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A POSTERIORI ERROR ANALYSIS FOR THE OPTIMAL CONTROL
OF MAGNETO-STATIC FIELDS

DIRK PAuLYy AND IRWIN YOUSEPT

Abstract. This paper is concerned with the analysis and numerical investigations for the optimal
control of first-order magneto-static equations. Necessary and sufficient optimality conditions are es-
tablished through a rigorous Hilbert space approach. Then, on the basis of the optimality system, we
prove functional a posteriori error estimators for the optimal control, the optimal state, and the adjoint
state. 3D numerical results illustrating the theoretical findings are presented.
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1. INTRODUCTION

Let () # w C 2 C R? be bounded domains with boundaries v := dw, I" := 942. For simplicity, we assume that
the boundaries v and I" are Lipschitz and satisfy dist(v, I") > 0, i.e., w does not touch I'. Moreover, let material
properties or constitutive laws e, 1 : 2 — R3*3 be given, which are symmetric, uniformly positive definite and
belong to L*°(§2). These assumptions are general throughout the paper. In our context, {2 denotes a large “hold
all” computational domain. Therefore, without loss of generality, we may assume that (2 is an open, bounded
and convex set such as a ball or a cube. On the other hand, the subdomain w C §2 represents a control region
containing induction coils, where the applied current source control is acting. We underline that our analysis
can be extended to the case, where w is non-connected with finite topology.

For a given desired magnetic field Hy € LQ(Q) and a given shift control jq € L2 (w), we look for the optimal
applied current density in w by solving the minimization problem

min () 1= 5 [ 102010) ~ H)P + 5 [ 12726 - )P (1.1)

where H(j) = H satisfies the first-order linear magneto-static boundary value problem

rot H=en((j+J) in {2, (1.2)
divpH =0 in {2, (1.3)
n-uH =0 on I (1.4)

pH Li2g) Hy ,(£2). (1.5)
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In the setting of (1.1), J denotes the admissible control set, which is assumed to be a non-trivial and closed
subspace of L*(w). Moreover, £ > 0 is the control cost term, and J € L?*(£2) represents a fixed external
current density. In (1.2), we employ the extension by zero operator ¢ from w to {2 as well as the Lg—orthonormal
projector 7 onto the range of e ~1-rotations, see (2.7). The precise definitions of these two operators will be given
in next section. Furthermore, Hy ,(£2) denotes the kernel of (1.2)—(1.4), i.e., the set of all square integrable
vector fields H with rot H =0, divpuH = 0in 2 and n-uH = 0 on I', where n denotes the exterior unit normal
to I'. Finally, (1.5) means that uH is L*(£2)-orthogonal to the kernel M, ,(£2). This orthogonality condition is
required in order to obtain uniqueness. Let us also point out that (1.2)— (1 5) are understood in a weak sense.

Using a rigorous Hilbert space approach for the state and adjoint state equations, we derive necessary and
sufficient optimality conditions for (1.1). Note that we include two weight functions p and € in the objective
functional of the optimal control problem (1.1). They are required in order to obtain an optimality system
with a mathematical structure which is suitable for the Maxwell theory (see Thm. 5 and Rem. 6). Having
established a variational formulation for the corresponding optimality system, we adjust this formulation for
suitable numerical approximations and prove functional a posteriori error estimates for the error in the optimal
quantities based on the spirit of Repin [14, 24]. Finally, we propose a mixed formulation for computing the
optimal control j and present some numerical results, which illustrate the efficiency of the proposed error
estimator.

To the best of the authors’ knowledge, this paper presents original contributions on the functional a pos-
teriori error analysis for the optimal control of first-order magneto-static equations. We are only aware of the
previous contributions [6,30] on the residual a posteriori error analysis for optimal control problems based on
the second-order magnetic vector potential formulation. For recent mathematical results in the optimal control
of electromagnetic problems, we refer to [8,9,15,16,25,26,32-34].

2. DEFINITIONS AND PRELIMINARIES

In our notation, we do not distinguish between scalar functions or vector fields. The standard L?(£2) inner
product is denoted by (-, - ). L2(£2) denotes the standard Lebesgue space L?(£2) equipped with the weighted
inner product (-, <)o 1= (-, ), and for the respective norms we write | - | and | - |2... All these definitions
extend to p as well as to w. The standard Sobolev spaces and the corresponding Sobolev spaces for Maxwell’s
equations are written as H*(£2) for k € Ny and

R(2):={Eecl*() : ot E€L*(N)}, D(Q):={Fcl?*):divEcl*)},

all equipped with the natural inner products and graph norms. Moreover, for the sake of boundary conditions,
we define the Sobolev spaces Hk( ) and R( ), D(Q) as the closures of test functions or test vector fields from

C°°( ) in the corresponding graph norms, generalizing homogeneous scalar (up to order k — 1), tangential, and
normal boundary conditions, respectively. A zero at the lower right corner of the Sobolev spaces indicates a
vanishing differential operator, e.g.,

Ro(2) = {E € R(€2) : 10t E=0}, Do(f2) = {E € D(®) : divE = 0}.
Furthermore, we introduce the spaces of Dirichlet and Neumann fields by
My (£2) = Ro(£2) Ne~'Do(2) = {E € R(£2) : 1ot E =0, dive = 0},
Hy . (£2) :== Ro(2) Ny~ 'Do(2) = {H € p~'D(£2) : rot H =0, div uH = 0}.

All the defined spaces are Hilbert spaces and all definitions extend to w or generally to any domain as well. We
will omit the domain in our notations of the spaces, if the underlying domain is (2.
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It is well known that the embeddings

RNe D L% RNe'D—L? (2.1)

are compact, see [1,7,10,22,23,27-29], being a crucial point in the theory for Maxwell’s equations. By the
compactness of the unit balls and a standard indirect argument, we get immediately that H, . and Hy , are
finite dimensional and that the well known Maxwell estimates, i.e., there exists ¢ > 0 such that

VEE€RMe 'DNHy, Bl < c(|rot E% + |diveE|%)"?, (2.2)

VH RN W'D NH,, - Hl g < | rot H|? + | div pH|%) ", (2.3)

hold, where L resp. L. denotes orthogonality in L? resp. Lz. By the projection theorem and Hilbert space
methods, we have

L2 = VH! &.e7'Dg = Ry @. e 'rotR, L2 =VH!' @, p'Dg = Ro &, 1~ '10t R,

with closures in L?. Here, & resp. @. denotes the orthogonal sum in L? resp. Lg. By Rellich’s selection theorem,

the ranges VH! and VH! are readily closed. Moreover,

I(i = fio De (I% Ne trot R), R=Ro®, (R N p~trot I(i), (2.4)

and so

(o]

rotl% = rot (R Ne lrot R), rot R = rot (R N p~trot I%) (2.5)

hold. Since obviously rot R € Do NH,, .+ and rot R € Do N Hy , -, we obtain, by the Maxwell estimates (2.2)
and (2.3), that all ranges of rot are also closed, i.e.,

rot R = rot R = rot (R Ne lrot R), rot R =rotR = rot (R ﬂ/flrotR).
Since VH! ¢ Ry and VH! C Ry, we have

Roszl @E 7’{])757 RO :le @,U‘ HNMU"

and hence we get the general Helmholtz decompositions
L2 =VH'&.H,, &.c '10tR, L2 = VH' @, Hy,, ®up ' rotR. (2.6)
Note that we have analogously rot R C Dy and rot R C Dy, and thus

e D =" 'rotR @, Hp.e pDg = p trotR S Hy,y, s

which gives again the Helmholtz decompositions (2.6). At this point, we introduce two orthonormal projectors
onto the ranges of ¢! rot and p ! rot |§ by

m:L2 e lrotR C L2, T Li — u'rotR C Li, (2.7)
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which will be used frequently especially for the solution theories. Note that the range of m resp. T equals e” rot R

[e]
resp. - 'rotR, and we have 7 = id resp. 7 =id on e 'rotR resp. p~ !

rotR and T = Oresp T =0on RO
resp. Rg. Moreover, by (2.4) and (2.5), we see that 7R = RN e~ !rotR and TR =RnNp rot R. Furthermore,

rot 7E = rot E and rot 7H = rot H hold for F € R and H € R. We also need the extension by zero operator

¢ L% (w) — L2

g
. J in w
j — . _
0 in N\w
Note that as orthonormal projectors 7 : L> — L? and 7 : Li — Li are selfadjoint. On the other hand, the
adjoint of ¢ is the restriction operator (* = -|,, : Lg — L? (w), and ¢*¢ = id on Lg (w). We emphasize that all
our definitions and results from this section extend to w or other domains as well.
For a linear operator A, we denote by D(A), R(A) and N(A) the domain of definition, the range, and the

kernel or null space of A, respectively. Given two Hilbert spaces X, Y, and a densely defined and linear operator
A:D(A) Cc X =Y, we denote by A* : D(A*) C Y — X for its Hilbert space adjont.

3. FUNCTIONAL ANALYTICAL SETTING
Let X, Y be two Hilbert spaces and let
A:DA)CX—=Y (3.1)
be a densely defined and closed linear operator with adjoint
A*:D(A*")CcY — X (3.2)

Equipping D(A) and D(A*) with the respective graph norms makes them Hilbert spaces. By the projection
theorem, we have

X = N(A) & R(A¥), D(A) = N(A) @ (D(A) N R(A¥)), (3.3)
Y = N(A*) @ R(A), D(A*) = N(A*) @ (D(A*) N R(A)), (3.4)
and
N(A*)™ = R(A), A)=A(D(A) N R( A*)),
N(A)*x = R(A%), R(A*) = A*(D(A*) N R(A)). (3.6)

Let us fix the crucial general assumption of this section: Suppose that the embedding
DA)NR(A*) — X (3.7)
is compact.

Lemma 3.1. Assume (3.7) holds. Then:

1) dea >0 Vze DA)NRAY) |z|x < calAz|y.
i) Jear >0 Vye DA*)NRA) |yly < ca-|A"y|x.

iti) D(A*) N R(A) is compactly embedded into Y.

iii") D(A)NR(A*) =X & DA*)NR(A) =Y.

i)  R(A) and R(A*) are closed.
i
i
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Proof. First we show

Jea >0 Vae DA)NR(A*) |x|x < calAxly. (3.8)

Let us assume that this is wrong. Then, there exists a sequence (x,) C D(A) N R(A*) with |z,|x = 1 and
|Azly — 0. Hence, (z,) is bounded in D(A) N R(A*) and we can extract a subsequence, again denoted by

(xn), with x, X, 2 € X. Since A is closed, = belongs to N(A) N R(A*) = {0}, a contradiction, because
1=zplx — |z|x = 0.

Now, let y € R(A), i.e., y € A(D(A) N R(A*)) by (3.5). Hence, there exists a sequence (z,,) in D(A) N R(A*)

with Az, - y. By (3.8), (z) is a Cauchy sequence in D(A) and thus z,, PR, e D(A). Especially Az, — Ax

implies y = Az € R(A). Therefore, R(A) is closed. By the closed range theorem, (see e.g. [31], VII, 5), R(A*)
is closed as well. This proves (i) and together with (3.8) also (ii) is proved.

Let (yn) be a bounded sequence in D(A*) N R(A). By (3.5), y, € A(D(A) N R(A¥)) and there exists a
sequence (z,) C D(A) N R(A*) with Az, = y,. By (ii), () is bounded in D(A) N R(A*). Hence, without loss
of generality, (x,) converges in X. Then, for z, , := =, — Tpm and Y m = Yn — Ym We have

|yn,m|$ = <Axn,mayn,m>y = <xn,ma A*yn,m>x < C‘xn,m‘)@

Therefore, (y,,) is a Cauchy sequence in Y, showing (iii).
Now, (ii") follows by (iii) analogously to the proof of (ii). (iii’) is clear by duality since (A, A") is a “dual
pair”, i.e., A** = A = A, where A denotes the closure of A. O

Remark 3.2. The best constants in Lemma 3.1 (ii) and (ii’) are even equal, i.e.,

! inf [Azly _ inf Aylx L
€A O#zeD(A)NR(A*) |x|x 0£yeD(A*)NR(A) |yly

CA* .
(See [19], Thm. 2 and also [17,18]).
Since the decompositions (3.3) and (3.4) reduce A and A*, we obtain that the adjoint of the reduced operator

A: D(A) == D(A) N R(A*) C R(A*) — R(A)

T — Az

(3.9)

is given by the reduced adjoint operator

A* . D(A*) == D(A*) N R(A) C R(A) — R(A*)

) v (3.10)

We immediately get by Lemma 3.1 the following.
Lemma 3.3. It holds:
(i) R(A) = R(A) and R(A*) = R(A¥).
(i) A and A* are injective and A=' : R(A) — D(A) and (A*)~!: R(A*) — D(A*) continuous.
(i) As operators on R(A) and R(A*), A71 : R(A) — R(A*) and (A*)~!: R(A*) — R(A) are compact.

Let us now transfer these results to Maxwell’s equations. We set X := L2 and Y := LZ. It is well known that

A:DA)CLZ— L

— o 1 °
E — M_lrotE7 D(A) T Ra R(A) = U rot R’
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is a densely defined and closed linear operator with adjoint

A*: DAY CL, — L2
H — e L rot H,

D(A*) =R,

R(A*) = 'rotR.

By e.g. the first compact embedding of (2.1), i.e., RNe™1D — L2, we get (3.7), i.e.,

RNe lrotR c RNe Dy c RNe D — L2,

o
Hence, rot R and rot R are closed, and we obtain the Maxwell estimates

VEeRNe 'rotR

VHeRNu 'rotR

1

|Elg.e < calp™ 1ot Blg,p, (3.11)

|H|a,u < caxle™ rot H|g.c. (3.12)

(3.3)—(3.6) provide partially the Helmholtz decompositions from the previous section, i.e,

LE =Ry @®. e ' rot R,

L2 = Rg Opu plrotR,

o
R(J)"‘ = 'rotR,
R(J)‘E =e¢ 'rotR,

The injective reduced operators .4 and A* are

A:D(A) Ce'rotR — p~trotR
E — rot B’

A*: D(A*) C p~'rotR — £ 1rotR
H — e trotH'

with 5
R(A) = R(A) = u ' rot R = R(),

The inverses
[e] o
A1 trotR = RNe trotR,

[e]
A1 rotR — e 1rot R,

R =Ry & (l% Ne 'rotR),
R =Ry, (RN rotR),
M—lrotﬁ = trot (IO? Ne 'rotR),
e 1ot R = &' rot (RN ' 1ot R)

D(A) := RAerot R,

D(A*) =Rnpu? rotR
R(A*) = R(A*) = ¢ ' 10t R = R(7).

(A)71 e rotR = RNy 'rotR,

(A1 e trotR — ptrot R

are continuous and compact, respectively. We note again that both D(A) and D(A*) are compactly embedded

into L2.

4. THE OPTIMAL CONTROL PROBLEM

We start by formulating our optimal control problem (1.1)—(1.5) in a proper Hilbert space setting. As
mentioned in the introduction, the admissible control set J is assumed to be a non-trivial and closed subspace
of L%(w), see below (i), (ii), (iii) for some possible choices. For some given .J € L%, Hy € Li and jq € L2(w) let

us define

Ty - Lg(w) — 4,

(4.1)
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the L?(w) orthonormal projector onto J. Moreover, we introduce the norm || - || by

(@, §)I? := D3, ,, + Klol2 ., (P,0) € L2 x LE(w),

and the quadratic functional F' by

Fil(w) — 0, 50)

i SNHG) - Had - gl 2

1.€.,

. 1 . . . 1 . K. .
F(G) = ZI(H () — Ha,j —Jja)lI* = 5 [H () — Hyl, + 515 — Jal?

2 w,e?

where H = H(j) is the unique solution of the magneto static problem (1.2)-(1.5), which can be formulated as
HeRN(p ' rotR), e trot H=n(¢j+ J). (4.3)

We note that, by m(¢j + J) € e !rotR and by (2.5), i.e., rotR = rot (R N p~trot R), (4.3) admits a unique
solution since 5 5
RoN (1 'rotR) = RoNp Do NHy, ~# =Hy, NHy, ™+ ={0}

[e]
Moreover, the solution operator, mapping the pair (j,J) € LE (w) x LE to He RN (,ufl rot R), is continuous
since by (2.3) or (3.12) (with generic constants ¢ > 0)

1/2 .
H|, = ([H[% + ot H%)? < clm(¢j+ J)

0. <+ Tae < c(lfluoe+ [ ]0e).

We note that the unique solution is given by H := H(j) := (A*)"'m(¢j + J) depending affine linearly and
continuously on j € L?(w).
Now, our optimal control problem (1.1)—(1.5) reads as follows: Find j € g, such that

F(j) = min F(), (44)

subject to H(j) € RN (,ufl rot R) and e~ 'rot H(j) = m(¢j + J). Another equivalent formulation using the
Hilbert space operators from the previous section and R(w) = e 'rotR = R(A*) is: Find j € g, such that

F(j) = min F(j), (4.5)

subject to H(j) € D(A*) and A*H(j) = n(¢j + J). Our last formulation is: Find j € J, such that

2 (4.6)

w,e*

- ) ) . 1., . K. .

F(j) =min F(j),  F(j) = 51(A") '7(Ci+ ) = Hald + 517 — da

Let us now focus on the formulation (4.6). Since (A*)~'7(¢j + J) € R(A) = R(x) and j € R(m,) = J, we
have

1

2

K

. 1 .\ — . o K . .
F(j) = SI(A) 7 ((G + ) = mHalg,, + 515 = modall e + 5

2

and hence we may assume from now on without loss of generality

(1= ) Hal,,, + 51(1 = m)al?

Hy=7Hg € R(A)=R(7) =p 'rotR, J=mJe R(A*) = R(r) =¢ 'rotR,
Ja = Twja € R(my) = 3. (4.7)
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Lemma 4.1. The optimal control problem (4.6) admits a unique solution j € J. Moreover, j € J is the unique
solution of (4.6), if and only if j € J is the unique solution of F'(j) = 0.

Proof. (A*)~1m( is linear and continuous and F is convex and differentiable. Since ) # J is a closed subspace,
the assertions follow immediately. O

Let us compute the derivative. Since (A*)~17( is linear and continuous we have for all j, h € Lg (w)

F'(j)h = ((A*) ' (¢ 4 J) — Ha, (A") " wCh) 0 + K0 — Jas h)w.e
= (mATN (A 7 (G + ) — Ha) + K( — Ja), h)w.e
= (C*ATN((A") (G + J) — Ha) + K(J — ja)s h)we-

Hence, for all j,h € J, we have

F'(j)h = (C"ATH(A") T (G + ) = Ha) + K(j = Ja) Moh)w.c
= (M AT (AT T (G + ) = Ha) + K (= ja) Pae
= (muC AT (A (GG + ) = Ha) + 50 = Ja)s B)w,e-
In view of this formula and Lemma 4.1, we obtain the following necessary and sufficient optimality system:
Theorem 4.2. j € J is the unique optimal control of (4.6), if and only if (j, H, E) € § x D(A*) x D(A) is the
unique solution of

J=lem B, B= AT~ Ha), = (A) (G + ). (43)

Remark 4.3. The optimality system (4.8) is equivalent to the following linear system: Find (j, H,E) in J x
(RNu~trotR) x (RNe trotR) such that

rot H = en(j + e, rot B = pu(H — Hy) in £,

divuH =0, diveE =0 in {2,

n-pH =0, nx E=0 on I
wH L Hy,p s b L Hp .

and j = jo — 27, (*E.

Note that in Theorem 4.2, i.e., in (4.8), and in Remark 4.3 the set of equations define the optimality system,
consisting of the state and adjoint state equation and providing the optimal control j by the adjoint state E.

Now, we have different options to specify the projector =, : Lg(w) — J. The only restriction is that the
admissible control set § = m,, L?(w) is a non-trivial and closed subspace of L?(w). Let us recall suitable Helmholtz
decompositions for L?(w)

L2(w) = Ro(w) ®: e ' rot R(w) = VH(w) @ e ' Dg(w)
= VH (w) @ Hy . (w) @ e ' rot R(w). (4.9)

For example, we could choose
(i) m, =idi2(, and hence J = L2(w),
(i) 7, : L2(w) — e 'rot R(w) C LZ(w), the L2(w)-orthonormal projector onto e~ ' rot R(w) in the Helmholtz

decompositions (4.9), and hence J = ¢! rot R(w),
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(i) 7, : L2 (w) — e 'Do(w) C L%(w), the LZ(w)-orthonormal projector onto e ~*Dg(w) in the Helmholtz decom-
positions (4.9), and hence J = ¢~ !Dg(w).

For physical and numerical reasons the best choice is (iii), i.e.,

o L2(w) — e 'Do(w) =: 4, (4.10)

which will be assumed from now on, and means that the admissible control space J consists of vector fields
j € J such that 7 is solenoidal in w and tangential at v. We note that all our subsequent results hold for the
choice (ii) as well.
Now, we derive a suitable equation for the adjoint state E. By Theorem 4.2, E and our optimal control
J = ja — kI, C*E satisfy for all @ € D(A)
(AE,A®),, = (H — Hy, AD) g, = (A*"H,P) g . — (Hy, AD) g,
— (7], Bhe + (D)o — (Hay AD) o (1.11)

Note that, in case of ® € D(A) C R(A*) = R(rw), we can skip the projector =, i.e.,

<7T<5a¢>9,5 = <C3?7T¢>.Q,E - <C37¢>.Q,6 - <.jv<*¢>w,6 - <jd7<*@>w,5 - %<7Tw<*E><*¢>w,s~

Hence, for all ¢ € D(A), it holds that
_ 1 _ . N
<AE, A¢>Q’H + ;<7TwC*E,7er*¢>w,s = <]d»< ¢>w,6 + <J, ¢>Q,6 - <Hd»A¢>Q,M’ (4~12)

Remark 4.4. The variational formulation (4.12) admits a unique solution E in D(A) depending continuously
on J, Hy and jq, i.e., ‘E|D(A) < ¢(|Hale + |ja|w + |T]2)- This is clear by the Lax—Milgram lemma, since the left
hand side is coercive over D(A), i.e., by Lemma 3.1 (ii) for all E € D(A)

[AB[G, + 57 muC Bl c 2 [AEG , > c|Blp ).

For numerical reasons, it is not practical to work in D(A) = D(A)NR(A*). On the other hand, it is important
to get rid of 7 since the numerical implementation of 7 is a difficult task. Fortunately, due to the choice of J
we have:

Lemma 4.5. w(m, = (7,

Note that this lemma would fail with the option (i) for 7, and J as the space Cem, L2(w) would, e.g., not
consist of solenoidal vector fields in general.

Proof. Letj € R(m,) = e 'Dg(w). Then, for any ball B with {2 C B we have (¢j € Do and hence (g(cj € Do(B),
where (g denotes the extension by zero from §2 to B. As B is simply connected, there are no Neumann fields in

B yielding Do(B) = rot R(B). Thus, there exists E € R(B) with rot E = (g(ej. But then the restriction (5 F

belongs to R and we have rot (5 E = (5 rot E = (ej showing (j € e 'rot R = R(r). Hence, 7(j = (j, finishing
the proof. O

Utilizing Lemma 4.5 and j € R(7,,) we obtain 7(j = (j. Therefore, (4.11) turns into

Vo S D(A) <AE7A¢>Q7M - <<jv¢>ﬂ,s = <Jv @>Q,e - <Hda A¢>Q,u
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or equivalently with (Cj,®)n.c = (j,(*®)w.e

V@ e D(A) (AE,A®) g, + %<7TNC*E, CPue = (Ja, ' Pwe + (. P)2e — (Ha, AD) 0 -
Hence, we obtain the following symmetric variational formulation for £ € D(A)

V@ e D(A) (AE,A®) g, + %<7TWC*E,’/TWC*¢>W,S =(Cja+ J, PV — (Ha, AD) 2 . (4.13)
By (muC*E, (" ®) e = ((mu(*E,P) 0. and (4.13) we get immediately

AE+ Hy € D(A*), A*(AE + Hy) =¢ (jd - %WMC*E> +J.

Therefore, if Hy € D(A*), then AE € D(A*) and we obtain in {2 the strong equation

_ 1 _
AAE + —(mu(C"E = Cja+ J — A" Ha. (4.14)

Translated to the pde language (4.13) and (4.14) read as follows: E € R Ne rotR with
Ve R (rot E,rot ) -1 + %(WWC*E’,WWC*@W,E =(Cja+ J, D)2, — (Ha, 10t D) (4.15)
or, if Hy € R,
rot p~trot E + %é?CTFWC*E = &(jq +eJ —rot Hy. (4.16)

Theorem 4.6. For j € Lg (w) the following statements are equivalent:

(i) 7 € J is the unique optimal control of the optimal control problem (4.6).
(ii) J is the unique solution of the optimality system

= . 1 * T — — 5 - w0\ — =
J=Ja— —m(E, E=A"YH-Hy), H=(A)¢G+J).
We note (j = n¢j by Lemma 4.5 and j € J.
(ili) j=ja—k 'muC*E and E € D(A) satisfies (4.13), i.e.,
_ 1 _ .
V@ e D(A) (AE. AD)p ,, + ;<7TwC*E77er*¢>w,s =(Cja+ J. PV — (Ha, AD) 2 .

By (iii), (4.13) is uniquely solvable.
Proof. By Theorem 4.2, we have (i)<(ii). Moreover, (ii)=-(iii) follows from the previous considerations. Hence,
it remains to show (iii)=-(ii). For this, let j := jq — s~ 7,(*E € J with E € D(A) satisfying
1 .
V& e D(A) (AE,A®)p, + ;(WwC*E,ﬂ'wC*@>w7s ={((ja+ J. D)o — (Ha, AD) g ..
Hence
H:=AFE+ Hy€ D(A*)NR(A) = D(A*), A*H =((ja—k 'TuCE)+J.

Thus, E € D(A) solves AE = H— Hq and H € D(A*) solves A*H = (j +J. Therefore, E = A~'(H — Hyg) and
H = (A*)~1(¢j + J), and so the tripple (j, E, H) solves the optimality system (ii), yielding j = j. O
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5. SUITABLE VARIATIONAL FORMULATIONS

Let us summarize the results optained so far in pde-formulation and introduce some new notation. We recall
our choice (4.10), i.e.,

Tt L2 (w) — e 'Do(w) = 4,
and the related Helmholtz decomposition

L2(w) = VH (w) ®. 3. (5.1)

In view of Lemma 4.5, the optimal control problem reads as follows:

- . . . 1 . L 1 . K
F(j) =minF(j), F()=3I(HG) - Ha,j = Ja)l* = 51H () = Hal%, + 5

lj — jal? <, (5.2)

subject to
H(j) eRN (,uflrotR), e trot H(j) = nlj+J = (j+ J,
where the external current density J, the desired magnetic field Hyq and the shift control j4 satisfy
JeR(m)=e'rotR, Hye R(n)=p 'rotR, jse R(m,)=4.

We note that H = H(j) solves the system

rot H=¢({j+J) in £

divpH =0 in 2,

n-puH =0 on I
wH LHy,,

in a standard weak sense.

From now on, we assume that {2 is a bounded convexr domain. Since {2 is convex, it has a connected boundary.
For this reason, every Dirichlet field vanishes, i.e., H, . = {0}, which is important for our variational formula-
tions, as we will see later. Also, note that every Neumann field vanishes as well, i.e., Hy , = {0}, because every
convex domain is simply connected. We also recall Theorem 4.2, Remark 4.3, (4.10), and Theorem 4.6, which
we summarize in the following strong pde-formulation:

Theorem 5.1. For j € Lg (w) the following statements are equivalent:

(i) 7 € d is the unique optimal control of the optimal control problem (4.5).

(il) 7 is the unique solution of the optimality system
j=ja— kK 'n,C*E, rotE = pu(H — Hy), rotH =e(¢j+J)

with unique E € RNe 'rotR and H € RN p~'rotR.

(ili) 7 =ja — k 'm.C*E, and E is the unique solution of E € RNe™!

rot R satisfying

Vo e I% (rot E’,rot@)()’“_l + ﬁ_1<ww(*E,wa*¢>w,g = ((Ja+ J. D), — (Hq,r0t D).

According to Remark 4.4, the variational formulation

V& cRNe 'rotR (rot E,10t @) ;1 + &~ {1 (P E, 10 P e = ((fa + J, D) 0,c — (Ha, 10t D)
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[e]
admits a unique solution £ € R N e 'rotR depending continuously on the right hand side data, i.e.,
|E|g < c(|Hale + |jalw + [J]2). The crucial point for applying the Lax-Milgram lemma is the Maxwell esti-
mate (3.11), i.e.,

VEcRNe'rotR |E|o, < énn|rot E|g -1, Cn, 2 1= Cat.0e -1 = CA. (5.3)

Recently, the first author could show that, since {2 is convex, the upper bound
Cn2 SEQC0
holds, see [17-19]. Here, ¢p o denotes the Poincaré constant, i.e., the best constant in
Vu e H) :=H' NnR*+ lulgo < cp.0|Vulo (5.4)
with the well known upper bound
cp,0 < d?n, dg = diam(£2),

see [2,21]. By the assumptions on ¢ and y, there exist g, > 0 such that for all F € L*(£2)

e YE|op <|Elae <EElo, & Y E|loe <|eE|lo <E|E|g..

1

We note |E|o. = |¢/?E|g and |¢/2F|q.. = |¢E|g. For the inverse e~!, we have the inverse estimates, i.e., for

all E € L*(2)
g Y E|g <|Elge1 <e|lE|o, T E|ge1 <|e'Elo <elE|g.t.

We introduce the corresponding constants p, 77 > 0 for p. We emphasize that the Helmholtz decompositions
L2 = VH' @. e ' rotR, R=VH!'@. (Rne 'rotR), (5.5)
L? = VH' @, "' rotR, R=VH' @, (RNnyu 'rotR) (5.6)

hold since by the convexity of {2

Hp. = {0}, Hy,, =10}, rot R = Dy, rot R = Dy.

Moreover,

R(m)=m Lg =e 1rotR, 7R =RNe 'rotR,

o

R(m) =1 Li = 'rotR, 7R =RnNu 'rotR
and for £ € R and H € R we have

rot 7K = rot F, rot 7H = rot H. (5.7)

Finally, we equip the Sobolev spaces H' and H! with the norm |V - | as well as R and R with the norm

1/2
| : ‘R = (| ' ‘_2(275 + ‘fOt ’ ?Z,,u,_l) .
From now on, let us focus on the variational formulation of Theorem 5.1 (iii).
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5.1. A saddle-point formulation

_ o _ o _
For numerical purposes, it is useful to split the condition £ € RNe !'rotR into £ € R and ¢E € rotR.
Thanks to the vanishing Dirichlet fields, we have

(o]

rotR = Dy = (VH!)*,
which is a easy implementable condition. Then, Theorem 5.1 (iii) is equivalent to: Find E € R such that
Vo eR (rot E,1ot ®) 5 -1 + &~ {1 (" E, 1y D)o e = ((fa + J, D) 2,c — (Ha, 10t D) 02, (5.8)
VpeH! (E,V¢)a.e=0. (5.9)

Mixed formulations for this kind of systems are well understood (see e.g. [4], Sect 4.1). Let us define two
continuous bilinear forms a : R x R — R, b : R x H' — R and two continuous linear operators A : R — R/,

[e] o [e]
B : R — H! as well as a continuous linear functional f € R’ by

YU, P € R AU (D) 1= a(¥,P) = (rot U, r0t D) -1 + K~ (MWW, T (P
V¥ €R, pe H! BE(p) :=b(¥, ) := (T, V)0,
Vo eR f(D) = ((ja+ J,P) 0, — (Ha,r0t D) (r.

Then, (5.8)-(5.9) read: Find E € I(i, such that
vd eR o(E,®) = f(P), (5.10)
Vo e H! b(E,p) =0 (5.11)

or equivalently AE = f and BE =0, i.e., E € N(B) and AE = f. In matrix-notation, this is nothing but

Al = _ | f
el
Theorem 5.2. The variational problem (5.10) and (5.11) is uniquely solvable. The unique solution is the

adjoint state E € RNe 'Dy.

Proof. (5.11) is equivalent to E € ¢~ !Dy = e~ !'rot R. Thus, unique solvability is clear by Theorem 5.1 (iii).
However, for convenience, we present also another proof. For

EeN(B)=Rne'Dy
we have by (5.3)
a(E,E) > |rot B[}, - > (1+é5 o) VB2, (5.12)
i.e., a is coercive over N(B). This shows uniqueness and that there exists a unique E € N(B), such that

V& eN(B)  a(BE,d) = f(P)
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holds. But then, this relation holds also for all ® € R, i.e., (5.10) holds, which proves existence. For this, let

us decompose R 2 & = &g + &y € VH! &. N(B) by (5.5). Then, by rotdy = 0 and 7,(*Py = 0 since
C*Py € VH (w), see (5.1), as well as (jq + J € e Do = R(7) by Lemma 4.5, we have

a(E, @) = (rot E,rot ) -1 + £~ (1o B, 10 ®)y
= <I‘Ot E,I‘Ot@o>gvu—1 + ’{_1<7er*Ea7TwC*¢0>w,e = CL(E,@()) = f(@o) = f(@)

Theorem 5.1 shows E = E. ]

For numerical reasons, we look at the following modification of (5.10)—(5.11), defining a variational problem
with a well known saddle-point structure: Find (E, %) € R x H!, such that

Vo eR a(E,®) + b(P,u) = f(P), (5.13)

Vo e H! b(E,p) = 0. (5.14)

We note that b(®,u) = BP(u) = B*u(P) with B* : H' — R’. So, (5.13) and (5.14) may be written equivalently
as AE + B*u = f and BE =0, i.e., E € N(B) and AE + B*u = f. In matrix-notation this is

AB*E] _[f
B O al| (0]
Lemma 5.3. For any solution (F,u) € R x HL of (5.13)—~(5.14), i.e., of

vd eR a(E,®) + b(®,u) = f(®),
Ve H! b(E, ) =0,
it holds that uw = 0.

Proof. For ¢ € H! we have m,(*Vy = 0 as in the proof of the previous theorem since (*¢ € H!'(w) and

(*V = V(*¢ € VHY(w). Setting @ := Vu € Ry, we get m,(*® = 0 and hence a(E,®) = f(®) = 0. But then
0=0(P,u) = \Vu\%ﬁ, yielding u = 0. O

Now, it is clear that (E,0), where E is the unique solution of (5.10) and (5.11), solves (5.13) and (5.14). On
the other hand, any solution (E,u) of (5.13) and (5.14) must satisfy % = 0, and hence E in turn solves (5.10)
and (5.11). This shows:

Theorem 5.4. The variational formulation or saddle-point problem (5.13) and (5.14) admits the unique solu-
tion (E,0).

Remark 5.5. Alternatively, we can prove the unique solvability of (5.13) and (5.14) by a standard saddle-point
technique, (e.g. by [4], Cor. 4.1). We have already shown that a is coercive over N(B) = RN e~ 1Dy, see (5.12).
Moreover, as VH! = Ry C R, we have for 0 # ¢ € H! with @ := Vp € R

bdp) __b(Vep)  |Velh.

> = =1 = inf sup —/—— > 1.
‘Q‘R‘QM" |V<P|R|V<,0|Q£ ‘V@‘?QE
H1 ;

otoeit gei 1ZRIPlg

sup

b(P,p)
seh IRl

By Lemma 5.3 we see that u = 0.



A POSTERIORI ERROR ANALYSIS FOR THE OPTIMAL CONTROL OF MAGNETO-STATIC FIELDS 2173

5.2. A double-saddle-point formulation

Now, we get rid of the unpleasant projector 7, in our variational saddle-point formulation, yielding another
(double) saddle-point structure. For this, we assume for a moment that w is additionally connected, i.e., a
bounded Lipschitz sub-domain of £2. Let us decompose some & € L2(w) by (5.1), i.e.,

E=-Vote e VH (W)@ d, J=c'Do(w).
To compute &y, we can choose v € H! (w) := H!(w) N R+ as the unique solution of the variational problem
VoeH (W)  rd(v,¢):=(V0,Ve)ye=—(, Vo (5.15)

Then, 7, = e ¢ = £ + Vv and therefore for E,® € R with ¢ := (*E
a(E,®) = (rot E,rot D) -1 + £~ Hmu( B, 1y ®)y e = (ot E,10t D) -1 + £~ HmWu (T E, D)y e
= (rot E,10t )y -1 + £~ ("B, (" P e + £ V0, D) e .

=:a(E,P) =:¢(P,v)
Hence, the saddle-point problem (5.13)—(5.14) can be written as the following variational double-saddle-point
problem: Find (E,4,v) € R x H! x H} (w) such that

Vo e R (B, D) + b(®, ) + ¢(P,7) = f(), (5.16)
Vo H! b(E,p) =0, (5.17)
Vo € HY (w) c(E,¢) +d(v,$) = 0. (5.18)

As before, the continuous bilinear forms @: R x R — R, ¢: R x H! (w) — R and d : H! (w) x H} (w) — R induce

bounded linear operators A : R — R/, € : R — H! (w)’ and D : H! (w) — H! (w)’ in the following sense:

YU, P e R AW(D) := a(¥, ®) := (rot W, 10t D) 1 + K~ W, ' P), e,
YW e §, ¢ € HY (w) CU(p) = c(¥, ¢) := k(" VP)y o)
Ve, € HY (w) Dip(¢) := d(1h, ¢) := K~ (Vih, Vo) c.

We note that ¢(®,v) = CP(v) = €*v(P) with €* : H! (w) — R’. So, (5.16)-(5.18) may be written equivalently as

AE +B*u+Cuo=f, BE=0and CE+ Dt =0, i.e., E € N(B) and AE 4+ B*u+ C*v = f, CE 4+ Dt = 0. In
matrix-notation, this is

B0 0 = |0]. (5.19)

AB*e] [E f
U
eo0D||o

Note that we have formally B B
E=A-cDte)tf

and formally in the strong sense

A%rotgu_lrgtg—km_l(e(*, A* = A,

B = —divge, * %e%(g,

e~ —pdivyeCt, 0 =k 1(eV,,

D~k diveeV., D — D, F = e(Cja+ J) — rot Ha.
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Here, the Cand - 2, *w indicate the boundary conditions and the domains, where the operators act, respectively.
Theorem 5.6. The variational formulation or double-saddle-point problem (5.16)—(5.18) admits the unique
solution (E,0,v) with Vv = (1, — 1){*E. Moreover, j = jq — k 'm,(*E = ja — kY (C*E + V) defines the
optimal control.
Proof. Since 7,(*E = (*E + Vo, if and only if v € H! (w) and

VoeHL (W) (B ¢)+d(D,¢) =0,
we have

V& e R a(E,®) +b(®,q) = f(P),

if and only if 7,(*E = (*E + Vo and
Ve R (B, ®) + b(d,a) + c(®,5) = f(d),

if and only if v € H! (w) and

Vo eR (B, ) + b(®, ) + c(®,5) = f(®),
Vo eH|(w) c(E,¢) +d(v,¢) = 0.
Hence, the unique solvability follows immediately by Theorem 5.4. O

Remark 5.7. As in Remark 5.5, we give an alternative proof using the double-saddle-point structure of the
problem. We rearrange the equations and variables in (5.19) equivalently as

Ae* B
CD o
B O O

B[]0 - fes) semo - [T) s-[]

Now, A : R x HY (w) — (I% X Hi(w))/, B R

and obtain

HL (w) — Y, B Fl — (R x Hl () and f € (R x H} (w)) .
€ (

X
For bilinear forms this means: Find ((E,9),u) € (R x H! (w)) x H, such that

V (6, 6) € R x HL (w) a((E,9),(8,0)) +b((®,6),7) = F((&,0)), (5.20)
Ve H! b((E,v), ) =0, (5.21)
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Now, we can prove the unique solvability of (5.20) and (5.21) by the same standard saddle-point tech-
nique from ([4], Cor. 4.1). As a is coercive over N(B) = R N e 1Dy, see (5.12), so is a over the kernel
N(B) = N(B) x H! (w) = (RNe"1Dy) x H! (w). More precisely, for all (E,v) € N(B) and § € (0,1)

a((E,v), (E,v)) =a((E,v), (E,v)) + 2c¢(E,v) + d(v,v)
=|rotEg 1 + £ CER .+ 267 Y E, Vo) e + £V

= |rot E\?Mfl +&7HCE+ V2 .

2
w,e

> (1465 o) HER + 0w HCE + Vo2 .
1 1) 1)
>_ - t F 2 B — - _ |E 2 2 *E 2 e v 2
=1 +6317Q|r0 ‘_Q,u 1t 1 _1_6279‘ |Q,€ K‘C w,e + 2K| ,Uw,s
1 6 1)
2 2 2
> 1 Ai |I‘OtE‘Q7M71 + (1 _’_éin - ;)|E ,e + ﬂ|vv w,e*

Hence, aa((E,v), (E,v)) > \E|2R + |v|a1 o = : for § sufficiently small with some o > 0. Then,
1 w

G

as before, for 0 # ¢ € IS|1 with @ :=Vp € I%o and now also ¢ :=0
b((2.0).0) b2, ¢)

sup = sup
(@,qﬁ)eﬁxHﬂ_(u}) ‘(@’ ¢)‘R><Hﬂ_(w)|90‘ﬁ1 (@,(ﬁ)EﬁXHi(w) ‘(@’ ¢)‘R><Hﬂ_(w)|90‘ﬁ1

> - —1
VelglVelae  IVelh .

and thus R

b((P

(@.0).0)
‘(¢’¢)‘R><Hﬂ_(w)|g0‘ﬁ1

inf sup

0#£0€H! (,6) R x HY, (w)

Therefore, (5.20) and (5.21) is uniquely solvable. This is equivalent to (5.16)—(5.18). Moreover by (5.18) we see
Vo = (m, — 1)(*E. Hence, (E,u) is the unique solution of (5.13) and (5.14) and Lemma 5.3 shows @ = 0.

Remark 5.8. We emphasize that (5.18) holds for all ¢ € H!(w) as well, since only V¢ and Vo occur. Hence, we
can also search for ¥ € H'(w), where in this case ¥ is uniquely determined up to constants. This shows also that
we can skip again the additional assumption of a connected w. Then, ¥ is uniquely defined just up to constants in
the connected subdomains of w, but this does not change the uniqueness of the orthogonal Helmholtz projector
m,(*E =("E + V.

Finally, we write down the double-saddle-point problem (5.16) and (5.18) in a more explicit form: Find
(E,u,v) € R x H! x HY(w), such that

Vé e R (rot B,10t B i1 + K~ HC B, ) e (5.22)
+<¢v V,L_L>Q,€ + H71<C*dja v1—)>w,5 = <<jd + Ja (P>.Q,6 - <Hdar0tdj>97

WAGRS H! <E, Vo)ae =0, (5.23)

Vo€ HY (w) K HCE, V) e + K 1V, V) = 0. (5.24)

Or altogether: Find (E,u,v) € R x H! x H!(w), such that for all (@, ¢, ¢) € R x H! x H}(w)

(rot E,rot @) ;-1 + Kk N E, Py o + (D, Vi), + k(P VD), - (5.25)
+{(E, VYoo + K HCE, V) pe + 1 VD, Ve)pe + (Hayrot D)o — (Cja + J, P = 0.
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The unique optimal control is
j=Ja— kK MuCE =jqs—k H(C"E+ VD) € e 'Do(w) = 4.
Note that (j € e 1Dy and that ¥ € H'(w) is only unique up to constants in connected parts of w.

6. FUNCTIONAL A POSTERIORI ERROR ANALYSIS

We will derive functional a posteriori error estimates in the spirit of Repin [12, 14,20, 24]. Especially, for a
precomputed discrete or good-guess approximation j e L2 “(w) we are interested in estimating the error of the

optimal control j — j. Let us assume that some E e R and © € H'(w) are given by some numerical method or
just as a good guess. Then

Ee I(i, Ji=ja— Kk HCE4VD) eli(w), H:=p 'rotE+Hye u_lE)o (6.1)
may be considered as approximations of the adjoint state, the optimal control and the optimal state
) € I%me‘lDo, j€ e‘lﬁ)o(w), HeR rm‘lto)o,
respectively. We note that
j—j=k Y CE+Vi—m,(E)=x"({(E—-E)+ V(i -1)) €Rw),

H—H=yp'rot(E—E) e ;fll?)o,
and hence
rrot(j — j) =rot ¢*(E — E) = (*rot(E — E) = u¢*(H — H) € rot R(w).

If j4 € R(w), then j € R(w) Ne~'Dy(w) and j € R(w).
First, we will focus on the variational formulation (5.10), i.e., (5.8). We note that

(Hg,rot Py = (rot He, D)

holds for @ € I(i and Hy € R, giving two options for putting Hy in our estimates depending on its regularity.
6.1. Upper bounds
For all & € R and all ¥ € R, we have by (5.8) that
(tot(E — E), 10t ®) 3 ;-1 + £~ (1ol (E — E), 1P
= —(uHy +rot E, rot®) o -1 + (Ja — K~ Lo C*E, C* D+ (], P

= </,LH rotP) o -1 + (Cja +J — K Cm, ¢ E ,P)0e
= <:u‘(kp - H),I‘Ot (P>Q,,u*1 + <C.7d +J -k ICWWC E - 571 rot Q, ¢>Q,e

Since J,e 'rot¥ € e 'rotR = R(n) as well as (m,(*E = n(n,(*E and (ja = (myja = 7(myja = 7(ja by
Lemma 4.5, we see that

R(n) 3 Cja+J — kX muC*E —e rotW = 7((ja + J — k~ Hmu('E — e Lrot w).
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Thus,
(rot(E — E),10tB) ;-1 + &~ (mu(*(E — E), mu(*P)o e
= (W — H),rot ) ;-1 + (Cja + J — kmuC E — e rot ¥, 7d) g .. (6.2)
As 7 € R Ne~lrotR with rot 7@ = rot ® by (5.7) we get by (5.3)
[7®|0.e < Cn0f TOt Do 1. (6.3)
Therefore, by (6.2), it follows that
(rot(E — E),rot ) ;-1 + k= (1wl (E — B), 10 ®)uc < Mo sorm, (B, H; ¥)|rot §|g 1, (6.4)

and My vorr, (E, H;¥) can be replaced by M rorr, (E;¥), if Hy € R, since e 'rot Hy € R(w). Here we
introduce the following upper bounds.

Definition 6.1. For E € Lg resp. E€R, H e Li, and ¥ € R resp. ¥ + Hy € R we define the upper bounds
M sotr, (B, H; W) o= |H = W + to0lCa+ J — k(o E — e 1ot ¥,
M rotm, (B3 W) = |10t E — | =1 + . 0|Cja + J — 57 (T E — e rot(¥ + Hy)|o.c.
Inserting @ := E — E € R into (6.4) yields for all ¥ € R that
|E = Elrot < M sotn, (E, H; ), (6.5)
where we define the half norm | - |0t for all @ € R by
12 = [x0b @l 1 + |G

To estimate the possibly non-solenoidal part of the error, we decompose E by the Helmholtz decomposi-
tion (5.5)
E=V¢+7nE e VH @. (Rne trotR), rot mE = rot E.
Then, for all @ € 71D
V@G, = (E.Vé)oe = (B~ 2 Vi)o.: — (dived, o < My ai(E;9)|[ Vo

and hence ~ . B
IV@lae < My aiv(E;9), My aiv(E;®) = |E —Plg. + & oldived|q.

Here, ¢, := Cp,0,0,c is the Poincaré constant in the Poincaré inequality

Ve H! ‘(p|g < éEQ‘VgO Qe (6.6)

We recall that

do
Cp,2 < ECpo,2, Cpo,2 < Cp,2 < -

As E already belongs to R N e 'rotR, we have E — E = m(E — E’) — V¢ and obtain by orthogonality and
by (5.7), (6.3) for all ¥ € R and all € e~1D
|E = E[. = V@b + Im(E = E)5. < MY g1 (E; @) + &5 ol rot(E — E)[G, 1,
|E — E|? < M2 41 (B; @) + & 0| E — Elfoy,
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where | - | is defined by
52

Ca, 0
?),s + ml; |7"wc*¢|i,ev S L?-

|2)? = |2

Let us underline the norm equivalence for @ € R

2 2 _ 2 2 L+ 61121,0 * 32
(215 <2l = 2[5, + [rot 25,1 + —==[muC" O

1+é0 2 2 1460 2
S(”T) 0+ lroval,, - < (1402 ) .

where | - | is defined by
[215 == 121* + | 2] P ER,

rot»
. 2 2 2 1+ é[?l,ﬂ * 52
Le., ”@HR = |(P|Q,€ + |I‘Ot¢|97“71 + P |7TWC (P|w,5’

Lemma 6.2. Let E € R. Then, for all ® € e 'D and all ¥ € R, it holds that
HE - E”2 < ém,Q”E - E”Eot + Mi,div(E; 45)7
|E—EI2 < (146 o)|E — Elfoy + MY 41 (E39),
”E - E“rot < M+ar0t57rw (E, I:-’; w)’
where
M ot (B H; W) = |H = ¥ apu+ éalCa+J — 5 (mu("E — < rot ¥ g,
M div(E; ) = |E — Do + ép.0| dived|o,
and My rot,x, can be replaced by M+’r0t’ﬂ—w, if Hy € R.
Remark 6.3. We note that, by the convexity of {2, all appearing constants admit computable (explicitly given
guaranteed values) upper bounds
ép,f) < ECp,0,02, ém,.Q < gﬂcp,ﬂy Cp,o0,02 < Cp, 02 < 7
Setting & := E € e~ Dy, we get o -
My aiv(E3 E) = [E = Elg..
For ¥ := H € R we see pH = rot E + pHy and e 'rot H = (jg + J — K~ (m,¢(*E and thus

émQ * (T n ) E
it T2 (E = E)lwe < o E ~ Elroy

~2 /2
ch
On 1= (” T’) '

For Hy € R and defining ¥ := H — Hy € R we see

M sorn,(E,H;H) = |H — H

by w(H — H) = rot(E — E) and with

M vot,r, (B, H — Hg) = My vor,r, (B, Hy H).
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Remark 6.4. In Lemma 6.2, the upper bounds are equivalent to the respective norms of the error. More
precisely, it holds

HE - E”rot S ll’lf MJr,rot,Trw(E,I;’;w) S M+,I‘Ot,ﬂ'w(E)H; H) S CHHE - E”rota
¥eR

|E— B2 < (146 ) inf M3 o0 (B, H; W)+ inf M3 g, (E; @)
YeR Pece—1D
S (1 + éi,Q)M?i-,rot,‘n'w (E~a FI, H) + Mi,div(E; E)
L+ & Q)|E— Elf + |E - Ef,. < ck(1+& o)|E— E|2.

If Hy € R, the majorant inf M .ot (E, H;¥) can be replaced by inf M o0, (E;¥) and the terms
weR weR
MJr,rot,Trw (E, H; H) by MJr’rot’ﬂ—w (E, H — Hd)

In Lemma 6.2, the upper bounds are explicitly computable except of the unpleasant projector m,. Moreover,
so far we can estimate only the terms

E—-E, rot(E—E), 7.((E-E),
but we are manly interested in estimating the error of the optimal control j — j, where
K(j—j)=—mCE+E+Vi=C(E~E)+V(0—0).
We note
V(@ = D)lwe < AlJ = Floe+C(E = E)loe (6.7)

To attack these problems, we note that the projector 7, is computed by (5.15) as follows: For £ € Lg (w) we
solve the weighted Neumann Laplace problem

ng € Hi(w) <V’Ua v¢>w,6 = _<£v v¢>w,€

with v = ve € H! (w). Then, m,& = £+ V. Now, for © € H! (w) as well as for all ¢ € H'(w) and all T € e 'D(w)
we have

<V(U — ’LN)), V¢>w,s = <T - g - Vf)a V¢J_>w,€ + <d1V ETv ¢J_>w < (‘T - g - vf)‘wﬁ + ép,w‘ div €T‘w) |v¢

w,e

where ¢ € H! (w) with V¢ = V¢, . Here, ¢, := ¢pw e is the Poincaré constant in the Poincaré inequality

Vo eHL (W) |l < ép.0|Vdlue (6.8)

and we note
Cow < ECp s

where ¢, < d, /7 if w is convex. Hence, putting ¢ := v — v gives
[V =0)|w,e <€+ VD —To.c + G| divel .
Especially for ¢ := (*F with n,(*E = (*E 4+ Vo we obtain immediately
K:(.; _3) = ch*(E - E) + V(U - f})a
"{2‘5 - j 3),6 = |7Tw<*(E_ - E)‘f),s + ‘V(’U - 17)‘3),67
V(W = 0)|we SICE+ V0= Voe + Cpo| divel |y = My (E,57).
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We remark 7,(*E = (*E + Vo giving

C'(E—E)=n,*(E—E)+V(v—1),
‘C*(E - E) 3),6 = |7Tw<:*(E - E)‘f},s + ‘V(’E - U)‘f),s'

This shows
V(0 = 0)|w,e, [0 (" (B — E)|w,€ < Klj - 5|w,57
V(0 = 0)|w,e [T0C* (B = E)loe < |C(E — E)lw,e
and thus (6.7) follows again. We note that as

krot(j — ) = ¢* rot(E — E) = u¢* (f — )
and hence

K| 10t(j — J)|w -1 = [C 10t (E — E)|yy 1 = [C(H — H)|wp

we can even estimate j — j in R(w). More precisely,
Klj = 1% + K2 rot(f = )2 o S KT =5+ 1H - HI,
=& muC(E = E)Z .+ 57 V(0 = 0)2 . +[rot(E = )| s
<|E = Elfy + 1M (B, 557).
Next, we find a computable upper bound for the term |(jq + J — kT E —e ot ¥|n.. in the majorant
My voton, (B, H; W), simply by inserting 7,(*E = (*E + V0 + V(v — 0), yielding
Cja +J — kT E — et rot Wlg, < [Ca+ J — k7 N(CTE + VD) — e ' rot o + £ HV(0 = 0)|w,e
<[+ T —e ot ¥o. + & My o (B, 5;T).

Putting all together shows:

Lemma 6.5. Let E ¢ R and © € H'(w). Furthermore, let j = ja — Kk~ (C*E + V) € L2(w) as well as
H:=p 'rotE+ Hyep 1DO Then, for all® € e~ 'D, allW €R and all T € ¢ 1D( ), it holds that
V(@ = )| < [C(E = B)|we +min {&]j = jloo, My (B, 57)},
K| 10t(j =)ot = ¢ (H = )y < |H — Hlau = |104(E — E)| 0,41,
Klj = Jlbe+ [H—HG, <|E—Elf+r M2 (E.5:7),
|E = E? <é ol E = Elfoy + MY 41, (E; D),
|E— EIZ < (1+& o)|E = Elfo + M2 41y (E; 9),
|E = Elrot < M sotir, (B, H; ) < My ot (H, J;0) + 5w oMy r, (B, 5;7),
where
M sot(H,j3 W) o= [H = | g+ énol(G +J —e ' rot g,
M aiv(B;®) =|E —®|g. + ép 0| dived|q,
My (B, 5;7) = [CE+ VD —Twe + épwl diveY ..

If Hy € R, M 1ot can be replaced by ./\;l+,rot with

M—i—,rot(Evj;W) = |I‘OtE - /’LW‘Q,/J*1 + ém,QK.; +J - et I‘Ot(W + Hd) 0,




A POSTERIORI ERROR ANALYSIS FOR THE OPTIMAL CONTROL OF MAGNETO-STATIC FIELDS 2181

For ¥ :=n,(*E=(*E+ Vi € 5*160((4)) we have

M, (B, T3 m0C E) = k] <|CE = B)|we + V(0 = 0) e

For ¥ := H € R we have e~ !rot H = (j + J yielding
M+rot(H jv ) |H H|Qu+cm9|3 3|w,e

<|rot(E — E)|g -1 + énok (|C(E — E)|ve + V(@ = 0)]oe).

Again, for Hq € R we get ./\;lJr’rot(E,j; H— Hy) = M+,rot(ff,3;H).
A main consequence from the third and the last estimates in the above lemma is the following a posteriori
error estimate result.

Theorem 6.6. Let E € R and & € HY(w). Furthermore, let j = jq — k~Y(C*E 4+ Vo) € L2(w) as well as
H = 1r0tE+Hd€,u 1DO Then

I(H —H,j =)l = (1H - H, + 817 5l2.)
<My rot(H, j:0) + (5 eno + 57 2)Mo o (B, 5;7)

1/2

holds for all W € R and all T € e~ 'D(w).

Remark 6.7. In Lemma 6.5 and Theorem 6.6, the upper bounds are equivalent to the respective norms of the
error. More precisely, it holds

(= .5 =D < inf My 330) + (5 e+ 07) ind - Mo (BT
weR Yee 1D(w)
< M or(H, G H) + (57 e + 572 M (B, 55 70C B)
< |H — Hlo,u + (tno + 2 %ck/?)]j
<|H - H|Q’H + SCk/il/zg - 5|w,€
< (1+9)V2|(H - H,j - )]

Moreover, there exists a constant ¢ > 0, which can be explicitly estimated as well, such that
M H —H[g, +|E - Elg. + V@ -0).)
< inf M3 (H,j;%)+ inf M3 4 (E;8)+ inf M3 (E,5;7)
¥eR Pece—1D ’ Tea*ll?)(w) '
<c(lH-Hg, +|E-EG. +[V@-0).).

If Hy € R, the majorant inf MJF’mt(fI,j;LT/) can be replaced by inf MJF’I-Ot(E,j;Q) and the term
weR weR

M+,r0t(}~[73;ﬁ) by M—i—,rot(Ev.;;g - Hd)'

By Lemma 6.5, we have fully computable upper bounds for the terms

‘j - 3|w,57 ‘I‘Ot(j - 3)|w,u*1a |7rw<*(E - E) w,e
and L L L o
< HE - EHa |I‘Ot(E - E)‘Q,p‘*l < HE - E”rota
i.e., for the terms } o L L
‘j_j|R(w)’ |E_E|R S”E_E”Rv ‘ﬂ-w(j*(E_E”w,E'



2182 D. PAULY AND I. YOUSEPT

6.2. Lower bounds

To get a lower bound, we use the simple relation in a Hilbert space

Voo = max (2(z,y) — [yf) = max 20—y, ).

Note that the maximum is attained at y = x. Looking at

I(H — H,j = DI? = [H ~ H[g , + lj =I5 = [10t(E = E)[g -+ 5lj — 12

we obtain with H :=rot® and j := (*® for some ¢ € R by (5.8)
I(H - H,j-H)I?
= |rot(E — E)\%,H_l + & W (PE — CFE — VB2 .

» I -1 * T * T ~ ..
= max(2rot(E — B) — H,H)g,,-1 + % jgggg;)@(mé E—(CE—=V0)—jjlue

vV

(210t E — 10t(2E + @), 10t B) 3 1 + Kk 2(1uC E — C'E — Vo) — (P, (D),

=(2(ja — kYD) — kI QRE+ D), P - + 2(], D) 0,c — (2uHa + 10t(2E + &), 10t D) gy 1
= (2(Cja+J — kYD) — KT E + D), ). — (2uHqy + 10t(2E + D), 10t B) 3,1
(2(CG+J) — k7D, D). — (2H + ' rot @, rot B) gy

= M_(H,j;9).

The maxima are attained at H := rot(E — E) and j = m,(*E — (*E — Vou. We conclude that the lower bound
is sharp. For this, let o, 0 € H' be H'-extensions to 2 of , #. Note that Calderon’s extension theorem holds

o
since w is Lipschitz. With a cut-off function x € C*>°(§2) satisfying x|, = 1 we define

Then, rot® = rot(E — E) = H and

'@ = C(E = E)+ V¢ (x(7 - 9)) = (B~ B) + V(' (0 - 9)
=((E-E)+ V(@ -0)=mn(E~(E-Vi=].
Alternatively, we can insert j := m,(*® into the second maximum, yielding
I(H - H,j—j)|? > (2rot E — 10t(2E + &), 10t B) 5 1 + £~ 2(1u(*E — C*E — V) — 1, D, 1o (P e
= (2rot E — rot(2E + &), rot D) g -1+ 2mu (B - E) — 1, P, m,C* D),
= (2(Cja+J) — KﬁlCﬂ'w(j*(QE + D), D)0 — (2uHa + rot(QE + @), 10t ) 5 ;1
(2(Cja+ J) — 87 HmuCF(2E + @), ) 0c — (2H + p~ ' rot &, rot D)
= M_ . (E,H;®).
In general, this lower bound is not sharp. On the other hand, it is sharp, if and only if C*E + Vo € R(’/Tw) if
and only if (*E + Vo = 7,(*E, since then we can choose & := E — E yielding rot & = H and T,(*P =7

Lemma 6.8. Let E € R and © € H'(w). Then

I(H - H,j = )I? = max M_(H, j; ®) > sup M (E, H; ).
P€R BeR
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6.3. Two-sided bounds

Combining Theorem 6.6 and Lemma 6.8, we have

Theorem 6.9. Let E € R and © € H'(w). Then
sup M, (E, H; ®) < max M_(H,j;®) = [|(H — H,j - j)I* = |H — H|}, , + 5l — 3.
SER HER

< (inf My ,ot(H, 55 ) + (5 Yemo + 7Y% inf My (B, 57))7,
weR TEE*ll?)(w)

where
MJr,rot (Hv 5;

M (E,
M_(H,

)= |H—W|g, +énnlCj+J - rot¥]g.,
;1) = |C°E 4 Vo — T)oe + épu|divel |,
7:0) =2+ J) — kP, D) e — (2H + p~ L rot @, rot d) .
If Hy € R, M4 1o can be replaced by ./\;l_hmt with

M+,r0t(E73; W) = |I‘OtE - /-“p|9,/¢*1 + ém,Q‘Cj +J - 671 I‘Ot(lp + Hd)|9,e~
7. ADAPTIVE FINITE ELEMENT METHOD

Based on the a posteriori error estimate proven in Theorem 6.6 of the previous section, we present now an
adaptive finite element method (AFEM) for solving the optimal control problem. The method consists of a
successive loop of the sequence

SOLVE — ESTIMATE — MARK — REFINE. (7.1)

For solving the optimal control problem, we employ a mixed finite method based on the lowest-order edge
elements of Nédélec’s first family and piecewise linear continuous elements. Furthermore, the marking of elements
for refinement is carried out by means of the Dérfler marking.

7.1. Finite element approximation

From now on, {2 and w are additionally assumed to be polyhedral. For simplicity we set € := 1. Let (hy,)
denote a monotonically decreasing sequence of positive real numbers and let (’]71 ((Z)) b be a nested shape-regular
family of simplicial triangulations of (2. The nested family is constructed in such a way that p is elementwise
polynomial on 7,(f2), and that there exists a subset 7;,(w) C 75, (§2) such that

v= |J T
TeT)(w)

For an element T € 7,(£2), we denote by 7 the diameter of T and set § := max {hy : T € T,(12)} for the
maximal diameter. We consider the lowest-order edge elements of Nédélec’s first family

M) :={&:T —R*: &(z) = a+bx z with a,b € R*},

which give rise to the rot-conforming Nédélec edge element space [13]

(o] o

Ry = {@h S R(Q) : ¢h|T S Nl(T) VT € 7;,((2)}
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Furthermore, we denote the space of piecewise linear continuous elements by

IS|;IL = {on € |S|1(Q) D onlr(z) = ar +br -z with ar €R, by € R® VT € T,,(2)}
and

He = {én € H' (W) : ¢nlr(z) = ar +br -z with ap €R, by €R® VT € Tp(w)}.
We formulate now the mixed finite element approximation of the necessary and sufficient optimality condi-
tion (5.16)—(5.18), see also (5.22)—(5.24) resp. (5.25), as follows: Find (Ej, @ip, vp) € Ic-'\;h X ISI}L X H(}),h such that,
for all (D, on, ) € E{h X Ifl}l X Hivh, there holds

a(En, @) + b(Pp, ap) + c(Pn, o) = f(Pn), (7.2)
b(En, ¢n) =0, :
(En, ¢n) + d(0n, é1) = 0, (7.4)
where
a(Ey, ) = (rot Ej,, rot Dn) -1 + K HCER, CPh)w,  F(Pr) = (Cja+ J,Pr)o.e — (Ha,rot @p) g,
and

b(®p,tn) = (Dn, Vi), o(Pp,0h) =k Pp, V), d(Oh, dn) =k {(V0h, V) w.

As in the continuous case (see Rem. 5.7), the existence of a unique solution (Ej, 0p, 0p) € Ry x H}, x Hi),h for
the discrete system (7.2)-(7.4) follows from the discrete Ladyzhenskaya-Babuska-Brezzi condition

b(®),
(n, on) >1, (7.5)
|(¢h’¢h)‘RxHi(w)‘¢h‘ﬁ1

inf sup
© o
0Fen €} (&),,0)ER, xHL

which is obtained, analogously to the continuous case, by setting @), = Vi, and ¢;, = 0. Note that the inclusion
VH}, C Ry, holds such that every gradient field Vi, of a piecewise linear continuous function ¢y, € H} is an

o o
element of Ry,. Let us also remark that on the discrete solenoidal subspace of Ry, the following discrete Maxwell
estimate holds:

Je>0 V&, €{W, €Ry: (T, Vibn)o =0 Vb, € Hp} |Pr]0 < c|rot Dy|o

Note that ¢ is independent of h, see e.g. [5]. Having solved the discrete system (7.2)-(7.4), we obtain the finite
element approximations for the optimal control and the optimal magnetic field as follows

Jh = Jd,n — K_l(EhLJ + Vo) Hy, = p trot By, + Hyp, (7.6)

see (6.1), where jq 5, and Hg )y are appropriate finite element approximations of the shift control j; and the
desired magnetic field Hy, respectively.

7.2. Evaluation of the error estimator

By virtue of Theorem 6.6, the total error in the finite element solution can be estimated by

I(H = Hi,j = i)l € Mot ot (Hns jn; ) + (57 o + 172 Mo (B, 003 ), (7.7)
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for every (¥,7) € R({2) x D(w), where
M vot(Hn, jn; W) = |Hp = Wl + én0|Cn + J — rot ¥l g, (7.8)
My (En,ony YY) = |CEp 4+ Vo, =T + G| divT .. (7.9)

We point out that (¥,7) € R(£2) x B(w) should be suitably chosen in order to avoid big over estimation in (7.7).
Our strategy is to find appropriate finite element functions for ¥ and 7", which minimize functionals related to
My ot and My o . To this aim, we make use of the rot-conforming Nédélec edge element space without the
vanishing tangential trace condition

Ry = {&Dh S R(Q) : wh‘T €N1(T) VT € %(Q)}

and the div-conforming Raviart—Thomas finite element space on the control domain

Do = {7 € D(w) : Tulr € RTA(T) VT € Th(w)},

where
RT(T):={T:T —R3: T(z) = a+bx with a € R*,b € R}

Now, we look for solutions of the finite-dimensional minimization problems

sprhr,leirth (\Hh—Wh\?),u—i-éﬁ’d(jh+J—rotLl7h|?2) (7.10)
and
min (|<*Eh VO = T2 + &, | div mg). (7.11)
ThEBw,h

— _ [e]
Evidently, the optimization problems (7.10) and (7.11) admit unique solutions ¥, € Rj and 71}, € D, p. Fur-
thermore, the corresponding necessary and sufficient optimality conditions are given by the coercive variational
equalities

V¥, € Ry, &z o (rot W, vt ) o + (W, Wn) o = (Hi, Wn) o+ o o (Cin + J,rot W) o
YT}, € Do &2 {div T, div )y + (T, T = (C* By + Von, Tl
Taking the optimal solutions of (7.10)—(7.11) into account, we introduce
My = My ot (Hp, n W) + (k7 w0 + 67 Y My o (Bn, o Th). (7.12)

Then, (7.7) yields S
I(H — Hn,j = jn)ll < Mh. (7.13)

7.3. Dorfler marking

In the step MARK of the sequence (7.1), elements of the simplicial triangulation 75 (f2) are marked for
refinement according to the information provided by the estimator Mj. With regard to convergence and quasi-
optimality of AFEMSs, the bulk criterion by Dérfler [3] is a reasonable choice for the marking strategy, which
we pursue here. More precisely, we select a set £ of elements such that for some 6 € (0,1) there holds

> Mp>=0 > My, (7.14)

TeE TET; (£2)
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where

MT ::|ﬁh — !Ph|T7H + ém,Qth +J - 6_1 rot !ph‘T + (/ﬁl_lém() + K_l/z)Mw,T

|<*Eh+v1_)h—Th‘Tﬁ-ép’w‘diVTh‘T if T e %(w),
0

Mo = { it T¢Th(w).

Elements of the triangulation 7, (f2) that have been marked for refinement are subdivided by the newest vertex
bisection.
7.4. Analytical solution

To test the numerical performance of the previously introduced adaptive method, we construct an analytical
solution for the optimal control problem (1.1). Here, the computational domain and the control domain are
specified by

2:=(-0.5,1)* and w:=(0,0.5)%.

Furthermore, we put € := 1, x := 1, and the magnetic permeability is set to be piecewise constant, ¢.e.

10 in (—0.5,0) x (=0.5,0) x (—0.5,1),
fr =
1 elsewhere.

We introduce the vector field

2 0
E(z) = MS (f) sin?(2mz;) sin?(27a) |0 Va € 02,
T
1

and set B B
E:=x,F and H:=p 'rot B,
where x,, stands for the characteristic function on the subset 2, := £\ {(0,0.5) x (0,0.5) x (—=0.5,1)}. By

construction, it holds that ' € R(£2) N Do(£2) and H € R(£2) N~ 'Dg(2). The desired magnetic field is set to
be

Hg = X, H € R(£2).
Finally, we define the optimal control j € Dg(w) as
B sin(2may) cos(2mxs)
j(x) := 100 | —sin(2wz2) cos(2mz1)| Vi € w,
0

and the shift control jyq as well as the applied electric current J as

. _ rot H —j inw,
ja:=j and J:=

rot H elsewhere.
By construction, we have
rot H=(j+ J, rot B = p(H — Hy) in £,
divuH =0, divE =0 in £,

n-pH =0, nx E=0 on I



A POSTERIORI ERROR ANALYSIS FOR THE OPTIMAL CONTROL OF MAGNETO-STATIC FIELDS 2187

Total Error

10% 10° 10°
DoF

FIGURE 1. Total error for uniform (green line) and adaptive mesh refinement (blue line). (color
online)

and
o

= . . 1 * T
Do(w) 2 J = ja = Ja — EMC E,

from which it follows that j is the optimal control of (1.1) with the associated optimal magnetic field H and
the adjoint field E.

7.5. Numerical results

With the constructed analytical solution at hand, we can now demonstrate the numerical performance of
the adaptive method using the proposed error estimator M, defined in (7.12). Here, we used a moderate value
0@ = 0.5 for the bulk criterion in the Dorfler marking. Let us also point out that all numerical results were
implemented by a Python script using the Dolphin Finite Element Library [11]. In the first experiment, we
carried out a thorough comparison between the total error ||(H — Hy,j — jp)|| resulting from the adaptive mesh
refinement strategy and the one based on the uniform mesh refinement. The result is plotted in Figure 1, where
DoF stands for the degrees of freedom in the finite element space. Based on this result, we conclude a better
convergence performance of the adaptive method over the standard uniform mesh refinement. Next, in Table 1,
we report on the detailed convergence history for the total error including the value for M}, computed in every
step of the adaptive mesh refinement method. It should be underlined that the Maxwell and Poincaré constants
Cn,2 and Gy, appear in the proposed estimator My, (see (7.8) and (7.9) and (7.12)). We do not neglect these
constants in our computation, and there is no further unknown or hidden constant in Mj,. By the choice of the
magnetic permeability 1 and the computational domains 2, w (see Rem. 6.3), the constants ¢y 0, ¢ can be
estimated as follows:

V3

V3
(.0 < 15— d ¢ < —-
Cn,2 = ™ and o = 2

These values were used in the computation of My,.

Let us give a detailed explanation for our numerical computation: Using the iterative MinRes-FEniCS-solver,
we solved the linear system (7.2)—(7.4). Then, the optimal current density j, and the optimal magnetic field
Hj, were computed by the formula (7.6), where ja,n and Hgj, were obtained by the projection of j; and Hy to
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FIGURE 2. Adaptive mesh.

the Nédélec edge element space. Hereafter, we computed ¥}, € Ry, and 7}, € D, ;, by solving

- a2 a2 i}

VY, € Ry (rot Uy, rot Wh>g + ﬁ<wh’ Wh>g,u = ﬁ(Hh,whm,u + <C]h + J, rot W})Q
o o= 472 _ 472 .= B

V1, € Dw,h (le 13, div Th>w + T<ThaTh>w = T<C Ey + Vvh,Th>w.

These discrete systems were solved by the FEniCS direct solver MUMPS (MUltifrontal Massively Parallel sparse
direct Solver). Finally, we obtain the estimator

o V3 L
My, = My ot (Hps jns W) + (15? +1 | My o, (En, 0n; 1),

where M 1ot and M - are defined as in (7.8) and (7.9).

As we can observe in Table 1, M}, severs as an upper bound for the total error. This is in accordance with
our theoretical findings.

In Figure 2, we plot the finest mesh as the result of the adaptive method. It is noticeable that the adaptive
mesh refinement is mainly concentrated in the control domain. Moreover, the computed optimal control and
optimal magnetic field are depicted in Figure 3. We see that they are already close to the optimal one.

In our second test, we carried out a numerical experiment by making use of the exact total error given by
the term ||(H — Hy,, j — jn)|| as the estimator (exact estimator) in the adaptive mesh refinement. More precisely,
we replaced My in the Doérfler marking strategy (7.14) by the exact total error over each element T' € 73, (£2).
Figure 4 depicts the computed total error resulting from this adaptive technique compared with our method.
Here, the convergence performance of the mesh refinement strategy using the exact estimator turns out to be
quite similar to the one based on the estimator My,. Also, the resulting adaptive meshes from these two methods
exhibit a similar structure, see Figure 5. Based on these numerical results, we finally conclude that the proposed
a posteriori estimator My, is indeed suitable for an adaptive mesh refinement strategy, in order to improve the
convergence performance of the finite element solution towards the optimal one.
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TABLE 1. Convergence history.

D.o.f.  Errorin H Errorin j Total error My
4940 0.86 3.16 3.27 63.44
5436 0.69 3.03 3.11 58.52
6280 0.56 2.47 2.53 46.16
7480 0.52 1.67 1.75 29.98
9506 0.49 1.84 1.90 33.78
16 593 0.41 1.80 1.85 27.78
27622 0.32 1.67 1.70 22.18
42000 0.28 1.60 1.62 20.13
62424 0.23 1.33 1.35 16.75
92730 0.20 0.96 0.98 12.41
150 802 0.17 0.87 0.87 10.62
248 269 0.14 0.75 0.76 9.10
414 395 0.12 0.63 0.64 7.62
674 856 0.10 0.51 0.52 6.31

TABLE 2. Convergence history for the adaptive refinement using the exact estimator.

FIGURE 3. Computed optimal control (left plot) and optimal magnetic field (right plot) on the

finest adaptive mesh.

D.of. Error in H  Error in j  Total error
4940 0.86 3.16 3.27
5372 0.70 3.03 3.11
5956 0.57 2.59 2.65
6866 0.53 1.65 1.74
7975 0.49 1.80 1.87
13420 0.46 1.69 1.75
21122 0.47 1.77 1.83
31404 0.46 1.66 1.72
44722 0.49 1.42 1.48
62092 0.38 1.09 1.16
88972 0.30 0.88 0.93
129 694 0.27 0.84 0.88
215804 0.21 0.72 0.75
334072 0.19 0.59 0.62
538189 0.16 0.49 0.52
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Total Error

10° 10° 10°
DoF

FIGURE 4. Total error for the adaptive refinement strategies based on the exact estimator (red
line) and the estimator My, (blue line). (color online)

FIGURE 5. Adaptive mesh resulting from the estimator My, (upper plot) and the exact estimator
(lower plot). (color online)
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