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CONVERGENCE OF A STRANG SPLITTING FINITE ELEMENT
DISCRETIZATION FOR THE SCHRODINGER-POISSON EQUATION *
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Abstract. Operator splitting methods combined with finite element spatial discretizations are studied
for time-dependent nonlinear Schrédinger equations. In particular, the Schrédinger—Poisson equation
under homogeneous Dirichlet boundary conditions on a finite domain is considered. A rigorous stability
and error analysis is carried out for the second-order Strang splitting method and conforming polyno-
mial finite element discretizations. For sufficiently regular solutions the classical orders of convergence
are retained, that is, second-order convergence in time and polynomial convergence in space is proven.
The established convergence result is confirmed and complemented by numerical illustrations.
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1. INTRODUCTION AND OVERVIEW

We consider full discretization methods for the time-dependent Schrodinger—Poisson equation, which typi-
cally arises in models of quantum transport [10,20]. Our approach relies on a second-order Strang splitting
time discretization combined with a conforming hp finite element space discretization. The motivation for the
proposed solution method is that separate treatment of the nonlinear part suggests the application of special
solvers for the Poisson equation, which are particularly efficient in the context of an underlying finite element
space discretization. For this purpose it is common to truncate the unbounded spatial domain to a sufficiently
large finite domain and impose homogeneous Dirichlet boundary conditions. Indeed, the evaluation of the non-
local convolution integral in the standard formulation generally implies a huge computational effort caused by
the suitable treatment of the singular integral kernel for the evaluation on a large domain. By the splitting ap-
proach, we can separately treat the Poisson equation by appropriate methods where optimized linear solvers are
available as for instance multigrid or domain decomposition methods [31,33]. The finite element discretization
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additionally enables a solution on a solution-adapted non-uniform spatial grid, which can be updated in the
course of the time integration [35].

Our main objective is to provide an error analysis for this full discretization, showing the expected second-
order convergence of the Strang splitting method and polynomial spatial error decay corresponding with the
finite elements employed. By using Gauss—Lobatto nodes, the setup of the stiffness matrix is exact; the errors
arising in the construction of the mass matrix and the right-hand side are of higher order than the discretization
error and therefore will not be taken into account.

Splitting methods. The computational advantages of operator splitting methods for the time integration
of problems in quantum dynamics have been emphasized in recent literature. A comprehensive overview of
investigations for time-dependent Gross—Pitaevskii equations is given in [2], which summarizes most of the
studies conducted in this field. The Crank—Nicholson finite difference method preserves most of the important
invariants like symmetry in time, mass and energy and is unconditionally stable; however, the computational
cost for this fully implicit method is considerable, and the conservation properties only hold up to the accuracy
of the nonlinear solver. Semi-implicit relaxation methods which only treat the kinetic part implicitly share the
conservation properties if only a cubic nonlinearity is present, but they are still computationally expensive
and suffer from stability limitations. Semi-implicit finite difference schemes lose most of the desired properties.
For regular solutions, time-splitting methods in conjunction with Fourier- or Sine-spectral methods are overall
concluded to be the most successful discretization schemes; they are unconditionally stable, conserve norm,
energy, and also dispersion, which is not the case for many other time-stepping schemes. For non-smooth or
random spatial profiles, the spectral accuracy may be lost, however, and thus splitting methods in conjunction
with finite difference spatial discretizations may be more efficient (see [7]).

Recently, full discretization of the Schrédinger—Poisson equation by splitting methods in conjunction with
spectral space discretization has been investigated in [8], where the long-range interaction is approximated
efficiently by nonuniform fast Fourier transform (NUFFT). The authors conclude superior accuracy and perfor-
mance of their approach in particular over the Sine-spectral method.

Error analysis. The stability and error behavior of operator splitting methods for the Schrodinger—Poisson
equation have first been analyzed in [27]. For the structurally similar equations associated with the multi-
configuration time-dependent Hartree-Fock method, a complete convergence analysis of high-order splitting
methods has been given in [25]. An error analysis of splitting methods applied to the Schrodinger—Poisson
equation in the semiclassical regime is provided in [11].

Finite element method. The literature on finite element spatial discretizations is vast. Finite element meth-
ods (FEM) have been widely used for electronic structure calculations (see for instance [6,13,14,30,34,38]).
For the solution of time-dependent Schrodinger equations see for example [21,37] and the more recent contri-
bution [22], and for atomic and molecular systems see [19] for a general review.

Truncation to a finite domain. In conjunction with the application of the finite element method, the
restriction to a finite domain introduces a truncation error which we do not consider in this work. Strategies
to cope with related issues have been proposed for instance in [3]. The investigation in the context of the
Schrédinger—Poisson equation remains an open question.

Outline. In Section 2 we state the Schrodinger—Poisson equation. We specify the full discretization method
and formulate our main convergence results. In Section 3 we provide the underlying comprehensive stability
and error analysis. Our numerical illustrations given in Section 4 confirm the theoretical convergence result and
demonstrate that also higher-order splitting methods show their expected behavior. The appendices contain
proof details, important results from the literature which we rely on and auxiliary estimates used in our analysis.
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2. PROBLEM SETTING, DISCRETIZATION METHOD, AND MAIN RESULTS

2.1. Problem setting

Schrédinger—Poisson equation. We consider the time-dependent Schrédinger—Poisson equation for : (2 x
[0,T] = C, (z,t) = (1),

100 (,t) = —5 A(@, t) + A7 ([ (x,1)*) (. 1), (2.1a)

where 2 C R%, d € {2,3}, is a bounded domain with smooth boundary.
We impose homogeneous Dirichlet boundary conditions and an initial condition

(@, 1), cpo =0, ¥(x,0) = (). (2.1b)

For the subsequent analysis we will assume that the initial state satisfies® 19 € H? = H?(§2). The nonlocal
nonlinear term A~1(|1|?) describing the electrostatic self-interaction is the solution © of the Poisson equation
under homogeneous Dirichlet boundary conditions,

AO(z,t) = [¢(z,1)]*, O(x,t)| 0. (2.1c)

€N

The evolution operator associated with problem (2.1) will be denoted by ¢sp, i-e€.,
'l/]( ) t) = Psp (ta 1/}0)
Abstract formulation. Introducing the operator notation
A: H*nNHj — L* ur— %iAu,

B: Hy — H*NHY: w— —iA (jw]?),
B: H} — H}: u — —1A N (|Ju?) u, (2.2a)

we employ a compact formulation of problem (2.1) as an abstract evolution equation

Orp = A + B(yp) = Ay + By)e, (2.9b)
Y], = vo.

2.2. Semidiscretization in time by the Strang splitting method

Subproblems. For the discretization of (2.2b) in time we apply exponential operator splitting methods based
on the solution of two subproblems (see for instance [17,28]).

e The evolution operator associated with the linear initial value problem

Oy = Ay,
2.3
{ V] =, (2.38)
is denoted by ¢ (t), such that
Y1) = pa(t)u. (2.3b)

4For simplicity of notation we write L2, H instead of L2(£2), H*(£2), etc.
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e The evolution operator associated with the nonlinear initial value problem

{ V]imp =, (240)
is denoted by ¢p(t, -), such that
(- t) = ep(t,u). (2.4Db)

Due to the fact that A=1(|1(-,)|?) defines a real-valued function and thus
O O = 2R (- ) d (-, 1)) = 2R(B(@ (1) [+, )*) =0,

the nonlinear equation (2.4a) reduces to the linear equation

{ O = Blu)w, (2.4¢)

We will also employ a notation analogous to (2.4c) but with a linear evolution operator £g depending on u
and w as the solution to

{ U]y =, (
such that ¢ = Ep(t,w) u. Clearly,
wp(t,u) = Ep(t,u) u. (2.6)

Strang splitting method. Our main focus is on the symmetric second-order Strang splitting method applied
to the splitting according to (2.3), (2.4). That is, for a time increment 7 > 0, the time-discrete solution values

1/1n%1/1(n7), n=0,1,2,...

are determined by the recurrence

= S(ryn1) = oa (37) 05 (7,04 (A7) thu 1) (2.72)
For notational simplicity we shall employ a formal notation for the n-fold composition,
thp =8" g :=8(7, ) o0 S(T,0) . (2.7b)
n times

Weak formulation of the subproblems. In view of full discretization (see Sect. 2.3) we consider the
following weak formulations of the subproblems. For (2.3a),

{ (0, 0)12 = — L1 (V) V)2 forall ¢ € HE, (2.8)
V]yg = u,
where we require 1, u € HE. For (2.4c),
{ (O, @)12 = —1(60,6)12 for all ¢ € HY, (2.99)
V]img =t
where © is the solution of the Poisson equation in weak formulation,
(VO,VX)r2 = — (lu]?,x)r> forall y € H, (2.9b)

requiring v, ©,u € Hg.
In the following we use the standard denotation for the Sobolev semi-norms, i.e., || g1 = || V|| 12 for ¢ € HE,

1/2
and [¢] g2 = (|a12s 1D"0]132) "/ for o € H2.
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2.3. Conforming finite element discretization of the subproblems

A full discretization arises by solving both initial value subproblems (2.3) and (2.4) in their weak reformula-
tion (2.8) and (2.9), respectively, by means of a finite element method (FEM).

Finite element space. For the space discretization of the subproblems, we choose a tessellation 7" over
subdomains 2, with

K
= U 2, h= max diam {2,
o1 ke{l,...K}

which are affine-equivalent to a reference domain §29. With 2y we associate a triplet (2o, P, '), where the
set N comprises the interpolation nodes z;, and P is the linear space spanned by the polynomial nodal basis
functions v; of degree p. We require the finite elements to be conforming and quasi-uniform. As common we
choose a linear indexing of the basis functions, (v;) 3]:1. The subspace spanned by these functions is denoted by

VI = span{vy,...,vs} C HL. (2.10)

Finite element interpolation and projection. By Z,: C(£2) — V" we denote the nodal interpolation

operator,
J

I(f) =) flaj) v (2.11)

j=1
The Rayleigh-Ritz projection Pp,: H} — V" is defined implicitly by the Galerkin orthogonality relation
(V(u—Ppu),Vop)p2 =0 forall v, € V", (2.12a)

satisfying
|Prulg < |u|lgr forall ue Hy. (2.12b)

By the Poincaré inequality ||v]| 2 < C |v|g1, this also implies
| Phull i < Cllullgr for all w e Hy, (2.12¢)
with a constant C' depending on (2.

Remark 2.1. The Rayleigh—Ritz projection P}, is connected to the finite element approximation in the following
way. Consider a Poisson problem Au = f with homogeneous Dirichlet boundary conditions in weak formulation
(see (2.9b)),

(Vu, V)2 = — (f,v)2 forall v e H,

and its FEM discretization by the Galerkin equations (see (2.15b) below),
(Vun, Vop) e = — (f,on) 2 for all v, € V2.

Then,
(V(u —up), Vop)2 =0 for all v, € V",
1.€.,

up = Ph u.
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For a sufficiently smooth boundary, the H? regularity estimate
| A7 (u— Pru)| a2 < Cllu— Prul 2 (2.13)
holds (see [9], Sect. 5.5).

Fully discrete solution and computational representation. The full discretization of the Schrédinger—
Poisson equation is based on solving the subproblems (2.8), (2.9) arising in the Strang splitting time discretiza-
tion by means of a FEM/Galerkin space discretization. Here, the coefficients associated with the prescribed
initial state are determined by interpolation,

J
Ih(wo) = ZCJFO v; € Vh.
j=1
In each substep of the time propagation by Strang splitting, subproblems of the following types (2.14), (2.15)

for the solutions v, € V* and @), € V" are solved.
e For the first subproblem (2.8), ¢, is determined from

(Othn, dn)r2 = — 51(Vbn, Vp) 2 for all ¢y, € VP, (2.140)
Unl,_o = Un-
With the ansatz in terms of the basis (2.10),
J
Un(t) =Y ¢i(t)vj,
j=1
(2.14a) yields the Galerkin equations for the coefficients ¢;(t) in the form
J J
1. )
Z@t ¢i(t) (vj,vi)p2 = — 51 ch(t) (Vv;, V)2, i=1...J. (2.14b)
Jj=1 j=1
e For the second subproblem (2.9), 1, is determined such that
- _; h
(8t1/]h7 ¢h)L2 = 1 (@h wh’ ¢h)L2 for all ¢h cV : (2153)
¢h|t=0 = Uh,
where O, is the solution of the discretized Poisson problem
(VO Vxn)2 = — (|lunl? xn)>  for all x, € V" (2.15b)
With the ansatz in terms of the basis (2.10),
J J
P (t) :ch(t) v e Vh, Oy, :Zdj v e Vh,
j=1 j=1
we obtain the Galerkin equations (2.15b) in the form
J J J
Z@t ¢i(t) (vj,v)p2 = —1i ch(t) de (Vg vj,v5)p2, i=1...J,
j=1 j=1 k=1
J J
d; (Vvj, V)2 = — Z ¢;(0) cx(0) (vj v, vi)p2, t=1...J. (2.15¢)

j=1 jk=1
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The above computations imply that the unknown coeflicients c;, d; satisfy systems of linear ordinary differential
equations. For a more compact formulation we introduce the vectors

ot) = (¢;(1)]_, €C’,  d=(d;)]_, €R’,
J
J (2.16a)
Fe(0) = { D ¢(0)cx(0) (vyvp, )2 | €RY,
J,k=1 i=1

and the invertible symmetric matrices

M = (Mij);{jzl S RJXJ, with Mij = (UZ‘,U]‘)L2,
J .
K= (Kij)i,jzl S RJXJ, with Kij = (Vvi,ij)Lz, (216b)

J
4,5=1

P(d) = (P45(d)) eR7Y with @;(d) = dy(vkvi,v;) 2.
k

In this notation, the system (2.14b) reads

— 1

M 0y c(t) =3 iKe(t), (2.17)

¢(0) given,
with solution N

c(t)y =e 2 1tM K (), (2.18)
System (2.15¢) takes the form

Kd = — F(c(0)),

MOic(t) = —1d(d)c(t), (2.19)

¢(0) given,
with solution ' »

c(t) = e HHMT2W@D) ¢(0) where d = —K~'F(c(0)). (2.20)

To realize the fully discrete propagation in time according to the Strang recurrence (2.7), systems of this type
are alternately solved.

Finite element operators. We define the discrete Laplace operator Ay, : yh — g1 (up, — Apup) and its
inverse Al H=Y — VI (f > A f) via
(Apun,vn)r2 = — (Vup, Vop) e for all vy, € V" (2.21a)
(VA f,Vop)e = — (fyon)ge forall vy, € V", (2.21b)
In particular, (2.21b) means that for the solution u of Au = f we have

A f=Prhu=uy (2.22)

in the sense of Remark 2.1.
Moreover, in analogy to (2.2a) we set

Ap: VS H™ Y wy — %iAhuh,
Bp: VP =V wy, = =14 (Jwn]?),
By: V=V wy e =i A (Jun?) un. (2.23)

In this notation,
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e a4, (t)uy is associated with subproblem (2.14a),
e ©p, (t,up) is associated with subproblem (2.15a).

For representing the solution v, of a system of the type

(Ovon, dn) 2 = (Br(wn) n, én)p2  for all ¢y, € VI, (2.24)
¢h|t:O = Uh,
we will also employ an analogous notation as for problem (2.5),
1/)h = SBh (t,wh) Up . (2253)
Then, analogously as in (2.6),
chh(t,uh) = SBh(t,uh) Up. (225]3)
For the resulting fully discrete Strang splitting solution we again write
wnzw(nT)7 n:071’27"'7
determined by the recurrence
'(/JTL = Sh(Ta ¢n—1) = PA, (%T) ¥By, (Ta PA, (%T) '(/Jn—l) ’ (2263‘)
and we again employ a formal notation for the n-fold composition,
VYn = Sp Yo 1= Sp(7, - ) 0+ 0 Sp(T, %o) - (2.26b)

n times

2.4. Main results

The central interest of this paper is to establish a convergence result for the splitting finite element discretiza-
tion of the Schrédinger—Poisson equation (2.1). Here we give a brief overview of the structure of our convergence
proof and state the resulting theorem. The detailed convergence analysis is worked out in Section 3.

In order to study the global error ,, —1(t,,) we separate the terms associated with space and time discretiza-
tion, respectively. With ¢, = 8" Zj, ¥ and ¢(t,) = @sp(tn, ¥o), we write

Un — P(tn) = (S Zn o — 8™ o) + (8" 1o — @se (tn, 1h0)). (2.27)

The first term represents the error attributable to the space discretization and the second term is the splitting
error at the semi-discrete level.

e The first term in (2.27) is expanded into a telescoping sum in the following way:
Sp In o — 8" o = S (Zn — Pr)o + (S Pr — Pa 8™ )tho + (P — 1d) S™ 1o

=8P (Tn = Pu)to + 3 Si 7 (S, P — PuS) S by + (P — 1d) S 1.
j=1
(2.28a)

We combine a stability argument for the fully discrete splitting operator S, (see Sect. 3.2) with the approxi-
mation properties of the finite-element interpolants —see Theorem C.4— and the Rayleigh—Ritz-projection Py,
—see Theorem C.5-. What remains to be estimated are terms of the form (S;, Pn — Px S)u, which is worked
out in Section 3.3 —see Theorem 3.1—
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e The second term in (2.27) can similarly be recast as

n

S"1pg — psp(tn, Vo) = an_j (S ‘Psp(tj—la Vo) — ﬁPsp(T, ‘Psp(tj—lﬂ/JO))- (2-28b)

j=1

Here apply a standard argument for estimating the splitting error at the semi-discrete level combining
the stability of the splitting operator S (see Sect. 3.2) with an estimate for the local splitting error
S(1,9) — psp(7,1) —see Theorem 3.2 or [27]-.

This leads to the following global error bound for the full discretization.

Theorem 2.2. Suppose thaty € H', £ > 4 and that 2 is such that (2.13) holds. Consider the fully discretized
method from (2.26a) based on the Strang splitting scheme and conforming finite elements of degree p, then
lon = ()22 < Ct (72 4+ 0% (14 1)),

(2.29)
lon = ()l < Ctu (4171 (14 4)7),

where s = min{l, p+ 1} and 3 = max{0,sgn(p+3 —¢)}. Here, C' depends on 2, d, the H*- and the H*T2(1=F)_
norms of .

The proof of Theorem 2.2 is based on the combination of Theorem 3.1 for the contribution 2°(1+ 1)# and on
Theorem 3.2 for the contribution of 72.

Conclusions. From Theorem 2.2, we can deduce the following convergence properties:

e For an initial value 1o € HP*3, we obtain the classical convergence order in 7 and h,

[thn = P(ta)llze < Cta(r? + HP71), lthn — (ta) |l < Cto(T + 1P).

e For an initial value vg € HY, ¢ < p+ 3 we obtain convergence of order O(h*) respectively O(h*~!) in space,
but with a possibly reduced convergence order in time (depending in the ratio between 7 and h),

S

: s—1
i = 0tz < Cto (7245 ) = bl < Ot (742 ).

where s = min{¢,p + 1}.

3. CONVERGENCE ANALYSIS

3.1. Global error bound

We start by separating the effects of space and time discretization (see (2.28a) and (2.28Db)), and consider
bounds in the H'- and L?-norm.

By a Lady Windermere’s fan argument and the stability estimates from Section 3.2, the expression
1S5 Zy 1o — S™ 4o in (2.28a) can be expressed by an h®-bound in L? and an h*~!-bound in H', as shown
in the following Theorem 3.1. The norms ||S™ g — psp(tn, 0)|| have already been studied in [27] and are sum-
marized in Theorem 3.2 below. This implies the main convergence result stated in Theorem 2.2, where error
bounds depending on the regularity of the initial values are given.

In our convergence theory we make use of several stability estimates and consistency results which are collected
in Section 3.2-3.4 below. Several auxiliary results and estimates are collected in the appendix.
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Theorem 3.1. Let ¢ € H® for £ >4, max ||S™o|lgs < Ms, and max (||S/* Pp, S" ™ ul|1) < as, . Then
1<m<n 1<m<n

for s = min{p+ 1,¢}, the L?> and H' bounds of the semi-discrete error Si Ip 1o — S™ 1y can be bounded in L*
and H*:

IS Th oo — 8™ o2 < C o h® (1+ 1),
8% Zn o — 8" ol < Cta ™™ (144)7,

where = max{0,sgn(p+ 3 — £)} and C depends on d, §2, t,, as,, and My o(1_g).

Proof.

e L%-bound. We proceed as indicated at the beginning of Section 2.4 and use the stability properties (3.4) of
the splitting operator Sy, —see Proposition 3.3 in Section 3.2—:

1S Zn 0 = 8™ oll L2 < IS} (Id = Zn)vpol| L2 + (|8 (Id = Pr)¢bo] 2

) IS S, PuS T g — ST Pu S ST ol g2 + [|(Id — Pr) S™ ol 2

j=1

< eCt” a?gh (H(Id _ Ih)dJOHL? + H(Id - Ph)'l/JOHLz)

+3 eSS, P ST o — PL S ST ol e + (1A — Pu) 8™ doll 12

j=1
< &%t 95, (||(1d — Zu)ebol| 2 + |(1d — Pr)do]l 2) (3.1a)
4+ neltnas, Jmax. 1S, Pr ST 4po — P S ST by | g2 + ||(Id — Pr) S™ o | L2 (3.1b)

By the regularity result for the splitting operator S —see Lemma 3.8 in Section 3.4—, we can ensure the
existence of the constant as,, .
The expressions in (3.1a) can be bounded using Theorems C.4 and C.5,

1(1d = Pp) ull L2 < CR° |lull e,
1(1d — Zn) ull 2 < Ch° ||ul z,

and by the bound (C.12) from Proposition C.12 we obtain

I1S™ ol rs < €™t {[ebo | -
It remains to bound ||S;, Pp 87~ ¢g — P, S ST 4| 2. By Theorem 3.7 from Section 3.3, it follows that

ISn(r, Pr) — Pr S(ru)llz2 < Cr (14 1)° he,

for s = min{l,p + 1}, = max{0,sgn(p +3 — 1)}, where C depends on d, £2, L,, and M, _g). Altogether,
we obtain

SiIh o — S" Yol L2 Sectnaéh h® || s +etnLs ps o HS+neCtna2sh’CT ! ﬁhs
| T

< Ch? (ectna?gh HwOHHs +tn (1+ %)ﬁ ect"a?sh>

SCtn (1+%)5 ]’LS’

which concludes the proof for the L? bound.
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e H'-bound. Analogously as for the L2-bound, we use Theorems C.4 and C.5, Proposition C.12, and
Theorem 3.7. Hence we obtain

ISk Zn o — S™ ol < ||SE Znbo — Sy tollar + Sy o — S Prbol|
+ 3 |ISh T 8, PuS T o = ST PuS 8 oy + 1P S o — S ol
j=1
< et % (|| Zh o — Yol + [0 — Prtboll ) + |Pa S™ o — S™ o]l
+nel™ % max HSh Pr ST apg — PSS g

1<j<n [
< 71 IS B [l e + et B ||| e +meC S O (14 1) Rt
<Chs! (eCtna?sh ol mre + tn (1 + %)ﬁ eCtna?sh)
<Ct, (1+1)7 po1,
where the constant C' depends on as, , t,, and ||¢o]| m=- O

The following theorem summarizes the semidiscrete error in time:

Theorem 3.2. Suppose that the exact solution 1(t,) to the Schridinger—Poisson equation (2.2b) is in H? for
0 <t, <T. Then, the semi-discrete numerical solution 8™y given by the Strang splitting scheme (2.7) with
stepsize T satisfies

18™ o = ¥(tn)|| 2 < Cr 72, (3.3a)
8™ vo — P (tn)llm < Co, (3.3b)

where both constants Cy, Co depend on T, 2, and on the H?-norm of 1.

Proof. The detailed proof can be found in [27] with the restriction that C; and Co depend on the H?®- respectively
the H*norm of 9. For the improved bounds (3.3) in H?(R?) we refer to [24] and for full details on the
computation of the commutators see [23]. In our case, the domain (2 is finite, but the analogous Sobolev
embeddings hold also in this case see [1].

For the dominant terms we now show the sharp estimates directly. For the bound (3.3b), the dependence on
the H3-norm is indicated in [27] to arise from a bound of

AT (W A)|

Since all other terms are already bounded in terms of ||| g2, it suffices to estimate this term likewise. Using
Proposition C.7 we obtain

AT (W A) ¢l < (IVATH W A) |12 + [|ATH (¢ AP) Vi) | 2
< AT W AY) | [l + C AT AD)||an [V i
< ClYAY |1 [$llaz < Cllbl A% (L2 [¢] e
< Cllize ¥l
For the bound (3.3a) in terms of ||¢|| gz we refer to the bounds given in [27] and the improved bounds from [24].

For full details on the computation of the commutators involved see [23].
However, the critical term in the commutator bound is identified as

141 A7 (¥ A%) Y| 1z,
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for which we will show in detail that it can be bounded in terms of the H2-norm. Using a duality argument in
L? and integration by parts we obtain

AT (W A%9) Pl L2 < CILATH W A%) |2 [l gz < C sup (A7 A%), ¢) 2 ¢ 2

L2=1
= S (A% AT [0 ‘ZHC s (AT AT
=c ‘Wﬁjf:lm%ﬂ(w*m)m Nl
= | (@040 47 @)+ (V0) - (VA @) + 0 ) do - [0l
<C \|¢ﬁff=1 (1A% 22 | AY| 2 AT (D) oo + 1 AY |22 VY| 14 [[VATH ()] 4

1A [|z2 ([l 10llL2) - (¥l

<C s (Wl 10l 147 @) e + 10l 194 14720l
S ) o o 1 N

< C[¢)3e,

concluding the proof. O

3.2. Stability properties of the splitting operators

To reduce the analysis of the global error to the study of the splitting error in a single time step, the following
stability estimates for the splitting operators S and Sy, are required. Since, analogously as in [27], the L? and
H'-bounds depend on the H'-norms of the numerical solution, we first need a stability and convergence result
in H' to show the H'-boundedness of the numerical solution. We list L?- and H'-bounds together and verify
the L2-bounds in hindsight.

Proposition 3.3. The fully discretized splitting operator Sy, defined in (2.26a) enjoys H'-stability and H"-
conditional L?-stability,

[Sh (7, @) — Sn(r,u)|| o < € 7% |[T — ull 2, (3.4a)

1Sk (7, @) — Sn (7w ;pa < €70 [T — ufl (3.4b)
for u,uw € V!, with as, = max{||ul|g,||u| g}, and C depending on h, d, and £2.
Proposition 3.4. The semi-discrete splitting operator S defined in (2.7a) enjoys H'-stability and H'-

conditional L?-stability,

~ 2 i~
IS(r, @) = S(r,u)[z2 < €7 Ja — ul| 2,

1S ) = S w)le < 75 i = ulm,
for w,u € H}, with as = max{||ul| g, |||z}, and C depending on d and (2.

Proof of L?-stability in Proposition 3.3. Our goal is to find an estimate of Sy (7,u) — Sy, (7, u) for two functions
u, u € V.
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e We combine the unitarity of the operators ¢4, and ¢p, —see Propositions C.3, (C.4a) and (C.5a)- with the
linearity of ¢4, and the definition of ¢p, (7,u) = Ep, (7, w)u with the linear operator £p, (7, - ) from (2.25b).
With the abbreviations w, = ¢4, (%’7’) U, Wy, = Pa, (%T) u we obtain

18w (7, %) = Su(r,u)ll L2 = |0, (57) (25, (7 @h) — 5, (T, wn)) || ,»

= [|€p, (T, wr)wp — Ep, (T, wn) wh|| 2

< [|€p, (T, wn)(Wn — wr)| L2 + (€, (T, Wn) wn — Ep,, (T, wh) wal| L2
= ||[wn — wnllp2 + I€s, (7, Wn) wn — B, (T, W) 2

= || —ul g2 + [|€B, (T, Wn) wh — @B, (T, W) || L2-

To estimate the last term we use the mild formulation (A.1),

HSB’L (T’ @h)wh — ¥By (T’ wh)”L2

S/ HgBh(T—O',’th)(Bh(’wh)—Eh(wh)) SB’L(U7wh)whHL2 do
0

~

<r 02u1<) H(éh(@h) — Bi(wn)) €, (0, w) whHL?. (3.6)

e To find an estimate for the right-hand side in (3.6) we denote zp, = Eh(wh), Zp = ﬁh(@h), and consider the
Galerkin equations

(Vzn, Vo) e = —(|wp|?, o) 2 for all vy, € V",
(VZh,Vvh)L2 = —(‘@h|2,1}h)L2 for all v, € Vh.
The difference
(V(Zh — 21), Vo) 2 = —(|0n|? — |wn|?,v) 2 for all v, € Vi

is again a discrete Poisson problem with solution
Zh = zn = Ay ([0 ]* — [wnl?).
With this observation we obtain for (3.6):

T sup I(Br(@n) — Br(wn))|E, (o, wn) wh] | 2
0<o<Tt

=7 sup |4, (J@nl* — |wnl*)|Ep, (0, wn) whl]| 12
0<o<Tt

<7 sup 147, ([wn — wal - [Wh + wa )|, (0, wh) whl|| L2 (3.7)
0<o<T7

Proposition C.8 in the appendix yields
1A, (|@n — wh] - [@n + wi])|Ep, (0, wn) wp || 2
< Cllwn — wnll 2 |wn + will g €8, (0, wh) whll g
Inserting wy, = a4, (%T) uwand Wy, = @a, (%T) u again and using Proposition C.11 yields
HgBh (7, pa, (%T) u) pa, (%7) u—¢p,(T,pa, (%7) u)HL?
<70 ||a, (37) @ =)l loan (57) @+ w)l] €T ffuf
< 7O —ull e ([l + lullge) e Vo |fuf g

< Crak, e Ml T — u| .
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With 1+ z < e® we finally obtain
1Sk (7,70) — Sn (7 u) || 22 < €7 %n[d — ul|z2,

with as, = max{||u|/z1, @] g }. To show the boundedness of the constant as, in H!, we further need the
H' stability result —Proposition 3.3, the H' interpolation error —~Theorem 3.7— and the regularity of the
H*' solution ~Lemma 3.8-. O

Proof of the H'-stability in Proposition 3.3. We start similarly as for the L? case:

We combine the unitarity of the operator ¢, in H' —see Proposition C.3, (C.4b)— with the linearity of
a4, and the definition of ¢p, (1,u) = Ep, (7, u)u with the linear operator &g, (7, -) from (2.25b). With the
abbreviations wy, = @4, (%7) U, Wy, = PA, (%T) u we obtain

15w (7. @) = Sn(rw) a2 = ||, (37) @5, (1. @n) = @, (57) @B, (7. 0m) | 11
= €, (7, wn)wn — Ep), (T, wn) whl
< €a, (7, wn)wn = Ep,, (T, wn) wall g + €, (T, wh) wh — Ep,, (T, wh) wh ||
= HgBh, (T’ {Dh) PA, (%7—) (17 - u) HHl (388‘)
+ €8, (1, wp) wp, — Epg,, (T, wr) Wi g1 - (3.8b)

Now we separately estimate (3.8a) and (3.8b). First, from Proposition C.11 we obtain for (3.8a)

~ ~ T Clla) ||
€5, (m@n) wa, (37) (@ —w)|| g < " i@ — ) .
To obtain a bound for (3.8b), we use the linear variation-of-constant formula as in (A.1) and Proposition C.11,

€8, (7, wWh) wh, — Ep,, (T, wn) wh|| 11

<7 sup |€p, (7= o, @) (Bu(in) = Bu(wn)) Es, (o wn) wil |

<7 sup e NP ||(By (@n) — Bu(wn)) Ep, (0, wn) wp |
0<o<Tt

<7 sup o7 Nl ([(V(By(@n) — Bu(wn))) Ep, (o, wn) wl| 2 (3.9a)
o +1|(Bn(@n) — Br(wn))V(Es, (0, wn) wh)] 12)- (3.9b)

For (3.9a) we use the bound (C.10) from Corollary C.10,

1(V(Br(@n) — Br(wn))) Ep, (0, wn) wp 2 = [|(VA;*
< [(va,!
<c(1

+
<C(1+h

|@n|* — [wnl?)) Ep, (o, wn) wl| L2
[Wh — wh| |wh + whl)) Ep, (0, wh) wh| L2

[wn — w1 [@0n + wnl| a1 [|Es, (0, wh) wh|

\/\_//\/\

=l [+ wll s €™ € ] g
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For (3.9b) we use in addition (C.7), the L* bound from Theorem C.4,

(B (@n) — Bu(wn))V(Ep, (o, wn) wn)|| 2
<14, (j@n — whl [@h +wh)) || L= IV (Ep, (0, wn) wh)]| 2
< (1A (@ — w |@n + wal) — Ay (|@n — wnl [@h + wh)] oo
+ [|AT (|@n — wn] [@n 4+ wn]) ]| 2=) |V (E, (o, wn) wa) | 12
< (CR* 5| A7 (|, — wl [@n + wn)l| 2 + C AT (@n — wi| [@n, + wp]) | 2) - 7 € TOrla [faw, | 1
< O+ W) ||y — wn g B+ wn g e” €Tl |
1@n — wn [l (€7 € 1ol € (1 + BY2) (@l + Nwnll ) wn )

~ T 2 ~
< @ —ul g (7 €1l € (14 RY2) (|7l o+ [fuall o) [fual| ) -

IA

Summarizing, we conclude
1Sn(, @) = Sn(ry )l < 11 = wllm €5 (14 C 7 ad, &),

where as, = max{||u|| g, ||u||g:} and C depends on h, on d, and on §2. The dependence on h for h < 1 is
negligible and will be omitted in the further analysis.
With 1 4+ x < e” we finally obtain

2
1Sk (@) = Sa (7, w)ll 1 < 7 n @ =l 1,
finishing the proof. O

Proof of Proposition 3.4. This is conducted analogously to the proof of Proposition 3.3, substituting ¢4 (%T) U
by w and 4 (%T) u by w, with the Sobolev embedding replaced by Hardy’s inequality (see the proof in [27]),
A7 (@ — wl - |@ + w])pp(r,w)|r2 < C 1@ —wl|2[|@ +wl g [les (T, w)| L2

< Cllii - ullga 1+ ull g Jullz

< C i — ul|z2 a%.
For the proof of H'-stability, which is less involved for S than for Sj, we refer to [27]. O

3.3. Consistency of the fully discretized splitting operator

The aim of this section is to provide an estimate for Sy, (7, Py u) — PpS(7,u) in the H'- and the L%*-norm,
which will be presented in Theorem 3.7. As an essential part of the proof, we first bound the approximation
error of ¢4, as compared to Ppp4 in these norms.

L2- and H'-estimates for (P,pa(7) — ¢a, (7)Pr)u. Propositions 3.5 and 3.6 below specify bounds for
ea(r) := (Prpa(r) — @a, (T)Pr)u € Vi, (3.10)
As before, p denotes the polynomial degree associated with the FEM subspace V".
Proposition 3.5 requires a higher Sobolev regularity of s 4+ 2, but offers an additional dependence on 7, while
Proposition 3.6 requires only a Sobolev regularity of s. Both results can be recast together as

lea(™llzz < Cr (1) hel[ull goraa-s,

T

lea(m)llzn < C'r (l)ﬁh#lHuHst(l—ﬁ),

T

where 3 = max{0,sgn(p + 3 — )} and s = min{p + 1, ¢}. Here, the dependence on (%) indicates a reduced
approximation quality for ¢ < p + 3.
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Proposition 3.5. Let u € H® for £ > 1. Then, ea(7) from (3.10) satisfies

llea(m)|lzz < C7h*|ul

et (3.11)
lea(m)llm < Ch* ™ ull gose, (3.12)
where C' depends on d and {2 and s = min{p + 1,¢ — 2}.
Proposition 3.6. Let u € H' for £ > 1. Then, ea(t) from (3.10) satisfies
lea(m)llzz < C R |ullae, (3.13)
lea()la < Ch*H ulla, (3.14)

where C depends on d and {2 and s = min{p + 1, (}.

The proof is given after the proof of Proposition 3.5.
Proof of Proposition 3.5. We denote
y(t) = pa(t)u, yn(t) = pa,(®)Pru, suchthat ea(t) = Pry(t) — yn(t).
Here, e4(0) = 0, and y(t) and yx(t) are the solutions of
(Ory(t),v)p2 + L1(Vy(t), V)2 =0 for all v € Hy,
(O yn(t),vn) 2 + 51 (Vyn(t), Vup)2 =0 for all v € V.
Setting v = v), = e (t) and subtracting these equations we obtain
(Ou(w(t) — yn (1)), () + 41 (Vy(t) — Vu(t). Vea(t)) 2 = 0.
With y(t) — yn(t) = ea(t) — (Pny(t) — y(t)) this takes the form
(Orea(t),ea(t)z — (@u(Pry(t) — y(1), ea(®))r2 + 51(Vea(t), Vea(t))r: — (VPuy(t) — Vy(t), Vea(t))rz = 0.

Due to the property (2.12a) of the Rayleigh-Ritz projection we have (VP y(t) — Vy(t), Vea(t))r2 = 0. Thus
we obtain

(Brea(t),ea(t))r> + 31(Vea(t), Vea(t)) 2 = (Pn O y(t) — ry(t), ealt)) 2,
and its complex conjugate
(ealt),drea(t))r> — 51 (Vealt),Vea(t)) 2 = (ealt), Prory(t) — O y(t)) 2.
Adding these equations gives
2R(Drea(t),eat)): = 2R (Prdry(t) — Ory(t),ealt)) e (3.15)
For the left-hand side of (3.15) we find

2RO ea(t),ea(t)rz = Oellea(t)72 = 2llea(t)l| 2 Oelleat)ll 2,
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and on the right-hand side of (3.15) we apply the Cauchy—Schwarz and Hélder inequalities,

2R (Ph O y(t) — Ory(t),ea(t) e < 2(|PrOry(t) — dry(t)l, lea(®)]) .
< 2(PnOry(t) — e y(t)l 2 llea(t) 2.

Hence, (3.15) yields the inequality
2[lea(t)l|L2 Ocllea(®)llz> < 2[1Pn 0 y(t) — Ory(t)| L2 lealt)| 2
Dividing by 2 [lea(t)| 12 we obtain
Allea(®)llL> < [|Pn O y(t) — Ory(t)| Lo-
Now we apply the bound for the projection operator from Theorem C.5, yielding
Fllea®llL> < 1Phdy(t) = Qry(t)|l2 < Ch* (|0 y()|lms, s =min{p+1,¢},

where /¢ is the degree of maximal Sobolev regularity of d; y(t). Now we integrate over o from 0 to ¢,

t
llea(®)l[L2 —llea(0)l[L2 < C/ h* 110 y(o) || s do
0

and use the differential equation 0, y(t) = 3 i Ay(t), which yields

t
lea(®)llL2 < [lea(0)]| 2 +C/O h* (| Ay (o) & do

With e4(0) = 0, and taking the supremum over the integrand we finally obtain the L2-estimate (3.11).
The H!-estimate (3.12) now follows directly from the inverse estimate, Theorem C.6. O
Proof of Proposition 3.6. We start as in the proof of Proposition 3.5 and recall (3.15) in the form
Orllea(®)l72 = 2R (P Opy(t) — dey(t), ea(t)) 2.

By integrating over o from 0 to ¢, applying partial integration and using Holder’s inequality we obtain

lea®lI2s — llea(0)] > =2 / R(Phdoy(0) —Doy(0), ea(0)) 12 do < 2R /Q / 8o (Pr y(0) —y(0)) ea(@)do]| dz

<2% [ |[(Pusfo) = (@) ex@)] = [ (Pusto) ~ (o) d,eatede | da
<2 (IPwn®) = 9Ol heallos + [ sup [Puto) =560+ | [ oreato)do| o)

<2 (IPh 90 = sl lea®lzz + s 1P v(@) = 502 feai
<O sup ly(o)|ae - [lea(®)] 2,
0<o<t
for C' depending on d and 2. Since e 4(0) = 0, dividing by |lea ()| 1> results in the L2-estimate of Proposition 3.6.
The H'-estimate now follows directly from the inverse estimate, Theorem C.6. O

The major part of the proof of Theorem 2.2 relies on the following consistency result for the splitting
operator Sy,.
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Theorem 3.7. Letu € H' for £ > 1, and ||u| gs < My for s = min{¢, p+1}. Then, the difference Sy (T, Py u) —
PrS(r,u) is bounded by

IS (7, Pr) — PrS(ru)llze < Cr (14 1) b,
8 = max{0,sgn(p+3 —0)},
1S (7, Phw) — Pr S(ru)llm < Cr (14 1) peL,

where C' depends on ||u|| ger20-p), d and £2.

Proof. We consider the specific errors of the subflows ¢4 and pp and take account of the special structure
of the Strang splitting operator. The difference ¢p, (7, Pru) — Prop(T,u) is recast as a sum of terms with
appropriate asymptotics in terms of 7 and h. In the final step, we use the unitarity of ¢p, and €p,. We
abbreviate wy, = ¢4, (37)Pp u and w = 4 (37)u and obtain

ISk (T, Prw) — Pr S(7,u)|| 12

= [lea, (37) 9. (1, w0n) = Prpa (37) en(mw)| .

)
< [lean (37) m, (1 wn) = pa, (37) @8, (7 Paw)| 12
+ [|ea, (37) ¢, (1, Praw) = a, (57) Prep(t,w)|| .
+ ||ea, (37) Prop(T,w) — Prpa (37) @B(va)HLz
< 1€, (T, wh)wn — Ep, (1, wn)Prw| 2 + ||Ep, (T, wn)Prw — Ep,, (7, Paw) Prw|| 1
+ ||€B, (7, Phw)Prw — Ep(7, w)Prwl| 2 + |Ep (T, w)Prw — Py (Ep(T, w)w) HL2

+ [lea, (37) Pupn(r,w) = Pupa (57) ¢a(m,0)|| .

< [lwn = Prwl| (3.16a)
+ €8, (7, wn)Prw — Ep,, (T, Prwp ) Prw|| 12 (3.16b)
+ |€B,, (T, Prw) Prw — Ep (T, w)Prw|| ;2 (3.16¢)
+||€8(7, w)Phw — Pu(E(T, w)w) || (3.16d)
+ | (ea, (37) Pn— Proa (57) Jep(T,w)|| ;. - (3.16e)

Now, we consider the expressions (3.16) and obtain the following five estimates.
e For (3.16a) we use the Propositions 3.5 and 3.6 and obtain
Jwp, — Ppw|| 2 < CTh* (L ) llwe|| revea—s,
where s = min{l,p+ 1} and 8 = max{0,sgn(p +3 — ¢)}.

e For (3.16b), we use the linear variation-of-constant formula as in (A.1), with arguments u = Prw, u = wp,
and obtain

5B,L (7’7 Phw)Phw - gBh (T, wh)Phw = / gBh (7’ — 0, wh)(éh(Phw) — Eh(wh))gBh (O’, Phw)Phw do.
0
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Hence

€, (7 wn)Phw — Ep, (7, Phw)Prw| 2 <7 sup ||(Ba(wn) — Bu(Paw)) ¢, (0, Phw)|| .2,

0<o<t

since £p, is unitary. We now proceed similarly as in Appendix C. By the same argument as in (3.7) we
obtain

[(Br(wn) — Br(Prw))s, (0, Paw)| 2 = |47 (Jwn|? — [Prw]?) Ep, (0, Prw) Pruwl| 2
< (| A5 (lwn — Prwl Jwp, + Prwl) - Ep, (0, Paw) Prw|| 2.

Via Propositions C.8 and C.11 this can further be bounded by

o C||

2
C'lwp, — Prw|| 2 ||wn + Prwl|| g1 e ullin (1|l g1 -

Now we use Propositions 3.5 and 3.6 applied to the term ||wy, —Ppw||r2 in combination with the conservation
properties of ¢4 and ¢4, (see (C.1a) and (C.4)) and obtain

o C||

2
[wn — Prwl 2 wn, + Prwl g e C1Ml Ju]| g

2
<Cr (%)’H R |Jull go+2a- (| Prullgr + | Paw| ) e Cluller ||| g, (3.17)

where s = min{¢,p+ 1} and § = max{0,sgn(p + 3 — ¢)}.
The projection property (2.12¢) and (3.17) yield

€8, (T, wh)Prw — Ep,, (T, Phw)Prwl| 2
< O 72 (;)ﬁ Be ||| gotac-o (| Proull g + \|7>hw||H1)eTCHuH21 | g2 (3.18)

<7 (1) 0 e O flul gcaa—m [ful 3

For (3.16¢) we use variation of constants as in (A.2),
Ep, (T, Prw)Prw — Ep(T, w)Prw = / Ep, (T — 0, Prw) (Eh(Phw) - E(w))SB(U, w)Prwdo.
0

Hence, with Eh(w) = P B(w),

€5, (T, Phw)Prw — E(T,w)Prwl| 2 < C7 sup ||(Br(Phw) — B(w))Ep (o, w)Prwl| 12

0<o<t
<Cr osup (1(Bn(Phw) — Bu(w))Phw| 12 + ||(Br(w) — B(w))Prw| 2)
=Cr s (I(Bu(Puw) = Bu(w))Puwlze + |Pa(Bw) = Buw)Prw]12).

Now we separately estimate the two contributions on the right-hand side. Analogously as for (3.16b), we
have

|(Br(Prw) — B (w))Prwl| 2 < C | Prw — wl| 2 [ Prw + wl| g | Prwl| 2
< Ch* |Jwla(
< Ch* |w|| g

]zt + | Pawl| ) [|Paw] s

wlf-
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For the second contribution we make use of an estimate based on Theorem C.4 and the Sobolev embeddings
of H' in L* and H**! in wg,
1(P(B(w)) = B(w))Puwl| 2 < [Pa(B(w)) = B(w)| s | Pruwl| s
< Ch*||B(w)l|lw; | Paw]| s
< Ch* | B(w)| gosr [|Prw]
< Ch* | o1 [|Phw] s
<R |wlFm lwllm,  m = s —X3,000(5),

where x is the indicator function. The two values of 7, are related to different bounds for s € {1,2},
luv||gs—1 < Cllullms ||u||ms, while for higher values of s, the bounds are valid with |uv|g: <
C lull - ol

Altogether this yields

€5, (7, Prw)Prw — Ep (1, w)Prwllge < C1h* ([wlFpm [wllm + w] -

wlfF)

with 71 = s — X(3,00] (5)-
e For (3.16d), we apply variation of constants as for (3.16¢) and obtain
I€a (T, w)Prw — Pr(Ep (T, w)w)|| L2
< O |[B(w)Pu(En(r, wyw) - Pu(B
< O (|| B(w)Ph(Ep (T, w)w) — B(
+ | B(w)Ex (1, w)w — Pu(B(w)Ep (7, ww)| 12)
< C7 (IB(w)|| 2 |Pa(En (r, w)w) —
+ | Bw)Ep (7. w)w — Pu(B(w)Ep (7, w)w)|2)
< O (llwlP|lz2 b* |1Ep(r whw] e + b* | B(w)Ep (7, w)wl - )
< O ([l 1€s(r, wwl e + || B(w)Es(r, w)w|a:).

B(w)Ep (T, w)w)| 12
)

w)Ep (T, w)w|| 2

Ep(r, ww| L

Now we consider Hﬁ(w)EB (1, w)w| g+ in more detail for different values of s,

IB(w)Ep(r,wwlgs < |A™ w||a~ [|€a(r, whwla: & = max{s,2}

N2 =8 — X[2,00](8) = X[4,00] (5),

< [lwlfFm, ™"

with Ls from (C.12) and where x is the indicator function. Hence,

uH%ﬂm

||SB(T7 W)Phw —Pr (SB(Tv w)w) ||L2 >

e For (3.16e), we use the results from Propositions 3.5 and 3.6, and obtain

(pa, (57) P = Paoa (37) Jon(r,w)| . < O (£)7 b? S lea(3m)en (T, w)|| reraa-m
ST1ST

<Cr (1)1 swp es(rw)| gesa-s
o< <71

< Cr (3)7 e Pt ful yessas,

where s = min{¢,p+ 1} and § = max{0,sgn(p + 3 — ¢)}.
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e Combining these results, we obtain
2
HSh(Ta Pn u) - PhS(Tv U)HL2 <Cth? ((%)ﬁ HUHH-@+2(1—H) + 7 (%)ﬁ eTc”uHHl HuHHs+2(1—[f) ||u||%11

ull3 + et w]|Fn

HullFp lull g+l s ullare

(1) e Ear20o0) | asens) )

<7 (ull ullon Nl + (2) 6 2209 sz

+eT Lg

2
ullfpes +7 (2)7 &I Jluf s Jull )

uHHe T

where 71 = 8 — X[3,0](5) and 72 = s — X[2,00](5) = X[4,00] (5). Thus, we can find a constant C* for some 7 < ¢,
such that

1Sk (7, Pruw) = PuS(ryu)llze < C* 7 (14 1) he (3.19)
The H! approximation result follows directly from the L? approximation via the inverse estimate, Theorem C.6,
181(7, Pru) = PuS(r,w) | < b || Sn(7, Pru) — PrS(7,u)|l 2,

which concludes the proof. O

3.4. H'-regularity of the fully discretized splitting operator

Lemma 3.8. Suppose that u € H*, t,, < T is fived and that h is sufficiently small compared to ||u||za and T.
Then we can bound the iterative application of the splitting operator Sy from (2.26) in H' in terms of C
depending on t,, and on ||ul| g4,

ma [|S7 Py 8™ s < C.
Proof. We use induction over n for ¢, = nT <T. For n = 1 we apply Proposition 3.3, giving
S Poullzr < €7 Jul
where a1 = ||u|| g1. For n = 2 we use the consistency estimate (3.19), giving
187 Prull = [|Sh Sp Prl|

<N PLS%ullgr + [[(PhS — Sy, Pr)Sullm + ||Sy, (PrSu—S), Pru)l g

<182l + C* T h+eCTE Py Su— S, Proulm

< S ullgr + C* 7 h (1479,

where ay = max{||Sul/g1,||S,, Prul g} and where C* depends in particular on ||S™ u| s, m € {0,1} as it
appears in (3.19). Here we have used the H'-bound of Theorem 3.7 for s = 2, which involves the regularity
requirement u € H*. For sufficiently small h we can control the contribution of 7 (1 + eCT’lg) such that

IS2Ppull g < S ull g +C* < C,
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for a constant C depending on t,, and |u||g+. This follows from the regularity of the splitting solution in H*,

182 ullzrs < ™4 Jlul| s < ™47 |Juf s <

¢
2 9
with Ly from (C.12).

e n—n+1. We assume inductively that a,, = {max , S Py, S*=1=" | 1 satisfies a,, < C and show
me{0,...,n—1

An+1 < 6

In particular, the constant C' depends on T and ||u| 4 such that

po| O

IS™ ul|gs < elatn

U||H4 S

Now we use this inequality to show that ||S;' Pp, u|| g is bounded. In fact,

PuS"u—> (SKF PSS T Fu—SE S, PrS" T )

k=1

1Sk Proufla <

H!

<|PuS™ullg + Y IS PSS Fu— 8 S, Pu S Ful

k=1
n
< ||8™ ull g + ZeCT(k—l)ai H'Phssn—ku ~ S, Pn Sn_ku”Hl
k=1
< HSnu”H1 +ZC*TheCT(k—1)ai < ||SnuHH1 +C*’I’LTheCTnai
k=1
<[ S™ ullm + C* TheC T <||S"ulln +C* < C

for sufficiently small i to control TeCTar,

Obviously, we can apply the same estimate for terms of the form
IS5 P S™ ™ ull g, m=0...n.

Hence ~
apt1 = max ||S7PPrS" " ullg < C. O
me{0,...,n}

This proof was inspired by [15], where an Hermite spectral discretization was considered.

4. IMPLEMENTATION AND NUMERICAL RESULTS

4.1. Implementation aspects

For the efficient implementation of the FEM model introduced in Section 2, we use a method based on [12]
and [26]. To this end we choose (tensor) Gauss-Lobatto nodes of degree p on rectangular elements for the
definition of the nodal basis and for the numerical evaluation of the inner products in (2.16). These nodes allow
exact integration of polynomials up to degree 2p — 1, hence the evaluation of the matrix K, which involves the
gradients Vu(y, ;, is exact. The evaluation of the matrix M involves integrals of the form

/Q V(k,i) (7) Vg 5y () Ao ~ Zwe Vi) (T0) V(i jy (20) = sz 0i¢ 650 = wj 0y,
K YA L
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where w; are the associated quadrature weights. Hence the matrix M is diagonal, and M 'K preserves the
sparsity of K (see Algorithm 1), and likewise for the matrix &.

Analogously, the evaluation of F' simplifies to

F(c)=M-(c.x¢),

where .# denotes component-wise multiplication. For the computation of the numerical solution ,, = S}!(7,0)
for the full FEM discretization, we refer to Algorithm 1.

Algorithm 1. A splitting solution of the Schrédinger—Poisson problem.

1
2
3
4
5:
6
7
8
9

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:

24:
25:
26:
27:
28:
29:

30:
31:
32:
33:

34:
35:
36:
37:
38:

while ¢t < T do
wtmp = 1/’7 (Tv 1/)» «, ﬂ)
err := error estimator(Ytmp, 7, ¥)
if err < tol then
Y= Yimp, L =L+ T
else
Choose smaller 7 to reduce err
end if
end while
end procedure

procedure wT(TawinPaaaB)
Yy 1= Pinp
fork=1...ns do
e = ¥Bp (ﬁ(k) ° T, @Ah,(a(k) © T, w‘F))
end for
end procedure

procedure ¢4, (T, Yinp)
A=—-itM " K
YA, = GTA . ’¢inp
end procedure

procedure ¢, (T, Pinp)
di=—-K ' F. W’inp‘z
Bi=-iM"' ®.d
0B, =€ Pinp

end procedure

: procedure SCHRODINGER—POISSON(M, K, o)
: 1o . .. interpolated initial function
procedure CALCULATE MATRICES(v;) > v; ...Galerkin basis functions
for k=1...ng do > neg ... number of integration nodes per element
K= Kij +wi - Vui(zg) - Voj(zg) - det(Tx) > Ty ... Jacobian of translation to z
M; j:= M; j + wy - vi(zr) - vj(xr) - det(Ty) > wg . .. integration weights
Preliminary calculation of &(-), F(+)
D; 5= D; 5 + wi - v (xk) - vi(zk) - vj(xk) - det(Tk) > Um Ui = V7 using U (X8 )0i (Tk) = Om,i0m,k
Fi = Fi +wi - vi(zr)? - vi(zr) - det(Ty)
end for
end procedure
t:=r1 > 7 ...initial time stepsize
P = 1o

> a, (3...splitting coefficients
> any suitable error estimator

> ns ... number of splitting stages

> A...temporary matrix
> matrix exponential calculated via an effective solver (expokit)

> d... solution of Poisson problem
> B... diagonal matrix
> exponential calculated via pointwise multiplication
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FIGURE 1. Wave function at ¢t = 0.1. Left: absolute value |¢|. Right: real part .
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The obtained systems of differential equations for ¢ 4, can be solved efficiently via fast exponential solvers (for
instance the function expv from the package expokit, see [36], which is based on an adaptive Krylov integrator,
see [32]), and since K is a symmetric positive definite band matrix, the Poisson problem can be solved efficiently
by common solvers for sparse systems of linear equations.

In Algorithm 1 we have indicated a time-adaptive version based on an appropriate local error estimator. For
this purpose, one may e.g. adopt the approach from [4]. For adaptivity in space, an appropriate a posteriori
error estimator is required, but this is not in the scope of this presentation.

4.2. Numerical example

We illustrate the performance of time-splitting for a two-dimensional test example. The problem data are
chosen as follows:

e 2=10, 5]2

o Yo(z,y) = 10e 10(==25"+(u=25") (Gaussian initial state)

e Integration from ¢ = 0 to t = 0.1. In Figure 1 we display the wave function at time ¢ = 0.1 using a
100 x 100 mesh and polynomial basis functions of degree 2, obtained wvia a fourth order splitting method
with time stepsize 7 = 0.0005.

Global time-splitting error. For the finite element discretization we choose 25 x 25 uniform rectangular
elements of degree p = 2 with Gauss—Lobatto nodes. We apply time-splitting methods of orders ¢ = 1 to 4,
namely Lie-Trotter splitting (¢ = 1), Strang splitting (¢ = 2), a scheme of order ¢ = 3 with rational coefficients
by Ruth ([5], 3rd order scheme from the pair Emb 3/2 RA), and an optimized scheme of order ¢ = 4 by Blanes
and Moan ([5], 4th order scheme from the pair Emb 4/3 BM PRK/A); see the collection [5] for tables of coefficients
and further references.

In Figure 2 we display the L?-norm of the global error at t,, = 0.1 for different choices of the time stepsize 7
together with the observed orders ¢,

”w(tn) - wn”L? ~ C’Tq.

A reference solution was obtained using a high order splitting scheme with a significantly refined time stepsize.
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FIGURE 2. Global time-splitting error. Left: global time-splitting error in L? at ¢t = 0.1 in
dependence of the time stepsize 7 for splitting methods orders ¢ = 1 to 4. Right: observed

order q.
7t D > > 1
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6h ,
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8l —¥-linear elements | i % linear elements ]
10 —7-quadratic elements V quadratic elements
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FIGURE 3. Spatial approximation order. Left: FEM approximation error in L? at t = 0.1 in
dependence of the meshsize h for polynomial degree p € {1,2,4,6}. Right: observed order p+ 1.

FEM approximation error. In Figure 3 we document the behavior of the spatial discretization error using
the Strang splitting method for a fixed time stepsize 7 = 0.002 in dependence of the FEM-mesh for different
values of the polynomial degree p, varying the mesh parameter h from 1 to 27¢ and determining the respective
observed order p of the spatial error via extrapolation for h — 0,

”w(tn) - wn”L? ~ Chﬁ+1.
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APPENDIX A. SOLUTION REPRESENTATION BY VARIATION-OF-CONSTANT FORMULAS

Since in our context nonlinear operators B and By, arise, we will resort to the following variants of the
variation-of-constant formula. We recall that B and B are defined in (2.2a) and define subflows ¢p and &p in
the subproblem (2.4a) and (2.5). In the spatially discrete case, the operators Bj, and By, are defined in (2.23)

and define the subproblems (2.15a) and (2.24) for the evolutionary operators ¢p, and &g, .

(i) Same operators Bj, but with different argument.
To rewrite the difference

g, (T,u) — Ep, (T,0)u = Ep, (T,u)u— Ep, (T, 0)u,

we use the fact that for all ¢, € V",

(’U/(’T), ¢h)L2 = (Eh(u) U(T)a ¢h)L2’ (U)/(T), ¢h)L2 = (ﬁh(ﬂ) ’U}(T), ¢h)L2’ 'U(O) = ’U}(O),

which defines a new differential equation,

((U - w)/(T)7 ¢h)L2 = (B\h(a) ('U - ’U)) (T) + (ﬁh(u) - B\h(a))U(T), ¢h)L2a
((U - ’U})(O), ¢h)L2 = 0.

By the variation-of-constant formula we obtain the mild formulation
(v—w)(T)u= / Ep, (T —o,u) (Eh(u) - Eh(ﬂ)) Ep, (o,u)udo.
0

(ii) Different operators B, By,.

To rewrite the difference

Ep(m,w)u — g, (T,u) = Ep(T,0)u — Ep, (T, u)u,
———

we use the fact that V* C V, such that for all ¢, € V",

('U/(T)agbh)m = (E(ﬂ) U(T),¢h)L2, (w/(’r)a@bh)m = (Eh(u) w(T)aQbh)L'za 'U(O) = ’U}(O)

Again we obtain a differential equation,

(0 = w) (1), ) 2 = (Br(u) (v — w)(r) + (B(@) — Bu(w))v(7), é1) .,
(('U - U))(O), ¢h)L2 =0

such that the variation-of-constant formula yields
(v—w)(r)u= / Ep, (T —o,u) (E(ﬂ) - éh(u)) Ep(o,u)udo.
0

APPENDIX B. USEFUL INEQUALITIES

(A.2)

In our theoretical estimates, we recurrently resort to estimates of Sobolev type. For convenience of the reader,
we briefly recapitulate these technical tools here. We start by repeating some elementary notions from functional

analysis (see for example [9,16,29]). The underlying space is L? equipped with the inner product (-,-)z,

(v,w)p2 = /Qv(ac)w(ac) dz, v,w € L?
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and the norm || - |72, where {2 is a bounded domain with smooth boundary (for the Sobolev embeddings cited
below, it is necessary that {2 satisfies the cone condition).

The set of all functions in L? having weak derivatives up to order < k is denoted as the Sobolev space H*. It
is equipped with the norm

e}

1/2
[l e == <Z|3“u|%z> ;

where the sum is over all derivatives up to order k.
Furthermore, we will denote by | - ||L~ the supremum norm on the space of functions bounded almost
everywhere.

In our analysis, we will make use of the following results (see for instance [9]). Our formulations are specific
to RY, d € {2,3}:

Theorem B.1. Let k,m € N such that k —m > 3/2. Then for u € H* there is a C™ function in the L?
equivalence class of u and

lullem ==Y 10%ullpee < Cllul| g,
where the sum is over all derivatives of order up to m.
This implies the following inequalities (see for instance [1,9,18,29]):

Corollary B.2. For u,v € H?, the following inequalities hold:

[uv]|L2 < Jlullz2[[vllze < Cllullz2[lv]la2,

luvl[gr < Cllullg vl 2,

luvl| g2 < Cllullg2[|v] a2,

[uvl[L2 < Cllullzsllollzs < Cllulla (vl

lwvwl|z2 < CllullpsllvllLsllwlize < Cllullm vl {lwll e

APPENDIX C. AUXILIARY RESULTS

This section contains a collection of useful theorems and bounds which are used in the convergence theory
in Section 3.

C.1. Conservation and stability properties of the subflows

Proposition C.1.

(i) The evolution operator ¢a(t) is unitary with respect to || - ||z and || - ||g1, for t >0 and u € HE,
loa(t)ullL2 = [Jull L2, (C.la)
loa(t) ullgr = llullm. (C.1b)

(i) The evolution operator pp(t, ) is unitary with respect to || - ||p2 for t >0 and u € HE,
les(t)ullLz = flull 2. (C.2)

Proof.

(i) We proceed from the weak formulation (2.9a),

{ (O, )2 = —i (@0, )2 for all ¢ € HY,

w’t:O =4,
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set ¢ = 'l/) = @A(tvu)a
(5157/17 w)LQ = - % i (Vﬂ% vw)L%

and obtain

Qe YlI72 = Ou (o, )12 = 2ROy, ¥) 12 = R(=1 (VY), Vi) 12) = 0,
which implies (C.1a). Furthermore, setting ¢ = 0yt = ¢ pa(t,u) in (C.3),
Haﬂﬁum = (5t7/173t¢)L2 = - %i(vd),vaﬂ/f)m,

we obtain

Y3 = 0u(Vip, Vp) 12 = 2R(Veh, VOu)) 12 = 2 R(21 |00 [|32) = O,

which together with (C.1a) implies (C.1b).
(ii) For the flow defined by (2.5), 0yp = B(w), 1/)|t=0 = u, and ¢ = Ep(t, w) u we have

A|Wl|22 = 2R (¥, B(w) ¥) 2 = 2R (|9, B(w)) 2 = 0,

which, in particular, implies (C.2). O
Remark C.2. More generally, the H*-norms for £ > 1 are conserved under the flow ¢4 (t). To see this, we
consider the strong formulation (2.3a), 9pp = A, ¥(0) = u, with w € H**2 N H} and wish to show that
10k 12 = ||Okul| 12 for any partial derivative 0,.. We compute

(05, 0y ) 12 = 2R(O; 00, O 2 = 2R (31(;7°9, 950) 1) = R( — 1|07 ] 72) = 0.

Via a density argument, the result also holds for all 1 € H* N H}.

C.2. Conservation and stability properties of the discrete subflows

For our convergence analysis we will make use of the following facts.

Proposition C.3.

(i) The evolution operator @a, (t) is unitary with respect to || - |2 and || - ||g1, for t > 0 and up € V*,
[, () unll L2 = [[unl| L2, (C.4a)
lea, () unllm = [lunl - (C.4b)

(i) The evolution operator Ep, (t, -) is unitary with respect to || - |12 i.e., for t >0 and up, wy, € V",

€8, (t, wn)unllL2 = |lun|| 2. (C.5a)

For wy, = uy, this implies ||¢p, (t,up)||r2 = ||unl|r2. Furthermore, Ep, (t, -) satisfies the differential in-
equality

| Ep, (t, wn)un|m < €, (t, wn)un VO L2, (C.5b)

where O, = Ay (Jwp|?).
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Proof.

(i) For uy, € V" and vy, = pa, (t) up € V" we have 9y, = %iAhwh. Hence by the definition of the discrete
Laplacian (2.21a),

Oellvnll72 = 0u(Wn,n)r2 = 2 R(Optn, ¥n) 2 = R Apthn, tn) 2 = —R(E Vn, Vibr) 2 = 0,

which implies (C.4a). Furthermore,

Ol vnlin = 0:(Vbn, Vibr) 2 = 2R(V Opthn, Vbn) 12 = —2 R(Oethn, Aptbn) 2
= —2R(0sbn, — 210un) 2 = =4 3(0pn, Opibn) 2 = 0,

which implies (C.4b).
(ii) For up, wy, € V* and vy, = Ep, (t,wn) up, we have 0yby, = —iOpiby, with @, = A;l(\wh|2), hence

O |nll32 = 0 (n, ¥n) 2 = 2R(Dbn, ¥n) 2 = 2S(On n, )12 = 0,

since Oy, is real. This implies (C.5a).
On the other hand, £p, does not conserve the H'-norm. To derive a bound we compute

Ol vnlin = 0u(Vibn, Vbn) 2 = 2R(V tbn, Vibn) 12 = 2R(— 1 (V(Ontn), Vb ) 12)
=2 S(@hvwh, V’(/Jh)L'z + 2 %(th@h, th)L'z =0+2 %(wh Vo, V¢h)L2,

and estimate
20l Ocltn i = Oclvnl i < 2|(VnVOR, Vn) 2| < 2YnV ORI L2 |thn| -

This implies (C.5b),
Ot|Yn|m < ||[YnVOy|lr2  for oy = Ep, (t,wn) un,

concluding the proof. O
C.3. Interpolation bounds and inverse estimates
In our convergence analysis we will refer to the following standard interpolation and inverse estimates.
Theorem C.4. Suppose 1 < p < oo and m —d/p > 0. Then, for 0 < s <m andu € W,",
v —Znullws < Ch™ |ulwm, (C.6)

where C' depends on m and d.
Furthermore,
[ = Tn uf| o < CH™ =P |ufyym, (C.7)

where C' depends on m and d.

This follows from our assumptions and Theorem 4.4.20 from [9].

Theorem C.5. Suppose that the boundary of 2 is such that (2.13) holds. Then,
lu — Pru|lpz < Ch™|u|gm.
The proof relies on a duality argument and can be found in ([9], Theorem 5.4.8).
Theorem C.6 (Inverse estimate). Suppose that 0 < h < 1. Then there exists C' such that
Junlls < € B flunl o2
for all uj, € V.

This follows from the remark of Theorem 4.5.11 from [9].
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C.4. Bounds involving A;l
At first we note the H'-regularity property (see (2.22)),
[unller = 145" fllas = 1P A7 flls < CIAT e < C N1 (C.8)
The following estimate will be useful:
Proposition C.7. For f € L? and g € H',
1f gllz- < Clflle2 lgllar (C.9)
where C' depends on d and on (2.

Proof. We apply Cauchy-Schwarz and Hélder inequalities and the Sobolev embedding of H! in L*,

If9la-—= sup |(fg,v)e2[ < sup |[fllzzllgoliee < sup [ fllz llgllzs vllzs < ClFllz Mlglla

vl 71 =1 llvll 71 =1 vl =1
completing the proof. O
Proposition C.8. Fora € L? and b,c € H{,
145  (@b) ellz2 < C llall 2 [Ibllzr el e,
where C depends on d and on {2.
Proof. We use Holder’s inequality, the Sobolev embedding of H! in L*, the estimate (C.8), and Proposition C.7:
147 @by ellzs < 147 @bl llellza < C AT @bl el
< Cllabllg-llellar < Cllalle2 [1bllar el ar,
completing the proof. O
Proposition C.9. For a,b,c € H},
(VAL (a,0) ¢llrz < Cllallzs [1Bl] s |l + C B llall e [[b]] e [le]
with a constant C' depending on d and (2.
Proof. We use Holder’s inequality, apply Theorem C.4, and use the Sobolev embedding of H! in LS,
1V @) ellze < IV A7 (@)oo lellzs
< IV =A™ (ab)|lre llel e + VAT (@b) s flell o
< ChlATHab)|ws llellize + 1A (@b)wy llell e
< Chllablps llellze + llablly-r llel Lo
< Chlallzs 1blle llell sz + Cllablly - llell
< Chllallze [|bllze llellm + Cllallza 10l 2 lefl 1
where the last inequality follows from a duality argument and the Holder inequality,
lablly+ <llallzs [[bllLs- O
Corollary C.10. For a,b,c € H},
(VA (ab)) ellz2 < C (L +h)allar 1]l [le] - (C.10)
Proof. This follows from Proposition C.9 and the Sobolev embeddings of H' in L? and LS. O
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C.5. Conditional H!-stability of the evolution operator g, (t, )
Proposition C.11. For ¢,¢ € V", the evolution operator Eg, (t, -) defined in (2.25b) satisfies

1€, (8,8 Ellm < o NNt €] g, (C.11)
with a constant C depending on d and (2.
Proof. Let vy, = Ep, (t,¢) & and O, = A, ' (|6]?) = A, ' (¢ - 6). According to (C.5b),

Oc|¥nllar = Ocltnlmr < [|on VOR| L2
From Corollary C.10 we obtain

O [[¥nllar = l1vn VO L2 < C A+ h)|[ollar |4l ar [[¢nl
which entails (C.11) for h < 1. O

C.6. H™-regularity of the semi-discrete splitting solution

Here we show that an H™-bound for the semi-discrete splitting solution 8™y defined in (2.7) depends
linearly on the H™-norm of the initial value 1y times an exponential function depending on lower order Sobolev
norms. Hence for bounded times nT < T, the H™-norm of the semi-discrete splitting solution will not behave
worse than the H™-norm of the initial value.

Proposition C.12. Let m € N. If o9 € H™ and
IS™ Yollgr < My for all n with nt <T,
then
IS™ Yol grm < L™ "7 ol for nr < T, m>2, (C.12)
where Ly, depends on My and on ||| gi for all j < m. The specific dependence is indicated in the proof.

Proof. Since p 4 conserves the H™-norm, we only consider the properties of the splitting operator ¢p, which is
the solution of (see Sect. 2)

Orp = —1 A7 ([u?) ¥,
{ ol —u. (C.13)

The basic idea is to bound the right-hand side of (C.13) in the corresponding H"™-norm, using the following
estimates. By the Holder inequality and the Sobolev embeddings of H? in L> and H' in L*, we have

m
luvllam <C 3l ol s, m>2.
j=2
We further use the bound
1A= (Jul) e < CllJuf?|rz < Cllullfn,
1A ()l < C a2 < C flulld, 1= max{2,m —2}, form >3,

and obtain
[A (|ul?) vl g2 < Cllull vl (C.14a)
m—2
1A= (ul?) ollm < C Y Nullzpms 0lls + C llullFz ol gm-r + CllullF ol am  for m > 3. (C.14b)
j=2

For the proof of (C.12), we first proceed along the lines of the arguments from [27], where the result was shown
for m = 2 and then extend the result for m € {3,4,5}. For higher values of m the proof works analogously but
becomes technically more and more involved.
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e m =2 From (C.13) we obtain an integral inequality in the H2-norm using the bound (C.14a),

lo )z < lullae + / C M2 (o) g2 dor

where ||u|| g1 < M.
By a Gronwall argument it follows that

2
()= < ™M Jull e,
and thus ||S |2 < €™ €M7 |[4hg|| 2. Iterative application yields

2
IS™ ol 2 < ™7 S M ||apo]|

and the constant Lo reads Loy = C’M12.
e m =3 Again, we bound the right-hand side of (C.13). By (C.14b), we obtain for m = 3,

1A () ¥ (D)o < Cllull o (D)llas + C llullfelle ()] a2

Hence,

[ zs < llullgs +/0 (Cllullin [¥(o)ll s + Cllullzllv (o)l =) do,

and by a Gronwall argument it follows that

2
ot < e (s 7 sup € fulfallo(@)le )

(C.15)

Setting 1) = S" 1)y, u = S" 1 4y, and inserting the bound (C.15) for the H?-norms, we conclude that

2 2 2 2
IS ol s < ™ M8 ol s + 7 C T M ROTITEME g | Fa T CHM [y | 2

<™ OME | SPafy|l gs + 7 C 3T OME 13
n—1

<M ol s + 37 €M ol
=0

2 2
" ML 1o || s + 7 C 3T ML |y 132 [0 | s

. 2
e&n‘rC'Ml (1 + TLTC H'IZJO”%{2) H'IZJOHH?’
o3 O M gnr ol |

VAN VAN

IN

|| 15
e C BMI+IYal32) ||| .

IN

e m =4 From (C.14b) and (C.13) we obtain

1) e < Nl g4 +/0 (CllullZ ¥ (@)las + C llullf: [$(0)ll a2 + C lullz: (o) 12) do,

hence

[l < O (llullgs +7C ule sup (@) lmo + [9(@)]1a2) )
0<o<
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Setting 1 = S ¥ and u = 8”4y and following the argument for m = 3, we conclude that

2
IS™ woll s < €™ “HM[S™ g |4

2 2 2 2
+7Ce2nTCM] ||¢0qu2 (enTC’(SMlHWoHHz) llbol| g 4+ T CM; HwOHHQ)

< " OMY S L g a7 C T C OMIFIVOIT) |1y 12, |[4po| o
< & OME [yl gra + 7 O &7 OMIFIVollir2) |1y 12, ||| g4

< on C (5 M7 +|voll3;2) (1 +nrC ||1/10H§12)||1/10HH4

< T CBMIF2IYol52) (|| ra.

e m =5 In a similar way as before we obtain

(1]
2]

[P(D)las < llullgs +C /O lullZllw (o) lzrs + lullZe (@) e + (@) ) + lullFs [4(0)]| 72 do

and thus

2 2 2 2
1™ ol s < ™ M8 4ol s + 7 C T MY g | Fa (T MR IOM2) g | s

+ enTC(SMfJFHwDHiﬂ) H’l/}O”HS) + ,7_Cfe?n‘rC(SMerHwDHiIz)H,l/}O”%IS enTC'Mf ||1/)0HH2

2 2 2
< e OM S ajyg||gps + 7 C e O TMIF2I0l2) |l | o (|| gz |l
< onT C (T MP+2||%o13;2) (1 +nrC H7/10||§13) I[o]| s
< e O ME+2 1ol G2 Hl1vollZs) ||opg [ 7. 0
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