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AN EDGE-BASED SCHEME ON POLYHEDRAL MESHES FOR VECTOR
ADVECTION-REACTION EQUATIONS

PIERRE CANTIN"? AND ALEXANDRE ERN!

Abstract. We devise and analyze an edge-based scheme on polyhedral meshes to approximate a
vector advection-reaction problem. The well-posedness of the discrete problem is analyzed first under
the classical positivity hypothesis of Friedrichs’ systems that requires a lower bound on the lowest
eigenvalue of some tensor depending on the model parameters. We also prove stability when the lowest
eigenvalue is null or even slightly negative if the mesh size is small enough. A priori error estimates
are established for solutions in W9(£2) with ¢ € (%,2}. Numerical results are presented on three-
dimensional polyhedral meshes.
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1. INTRODUCTION

Let £2 be a polyhedral domain of R? with d = 3 and consider a polyhedral mesh of £2. We use boldface
fonts for R? or R?“-valued quantities. The purpose of this paper is to devise an approximation, using scalar
degrees of freedom (dofs) attached to the edges of a mesh, of the R%valued function w solving the vector
advection-reaction problem:

V(Bu)+ (Vxu)xB+pu=s ae in (2, (1.1a)
u = up a.e. on 02" . (1.1b)

The R%-valued advective field 3 is assumed to be Lipschitz continuous in 2 and the R¢*%-valued reaction tensor

p is assumed to be bounded in 2. The subset 92~ C 02 denotes the inflow part of the boundary where 8-n < 0
with n the unit outward normal to (2.

The model problem (1.1) is encountered in various situations. For example, it models the static advection of
a magnetic field (u here) by a moving plasma of velocity 8 and of anisotropic conductivity w. In the context of
differential geometry, the operator V(3-u)+ (Vxu)x 3 is the proxy of the Lie derivative of a differential 1-form
(also called circulation) in R?® (see Abraham et al. [1] or Heumann [18]). The Lie derivative describes more
generally the advection along the vector field 3 of a differential form on a manifold. The model problem (1.1)
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is also relevant to study, in the advection-dominant regime, the advection-diffusion of a R%valued field, which is
one the building blocks of the Oseen problem or of the magneto-hydrodynamic problem. Using vector calculus
rules, we observe that

V(B-u) = (VB) u+ (Vu)'B, (1.22)
(Vxu)xB = (Vu)B — (Vu)' B, (1.2b)

where we have denoted Vv the Jacobian matrix of v : £2 — R? such that its (i, j)-th component is 9;v;. As a
result, combining the two above equations yields V(8-u)+ (Vxu)x8 = (Vu)B+ (VB) u, so that the particular
choice u = —(V3)" yields the pure advection problem (with the more usual writing (Vu)3 = (3-V)u in this
context):

(BV)u=s ae. in 2, (1.3a)
u=up a.e. on Jf2". (1.3b)

Edge-based schemes, that is, schemes using one scalar degree of freedom (dof) per mesh edge, are rarely
addressed in the literature despite the fact that they are the natural way to discretize differential 1-forms,
such as the electric field in electromagnetism or the flow velocity in fluid mechanics. For the Maxwell and
the Stokes problem respectively, we mention for example the work of Zaglmayr [25] and that of Girault [17]
using Nédélec edge elements. In the context of our problem (1.1), Heumann and Hiptmair proposed in [19] an
H(curl; £2)-conforming discretization of arbitrary order using Nédélec edge elements on simplicial meshes with a
stabilization term in the spirit of the discontinuous Galerkin method (see Lesaint and Raviart [22], or Johnson
and Pitkdranta [20]). In a different context and motivated by the discretization of the Lie derivative of a 1-form,
we mention the Ph.D. thesis of Palha [24] approximating on square meshes a problem similar to (1.1) with the
spectral element method. Based on the work of Bossavit [7], Mullen et al. also studied in [23] an approximation
of (1.1) by extruding the edges of a simplicial mesh along the vector field 3. All of the above schemes are devised
on either simplicial or tensor-product meshes.

The first salient contribution of this work is to devise an edge-based scheme to approximate the model
problem (1.1) on polyhedral meshes. The advantage of considering polyhedral meshes is multifold; it allows for
more flexibility when meshing a complex geometry, it provides a natural framework to handle non-matching
mesh refinement and mesh coarsening by cell agglomeration, and it may even yield lower computational costs
and better accuracy compared to the case of the simplicial meshes (see [3] Bonelle’s Ph.D. thesis). The analysis
framework for our scheme hinges on the notions of reduction and reconstruction maps as, e.g., in the mimetic
approach of Kreeft et al. in [21], see also Gerritsma [16], or the Compatible Discrete Operator (CDO) approach
of Bonelle and Ern [5,6]. In particular, we consider a reconstruction map defining piece-wise constant vector-
valued functions on an edge-based diamond partition of each mesh cell. This map has been introduced by
Codecasa et al. in [10] and has been recently revisited in the context of CDO schemes in [5]. The novelty here
is to perform the stability analysis in L?-spaces for ¢ € [1,00) and to prove a quasi-local consistency result by
composing the reconstruction map on the right with a novel reduction map a la Clément that is stable for all
integrable functions on a macro cell collecting all diamonds attached to the cell edges. This technique is key to
establish an O(h?) convergence rate as soon as the weak solution belongs to W'9(§2) with ¢ € (2,2] without
invoking a more stringent regularity assumption.

The second salient contribution of this work is to extend the well-posedness analysis at the discrete level to
the non-coercive case. Specifically, we introduce an extended hypothesis on the problem coefficients (the fields
B and p) that allows one to go beyond the classical (and somewhat restrictive) assumption & la Friedrichs
requiring the positivity of the minimal eigenvalue of the symmetric tensor

opu = (VB+VE) = (V-BId + (u+p") 2 — R,

Under this hypothesis, the well-posedness of the discrete problem classically hinges on a coercivity argument.
However, this assumption is somehow restrictive; e.g. , the basic case of a constant vector field 3 with no reaction
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term does not fulfill this hypothesis. Motivated by our recent work [8] related to scalar advection-diffusion
problem (see also the work of Deuring et al. in [11] for face-based finite volume schemes), we propose to extend
the analysis to the non-coercive case where the minimal eigenvalue A, can take null or slightly negative values.

Even if our analysis is presented here for our scheme, we emphasize that the main idea can be adapted to other
schemes, such as Nédélec edge elements. We denote A, the minimal eigenvalue of o3, over the domain {2, i.e.

A, = ess inf min —(o-ﬁ,“(a:)zy,y)p’
el ycRd |y‘e2

where |-|,» denotes the Euclidean norm induced by the Euclidean inner-product (-,)s in R%. Assuming that

s € L*(), up € L*(|8-n|;002) and that dist (92~,9021) > 0 (with 927 the outflow part of the boundary),

we infer from Ern and Guermond in [14] that the problem (1.1) is well-posed in the graph space Vg(£2) = {v €

L*(2)|(B-V)v € L*(2)} if the fields B and p satisfy the following hypothesis:

(H1) X, > 0. We define the reference time 7 = /\b_l.

(H2) —C\ < X\, < 0, where C), > 0 is a constant independent the mesh size, and there exists a po-
tential ¢ € WhH(£2) satisfying ¢ > 1 and ess infp (—=3-V() > 0. We define the reference time
7 = (ess info (=B-V¢)) .

In the case of a continuously differentiable vector field 3 € C 1((Z)7 the existence of the potential ¢ is proved by
Devinatz et al.in ([12], Lem. 2.3) by considering the Cauchy problem dix(t) = B(x(t)), ©(0) = x¢ € 2 when
the solution remains in the domain {2 for a finite time only. As a result, the hypothesis (H2) is satisfied if the
vector field B has no closed curves and no stationary points in {2. The analysis of our polyhedral edge-based
scheme under this second hypothesis (H2) differs since the key idea is now to bound, at first-order in the mesh
size, the commutator between the reconstruction map and the multiplication by the potential (. Using this
technique, we can prove inf-sup stability (and infer the same convergence rates as above) as soon as the mesh
size is smaller than a reference length that linearly depends on the quantity |[V3" + HHZ;( o) In particular, for

the advective problem (1.3) (where pu = —V3"), inf-sup stability holds with no restriction on the mesh size.

This paper is organized as follows. In Section 2, we introduce the notation and the analysis tools on polyhedral
meshes. In Section 3, we introduce the edge-based reconstruction map and we present the numerical scheme
with dofs attached to edges. In Section 4, we state the main analytic results, namely, stability under hypothesis
(H1) or (H2), boundedness and a priori error estimates delivering quasi-optimal decay rates for solutions in
Wl’q(Q) with g € (%, 2]. The proofs are postponed to Section 6 to facilitate the reading. Finally, we present in
Section 5 numerical results on three-dimensionnal polyhedral meshes. A natural perspective for this work is to
use the present scheme to discretize the advective operator in the Oseen (and Navier—Stokes) equations, while
using the CDO scheme of [6] to discretize the Stokes operator in curl-curl formulation.

2. NOTATION AND ANALYSIS TOOLS ON POLYHEDRAL MESHES

We consider a general mesh M of 2 C R? with d = 3, composed of polyhedral cells ¢ € C (3-cells), planar
faces f € F (2-cells), straight edges e € E (1-cells), and vertices v € V (0-cells). We collect the interior faces
in the set F° = {f = deNoc|c # ¢ and ¢,/ € C}, and we define F? = F\F° the set collecting boundary
faces. For any A, X € {V,E,F,C}, we define the subset X, with a € A as {x € X|a C 9z} if the dimension
of a is smaller than that of the elements of X and as X, = {z € X |z C da} otherwise. For example, the set
C. = {c € C|e C Ic} collects all the mesh cells containing the edge e, whereas the set E. = {e € E|e C dc}
collects all the mesh edges contained in the cell ¢, and so on. For any geometric entity =, we denote |x| its
Hausdorff measure of appropriate dimension. In this paper, we assume mesh regularity in the sense that

e The mesh M := {V,E,F, C} defines a cellular complex (see Christiansen [9]), i.e. the boundary of any k-cell,
1 <k <d (recall d = 3), is composed of a uniformly finite number of (k — 1)-cells in M.
e Faces and cells are star-shaped with respect to their barycenters.
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FIGURE 1. Left panel: Tetrahedron [@,, ., s, x.]. Right panel: Local diamond p .

e Let , denote the coordinates of v € V in R?%. Let &y and x.. denote the coordinates of the barycenters of f €
F and ¢ € C, respectively, in R?. Then, the simplicial sub-mesh composed of the tetrahedra [z, Z,/, = £, )
(where [@1, ..., Zgx41] is the convex hull of the set {x1,...,zx41}) forallc € C, all f € F. and all e € E; with
e = [y, x| (see Fig. 1, left panel) is shape-regular in the usual sense of Ciarlet.

For every cell ¢ € C, we introduce the edge-based diamond partition . which plays a central role in our
analysis. We define PB. = U{p...; e € E.} where the diamond pe . is defined by

Pee = U [To, Ty, @ p, ] With e = [@y, /],
feF.NF.

see Figure 1, right panel. Note that 3. is composed of #E. diamonds and that each diamond p. . is composed
of two tetrahedra, since #(F. NF.) = 2, with # the cardinal operator. Owing to the star-shaped property of
faces and cells, we have ¢ = U{p; p € B.}. The skeleton of the global partition P = U{PB. | c € C} consists of
the collection of all the triangular sub-faces defining the boundary of each diamond p. .. There are two types
of sub-faces: intra-cell sub-faces attached to a cell ¢ € C and collected in the set §. = {f = Ope,c N Werc| € #
e’ and e, e’ € E.} so that f ¢ Jc, (see Fig. 2, left panel) and inter-cell sub-faces attached to an interior face
f € F° and collected in the set 5 = {f = Ope,c N e, |c# ¢ and ¢, € Cy, e € Ef} (see Fig. 2, right panel).
All the sub-faces are oriented by a fixed unit normal vector n. For all § = 0p. . N Operc € Fe with e, e’ € E,
and ny pointing from pe . to per ¢, we define the jump and the average, respectively, as

1
[[’U]] =Vlp.. ~ Vlp, . and {{’U]} = 5 (’U“JE,C + v|Pe/,c) .
Similarly, for all f = Ope,c N Ope,r € Ff with ¢, ¢’ € Cy, e € E¢, and ns pointing from p. . to pe s, we define
1
[v] :==vpp, . — v)p, ., and {o} = 3 (v‘pw + v‘pm,) .

We denote |-|,» the Euclidean and the Frobenius norm on R? and R¥*?, respectively. For every set w C 2,
we denote L?(w) with ¢ € [1,00] the Banach space of R? or R**%-valued functions v such that |v|ge(.) =
Ivle ey < oo

Lemma 2.1 (Mutliplicative trace inequality). There exists Cr > 0 such that
1-1 11 1
folzagy < Cololyafy (12 101y + olfpragy ) (2.1)

for all ¢ € C with h. the diameter of ¢, all p € P, all § € Ip and all v € WH9(p) with q € [1, o).
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FIGURE 2. In blue. Left: Intra-cell sub-face f = 9pc.c N e c € Se. Right: Inter-cell sub-face
f=0pe,cNOPe,er € Fy. (Color online)

Proof. Observing that p C . is composed of two tetrahedra connected by a sub-face f € §., this result follows
proceeding as in Ern and Guermond [15]. O

3. DISCRETE SCHEME

3.1. Degrees of freedom

We consider an approximation of the continuous problem (1.1) with scalar dofs attached to edges. We denote
& = R#F the linear space collecting these dofs and we denote v, the entry of v € £ attached to the edge e € E.
We additionally introduce the linear space &. collecting the dofs attached to the subset E. for all ¢ € C. We
denote v a generic element of £ or &..

3.2. Reconstruction map

The global reconstruction map Lg is defined locally, so that Lg(v). = Lg. (v), for all ¢ € C. The local
reconstruction map Lg, : & — Po(Pe;RY), where Py(B.;R?) is composed of piece-wise constant R?-valued
polynomials over the diamond partition ., is such that

Le.(V)(@) = Y Veleo(x), WEE, Ve, (3.1)
ecE.

where for all e € E,, the basis function £, . € Po(B.; R?), is defined by

o (Id_ c<e'>®e’> AN AC IS 52

ee,c

d‘Pe’,c‘ ‘C| d|pe,c|

and d. . is the Kronecker symbol equal to 1 if e = ¢’ and 0 otherwise. Moreover, for all e € E, ¢, is a fixed unit
tangent vector to e, such that e = |e|t., and f.(e) = ff.(e) n; .y where the dual face f(e) is composed of two
elementary triangles

fc(e) = U [meawfawc}v

fEF.NF,

see Figure 3, and where nJ (o is the unit normal vector to fc(e) satisfying n};c(e)-te > 0. The basis functions £, .

c

were first considered in the context of the Discrete Geometric Approach by Codecasa et al. [10] and were recently
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FIGURE 3. Local dual face f.(e).

revisited by Bonelle and Ern in [5,6] to build Hodge operators within the CDO framework. They satisfy the
following properties:

(£1) [Unisolvence] For all e,e’ € E., L. .(x)-€' = dc e for all @ € per ..

(£2) [Primal Po-consistency] > g £e.c(x)®e =1Id for all z € c.

(€3) [Dual Py-consistency| For all e € Ec, [, £e(z) = f.(e).

The property (£1) relies on the geometric relation |pe c| = %f;(e)e whereas the property (£2) results from the
geometric relation ) exf.(e) = Y ecE. f.(e)®e = |c|1d.

3.3. Discrete scheme
The discrete scheme is formulated using the global bilinear form Ag , : £x& — R such that
Aﬁv#(uvv) = Aﬁ7M(U,V) +A?,@-'n.)*(uav)a (33)

where Ag ,, approximates (1.1a) and A7, weakly enforces the boundary condition (1.1b). The bilinear form
Ag.u 1 ExE — R is composed of three bilinear forms also defined on £x¢&:

Ag u(u,v) :=gg u(u,v) + ng(u,v) +sg(u,v). (3.4)

The bilinear form gg ,, is assembled cell-wise as

ga.u(U,V) =D 8apue(u,v), (3.5)
ceC

and each local bilinear form gg ... results from the standard Galerkin approximation of (1.1a) in ¢ using the
reconstruction map Lg.:

gouic(U,V) = D /(V(ﬂ'-sc(ll))+(V><|-£C(U))><ﬁ)-LsC(V)+/N|—sC(U)'Lsc(V)- (3.6)

peP. P

Using the identities (1.2) and since Lg,(v) is piece-wise constant, we can reformulate this expression as

g5 e, V) = / (VA" + 1) Le. (u) - Le. (v). (37)
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Because Lg_(v) jumps across inter-cell and intra-cell sub-faces, we also consider the bilinear form ng such that
v) = Z ng.c(u,v) + Z ng.r(u,v), (3.8)
ceC feFe
where the local bilinear forms ng., with £ = f or x = c are defined as
(00 = = 3 [(BmlLe@]-fLe) (39)
fETw
and the stabilization bilinear form sg such that
v) = ZSQ;C(U,V) + Z sﬁ;f(u,v), (3.10)
ceC fere
where the local bilinear forms sg,, with © = f or = c are defined as
sal0:9) = 3 1B mllLe] L)) (311)
fES

The bilinear forms ng and sg are devised similarly to the discontinuous Galerkin method; ng corresponds to
centered fluxes and ng + sg to upwind fluxes. Finally, the Dirichlet boundary condition is weakly enforced by
means of the bilinear form A? : £ x £ — R (with o = (8:n) ™) such that

= > A (v (3.12)

fero

The local bilinear form Aaa; f is defined as

iq(“»V)::]CC¥L&7(U)LSW(V% (3.13)

with ¢y is the unique cell containing the boundary face f.
The discrete scheme consists in finding u € £ such that

Ag u(u,v) = X(s,up;v), WEeE, (3.14)

with the right-hand side form X(s,up;-) : € — R such that

Y(s,up;v Z/s Le, (v Z / Bn) up- Lg(f( v). (3.15)

ceC feFR?
4. STABILITY AND ERROR ANALYSIS

4.1. Properties of the reconstruction map

Proposition 4.1 (Stability). There exists Cy > 0 such that

IVllg.c < Ite.(V)Lace) < Cillv

q,c»

forallce C, allv €&, all g € [1,00) and where

Ivllg.c = (Z

ecE

1

pe.c| | eq> . (1)
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Remark 4.2 (Alternative definition). In lieu of (4.1), we could also consider the simpler discrete LY-norm given
by [IV[lZ, = hd= 13 . |ve|?. Owing to mesh regularity, this definition is equivalent to (4.1) up to a uniform
constant with respect to the mesh-size. We prefer to use (4.1) since it simplifies the proof of Proposition 4.1.

We introduce the reduction map Re : L' (£2) — £ such that

Re(v)]e == |Pie\ </p v-e) , VeekE, (4.2)

where pe = U{pe.c; ¢ € C.} is the diamond volume surrounding the edge e and ¢ is the local diamond patch ¢ =
U{p.; e € E.} surrounding the cell ¢; notice that ¢ C & We also define the local reduction map Rg, : L*(&) — &.
from definition (4.2) for all e € E,.

Remark 4.3 (De Rham’s map). Requiring more regularity, the usual de Rham’s reduction map defined by
Re(v)|e = |e|™' [ v-e for every e € E can be used as well, provided that v € H™(02) [15] or v € {w €

H3(02),Vxw € L*T(2)} [2] with € > 0.

For each cell ¢ € C, we denote Z¢_ the local interpolation operator obtained by composing the local recon-
struction map with the local reduction map, i.e. Zg, = Lg, o Re,, so that Zg, : L'(¢) — Po(Pe; RY).

Proposition 4.4 (Consistency). For all ¢ € C and all U € Py(&;R?) (so that U is a constant function in ¢),
we have g (U) = U|.

Lemma 4.5 (Interpolation error). There exists Cy,, > 0 such that for all ¢ € C and all v € Wl’q(é) with
q € [1,00),
lv —Ze.(v)|La(e) < Cua he |v\W1,q(é) , (4.3)

and for all p € P,
1—1
o= Ze.(0)lo(op) < G bt * [0lypnngey (1.4)

4.2. Well-posedness under (H1)

We consider the following stability norm on the edge dof space &:

1
— 2 2\ 2
ol = (MM + v + 1vE2) (4.5)

where the reference time 7 > 0 is defined by assumption (H1) or (H2), ||-|53 = > .ccll-I3. is the discrete

o

L?-norm with ||-||2.. defined by (4.1), Hi = Alg.p(+,+) is the semi-norm induced by the bilinear form Ajg.p,
defined by (3.13), and Hf :=sg(+,-) is the semi-norm induced by the bilinear form sg defined by (3.10).

Proposition 4.6 (Coercivity). Assume that (H1) holds. Then,
L2
SIVIZ = Apulv,v), Wel.

Consequently, the discrete problem (3.14) is well-posed.
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TABLE 1. Stability of the discrete problem (3.14) with respect to A, and the mesh-size h.

>\b >0 —# < )\b <0
(H1) (H2)
p=-Vg" u#—=Vp'
heRso| heRso h € (O,ho (1—|—219T)\b))

4.3. Well-posedness under (H2)

In this section, we address the stability of the bilinear form Ag ,, under the hypothesis (H2). We consider the
reference length hy' = 4C§LCTH;L + VB"| L~ (), where Cy results from Proposition 4.1 and L¢ = K‘lem(rz)
is the Lipschitz constant of . If u = —V 3", we conventionally set hg = +o0c. Recalling that ), denotes the
smallest eigenvalue of the tensor g, over the domain {2, we assume that

14207A >0 and h < ho(1+207),), (4.6)

where 9 > 0 is a non-dimensional constant that linearly depends on ||z () + C+CyL¢ max(|£2| i, 18l Lo (2)T)-
By convention, the second condition in (4.6) is void if p = -V3".

Proposition 4.7 (Inf-sup stability). Assume that (H2) and (4.6) hold. Then, there exists o > 0 such that

olvl < sup  Agu(v,w), WeE.
wee, lwll=1

Consequently, the discrete problem (3.14) is well-posed.

In the proof of Proposition 4.7, the idea is to introduce a discrete test function (v € & defined as
(Cv)e = ((xe)ve for all v € € and for all e € E. The key argument to obtain the well-posedness of the dis-
crete problem (3.14) under hypothesis (H2) is then to bound the commutator & defined as

5(v)je = L (0v) — CLe,(v), WEE, VeeC. (4.7)

Lemma 4.8 (Bounds on §). For all c € C, we have
[00)lz2e) < 2CiLehelVllz,e, WV € Ee. (4.82)

and for oll f € Fe,

[6(V)L2(p) <2C0:CyLeh V]2, YV € Ee. (4.8b)

Table 1 recapitulates the different situations where the discrete problem (3.14) is well-posed.
4.4. Bound on consistency error and a priori error estimate

In this section, we derive an a priori error estimate by bounding the consistency error

E(u) = Shﬁu |Ag u(Re(u),v) — X(s,up;Vv)|.
vel,|vl=1

In what follows, the notation A < B stands for A < C'B where C' is a positive constant uniform with respect to
the mesh size and the model parameters.
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FIGURE 4. Examples of meshes from the four sequences. From left to right: hexahedral mesh

(H), prismatic mesh with triangular basis (PrT), prismatic mesh with hexagonal basis (PrG),
and Checkerboard mesh with non-matching interfaces (CB).

Lemma 4.9 (Bound on consistency error). Assume that the exact solution satisfies w € Wh(02) with q € [1,2]
Then, the following holds:

Q=

a, 2(q—
E(u) S (ZW + " = (VAL 740" i — T (w)] ;(C))
ceC

g -1 (g—2 '
X S 1Bl he T TV — T (w)] :

L(0op)
ceCpeP.

We can now state the main result of this paper which follows from Lemmata 4.5 and 4.9.

Theorem 4.10 (A priori estimate). Assume that the assumptions stated in Table 1 hold. Assume that the exact

solution of (1.1) satisfies w € WH9(2) with q € (dz—fl, } Then, we have

1
q

a, W2 (q—2L)
lu—Re(w)] S (Zlvﬁﬂf—(V-ﬁ)Idlqm(c)TQhCQ n u%l-a(cc))

ceC

1
q

g L (q—24)
{22 2 Bliohe™ T Ul

ceCpeP.
For d = 3, it follows that |Ju — Re(u)| = O (hzf%l) for all q € (2,2].

5. NUMERICAL RESULTS

We investigate numerically the edge-based scheme (3.14) on four sequences of three-dimensional polyhedral
meshes. Each mesh is obtained as a uniform refinement of an initial mesh. Meshes from the first sequence,
denoted H, are composed of hexahedra, those from the second one, denoted PrT, are composed of prisms with
a triangular basis, those from the third one, denoted PrG, are composed of prisms with a hexagonal basis,
and those of the last one, denoted CB, are composed of hexahedra with non-matching interfaces; see Figure 4.
The domain is the unit cube {2 := [0, 1]3. The exact solution corresponds to a Taylor—Green velocity field, the
advective vector field 3 is affine (see Fig. 5, left panel) and the reaction tensor p is diagonal and constant:

sin(mx) cos(my/2) cos(mz/2) 1 [ (& —2y)/2 1
u = | cos(mwa/2)sin(my) cos(rz/2) |, B = 3 (y—2x)/2|, pn= ild'
cos(mx/2) cos(my/2) sin(nz) —z
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100

Erg(u)

1071 |

C Ll L Ll Lo L1 il
102 108 104 10° 108

#E

FIGURE 5. Left panel: Inflow boundary 942~ in blue and some streamlines of the vector field 3.
Right panel: Discrete errors on H (—8—), PrT (——), PrG (——), and CB (—e—) mesh sequences.
(Color online)

#E St FEre(u) g ZE #E St Ere(u) % ZE
3.0e402 21 3.9¢-01 240 4.69 47¢+03 38 24e-01 3.55 2.37
1.9e+03 25 1.8e-01 2.67 3.80 3.5e+04 46 1.5e-01 3.76 2.18
Ldet+04 28 9.4e-02 282 3.39 L1le+05 48 1.1e-01 3.84 2.12
1.0e+05 30 4.9e-02 291 3.19 2.7¢4+05 49  9.1e-02  3.88 2.09

#E St Ere(u) %8 #E #E St Ere(u) A5 ZE
7.2e+03 83 22e-01 234 5.95 1.5e+03 112 3.6e-01 246 5.33

4.9¢+04 110 1.4e-01 241 5.51 1.2¢4+04 144 1.8e-01 2.61 5.00
1.5e+05 120 1.1e-01 244 5.35 8.9¢404 162 9.8¢-02 270 4.83
3.5e4+05 125 8.5e-02 245 5.26 7.0e+05 180 5.1e-02 275 4.75

FIGURE 6. Mean stencil St and discrete error Erg(u) for the H (upper left panel), PrT (upper
right panel), PG (lower left panel), and the CB (lower right panel) mesh sequences.

Note that V-3 = 0 and that the eigenvalues of the tensor og,, are {0, 3,3}, so that the discrete scheme (3.14)
is well-posed owing to Proposition 4.7 if the mesh size is small enough.

We perform a convergence study by computing the relative discrete L-error attached to edge dofs, denoted
Erg(u), and defined by

- Re(u)l
Ere () = Re ()l

with the norm ||-|l2 on every cell of the mesh by (4.1). The convergence rates, shown in the right panel of
Figure 5, lie between % and 1 for the PrT and PrG mesh sequences and are closer to 1 for the H and CB mesh
sequences. Note that the considered meshes being quasi-uniform, we have h ~ (#E)_l/ 3: the reference slopes
indicated in Figure 5 are based on this scaling, i.e., are with respect to k. Table 6 provides additional information
on the computational costs by reporting the size of the linear system (#E), the mean stencil St, the values of
the discrete error Erg(u), and the ratios #E/#V and #E/#C, indicating that the present scheme may involve
less dofs than traditional Finite Volume schemes placing R%-valued unknowns at mesh vertices or at mesh cells.

Note that owing to the Euler-Poincaré characteristic formula (in dimension d = 3; (see e.g. [26], Chap. 8)),
%—I—ﬂ—#—c—i—lzl.

#E ~ #E — #E
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Remark 5.1 (Stabilization parameter). As observed in Bonelle et al. [4], one can reformulate the basis functions
L. as a consistent term plus a stabilization term:

Y ’ fc(e) _|_1 fc(e) 56,&’ o e/‘fc(e) fc(e/) , VG/ c Ec~
|| d \ [pe,c| lpercl el
——
Consistent term Stabilization term

Numerical experiments show that it is possible to replace the parameter d~! by a positive value that is reasonably
close to d~1; however, in the stability analysis, this modification impacts the property (£1) which is used to
obtain the lower bound in Proposition 4.1.

6. PROOFS

6.1. Properties of the reconstruction map
Proof of Proposition 4.1. Let ¢ € C, let v € &, and let ¢ € [1, 00).
(i) Lower bound. Owing to the definition (3.1) of Lg_, we have for all e € E., Le_(V)}p, . = Ve@c + b with
a. = % and b, (zw— . 2) Y ek
e’€Ec\{e}
Recalling that |-|ga(c) = [|-]e2| 4, we infer that

” Le (v) ”qu(C) = Z

ecE.

IVeae + be ‘22

La(pe,c)

Using the Property (£1), we observe that a.-b. =0 on pe, so that |vea. + be|j2 > |Ve@e|,2, whence

ILe. (v )2 Z |Vea€‘e2 ) = Z ‘Ve|q”ae”qu(pﬂ,C)-
e€E. Pese e€E,
Hence, the expected lower bound follows from |a. H%q(pe 0= |T;“§‘.

(ii) Upper bound. The discrete Holder inequality yields
ILe.(WEa() < FHE)T D vel?lLe,

ecE,

Since |, ) < lellee, o < Cg(#Ec)lqu with the constant

q
( le[d
o\
#E, 7 max ( el| e, ol
= B0 e (£55) el im0

that is uniformly bounded owing to mesh regularity, yielding the expected upper bound. Specifically, a straight-
forward calculation shows that

(¢)» We have |£e.

1
- <f(e)|( % ) wd ey, | <O (1, |
colee = el \dlpe.cl e cos(ter, M (or))
leading to
1
lel[€e, (© = lelle(e)] max < o ) , max L T PSS ' =
|c] d|pe.c| ) e €Ee, e cos (t(’/?nfc(e’))
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Proof of Proposition 4.4. Let ¢ € C and let ¢/ € E.. The consistency property relies on the property (£2).
Indeed, given U € Py(¢;RY), we infer that, for all = € p.r .,

LfcRE ZRE \e ec ) Z(Ue <Z£ec €>U:U O

ecE. ecE, ecE

Proof of Lemma 4.5. Let ¢ € C and let v € W4(¢) with ¢ € [1, 00). Owing to the triangle inequality and the
Py-consistency of the reconstruction map from Proposition 4.4, we infer that

|v — Ze. (v)] Ze. (v —ve)lLa(e)

with vz = [¢[~! [, v. In addition, we observe that, for all w € L9(¢),

Pecl | 1 !
IRe. W)l = 30 55 |5y, we] < 0= 2 AT U T

ecE.
where we have used that \pe ¢| < |pe| to infer the last inequality. Owing to the Holder inequality, it then follows

that Hwﬂil( with % + % = 1. Since ”1”qu'(,36) = |pe|?71, we infer that

. Ipel?

q
L4 (pe)
IRe. (w)ll e < lwlas-
Using this estimate and the upper bound from Proposition 4.1, we obtain
|Ze. (v — ve)|La(e) < CyllRe. (v — ve)llg.e < Clv — velpa(e),
so that v — Te, (v) s < (1+ Co)|o = velgo(oy. Hence, o — Te, () |ao) < (1 + Cp)bey he vlypr.agey with

|w — we|La
beq = Sup 7~ 7elra(e)

wewla(@) Ne|Wlyriag
Finally, we observe that the diamond ¢ can be decomposed as

é=Ure=U U rpee

ecE. ecE. ceC,

where p. . consists of two tetrahedra, so that ¢ is composed of 2Ze€E #C, tetrahedra connected through
elements of §. and §y with f € F.. Then, proceeding as Ern and Guermond in ([15], Lem. 5.7), we infer that
the quantity ¢ 4 is uniformly bounded for all ¢ € C and all ¢ € [1, c0). g

6.2. Well-posedness under (H1)

Proof of Proposition 4.6. Let ¢ € C and consider v,w € &.. The definition of the bilinear form gg ... together
with the definition of the tensor oz, yield

88.u5c(V, W) + 88, uic(W, v) = /'—sc (V)-opule W)+ Y /V'(ﬁ Le.(v)-Le.(w)). (6.1)
¢ peR. P
Choosing w = v in this relation leads to

_Z/vﬂ\l-s v)l) - Z/ﬁnf )Le(V)]-fLe(v Z/ﬁ"C“‘g V)l

pePe IS feF



1574 P. CANTIN AND A. ERN

with n. the unit outward normal vector to ¢, so that recalling the definition (3.9) of ng,., we infer that

Z(gﬁ’ﬂ; (VV)+nﬁCVV Z/LE U,@;J,LE ZZ/ﬁnc “—E |g2

ceC ceC ceC feF.

The above rightmost term is reformulated as

—Zz/ﬁmns W =1 Z/ nlLe,, (v |z2+22/ﬂnf Le(WI-Le ()}

ceC feF. feF<3 fEF° f€F
=y / nlLe, W+ 3 ngsvv)
feFé’ feFe

so that, using the definition (3.8) of ng, we arrive at
g8,u(V,v) +ng(v,v) = Z/Ls v)-ogule. (v Z/ n)lLe, ( V).
¢ f-eFd

Recalling the definition (3.3) of Ag,, and combining the above relation with the bilinear forms sg and /—\6( Bon)—>
defined by (3.10) and (3.12) respectively, we obtain

1
Ag u(v,v) Z/Lg v)-og,u-Le, (V) + /—\‘ﬁ n|(VsV) + 2Sg(v,v). (6.2)
cecve
The expected result is inferred from (H1). O

6.3. Well-posedness under (H2)
Proof of Lemma 4.8. Let v € £ and let ¢ € C.

(i) Proof of (4.8a). Let (. be the mean-value of ¢ over ¢ given by (. = |¢[~' [ (. Since Lg, (Cev) = Cele (V)
because (. is constant, we have d(v)|. = (¢ — ¢c)Le.(v) — Le ((C — ¢c)v), so that the triangle inequality, the
Holder inequality and the upper bound in Proposition 4.1 yield

[6(W)z2(e) < 1C = Cellzoeobe. (Wz2(e) + le. (€= Ce)V)lL2(e)
< Gl¢ = Cellzoe () Ivll2.c + Coll (€ = Cevllz.c
< 2G4]¢ = Celz= () Ivll2.c-
Observing that [¢ — (| z=(c) < Lche, the expected result follows.
(ii) Proof of (4.8b). Let p € P, and let f C dp. Owing to the multiplicative trace inequality (2.1), we have

162y < Col8( 22y (e 1802y + 160 sy ) -

Observe that |6(v)| g () = [[VE(V)[2]12(p) Where |V6(v)\§2 = Zf] \8j5(v)i\2 in the Cartesian basis of R? and
where 0; is the weak derivative in the direction 4. Since Lg, (v) is piece-wise constant on P, it then follows
that [Va(v)|7 = Y0 e, (v)id;¢* = |Le (v)[3 [VC[5. As a result, [6(v)] g1,
proceeding as in (i), we infer that |0(v)|gz2¢p) < 2LchellLe, (V)| L2(p)- Collecting these bounds, we infer that

< L¢|Lle, (V)] L2 (py- Moreover,

1
[00)lz2() < 2CrLehé|Le (V)] L2 (p)-

Then, summing over §; and using the upper bound of Proposition 4.1 yield the expected result. O
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In what follows, we consider the non-dimensional number w¢ = L¢ max(|£2|7, 18l Lo (2)T)-

Lemma 6.1 (Multiplicative stability). There exists C¢ > 0 independent of the mesh size and the model param-
eters such that
levll < Ce (I€lzoe ) +we) vl v € .

Proof. Let v € £ and let us rewrite [|Cv|? as

lovi® =" r 3.0+ D 5m.c(Qv Q) + D Apnfis Qv Q) + D sp. (L. v)

ceC ceC feFro fEFe°
=T +Tr+ T3+ Ty

We want to use the Lipschitz regularity of ¢ to bound separately these terms by [|v]|>. We recall the notation
= |¢[~! [ ¢ from the proof of Lemma 4.8.

(i) Bound on Ti. First, the triangle inequality implies that

1 - _
ST <Y 7 VI + D7 IE = CVIB,. = Tua + o

2 ceC ceC
Since [(c| < [C]ree(e), we infer that Th; < > ¢ 7'_1HCH%OC(C [
follows from the Llpschltz regularity of ¢ since T1 2 <> ¢ T*1L2h2 ”M”z e < L2h2 |Iv]|?. Combining these two
bounds with A, < |24 and the definition of we yields

() Ivll*. The bound T o easily

Ty <2 (02 + 103 () VI
(ii) Bound on T;. Since the bilinear form sg.. is symmetric and positive, we infer that
—Tz <Y 5 (Cva Cev) + > 5pie ((C= v, (T = Cov) = To + To,
ceC ceC

and we have directly that To1 < > . [¢]7 o (0)5B.e(V;V) < I¢]2 () IVII?. To bound T 2, we use the multiplica-
tive trace inequality (2.1) and that Lg_ is piece-wise constant to infer that

53 (= CoV, (L= Cv) = Y /\ﬁnfl\l-s (C= W7 <2028z~ D Y. bt le (L= )2,
feESe FETe PEPNP;

where P = {p € P |f C Ip}. Observing that the boundary of each diamond p. . is composed of 4 sub-faces in
e, exchanging the sums yields

53:c((C = GV, (G = Cov) < 8CEBlr=(e) D hi'ILe. (€= ¢V T2gp) = 8CEIBlL=(o)he ' ILe. (T = ¢l T2y
pEP.

Owing to upper bound from Proposition 4.1, the Lipschitz regularity of ¢, and the definition of w¢, we infer
that

sgic((C = Co)v, (C = Cv) < 8CECE Bl L (e (€ — CVIE . < 8CZCFwZr VIS .

Finally, collecting these two bounds leads to

Ty <2 (I )+ 8C2CEE) VI
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(iii) Bound on T3. We proceed as in the previous step (i) to infer that
Ty < 2 (I¢13 () + 0 C2CEE ) VI,

where np s = (maxcec #(F. NF?)) is the naximal number of boundary faces that a mesh cell can have.
(iv) Bound on Ty. To bound this last term, we use a different decomposition, namely
T, = Z sc2pf (Vs V) + Z Af(v) =Tyy + Ty,
fEeF° fEeF°

with Ay(v) = sg,f(Cv, Qv) —s¢c2g,¢(v,v). Observing that sc2g.¢(v,v) < HCHsz(f)sﬁ;f(v, v) for all f € F°, it follows
that Ty < HCH%M(Q) [Ivl>. To bound the second term T} o, we recall the quantity §(v) defined by (4.7) and we
obtain

ST 2
a0 = [ 18] (B0 +ClLewl) - ClLewF )
Then, applying Young’s inequality and the trace inequality (4.8b) yields
A0l <2 [ s BWF + [ 18 ClLew]
f f

<420 CLe)? 1By Y hellV]

ceCy

3.0+ 1CI L ()87 (v, ).

As a result, since #Cy = 2 for all f € F° and introducing w¢, we infer that

Tiz < 32C2CR2 I + ¢ ) Y sour(viv) < (32C2C30E + 1) IVIP,

feFe
whence
T2 <2 (16C2CR2Leh + I o ) VI
(v) Conclusion. The expected inequality then follows from the above four bounds. O

Proof of Proposition 4.7. Let v € £ and define

S— sup Denluw)

weg\{0} fIwll
Let us take w = (v + Ov with 8 > 0 to be chosen below. We infer from Lemma 6.1 that
Ap (v, w) < Swll <8 (0 + Cc (I¢lz (o) +we)) VI
so that it remains to prove that Ag ,(v,w) = [|v[|?. First, we split Ag , as follows:
Apu(v,w) =Ag _vari1(vpua(V, W) +Hyver1wgralv,w) =T1 + 1o,

where the bilinear form Hg, is defined on £x€& by

Ha(vw) = 3 / ale,(v) - Le, (w),

ceC

for all & € L (2). Let us bound from below the two terms T} and T5.
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(i) Bound on Ty. We bound from below this term by considering the following decomposition

i =Ag _vprrywp1a(V,W) = Ag _v(cpy+4c(v-malVsV)
+Ag,—vpr (v, Qv) — Aeg v(cpy (v, V)
+Hiwpialv; &) —Higw.pralv,v)

+ QA,G,_V,GT_F%(V.,@)M(V, v) =T+ Tio+ T3+ T4

Regarding T7 1, we use the relation (6.2) to infer that

1 .
Ty, = 3 (Z/CLSC V)0 p vy +icv-pate.v) + Alegn(VsV) + sCﬁ(V7V)>
ceC

1 .
25 (Z/CLSC(V)‘%;;,V(g,e)w;c(v-,@)Id‘LSC(V) + Al (Vs V) +56(V>V)> ;
ceC

1577

since ( > 1. Then, observing that T(B,—V(CB) +L¢(V-B)Id = —B-V(1Id and using hypothesis (H2) together with

the lower bound from Proposition (4.1), we infer that 771 > i[lv[|%. The next step consists in bounding the
perturbation term T 5. To do so, we recall the identity (3.7) for gg .., and we observe that gg _vgar.. = 0 and

g¢c8,—v(cp)Te = 0, so that Ti 2 solely consists of surfacic terms:

Ty o= (nﬁ(v, Cv) —neglv, v)) + (sﬁ(v, v) — scg(v,v)) + (Aa(ﬁ,n), (v, Qv) = Al giny - (Vs v)) :

Now, introducing the function &(v) locally defined by (4.7) and recalling that 3 € W'>(2), ¢ > 1, and

¢ e Whee(0),, so that ({Le, (v)} = {(Le.(v)}, we observe that

iV, C) — nega(vov) = 3 /f (B [LeW)]- {60},

fES

S (V. OV) = S¢pia(V,V) = D /fm‘"f[“-f(v)]]'ﬂ‘s(v)ﬂa

FES

for all z € F° or z € C, and
Apn)-.f (Vs OV) = Algpny- 1 (v,V) = /f(ﬂn)l-s(V)-&(V),

for all f € F2. Then, applying the Cauchy—Schwarz inequality to these three terms yields

2

1
2 2\ 2
o <6 (VG + V)" {2218l D 160 32p)

ceC pEP.

In addition, observing that o5 _ggri1(v.g)1a = 0 and using the identity (6.2), we have

1 2 2
AB,fVﬁTJr%(Vﬂ)Id(VvV) =3 (\V\a + Ms> )

so that combining this expression with the above estimate yields

N

D Bl D 18W)IZz op)

ceC pEP.

Tio <12 (Aﬁ,fv,@TJr%(V'ﬁ)Id(v’v))
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Finally, we use the inequalities (4.8a)-(4.8b) together with the definition of we¢, to infer that

1 1
T2 < Cowe (Bp _pywma(vy)” (THIMB)”

where Cs > 0 depends exclusively on the numerical constants C; and Cy. Now, we collect the bounds on 77 ;
and T o and we apply Young’s inequality to obtain

1
Ag _vpryi(v.pralv,w) =2 ZHMHQ + (0 - C3wd)Ag _vpri1(v.prav,V) + Tz,

As a result, choosing 0 = C?2 wc yields

1
Ag _vprii(v.pralv,w) = ZHMHZ +Th 3. (6.3)
(ii) Bound on Ts. First, we rewrite this term as:
T2 = eHquV,@T*%(V-ﬁ)Id(V? V)

HH (urver-1v-p1a) (V)
+ Hu+V,@T7%(V-,B)Id(V7 Qv) — Hg(,,,+vﬁ'l'_%(v.ﬁ)1d) (v,v) =To1 +To2 + T s.

Concerning T5 1, we have

b
Ty = Z/JB“LS JLe(v) > 2 23 e Wl >
(&

ceC ceC

C? oA,
> VB,

where we have used hypothesis (H2) (recall that A, < 0) and the upper bound from Proposition 4.1. The second
term T5 5 is treated similarly:

2

Ci Ny
Tyo = Z Copube. (v)Le.(v) = =21 L o VI3
CEC ¢

Collecting these bounds yields

> —19H| I3 + T2, (6.4)
with 9 = CF (0 + [z~ (2))-
(iii) Bound on Ty 4+ T5. Collecting the estimates (6.3) and (6.4), we obtain

1 TA
Bauvow) 2 7IMP + Z20r VI + Ti g + T
We observe that
Ti3+Tr3= H;(V,ﬁ a(v, Qv) — HlC(V-ﬁ)Id(Vav) + H“Jrvﬁr,;(v_ﬁ)m(v Qv) — HC(IH-V)G'—%(V'ﬁ)Id) (v,v)

=Hutvp (v, Ov) = He(uavpn) (v, v) Z/ H"‘Vﬁ )LS (v)-6(v).

ceC

Applying successively the Holder inequality, the inequality (4.8a) and the upper bound from Proposition 4.1,
we infer that

T3+ Tos| <D 1+ VB |Le(o)ILe (L2 [6(v) |20y < It + VB" |1 (@) CF LehIVI.
ceC
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As a result, we obtain

1 T)\b h _
o ulvow) = I+ (20 = o) 7B,

—1
with the reference length hy = (4Cﬁ2 lp+VE* ”LOC(_Q)TLC) . Hence, there exists ¢’ > 0 such that Ag ,(v,w) >
o'|Iv[|?, as soon as \, and h satisfy (4.6). O

6.4. Bound on consistency error and a priori estimate

Proof of Lemma 4.9. Let y. = (u —Ig(u))‘c for all ¢ € C. Note that y|5, € L?(dp) for all p € P.. Let v € €.
Owing to the definitions of Ag , and X, it follows that X(s,up;v) — Ag n(Re(w),v) = Th + Th + T3 + Ty, with

lezz/ VB+u — (VA Le,(Vy, Tri= > Y Z/ UREDE
ceC Xe{F°,C} z€X fET2

=Y Y % / Bl [Ley] and Tii= 3 % /(ﬂn)‘LsCf(V)y-
Xe{F°,C} zeX fe€F. FEF? §e32 f

Indeed, the first term T4 is obtained using the definition (3.7) of gg .. together with the following integration
by part formula (6.1) and

Z/ﬁv e == % [ BV v [(78)Lew y+§j/ (ByLe.(v),

pEP. peP. P peP.

holding for all ¢ € C and all v € &.. The terms T and T3 result from the rightmost term of the relation (6.1)
and the fact that (8-m)[u];; = 0 for all f € §,. Finally, the term T is inferred observing that up = wu|s0.
It remains to bound these four terms. First, let us consider T;. Let ¢ € [1,2] and denote ¢’ > 2 its conjugate
number, i.e., 1 =1/q+ 1/¢'. From the Holder inequality, we infer that

/ (VB+ ' — (V-B)Id) Le, <v>-y\ < Noelylzo(o ILe, )z o

c

with Noo = |[VB+p" —V-BId| (). Then, using a local inverse inequality (see [13], Lem. 1.138), we infer that

[8u - oLy \<N Wlylzeo e, )z,

with 6 = d (% — %), so that the Holder inequality yields

a1

(Z Ng thHy”Lq p)> (Z“—g |L2(c)> .

ceC ceC

Q

Z/ VB + " — (V-B)1d) Le, (v)y

ceC

Moreover, recalling that ¢’ > 2 so that |-, < |-|,2, and using the upper bound in Proposition 4.1 leads to

1
(Z NZhlyl ., C)> Ivll2-

ceC

Ty =

> [ (V81— (VAL )y

ceC

To bound the two terms T5 and T3, we consider a sub-face f € §, for all z € X with X € {F°,C}. As above, the
Holder inequality yields

| | (Bnple (-0} < 181~ Mz B el
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so that using a local inverse inequality, we obtain

| / Bplte 10w} < 1 181~ Hublary |G ) ILellzag

with ¢ = (d — 1) (% — %) Hence, denoting Zf = ZXE{FO’C} I Zfegz’ it follows from the triangle
inequality, the Holder inequality and ¢’ > 2 that

> /f(ﬁ'nf)[[Ls(V)]]'{{y} < [ ST UBL ML | | SSIBngl? T
f f f

2
N

Next, owing to the definitions (3.8) and (3.10) of ng and sg respectively, the mesh regularity and recalling the
inequality |a £ b|? < 2971(|a|? + |b]9), we infer that

=

T4 T < [ 30 3 81w Il | s5(v)
ceCpeP.

Finally, proceeding similarly, we also infer that

q

’ q 1
T S (S0 81« lwlha sy | Mg (viv)E,
feFR?

and the expected result follows from the above bounds. O

(1]
2]
(3]

(4]
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(11]
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(13]
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