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OPTIMIZED WAVEFORM RELAXATION METHODS FOR RC CIRCUITS:
DISCRETE CASE

SHU-LIN Wu'! AND MOHAMMAD D. AL-KHALEEL??

Abstract. The optimized waveform relaxation (OWR) methods, benefiting from intelligent informa-
tion exchange between subsystems — the so-called transmission conditions (TCs), are recognized as
efficient solvers for large scale circuits and get a lot of attention in recent years. The TCs contain a free
parameter, namely «, which has a significant influence on the convergence rates. So far, the analysis of
finding the best parameter is merely performed at the continuous level and such an analysis does not
take into account the influence of temporal discretizations. In this paper, we show that the temporal
discretizations do have an important effect on the OWR methods. Precisely, for the Backward—Euler

method, compared to the parameter agy, from the continuous analysis, we show that the convergence

rates can be further improved by using the one ozgpt analyzed at the discrete level, while for the

Trapezoidal rule, it is better to use agy. This conclusion is confirmed by numerical results.
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1. INTRODUCTION

In 2004, Gander and Ruehli proposed a new class of waveform relaxation (WR) methods [5], which are found
very efficient for large scale circuit simulations. Instead of directly partitioning the coefficient matrix of the circuit
equations — the basic feature of the classical WR methods [14,15,17], the new WR methods consist of direct
circuit partitions and therefore the partitioning procedure is much simpler. The new methods are called optimized
WR methods, where the optimization concerns are what we call the transmission conditions (TCs). The function
of the TCs is to transmit information from each subcircuit to its connected neighbor subcircuits. Nowadays,
it is well-understood that there is a close relevance between the OWR, technique and the so-called Schwarz
waveform relaxation methods for time-dependent PDEs, where the TCs in the OWR framework correspond to
the coupling between subdomains in physical space. The classical WR methods correspond to the coupling of
Dirichlet type between subdomains [6,13] and therefore these methods often converge very slowly, because the
TCs of Dirichlet type are inefficient. More efficient coupling can be obtained if more appropriate information,
adapted to the physics of the underlying PDE problem, is exchanged [7,8,10]. Among these studies, the coupling
of Robin type attracts a lot of attention in recent years, because the convergence rates of the resulting WR
methods are much more satisfactory, compared to the classical WR methods.
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FIGURE 1. The infinite-size RC circuits.

The Robin TCs contain a free parameter, namely «, which has a significant effect on the convergence rate.
The optimization procedure is investigated numerically in [2,5,9,11], and theoretically in [1, 3,4, 12]. All of
these previous studies are performed at the continuous level and therefore the effect of temporal discretizations
on the convergence behavior is not taken into account. Note that, in a real computation, we need to apply
some time-integrator to the continuous OWR methods and the solutions are obtained through discrete OWR,
iterations. Hence, it is important to understand the influence of temporal discretizations on the convergence rate.
Actually, as we will see in this paper, the temporal discretizations do have a remarkable influence. Precisely, for
the Backward—Euler method, we find that the performance of the OWR methods can be further improved by
using the parameter agpt analyzed at the discrete level, compared to the one ag,; from the continuous analysis,
while for the Trapezoidal rule it is better to use af,, instead of o

The layout of this paper is organized as follows: in Section 2, we introduce the model circuits and the OWR
methods studied in this paper. In Section 3, we present the analysis of finding the best parameter ozgpt at the
discrete level. Section 4 presents the asymptotic dependence of the discrete OWR, methods on At (the step size)
and T (the length of time interval). Section 5 provides numerical results to validate the theoretical analysis and
we finish this paper in Section 6 with conclusions.

2. MODEL CIRCUITS AND DISCRETE OWR

To make our narrative clear and concise, similar to ([4,5] and [1], Chap. 3), we continue to use the RC circuits
in infinite-size as our model:
The state equation of this model circuit is

x'(t) = 4 x(t) +f(t), (2.1a)

where £(t) = (..., f_1(t), fo(), f1(),...)", and x(t) = (..., x_1(t),x0(t),x1(t),...)  denotes a set of nodal
voltage values. The quantities a and d are determined by the circuit parameters, as,

d:%, a:—(2d+E—10>~ (2.1b)

One can see that d > 0, a < 0 and —a > 2d, which makes our analysis in the following applicable to general

RC circuits. Since the circuit is infinitely large, to have a well posed problem, we assume that all voltage values
stay bounded as we move toward the infinite ends of the circuit.

To introduce the OWR methods, we divide the vector x(f) into two overlapping subvectors: X;(t) =

(. xo1(8), %0(t), x1(1)) " and Xa(t) = (x0(t),x1(t), x2(£),...) . Then, similar to [4,5,12] and ([1], Chap. 3),
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we consider the following OWR method:
(&) (6) = dARKE () = fm(t) for m < 1,

(%5.)" (8) — dARRE (1) = fn(t) for m > 0, (2.2a)
together with transmission conditions (TCs)
ai’f,l(t) - ilf,o(t) = ai’; 11(t) - 5(’5 ol(t)v ozxg o(t) — i§,1(t) = O‘X]f ol(t) - illc 11(t)7 (2.2b)

where k£ > 1 is the iteration index, a € R is a free parameter and A,,Xjm = Xjm—1 — 2(Xjm + Xjm+1 with
¢ =—-a/(2d) > 1 and j = 1,2. Applying the linear §-method to (2.2) gives

%k (n)—%F (n—1 _
L) A;’m( QA [0 )+ (1= O (0= 1)] = Fusm). m < 1
sk _ sk -1 _
Fim () N w71 A (0750 (0) + (1= 0)%E (n— 1)] = fonln). m > 0, (2.3a)
together with the following discrete TCs at t = t,,:
ai’f,l(”) - ilf,o( )= axg 11(n) - 5(’56 (n), 05(’5,0(”) - ilgl(”) = O‘X]f ol(n) - le_l (n), (2.3b)

where n > 1 and fm(n) =0fmn)+ (1 —60)frn(n —1). In (2.3a) and (2.3b), ij,m(n) denotes the numerical
approximation of X7 k (t) at t = t,. To analyze the discrete WR iteration (2.3), we use the discrete Laplace
transform [18]. For any grid function v = {v,},>0 on a regular grid with time step A¢, the discrete Laplace
transform is defined by:

A
L(v) = i(s) = o= 3 =AMy, with 5 = 0 + iw and 7/T < || < 7/ At (2.4)

V2T "0

where o > 0. The following lemma is useful for finding the best choice of the parameter .

Lemma 2.1 (Minimizing-procedure). Let J > 2 be an integer and g;(x) be a continuous function, monotonically
decreasing for x € [a, 7] and increasing for x € [x7,b], j = 1,2,...,J. Let Gi(z) = g1(x) and X7 = x7. Define

Xj* 1 if Gj 1( g*l)>gj(X )a
Gj(z) = max{G;_1(z),g; ()}, X; =<5  if g;(f) = Gj-a(af),

~ %
.Tj,

otherwise,

where j = 2,3,...,J and I} is the unique root of Gj—1(z) = gj(x) lying between X7 | and x}. Then, the
quantity X* = X3 is the unique local minimizer of G(x) = maxi<;j<s{g;j()}, i.e., G(x) is monotonically
decreasing for x € [a, X*] and increasing for x € [X*,].

Proof. For j = 2, by assumption, we have Ga(z) > max{gi(z}),g2(x3)}. If g1(aF) > ga(z}), we have
Ga(x) > g1(x7) since ga(x]) > ga(23). On the other hand, the low bound gi(z}) is reachable: Ga(z7) =
max{g1(z7), g2(x7)} = g1(x7). Hence, X5 = x7. Similarly, for the case ga(x3) > g1(23), we shall have X = 3.
It remains to consider the third case, i.e., the previous two cases do not hold. Without lose of generality, we
assume 7 < z3. Then, it is easy to understand that Go(z) is decreasing for = € [a,x]] and increasing for
x € [x5,b]. In the middle interval z € [z}, 23], we know that g;(x) is increasing and g2(x) is decreasing. This,
together with g1 (z}) < ga2(z7) and g2(x3) < g1(x3), implies that g1 (z) = g2(z) has a unique root in the interval
[z}, 23] and that Ga(x) = g2(x) for = € [z], X*] and Ga(z) = g1(z) for x € [X*, z35].

In summary, Ga(z) has a unique local minimizer X and Gz (z) is decreasing for x € [a, X;] and increasing
for x € [X3,b]. Now, the function G3(z) has the similar property of g2(z) and therefore for j = 3 the quantity
X3 is the unique local minimizer of G5(z) and G3(x) is decreasing for x € [a, Xj] and increasing for z € [X7, b].
Repeating this process, we will arrive at X7}, the unique local minimizer of G(z). O
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3. PARAMETER OPTIMIZATIONS

Denote by X;,(n) (with j = 1,2) the converged solution of the OWR method. Then, the error sequences
ko (n):=%% (n)—X;m(n) also satisfy (2.3a) and (2.3b), but with f,,,(n) =0 and e;m(O) = 0. Applying the

e’
J,m j,m
discrete Laplace transform to the error equations, after some simple algebra, yields:

hé;g,m - ’YAmé;c,m = 07 j = 1a 27 (31&)
K N ~k—1  ak—1 Ak K Ak—1 k-1
Q€11 —€j g =Q€y; —€4, QCyg— €y =€ 5 —€1, (3.1b)
where
v =dAt, z =% h= _==1 (3.1c)
’ ’ 0z +(1-10) ’

It is well-known that the general form of the solution é;?’m can be expressed as

&b (s)=ASNT + BEXT j=1,2, (3.2a)

jm

where Ay is defined by:

B+ 20y + \/(h+2(7)2 — 4?2
. > .

+ (3.2b)

Lemma 3.1. Let 0 € [%, 1] and ¢ > 1. Then, Ay are analytic for s = o + iw with o > 0 and |w| € [%, Alt]

Proof. The proof consists of two steps: £ is analytic in the right half complex plane and R(%) > 0. The second
point ensures that the argument under the square root avoids the negative real axis.

Step 1: h is analytic in the right half complex plane. Since z = €4t = 74! (cos(wAt) + isin(wAt)) and
lw| < 7, we have R(s) € [—e74t, 74, The argument £ is a rational polynomial of z; hence, it suffices to prove
that 6z + (1 — 0) does not have zeros for R(s) € [—e?4* e74t]. This is true, because 0z + (1 —0) = 0 < z =

— 128 ¢ [—1,0] for 6 € [%, 1], whereas €4t > 1 for o > 0.

0
Step 2: R(h) > 0. Let hg = 0e??t cos(wAt) + 1 — 0 and hy = e sin(wAt). Then, we have
1 ho — ihy
=t o
and this implies $(%) > 0. O

Let s = et with § € (—=Z,Z). Then, from (3.3) we have lim h(6,z) = %. Hence, for all e (—2.%2) it

22 T—-+00

holds that lims_... A+ = A}, where

. ¢ \/(§+2yc)2 — 452

This, together with the maximum principle for complex analytic functions, gives

%r(rgécob\i\ = max {mr(g?i(o)\i’ )\i} . (3.5)

Let ¢ = cos(wAt). Then, for s = iw it holds that

h=nhgr(c)+ihr(c), Ay = Agr(ec)+ids(e), (3.6)
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where hpr ; and Apr ; are defined by:
1 Oc+1—10 V1 —c?
hR(C) =-11- 2 2 ) FU(C) = 2 2 P
0 02+ (1—-60)2420(1—0)c 02 +(1-60)2+20(1—0)c
Hp(c) = [hr(c) +27¢)° — hi(c) — 492, Hi(c) = 2hs(c) [hr(c) +27¢],

Sa(e) = H%(c) + H%(c) + Hg(c) 51(0) HZ(c) + H2(c) — Hr(c)
2 ’ 2

)

An(e) = RO E2CH VSRS ) PulQ) + VSi(e)

2 B a— (3.7)
From (3.6), we have
. 1 . %
%1(151)11210\)\+\ = W = mln{ A% (c) + A3(c), )\+}, (3.8)

where we have used A_\; = 1. For 0 [%, 1], it is easy to verify hgr(c) > 0 for ¢ € [—1,1]. Hence, Ag(c) > 1 for
¢ € [—1,1] and this implies |Ay| > 1 and |A_| = |1/ 1] < 1.

Now, by using the boundedness of the error functions eé‘f at infinity, the constants A;? and BJ’? in (2.2a) can
be determined as Bf = 0 for the first subsystem and A5 = 0 for the second one. Hence,

el . (s) = AYNT, e, (s) = B5EA™. (3.9)

2,m

This, together with the boundary conditions (3.1b), gives the following recurrence relations:

A (axy —1) =B 1 (ar_ —1), BS(a— X)) =4V (a—))). (3.10)
Define ( A2
Ad o~ A+ d Ad
= 0 = .].].
opt (O[)\+ . 1)2 ) popt( ,Ck) %(S)ZO,\S(IS?EX[W/TJ/At] popt (3 )

(the subscript ‘d’ denotes ‘discrete’). We call ﬁgpt and pgpt the convergence factors of the OWR methods in the
frequency and time domain, respectively. Then, we have A¥ = ﬁgptA’fQ and BY = ﬁgptBS*Q. Mathematically,
we want pgpt(ﬂ, a) < 1, which leads to the following min-max problem

2
Ol—)\+

o1 (3.12)

min max
a€R R(5)>0, T <|S(s)| < &7
We have proved [\, | > 1for all 6 € [4,1]. Then, if [a| < 1, we have o= Ay [*—|ad; =112 = (A4 > = 1) (1—a?) >
0, which implies pZ (6, ) > 1. Hence, we only need to consider |a| > 1 in (3.12). Moreover, if a < —1,

2
CY—)\+

40RO -0t - )
OKA_A,_ -1

aZXZ —1P2 =0

—a— Ay
—O[)\J,_ -1

which implies p2 (6, —a) > pf, (0, @) for a > 1. In summary, we can assume « > 1 in (3.12).

o2
d a— AL
popt|? W )

Lemma 3.2. Assume o> 1 and 0 € [%, 1], Then,

P (6, ) = max {%r(r}gz)xigo

where X7 is given by (3.4).
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Proof. We have already proved that the argument Ay is analytic and satisfies |[\;| > 1 in the right half complex
plane. Then, we know that +’\_+1 is also analytic in the right half complex plane, since > 1 and |Ay| > 1
guarantees that the denommator aly — 1 will never be zero. Hence, the claim follows by applying the maximum

principle for complex analytic functions. |

To analyze the min-max problem (3.12), we define the following notations:
N(a,¢) = (a — Ag(c)* 4+ A%(c), D(a,c) = [adg(c) — 11> + a2 A3(c), (3.13)
where ¢ = cos(wAt) and Ag ;(c) are defined by (3.7). For R(s) = 0, by using Lemma 3.2 we have

N(a,c)
D(a,c)

|| = Tola¢) = (3.14)

The aforementioned analysis implies that the min-max problem (3.12) is equivalent to

. a— A\ 2
1;11>1111max{ I[nalxc*]’fg(a ,0), (W) }, (3.15)

at ) In what follows, we focus on the analysis of finding the solution of (3.15).

where ¢* = cos ( N
3.1. The Trapezoidal rule: 6 = %

For § = 1, it holds that hr = 0 and hs(c) = 2 . Define y = ,/ ¢ and R(y) = v*(¢* — 1) — y2. Then,
2v¢+/R 2y++/R_
ve+ ¥ +(y)’ AI _ y+ o= (v) and

we have Ar =

Sp=Ri@) =2 (VW) +47C) + R(y)), Sr = R-(y) =2 (VE(y) + 1°Cy% — R(y)) .
Define

Py = 26 +2\7/ Be(y) oy = 2E \Q/WRf W)

Pla,y) = (o — P)* + Q?, a,y) = (aP — 1) +a?Q? Ty_i(o,y) = 3.16
(a,y) = ( )"+ Q7 Qa,y) = ( ) Q% Ty—1(oy) 3o y) (3.16)
Then, the min-max problem (3.15) is equivalent to
i 7 o= A1) 3.17
minmex | max =1 (), o —1 ; (3.17)
where Ymin = h — and ¢* = cos (At ).

Lemma 3.3. Assume o > 1. Then we have

max 7y_, = max {Tg__(a Yrmin), 072}.
Y>Ymin

Proof. To prove this claim, we need the following calculations:

P, = 2—7; —2[P — a]P' +2QQ', QP, =2 [(aP 1) a%ﬂ (P —a)P' +QQ,
9, - % = 20(aP ~ )P +20°QQ', PQ, =2a [(P - )’ + @*| [(aP — )P’ + aQQ],
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where P’ = P'(y) and Q' = @Q’(y) are given by:

P Y @+ 4y Q—1+ y (P +y
TR (y) \ VR (y) + 472y WER-(y) \ VR (y) + 42y
Clearly, Q" > 0 for y > 0. Moreover, [(¢? + 1)72 + 4%]? — R?(y) — 47*¢%y? = 494*¢% > 0 and this gives P’ > 0
for y > 0. Since a > 1 and P’ > 0, we have the following deduction:
(P-a)P+QQ 1 (P—a)P'+QQ

1
- 2 _1 P_ P_ 1 - ~a .].
a” < < af a) <« = @P 1P ;< — = ( P_1)P 5 ;< (3.18)

We now suppose that 7—0:% (ar,y) has a local extremum located at y = y* > 0. Then,

3y y=y* N Qz(av y*)

Since o > 1, y* > 0 and P(y) > 1, it holds that Q(«,y*), Qy (e, y*) # 0. Therefore, we have

=0.

T *\ P(Oé,y*) _ Py(a7y*)

9—1( )_ -\ )
Q(a,y*) Qy(aay )

. * * P * . P/ * * ! * .

i.e., at y = y* we have Ty_1(a,y*) = oc[o[cP((Z*)) (HP/EZ 3182(22();2)8()@; Using (3.18),

On the other hand, for any o > 1 it holds that lim P(y) =0and lim 2W — % Therefore,

1
we have Ty_1 (o, y") < 7.

y—-+oo y—+oo Y
s (=) (%)
lim 7y_1(a,y) = lim o= Ply )2 + Q) = lim ! =—-
ES ()~ 0@ () (Qy ) °
In summary: (1) any local maximum of 7y_1 can not exceed =35 (2) 25 can be reached at y = 4o0. O
Define
Tymy() = max | oy o), (222 (3.194)
o=1 (@) = max ¢ Ty_1 (&, Ymin o =1 . .19a
Then, using Lemma 3.3 we know that the min-max problem (3.17) is equivalent to
. 7 —2
rgl;rllmax{’fgz%(a), el } (3.19b)
Theorem 3.4 (0 = %) Let ymin = %, Then, the best performance of the discrete OWR

method (2.3) with § = % (i.e., the Trapezoidal rule) is obtained for o = a2, where al, the solution of (3.19b),

opt?’ opt’
1s given by:

o' (3.20)

opt T «

af, otherwise,

) _{a*, if Tpoy(a®) > 2,

where of is the unique root of ’fg:%(a) = L and is given by

* 2
. a17>\+
aF = aq, if%:%(alvymin) Z (061>\j_*1) )

ag, otherwise.
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0 =1,T =50, At = d= 2y, ¢=1+1
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FIGURE 2. The profile of 7y as a function of o and c.

The arguments cg and oy are defined by

-\ P A2+
To—1 (¥, Ymin) = (%) (= root is o), a1 = ﬁ + \/(ﬁ) -1, (3.21)

where Amin = \/P2 (Ymin) + Q?(Ymin) and Pmin = P(Ymin). With the optimized parameter agpt, the convergence

factor of the discrete OWR method (2.3), ngt (0, «) defined by (3.11), satisfies
pgpt = %:% (agpt) . (322)
Proof. Routine calculation yields
sign (86[2:9:%(@, ymin)> =sign (o — a(A\oin + 1)/ Pin + 1) . (3.23)

Then, for a € [1,00), we know that oy is the unique local minimizer of ’];:%(a,ymin). It is clear that A% is

e\ 2
the unique local minimizer of (;A—Ajl) and that the minimum is zero. Hence, by using Lemma 2.1, we know
+

that o* is the unique local minimizer of the function f;:% (o). Since a2 is decreasing for a € [1,00), a simple

logical deduction shows that the quantity ad,; defined by (3.20) is the solution of (3.19b). O

3.2. The case 0 € (%, 1]

We now analyze the min-max problem (3.15) for 6 > % In Figure 2, we plotted the profile of the function 7y
for 0 =1, At =0.01, T =20,d=10* and ( =1+ %, where we see that for given a > 1 the maximal value of 7
is obtained at either ¢ = —1 or ¢ = ¢* (: cos (%)), i.e., maXee[_1 0+ To(a, ¢) = max {7Tp(a, —1), Tp(a, c*)}. It
is difficult to rigorously prove this result owing to the high complicity of 7y(a, ¢) for 6 # %, but our numerical
results for many other values of At, T', d and 6 indicate that this result always holds. We use this numerical
result as a hypothesis and all our analyses in the following for 6 € (%, 1] are based on this hypothesis.
Hypothesis 3.5. For 6§ € (1,1], d > 0 and ¢ = —a/(2d) > 1, we assume that the function Ty(c,c) defined
by (3.14) with N(«a,c) and D(a, c) defined by (3.13) satisfies

max To(c, ¢) = max {Tg(a, 1), Ty(cv, ")},
ce[—1,c*]

where ¢* = cos (%)
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Under this hypothesis the min-max problem (3.15) can be rewritten as:

, . a—X\?
rgl;rllmax{%(a,—l),%(a,c ), (W) } (3.24)

Similar to the proof of Theorem 3.4, it can be shown that for o € [1, +00) the function Zy(c, —1) (resp. Ty(a, c*))
has a unique local minimizer &_; (resp. &1), where a_; and @; are defined by:

) AZ(—1) +1 A%(=1) +1\° A+ A2 41
a—F%*ﬂ%) ‘Lalzﬁ«:wﬂﬁw*)) oh 6

where Ao+ := [Aj|c=cr = /A%(c*) + A(c*). Then, applying Lemma 2.1, we get the following result.

Proposition 3.6. Let g1(«) = Ty(ar, —1), ga(a) = Tp(a, c*) and g3(a) = (:‘;—Ajlf Let x5 = a1, o5 = a1
and z3 = X\, and X3 be the quantity determined by the mz‘mmizmg—pmcedu;@ given in Lemma 2.1. Then, a
reliable pammeter a used in the discrete OWR method (2.3) can be chosen as agpt = Xj. With the choice
o= aopt, the convergence factor of the discrete OWR satisfies

d - _ (Hd
Popr = 02X, g;(atopy)- (3.26)

4. ASYMPTOTIC ANALYSIS

In this section, we analyze the asymptotic dependence of the convergence factor pgpt on T (the length of time
interval) and At (the mesh size). For 6 € (3, 1], we assume that the function Zp(ev, ¢) defined by (3.14) satisfies
Hypothesis 3.5.

4.1. Asymptotic results with respect to At

For At small, we have ¢* = cos (Aff) =1— 5 SA2+0 (At4) To analyze the asymptotic dependence of
popt on At, we make an ansatz o opt = 1L+ CAL™ # with 3 > 0. Then, for all § € [1,1] a tedious but routine
calculation yields the following results

( ady = X ) ) (l —caps +O(At)>2At2ﬁ
oAt — @+ G+ 04 ’
2~ dC(20 — 1A 4+ 0 (AN
To (a5pe 1) = < 2(2 T 2Azﬁ +0 (Zt) : )> A,
T (l ") = C? +2C(1 — mo) AtP + [(mo — 1)? + nd] At?P + O (At*F)
Yopt? C?2(m3 +nd) + 2C[mo(mo — 1) + n3]At8 + [(mo — 1)2 + nd|At?# + O (At)’
An(c?) = mo + O (At), Ar(c*) = no + O (A) | (4.1a)

where mg and ng are given by:

2

1 2 2
my=C+ | o \/<4d2((2—1)—%> +16d2C2 +4d2(< -5

2

T 1 72\ 2 w2 T
no = ——+ | — \/<4d2(§2 —1) - ﬁ) +16C2 15 —4d2(¢? — 1) + 7

2dT 8d? T2 (4.1b)
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From the analysis in Section 3, we have

pli(0,0) = maX{Tg(a,—l)yTo(a,c*), <ﬂ> } : (4.2)

a)y —1

Hence, if 8 > 0 from (4.1a) we have ngt (0,02,) = Ty(ad,, c*) for At small. Since the function Ty(c, ¢*) attains

opt
* * * * 2
its global minimum at o = &%z(;)ﬂ + (W) — 1, using (4.1a) again we have for At small

2, 2 2, .2 2
that ozgpt - %HSH + \/(%ngﬂ) — 1. Clearly, this contradicts with the assumption ozgpt =1+ CAt= "
with 8 > 0. By a similar analysis, we can also exclude the case ozgpt = 1+ CAt? with 3 > 0. Therefore, there

is only one possibility left, agpt =1+ C with C > 0. In this case, using (4.1a) again, for At small we have

d — O\ 2 _ 2 2
(aopt +> N 1 Ty (ol —1) ~ 1 Ty (ol c*) ~ (C+1—mp)° +nj

agpt)‘j— -1 ~ (1 + C)Qv opt» (1 + 0)27 opt>’ [(C + 1)m0 — 1]2 I (C n 1)2,”(2)'

Let ¢ = C + 1. Then, for At small, it holds that pl  (0,a2) = max{a%, %} and that the best

choice of ¢ is & = mg + y/m? — 1, which gives ol =1+ C =mg +/m — 1.

Proposition 4.1. Let T >0, (> 1,0 € [%, 1] and mg be the quantity defined by (4.1b). Then, for At small,
we have the following asymptotic results

2

gt & Mo + /MG — 1, ply & (mo +y/mi - 1> : (4.3)

4.2. Asymptotic results with respect to T'
For fixed At and T large, we have ¢* = cos (”TAI‘) =1- %Tﬁ +0 (T74). Let

2
292_1 + 27( + \/(292_1 + 2’7C> - 472
A = > : (4.4)

Then, it holds that
a—A\* 2
o0 = (528 (45)

Note that, for § = § we have A* | = 400, which gives Ty(, —1) = Z5 and therefore the min-max problem (4.2)

is reduced to (3.19b). Our analysis in what follows is divided into two cases, ¢ = 1 and ¢ > 1.
For ( = 1, by assuming

1
agpt =1 —+ CTT_B Wlth /6 € (O, 5) 5 (46)

we have

2
A, +1 ad o \* AE 1
d 1\~ 1-— -1 -8 | Zopt T+ ) o _ + -8
Ty (aly, 1) ~ 1 20T< >T ’<ad /\i—1> 1 QCT</\1_1>T ,
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Define \ \
AL i -1 e L O 4.
min mln{A*_l_l’)\i_l} ( 8)
Then, it holds that
2
ad . — N\
max { 7y (aly,, 1), % ~1— 20N, T~ (4.9)
opt/\
Balancing (4.9) and the third term in (4.7) gives
4\/ ﬂz_Adt 2 At i
=0 =—, 20\, = = C . 4.10
5 ﬁ ﬁ T Amin CT = (dA3n1n> ( )
Proposition 4.2. Let ¢ := 57 =1, At be a fized number and 0 € [%, 1]. Then, for T large we have
or AL ¥ 3202, TALY ¢
d m -1 d min T -1
aOPtN1+<d)\r2mn> T 7, poptNI—(T) T 1, (4.11)

where Xt is defined by (4.8).

min

For ¢ > 1, we can expect constant convergence factor when 7' is large. In this case, by noticing ¢* =
lm7_, oo cos(”At) = 1, from equation (3.7) we have fir(1) = fi;(1) = 0, which implies Ar(1) = \* =

N et \2

¢+ v/¢?—1and A;(1) = 0. Hence, Ty(a, c*) — ( ”’A_*)‘ 1) as T — 4o0. Let g1 () := Tp(a, —1) = (ﬁ) ,
N2 o

g2(a) = Ty(a,1) = (f{—il) and gs3(a) = ( )\*)\7 ) , where A% and \*, are defined by (3.4) and (4.4).

aX*
Let 7 = A"y, 253 = A", 3 = A} and X3 be the quantity determined by the minimizing-procedure given in
Lemma 2.1. Then, for T — oo from (4.2) and (4.5) we know that Proposition 3.6 also holds and pgpt =

max;=1,2,3 g; ( opt) <L

Remark 4.3 (Results from continuous analysis). For the continuous OWR method (2.3), the best parameter
gy (the superscript ‘¢’ denote ‘continuous’), is determined by (see [1], Chap. 3 for details):

R(Tmina a) = R(Tmaxa Ck), (4123)

2 4 +2 /
where R(T’ Ol) = 0{457';;;—()/7'2(17—2({ 7?:(1—2"_:’ Tmin,max = + \[\/ gmm max mln max 4(42 - 1) and

- . 0 - ™
gmin,max = w?mn max T 8C2 Wmin,max + 8w12rlin max T 16(C2 - 1)2 with Wmin = 5 and Wmax = T (412b)
’ dT dAt
For a given temporal discretization, we will compare in the next section the convergence rates of the OWR
methods using the two choices of the parameter «, i.e., a = a5, and a = agpt

5. NUMERICAL RESULTS

In this section, we compare the performance of the OWR method using the parameters from the continuous
and discrete analyses. We consider a model RC circuit with 100 nodes with parameters R = % Ohm and
C = % pF. The resistor value is chosen to be R = % Ohm. This setting gives state equation (2.1a) with
d =200 and a = —(2d + 5). The source term f(¢) is determined as this: we use I5(t) =1+ N for t € [N, N + 1]
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6 = 3 (Trapezoidal) 0 =1 (Backward Euler)
T e T T T T T
0 . . 0 [N i
107N —o—a = af, (Continuous) 10 —e—a = af, (Continuous)
* S NG
: ol o s
102k o= ag, (Discrete) 10 * = agm (Discrete)
[ — 7*7 77777777777777777 :
10} Tk f 10t} * ]
— ™ =
5 . 5
6 6
G107 ¢ - 1 510 * i
10°} Tk i 10° * i
*'.
1070k . | 107 ” |
107" ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ i 107" s ‘ w - s s
5 10 15 20 25 30 35 40 45 5 10 1'5 20 25 30
Iteation Number Iteation Number

F1cure 3. Comparisons of the convergence rates of the OWR methods for two time-integrators:
0= % (left) and 6 = 1 (right). The discretization/problem parameters are At = 0.02, T' = 50,
a = —(2d+5) and d = 200. In each subfigure, the horizontal line indicates the truncation error
of the time-integrator, which shows how many iterations one should really use in practice.

10° 0 = 1 (Trapezoidal) 10° 0 =1 (Backward Euler)
2 2
g _
.S 10_1 _g 10 1
s 5
5 g
- "
5107 : 8107 3
g g
‘g O a = ag,, (Continuous) ’g O a = ag,, (Continuous)
_ . SIS .
07 * a=ad, (Discrete) 4 107} * a=al, (Discrete) 3
1 1.5 a 2 2.5 1 L5 o 2 25

FIGURE 4. Measured error of the OWR method after 5 iterations for various values of the

parameter o. The parameters a = ag; from the continuous analysis and a = agpt from the

discrete analysis are denoted by ‘0’ and ‘*’. Left: 0 = %; Right: 0 = 1.

as the input function with N > 0 being an integer, and then f(t) = (I5(¢)/C,0,.. .,0)—r € R20. The initial

iterate for the OWR method is chosen randomly and the iteration stops when the global error satisfies

max Hik(n) = f((n)”oo <1072 (5.1)

where {X(n)} is the reference solution obtained by using the same time-integrator as that for {%*(n)}.
In Figure 3, we compare the convergence rates of the OWR methods using different parameters «. The left

and right subfigures correspond to 6 = % (i.e., the Trapezoidal rule) and 6 = 1 (i.e., the Backward-Euler
method), respectively. We see clearly that, for § = % it is better to use o = o, instead of a = o, while in

the case of = 1, v = o, is a better choice than a = a;.

With the same discretization/problem parameters, this conclusion is further confirmed by the results shown
in Figure 4, where we show the measured error of the OWR method after 5 iterations using various values for the
parameter «; the choice v = g, is denoted by a circle and a = agpt is denoted by a star. Besides the message
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a=—-(2d+5)
\ T T
a5t /= a=a
T S T

50 T T

Tteration Number
w
(=]
Iteration Number

— d ]
= a=ag,

10 1

L L
05 1 2 4 8 6 32 64 128 25 05 1 2 4 8 p 16 3 64 128 25

F1GURE 5. For At = 0.02, dependence of the iteration number of the OWR method on T'. Left:
a = —(2d + 5); Right: a = —2d.
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—‘—a:affm((i':l) ~ o _ ]
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Time step-size: At Time step-size: At

FIGURE 6. For T' = 4, a = —(2d + 5) and d = 200, dependence of the convergence factor p
(left) and the measured iteration number (right) of the OWR method on At.

similar to that implied by Figure 3, another message from Figure 4 is that for § = 1 the parameter o = agpt

from the discrete analysis is very close to the best choice that we can get through numerical implementation,
while for § = § both o = ad . and o = ol are far away from the best one. This implies that further work is
needed to let the OWR method using the Trapezoidal rule as the temporal discretization converge rapidly.

We next verify the asymptotic dependence of the convergence rates of the OWR method on T, the length of
time interval, and the mesh size At. To this end, in Figure 5 we show the measured iteration number needed to
satisfy the stopping criterion (5.1) for several values of T'. As we have analyzed in Section 4.2, the convergence
factor of the OWR method presents different asymptotic behavior with respect to T, depending on ¢ := 57 > 1
or ( = 1, and therefore we consider two cases in Figure 5: in the left subfigure we consider the case ¢ > 1
and in the right subfigure we consider ( = 1. For the first case, we see that the OWR method under different
time-integrators and different choices of a behaves robustly as T increases, while for the case ( = 1 the iteration

number increases with a rate of order O (T %>, just as Proposition 4.2 predicts.

Then, in Figure 6 we show the asymptotic dependence of the OWR method on At. For problem parameters
T =4,a = —(2d+5) and d = 200, we first show the convergence factor as a function of At on the left
subfigure. We see that both p¢ and p? approach to 0.3 as At goes to 0 and that pi_, < p¢ < pg=%~ The first
conclusion confirms Proposition 4.1 very well, because from (4.1b) we see that the argument myg is independent
of # and therefore for all 6 € [%, 1] the convergence factor p? approaches to the same quantity. These theoretical
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predictions are further confirmed by the results shown in the right subfigure, where for different At we show
the measured number of iterations required to satisfy the stopping criterion (5.1).

6. CONCLUSIONS

The efficiency of the classical WR methods for circuit simulations depends very much on finding a good
partitioning: the engineer needs to find subcircuits such that the coupling between them is weak; then with
the corresponding partitioning the method should converge rapidly. However, finding such a partitioning is
not always easy: “In practice one is interested in knowing what subdivisions yield fast convergence for the
iterations. .. The splitting into subsystems is assumed to be given. How to split in such a way that the coupling
remain “weak” is an important question” [16]. The optimized WR approach is a mathematical technique to reach
the two goals concurrently, i.e., maintaining the partitioning procedure as simple as possible and maintaining
the convergence as fast as possible. The second goal is realized by optimizing the parameter, namely «, involved
in the transmission conditions, which exchange a combination of voltages and currents rather than just voltages
or just currents from one subcircuit to its neighboring subcircuits.

In the last decade, optimizing the parameter « is studied by many authors for several different circuits. The
optimization is done at the continuous level and the obtained parameter, namely «g, is used for practical
circuit simulations. Then, it is natural to ask: can the convergence rate of the OWR method be further improved
by directly optimizing a at the discrete level? By using the diffusive circuit as the model, this paper provides a
positive answer for this question, if we use the Backward-Euler method as the numerical method, which, as we
found in the literature, is the most frequently used time-integrator in this field. However, this conclusion is not
applicable to the Trapezoidal rule, the simplest 2nd-order, A-stable and one-step numerical method. For this
method, it is better to use ag,; from the continuous analysis instead of agpt from the discrete analysis.

Our ongoing study is devoted to optimizing the transmission condition parameter « for finite-size RC circuits.
For the Trapezoidal rule, from Figure 4 on the left we see that the parameter ozgpt is far from optimal in practical
computation and one possible reason is that this parameter is analyzed for circuits of infinite-size, while the
numerical experiments are carried out for finite-size circuits. From the most recent work by Al-Khaleel et al. [3,4],
where the authors analyzed the optimized WR method for finite-size RC circuits at the continuous level, we
believe that the discrete analysis for finite-size RC circuits shall result in better parameter, since, obviously, in
practice the size of a circuit is always finite in a concrete circuit simulation.
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