) = s".

(i) If s < k/2, then g4 < 0 for 7 € (0, (k — (k% — 45)1/2)/2) U ((k + (k* — 45%)1/2)/2,00) and g4 > 0 for
7€ ((k— (k% —4s)Y%)/2, (k + (k* — 45*)'/2)/2). Thus g4 reaches its maximum at either 7, = 0 or
79 = (k 4 (k* — 45%)'/2)/2. Thus we have

94(t) = ga(r) < max{ga(n), ga(r2)} < (s* + k*)"2.
The proof is completed by combining the above estimates. O
Proposition A.4. For any n € Z, we have |[M™ — M™)||y, < F, where F = 17w?F/x}.
Proof. First, we have from (3.12) that

2 - 2
e 1| T e -1

el = ’coth(—iﬁj(.n)o . 1‘ -

QB¢ _ B¢

:a(n) . a(n)
e_lﬁj C _ elﬁj C

2 B 2
ST = ™ o)
’e i C’ 1 omBReCHReBMImG _

b

(n)
g
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and
26i81"¢

o8¢ _ iBsM¢

2
\e‘iﬁén)g‘ -1

g™ )] :’

Thus we can take proper PML parameters o and § such that \5§n)\ < 1 for any n € Z.
Next we consider three cases:

1) For n € Uy, we have = , = . Using the facts that A, > A~ for n € U; and the function

i) F U, we have 5" = A", 6" = A{™. Using the facts that A" > A7 f Uy and the functi
g3 is decreasing for ¢t > 0, we obtain from (2.16) and (3.13) that

m) 247 A _ 12k

n (n) <
X x| < |e—iﬁ1n)q—1 = IArme g o

and
masx {Jan (£ = x), 187 (2 = x ™), 1657 (1) =X ")}

2412A 126k2A7
- ‘e—iﬁi")q 1 ezdrm¢ _q

<F

)

max {[e1a2 8|, [e1a, 87 857, 1en B (B57)2), 1687 B 857 |}
2347 ®AT
Te2aMIm¢ _ ] T eAyIm¢ _q —

max { e, 80 55", 0 a2 58], 165 a2 857,

(B85, 105 an B B8, 1057 (80265}

2/@2A(n) - K3AS
_eAgn)ImC -1 - e%A;ImC -1

< F.

(ii) For n € Uy \ Uy, we have 55") = iA(n), én) = Agn). Using the facts that Ay (n) > Af,Ag") > A, for
n € Uy \ Uy and the function g3 is decreasing for ¢ > 0 again, we get

R0 — ™) < 1665 Ay 853 Ay
T K eAYIm¢ _ 1 KT aAMRe¢ _ g
- 83 Ay 4K3 Af
- ,{% e34;Im¢ /@% e3AfReC 1 — 7

and

max {

(R = )|, B & = x|, |88 = x| |

16k4A0" 8riAlY __ 8k3A; AkiAT
@AM _ 1 oA™MReC _ | T e3A;ImC _ ] @3ATReC _ 1 T

)

10,8 B

max{ ’z-:laiﬁg") ) ‘&ﬂ%n)( én))Q anﬂ?”ﬂé“

2Kk3 A7 (n) KIAT K3IAT
< (n? S _2 1 S - _2 1 S F,
e2A1 Re¢ __ 1 eAl Re¢ _ 7 eEAl Re¢ __ 1

}




ADAPTIVE METHOD FOR ELASTIC WAVE 2041

05" (@)

557 (61?5

)

}

etn™ (an)* 65"

QH%Aén) - K3AS
= eAg")ImC 1 e%A;ImC -1

b

manc{ [y a, 5 B

ERRCICEE

) )

(iii) For n ¢ Us, we have ﬂ(n) A(n) ﬂ(n) A(n) and A(n) > A, (n) . Noting Re(¢ > 1, we obtain
24 |an?AYY _ 24 Janf? A
A(") 1A(")Re§ o 1

’X(m — <

K7 A ReC _ 1 T KT ob

WO+ AL

/{% e%ATReC -1 -
and
mae { o (R = x|, (7 R = x|, 857 &) = x|}
24 an|tA <24 ESE Al _ 24016+ k32 Af
KT eATReC _p T

T KT ARG 1 T KT 348" 34 ReC g

masc { |era2 81" | Jeron BB o181 (857 01 e 87| |

2 A(n) 2 (n) +
2??A1 < QOfn) (>A1 <2(4++k7) +A1 < F

241" Re¢ _ | A" A ReC _ q eATReC _ 1
mave { el a8 57| [0 ) 2687 |07 2687
[ a265m | |5 an Bl 87| [o (62887 | §

202 A 202 Al o AF
S 2(4+ kz)m S F,

AV ReC 1 T o2Al (1AMReC _ g

where we have used the estimate for g4 and the facts that A;") > Aj for n ¢ Uy and g3 is a decreasing
function.

It follows from Proposition A.1 and the estimate |{(™) —
may choose some proper PML parameters o and & such that F' < x?/2, which gives |y

Last, using the matrix norm and combining all the above estimates, we get

) = 300 < 22 (60 (161 = 3 -2, (1 = x)[ + [587 (3 =)
() 00) (42| () o) g2 | ) (g2 g0
100 (ﬁz ) ‘ +10’€1 anfy B +ler n" (ﬁl ) 2

2
+4’ 5 (ﬁ(m) g
2\ 272wt
)<

F < || < k2 + F. Again, we

x| < F that x? —
)| > k/2.

.

2
2 e 0 |

F2

2
+ 24|68 e 3 B4

2
v afiazag
1

+16 |5 817 5"

which completes the proof.
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APPENDIX B. PROOF OF LEMMA 4.3
Let w = ®. The problem (4.3) can be written as

pAzw + (A + u)VgVs - w + w?w =0 in QPML

w(x,b) = v(x,b) on I

w(z,b+0)=0 on I'PME,
We introduce the Helmholtz decomposition to the solution of (B.1):

w = Va1 + curlgi)s,
where 1);(&) satisfies the Helmholtz equation
Azt + k315 = 0.

Due to the quasi-periodicity of the solution, we have the Fourier series expansion

Vi, y) =D\ (y)eTion,

neZ
Substituting (B.4) into (B.3) yields

d n n n
P (07 W) + (B ) = 0

The general solutions of (B.5) is

e I2 )T 4 BB I ot

(B.5)

It follows from (B.2) that the coefficients /ig.n) and BJ(") can be uniquely determined by solving the following

linear equations

—an —an i 65" A —io{"” (b)
(n) —pm B 5™

( ( an o 1| [—ivy"(b)
—ane®C e BC gim el _gim e—isy | | A 0
ﬁg”)eiﬁi"’é —ﬁ;n)e_iﬁin)C Otnew"(’n)C Olne_wr"()n)C Bén) !

A straightforward calculation yields the solution of (B.6):

A :W{ ) (7 1 2) (—an ) + B0 1)
+ 285" (e + 250 (1468 = ) (=anBVo" () + 020" 0)) }.
B g (X (il ) = 67587 1)

42 (050 2 (50 4 555 (—an 6 5551
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A :W{ K [ =2 (" 1)1+ 657 )] (B0 0) + ant ()
26 (14007 =) (32805 (b) + 0l 1))
:zxmi);z(n) {0 207 (7 1) =] (37007 0) - anil )

=268 (e +2) (828 5" (0) - 0k 1)) |-

Noting © = w and using the Helmholtz decomposition (B.2) again, we obtain

i i(anz—B" [V p(r)dr n | = i(anz+8" [Y p(r)dr
.’E y _ IZ (n) Agn)e( B1 fb p(7) ) 4 (n) Bg") ( +ﬁ1 f p(T) )
nez
B(n) = . aln) ry = B(n) = . an) ry =
|72 A (ena=bi g ptmar) | P2 B gi(anat 7 12 p(r)ar) (B.7)
Qn —Qy

Using the orthogonality of the Fourier modes in (B.7), we have

A _
/ <|aﬂ~;1\2+\01@2\2+\ay@1\2+\ay@2|2) dw§2AZ “aiAgﬂ)e—lﬁi )y‘ ‘a B(n) By ‘
0

neZ

= . n) ~ 2 ~ . mn) 2 = . mn) ~ 2
+an B AP 1 Lot B[ 1 L) A7)

= < a(n) ~ ]2 = < a(n) A |2 = < a(n) ~ ]2 = < a(n) |2
+ OmﬂYL)Bg")elﬁl v+ aiAén)e‘% y‘ + a2B£n)6152 y‘ +‘an5§n)Agn)e_lﬁl y‘

n

= . o(m) |2
+ | (B 2B

= a(n) ~ ]2 = - a(n) ~ ]2 = - a(n) ~ |2
+ BB 1| (82 A8 (a2 B 4 (s A e

= . mn) ~ 2 = . mn) ~ 2
+ ’anﬂén)Aén)e_lﬁi 9 + anﬁén)Bén)elﬁi )y’ ]

We may pick some appropriate PML parameters o and ¢ such that ™) — x| < k2/2 and [x™)| > K3/2. Tt
follows from the definition of Ag") that

a2 AW e 1810 ‘< a”'{f@zanl ‘ (e’ y’ + 4| ’(e(”)é +2(6§”)+5§n)6§n)>)
K1
X 65")65")&15?’@‘ }‘ M) g Z—Z'{H ENHE RSk
1
n 2
+4\an|7\(s§")5§”>+2( )4 st ))ﬁ(”) —i61"y \ }]vgn)w)] . (B.8)

Since the estimates are similar for the coefficients in front of UE")(b) and vén)(b) in (B.8), we just present the
estimates for the coefficients in front of vgn) (b).
Again, it is necessary to consider three cases:

(i) If n € U, we have ﬂYL) = Ag"), ﬂén) = Agn), Ag") < Agn), lan| < ka1, |BF] < K1, |85 < Ko, and

2H§/26A(1ﬂ’)(1m@71m§) 2/{?/2

|an|5/2’ (n) 71,6(") ‘
eAMIme _ T eArIm¢ _q’
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7/2,. —A™Im¢
5(n) 5 2Kk, "Koe” <1 2
‘ggn)(sén)eflﬁl il < 1 (n? =
eAl Im¢ _ 1 GAZ’/ Im¢ _ 1
4/‘67/2

T (eArIm¢ 1) (eBzIm¢ — 1)’

oA Img

|04n‘5/2 ‘ﬁﬁn)ﬁén)

7/2 _AM _AM
2“1/ Ko (e=A2"Ime 4 o= AT Im()

5/2‘ (n) 5(n) ‘ (n) —iﬁi”’)g)‘ < A g
% B By | |61 e = QAT Tme _ €
4/{7/2
T eArIm¢ _q’
n _1 n n n n) —j (n) 5
|a ‘5/2’5( )ﬁ ’5 g ‘_‘an|5/2|ﬁ£ )ﬁ( )5()“55 )e By y‘
8/@7/2
= (eArIm¢ _ 1)(ed; ImC _ 1)'
ii) If n € Us\U;, we have () — iA(n), (n) — A(n), an| < Ko, Al < Ko, and
1 1 2 2 j
5/2 A (Rej— 5/2
‘Oz |5/2 ’e(”)e‘iﬁfﬂ)@‘ - 2;@2/ A" (Reg—Re() 2,{2/
n 1 = eAE")ReC 1 - eAereg _ 17
9/2_ —A™Re
5/2 | 4(n) 4(n) | | .(n) s(n) —ip(™yg 2Ky e 71 ¢ 2 A Reg
| By By | |e1 oy e > ) ) €
eAl’Reg_]_ eA ’Im(_l

4/@9/2

< ;
(eAereg _ 1) (eA;hng _ 1)

9/2
’5 n) =B g ’ 264 oA Reg
AReC _

o /2 [ 3" 5

9/2 (n) 9/2 At
2,{2/ oA Re¢ 2,{2/ AT Re¢

T eAReC ] T eATReC 1

IN

/2 "

n) o(n) —ig{™g n n
(e < Jag /2 |6 5560

9/2 +
4/‘62/ eAl Re(

< .
(eAjRec -~ 1) (eA;Imc -~ 1)

(iii) If n ¢ Uy, we have 8™ =iA™, i =AW, Al < A1 < |a,], and

(n) —15(”) ‘

2‘@ |a/2 A")(Rey Re() 2‘an|5/2 1
<
A ReC T eral” e3ATReC _q

2(k? +25/4)%/4
T e3AfRe¢ 1 7

‘an|5/2 ’sﬁ")e*iﬁi”’) ’
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a2 |5 85

. - a(n) -
’gg")dén)eﬂﬁl y‘ < lan]*? legn)eﬂﬁl y‘ ‘5&0

4 (k2 +81/4)""
- (e%ATReC _ 1) <eA;'ReC _ 1) ’

(n) (n)
|| /2 (efaz Re¢ 4 o= A ReC)

5/2’ (n) 5(n) ’5(n) 7iﬁ§")?)‘ < AlMReg
|on | pr By 1€ = AR ] e
2an | _ 2(kf +81/4)%*
- eA(ln)ReC -1 - e%A;rRe( -1 ’
5 n) o(n n) o(n) —ip(™y 5 n) A(n) o(n n) —ig™g
EHES ‘ﬁi ) g™ ‘65 ) 5{M 181 -’/‘ < Jan |32 M P QI P y‘

4(k? +81/4)%/4
- (e%A;rReg _ 1) (eA;Reg _ 1)

We have used Proposition (A.3) in the above estimates. Combining these estimates, we may obtain

)
where the positive real number C; depends on r;, A}, Aj', Re(, and Im(. Following from a similar argument
with tedious calculations yields

2

)

where we have used the fact |5](")| < C(1+ |ay]) for n € Z. Finally, we have from Lemma 3.3 that

2
+ ‘vgn)

= . mn) ~ 2
a2 A" < Clay| (!UE")

2
+ ‘vén)

V|3 grmy < C1AY o) (W)
nez

Vo[ paraey < Cul[vl| g2 ry2 < %2Cr vl (2)2,
which completes the proof.

APPENDIX C. PROOF OF LEMMA 4.4

Taking the complex conjugate of (B.7) and using (2.18), we have

(n)
_ —ppoun By ~ ) )
Polab+d) == o] (et

72 (O a2 + (205 (B
r (n)
ppon 3 ) _ B
+ SN PO CRER
(A a2+ (+2u)p (817)
i (n)y2
+ 1(1’7110)(52 ) " Agn)e—l(anw—ﬁ; ’)C>
L™ ()‘ + /’L)O‘nﬁ2 + ()‘ + 2M)panﬂ2
[ ()2
+ /’(‘pan (ﬁz ) Bén)e_i(anw_;rﬁé")c) .
LA+ wan B8 — (A + 2u)pa, 557
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A straightforward calculation yields that

~ = ~ i n) 2
|20 (x, b+ 5)||2LQ(FPML)2 = [|9v(x,b+ 5)\|iQ(FPML)2 < 2/12 ( ‘upan5§")A§”)e 81 C‘

neZ

B i8;" n - ) 12
+ ‘upanﬁgn)B?)eﬂﬁi >c‘ n))2A(n) iBy g‘ Mp(ﬂén))zBén)e*‘ﬁé ’C‘

‘up
i) il A(n) —ig™¢|?
F(Or w2+ (o 2mp(8)2) AP (0wl + 4+ 2m)p(87)2) B eS|

+ ‘((/\Jru)anﬂé (A+2u)panﬁ(”)) it C‘ +’( N+ )85 — (A + 2u)panﬁ§”)) Bé”)e_iﬁ§")<‘2 )

Using the similar technique in the proof of Lemma 4.3 and omitting the details, we may show that there exists
a positive constant Cs such that

100,04 8)3 s gmnye < Ca X [0+ fonl) (BP0 + [ o 0] ) .

neEZ

Finally, it follows from Lemma 3.3 that

1Z0(2,b 4 0)|| L2 (reanyz < Collvllira(ryz < 72Cav]lm1 (22,

which completes the proof.
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