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ANALYSIS OF A DYNAMIC VISCOELASTIC-VISCOPLASTIC PIEZOELECTRIC
CONTACT PROBLEM

MARcO CaMPO!, JOsE R. FERNANDEZ?, ANGEL D. RODRIGUEZ-AROS?
AND JOSE M. RODRIGUEZ?

Abstract. In this paper, we study, from both variational and numerical points of view, a dynamic
contact problem between a viscoelastic-viscoplastic piezoelectric body and a deformable obstacle. The
contact is modelled using the classical normal compliance contact condition. The variational formula-
tion is written as a nonlinear ordinary differential equation for the stress field, a nonlinear hyperbolic
variational equation for the displacement field and a linear variational equation for the electric po-
tential field. An existence and uniqueness result is proved using Gronwall’s lemma, adequate auxiliary
problems and fixed-point arguments. Then, fully discrete approximations are introduced using an Euler
scheme and the finite element method, for which some a priori error estimates are derived, leading to
the linear convergence of the algorithm under suitable additional regularity conditions. Finally, some
two-dimensional numerical simulations are presented to show the accuracy of the algorithm and the
behaviour of the solution.
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1. INTRODUCTION

Dynamic contact problems for viscoelastic materials have been studied in numerous publications. For instance,
we could refer the papers [12,18-20,31,32,35-37,40,41] where these problems were considered assuming different
friction laws and types of contact (deformable and rigid obstacles or bilateral contact, Coulomb’s friction law,
slip dependent friction, etc.). Moreover, the numerical approximation of these problems were also done, including
effects as the adhesion, the piezoelectricity or the damage (see, e.g., [1,2,7,8,13,14, 21,22, 26]).

These viscoelastic materials have been utilized in many engineering applications since they can be customized
to meet a desired performance while maintain low cost. An important issue concerning such materials is that
they may exhibit time-dependent and inelastic deformations. The viscoelastic strain component consists of
a recoverable-reversible part (elastic strain) and a recoverable-dissipative deformation part (inelastic strain).
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numerical simulations.
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When an inelastic strain is assumed to depend only on the magnitude of the stress or strain, the term plastic
strain is used. When the plastic deformation also changes with time, like in the viscous component of the
viscoelastic part, the term viscoplastic strain is used. Therefore, a combined viscoelastic-viscoplastic constitutive
relationships should be considered. Recently, new models coupling both viscoplastic and viscoelastic effects have
been proposed (see, for instance, [3,10,15,16,27,29,33,39,42]).

Piezoelectricity is the ability of certain cristals, like the quartz (also ceramics (BaTiO3, KNbO3, LiNbO3,
PZT-5A, etc.) and even the human mandible or the human bone), to produce a voltage when they are subjected
to mechanical stress. This effect is characterized by the coupling between the mechanical and the electrical prop-
erties of the material. We note that this kind of materials appears usually in the industry as switches in radiotron-
ics, electroacoustics or measuring equipments. Since the first studies by Toupin [47,48] and Mindlin [43,44] a
large number of papers have been published dealing with related models (see, for instance, [11,30,45] and the
references cited therein). During the last ten years, numerous contact problems involving this piezoelectric effect
have been studied from the variational and numerical points of view (see, i.e., [4,6,7,37,38,41]).

In this paper, the contact is assumed to be with a deformable obstacle and so, the classical normal compli-
ance contact condition is used ([34,40]). Moreover, a viscoelastic-viscoplastic material is considered including,
for the sake of generality in the modelling, piezoelectric effects. Both variational and numerical analyses are
then performed, providing the existence of a unique weak solution to the continuous problem and an a priori
error analysis for the fully discrete approximations. Finally, some numerical simulations are presented in two-
dimensional examples to demonstrate the accuracy of the approximation and the behaviour of the solution.

The outline of this paper is as follows. In Section 2, we describe the mathematical problem and derive
its variational formulation. An existence and uniqueness result is proved in Section 3. Then, fully discrete
approximations are introduced in Section 4 by using the finite element method for the spatial approximation
and an Euler scheme for the discretization of the time derivatives. An error estimate result is proved from
which the linear convergence is deduced under suitable regularity assumptions. Finally, in Section 5 some two-
dimensional numerical examples are shown to demonstrate the accuracy of the algorithm and the behaviour of
the solution.

2. MECHANICAL PROBLEM AND ITS VARIATIONAL FORMULATION

W

Denote by S, d = 1,2, 3, the space of second order symmetric tensors on R? and by
product and the Euclidean norms on R? and S%.

and || - || the inner

Let 2 C R? denote a domain occupied by a viscoelastic-viscoplastic piezoelectric body with a Lipschitz
boundary I' = 92 decomposed into three measurable parts I'p, I'r, ['c, on one hand, and on two measurable
parts I'y and I'p, on the other hand, such that meas (I'p) > 0, meas (I'4) > 0, and I'c C I'p. Let [0,T],
T > 0, be the time interval of interest. The body is being acted upon by a volume force with density f, it is
clamped on I'p and surface tractions with density f act on I'r. Moreover, an electrical potential is prescribed
on I’y and electric charges are applied on I'p. Finally, we assume that the body may come in contact with a
deformable obstacle on the boundary part I, which is located, in its reference configuration, at a distance s,
measured along the outward unit normal vector v = (1;)L ;.

Let € 2 and t € [0, T] be the spatial and time variables, respectively. In order to simplify the writing, some
times we do not indicate the dependence of various functions and unknowns on x and t. Moreover, a dot above
a variable represents its first derivative with respect to the time variable and two dots indicate derivative of the
second order.

Let u = (u;))l, €RY, p € R, o = (Uij);{jzl € S? and e(u) = (eij(u));{j:l € S? denote the displacements,

the electric potential, the stress tensor and the linearized strain tensor, respectively. We recall that

1 8’&1 8uj .o
€ij(u)—§ (8@3 + 81@)’ i,7=1,...,d.
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The body is assumed to be made of a viscoelastic-viscoplastic piezoelectric material and it satisfies the following
constitutive law (see, for instance, [23,30]),

o(x,t) = Ae(i(x,t)) + Be(u(x,t)) + /o Glo(x,s),e(u(x,s)))ds — E'E(p(x,t)), (2.1)

where A = (aijr) and B = (b; 1) are the fourth-order viscous and elastic tensors, respectively, G is a viscoplastic
function whose properties will be detailed later, E(p) = (E;(¢))%, represents the electric field defined by

axi ’

Ez((p): izl,...,d,

and & = (e;‘jk)ﬁjvkzl denotes the transpose of the third-order piezoelectric tensor £ = (eijk);'i,j,kzl’ We recall
that

ek = erij, forall 4,5, k=1,....d
Following [11] the following constitutive law is satisfied for the electric potential,
D = Ee(u) + BE(y),

where D = (D;)%_; is the electric displacement field and 3 = (ﬁij)f{jzl is the electric permittivity tensor.

We turn now to describe the boundary conditions.

On the boundary part I'p we assume that the body is clamped and thus the displacement field vanishes there
(and so u = 0 on I'p x (0,T)). Moreover, since the density of traction forces f is applied on the boundary
part I'r, it follows that ov = fp on I'p x (0,T).

The contact is assumed with a deformable obstacle and so, the well-known normal compliance contact con-
dition is employed for its modelling (see [34,40]); that is, the normal stress 0, = ov - v on I¢ is given by

—0y = p(uV - 5)7

where u,, = u - v denotes the normal displacement, in such a way that, when wu, > s, the difference u, — s
represents the interpenetration of the body’s asperities into those of the obstacle. The normal compliance
function p is prescribed and it satisfies p(r) = 0 for r < 0, since then there is no contact. As an example, one
may consider

p(r) =cpry,

where ¢, > 0 represents a deformability constant (that is, it denotes the stiffness of the obstacle), and r; =
max {0, 7}. Formally, the classical Signorini nonpenetration conditions are obtained in the limit ¢, — co. We
also assume that the contact is frictionless, i.e. the tangential component of the stress field, denoted by o, =
ov — o,v, vanishes on the contact surface.

Let {2 be subject to a prescribed electric potential on I'4 and to a density of surface electric charges gp
on ['p, that is,

p=pa on I'a1x(0,T), D-v=qr on Ipx(0T).

For the sake of simplicity, we assume that no electric potential is imposed on the boundary I'y (i.e. pa = 0),
and that gr = 0 on [¢; that is, the foundation is supposed to be insulator. We note that it is straightforward
to extend the results presented below to more general situations by decomposing I in a different way and by
introducing some modifications in the analyses shown in the following sections.

The mechanical problem of the dynamic deformation of a viscoelastic-viscoplastic piezoelectric body in contact
with a deformable obstacle is then written as follows.
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Problem P. Find a displacement field u : 2 x[0,T] — R%, a stress field o : 2 % [0,T] — S?, an electric
potential field ¢ : 2 x (0,T) — R and an electric displacement field D : §2 x (0,T) — R? such that,

o(x,t) = Ae(i(x, t)) + Be(u(x,t)) + /Ot Glo(x,s),e(u(x,s)))ds

—E&E(p(x,t)) forae xze2,te(0,T), (2.2)
D=~Ee(u)+FE(p) in 2x(0,T), (2.3)
pi—Dive =f, in 2x(0,7), (2.4)
divD =qo in 2x(0,T), (2.5)
u=0 on Ipx(0,T), (2.6)
ov=yfp on Ipx(0,T), (2.7)
o.=0, —o,=pu,—s) on Icx(0,T), (2.8)
=0 on Iyx(0,7T), (2.9)
D-v=qr on Ipx(0,T), (2.10)
u(0) = ug, u(0)=wv9 in I (2.11)

Here, p > 0 is the density of the material (which is assumed constant for simplicity), and wo and vg represent
initial conditions for the displacement and velocity fields, respectively. f is the density of the body forces acting
in {2 and ¢ is the volume density of free electric charges. Moreover, Div and div represent the divergence
operators for tensor and vector-valued functions, respectively.

In order to obtain the variational formulation of Problem P, let us denote by H = [L?(£2)]? and define the
variational spaces V, W and @ as follows,

V=A{we [H')";w=0 on Ip},
W={pecH (2);%=0 on Ia},
Q= {r=(my){,=1 € [LPQ) 5 7y =75, 1,5 =1,...,d}.

Remark 2.1. We could assume p to be more general. To do that we should follow a standard procedure (see
for example [46], p. 105). If we assume

p e LX), p(x) > p* >0ae xc (2 (2.12)

where p* is a constant, we shall use a modified inner product in H, given by
((u,v) g :/ pu-vdxr Vu,ve H.
Q
Let ||| - |||z denote the associated norm, i.e.,

1
ulllZ = (w,u)} Vu e H.
By (2.12), the norm ||| - |||z is equivalent to the usual L*-norm.

We will make the following assumptions on the problem data.
The viscosity tensor A(x) = (aijki (x))ij,k,lzl :17€8S% — A(z) (1) € ST satisfies:

(a) ikl = Qklij = Qjikl for i,5,k,l=1,...,d.
(b) aiji € L>(82) for 4,5,k 1=1,...,d (2.13)
(c) There exists m 4 > 0 such that A(z)T -7 >ma|7||? V7T €S ae xc .
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: _ d . d d caticfios:
The elastic tensor B(x) = (bijri(x)){ ;1 1=1 : T €S — B(x)(T) € S satisfies:

(a) bijkl = bklij = bjikl for i,j, k,l = 1, e ,d.
(b) biju € L®(2) for i,4.kl=1,....d.
(c) There exists mg > 0 such that B(x)T -7 > mp||7]|> V7 €S% ae xc .

The piezoelectric tensor £(x) = (eijk(x))g]‘,kzl :1 €S — E(x) (1) € R? satisfies:

(a) ek = ey for 4,j,k=1,...,d.
(b) eijkeLo"(Q) for 4,5,k=1,...,d.

The permittivity tensor S(z) = (8;;(z))f,;—, : w € R? — f(x)(w) € R? verifies:

(a) Bij = B for 4,5=1,...,d.

(b) Bij € L®(2) for i,j=1,...,d.

¢) There exists mg > 0 such that S(z)w - w > mg |w||? Vw € R, ae. x € 2.
© ; )

The normal compliance function p : I'c x R — RT satisfies:

(a) There exists L, > 0 such that

Ip(x, 1) —p(x,72)| < Lp|ry —ra] Viri,re €R, ae. x € Ic.
(b) The mapping « — p(x,r) is Lebesgue measurable on I'c,

vr e R.
(c¢) (p(x,m1) —p(x,12)) - (r1 —712) >0 Vri,r2 €R, ae. ¢ € [.
(d) The mapping  — p(x,r) =0 for all » <0.

The viscoplastic function G : 2 x S? x S¢ — G(x)(T,€) € S? satisfies:

(a) There exists Lg > 0 such that
|g (3370'1761) - g (%,0'2762” < Lg (|€1 - 62‘ + ‘0'1 - U2|)
for all €1,€2,0’1,0’2€Sd, a.e. x € 2.

(b) The function x — G (x,0,€) is measurable.

(¢) The mapping  — G (x,0,0) belongs to Q.

The following regularity is assumed on the density of volume forces and tractions:

fo € C(0, T H), fpeC([0,T];[L*(IF))),
@ € C([0,T]; L*(2), qr € C([0,T]; L*(I'p)).

Finally, we assume that the initial displacement and velocity satisfy

ug,vg € V.

Remark 2.2. We can replace (2.20) by asking a less restrictive condition ug € V, vg € H.

569

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

Moreover, we denote by V'’ the dual space of V. We identify H with its dual and consider the Gelfand triple

VCHCcCV.

We use the notation (-, )y xy to denote the duality product and, in particular, we have

(v,u)vixy = (v,u)g Yu eV, veH.



570 M. CAMPO ET AL.

Using Riesz’ theorem, from (2.19) we can define the elements f(¢) € V' and ¢(t) € W given by

<f(t),w>wxv=/9f0(t)~wd:c+ fr(t) wdl YweV,

I'r

(a(t), ¥)w = /Q qo(ty dz + / ar(typdl Vg e W,

I'p

and then f € C([0,T]; V') and q € C([0,T]; W). Now, let us define the contact functional j : V x V — R by
Jjlu,v) = / p(uy — ) v, dIl Vu,v €V,
I'c

where we let v, = v - v for all v € V. Moreover, from properties (2.17) let us conclude that
7w, w) = j(v, w)| < Cllu —v|v|lw|y Vu,v,w e V. (2.21)

Plugging (2.2) into (2.4), (2.3) into (2.5) and using the previous boundary conditions, applying a Green’s
formula we derive the following variational formulation of Problem P, written in terms of the velocity field
v(t) = u(t) and the electric potential ¢(t).

Problem 2.3. Find a velocity field v : [0,T] — V, a stress field o : [0,7] — @ and an electric potential field
¢ :[0,T] — W such that v(0) = vy and for a.e. t € (0,7) and for all w € V and ¢p € W,

o(t) = Ae(i(t)) + Be(u / G(o u(s)))ds — E'E(p(t)), (2.22)
(1), w)y « Ae Be(u G(o ds, e(w
(i (t), w)v v+( (v(t)) + / u(s))) ds, e >)Q
+(E"E(p(t)), e(w)) g + j(u(t), w) = (f(t), w)vxv, (2.23)
(BVe(), V) — (Ee(u(t)), Vi)u = (q(t),w)w, (2.24)

where the displacement field u(t) is given by

ult) = /Ot'u(s) ds + ug. (2.25)

3. AN EXISTENCE AND UNIQUENESS RESULT

Theorem 3.1. Assume (2.13)—(2.20) hold. Then, there exists a unique solution (u, o, ) to Problem 2.3. More-
over, the solution satisfies

we HY(0,T;V)nCY[0,T); H), € L*0,T;V"), (3.1)
o€ L*0,T:Q), Dive € L*(0,T;V’), (3.2)
p € C(0, T;W). (3.3)

The proof of Theorem 3.1 will be carried in several steps. First, let M € L?(0,T; Q) and consider the auxiliary
problem.

Problem 3.2. Find a velocity field vy : [0, 7] — V and an electric field ¢ps : [0, 7] — W such that v, (0) = vg
and for a.e. t € (0,T) and for all w € V and ¢ € W,
(por(t), w)vrxv + (Ae(va(t)) + Be(unm(t)), e(w))q + (€ Vo (t), e(w))q + j(unm(t), w)
= (f(), wyvxy — (M(t),e(w))q, (3-4)
(BVeu(t), Vi) u — (Ee(um(t), Vi) = (q(t), ¥)w, (3-5)
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where the displacement field wy/(t) is given by

uMU%:AZmA@ds+u& (3.6)

Theorem 3.3. Assume (2.13)~(2.20) hold. Then, there exists a unique solution (var,par) to Problem 3.2.
Moreover, the following regularities hold:

uy € HY(0,T; V)N CY[0,T); H), ip € L*(0,T;V"), (3.7)
on € C([0,T]; W). (3.8)

To show the proof of this theorem we have to proceed in several steps as well. Let n € L2(0,7; V") be given
and consider the following additional auxiliary problem.

Problem 3.4. Find a velocity field va, : [0,7] — V such that v, (0) = vy and for a.e. t € (0,T) and for all
weV,

(pOan (t), w)v xv + (Ae(vary (1), e(w))q = (F(t) — n(t) — M(t), w)v v, (3.9)
where the displacement field was,(t) is given by

Uy (t) = /Otan(s) ds + uo. (3.10)

Remark 3.5. Note that in the right hand-side of variational equation (3.9) we make un abus de langage,
since actually we are identifying M (¢) € Q with the corresponding M (t) € V' such that (M (t),e(w))q =<
M(t),w >y/xy for all w € V.

Now, we can apply a result proved in ([46], p. 107) which we can reformulate here as follows.

Proposition 3.6. Assume (2.13)—(2.20) hold. Then, there exists a unique solution to Problem 3.4 and it has
the regularity expressed in (3.7).

Remark 3.7. The result in [46] is used in the framework of the study of a viscoelastic dynamic contact problem,
based itself on an abstract result found in ([9], p. 140).

We now consider the auxiliary problem for the electric part.
Problem 3.8. Find an electric field ¢asy, : [0,T7] — W such that for a.e. t € (0,T") and for all ¢ € W,
(BVeonn(t), Vi) o = (Ee(unry (1), V)i + (q(t), ¥)w- (3.11)
We have the following result.

Proposition 3.9. Assume (2.13)—(2.20) hold. Then, there exists a unique solution to Problem 3.8 and it has
the regularity expressed in (3.8).

Proof. We define a bilinear form b(-,-) : W x W — IR such that
b(e, ) = (BVe, Vi )u VYo, € W.

We use (2.16) to show that the bilinear form is continuous, symmetric and coercive on W. Moreover, using (3.11)
and (2.15), the Riesz’ representation theorem allows us to define an element g, : [0, 7] — W such that

We apply the Lax—Milgram theorem to deduce that there exists a unique element ¢, (¢) such that
bleay(t),¥) = (g (1), V)w Vi € W.

We conclude that ¢ar,;(t) is the solution to variational equation (3.11). Moreover, by using (2.19) and the
regularity of was, and ¢, we conclude straightforwardly that oar, € C([0,T]; W). O
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Now, let An(t) denote the element of V' defined by
(pAn(t), w)v sy = (Be(unn(t)), e(w))q + (€" Vo (), e(w))q + j(war, (t), w), (3.12)
for all w € V and t € [0,T]. We have the following result.

Proposition 3.10. For n € L?(0,T;V") it follows that An € C([0,T); V') and the operator A : L?>(0,T;V') —
L2(0,T; V') has a unique fized point n*.

Proof. The continuity of An is a straightforward consequence of the continuity of ¢ar, and was,. Let now
n1,My € L2(0,T; V') and t € [0, T]. We use the shorter notation w; = wary,, Vi = Varg,, ©i = @y, for i =1,2.
Then, taking n = n, for i = 1,2 successively in (3.12) and subtracting the resulting equations, we have, for all

weVandte (0,7T),

(pAn, (1) — pAn, (1), w)vixv = (Ble(ui(t)) — e(ua(t))), e(w))q
+(EV(@1(t) = pa(t)), e(w)) + j(ui(t), w) — ji(ua(t), w).

By using (2.14), (2.15) and (2.21), we find that

147, () — Any () [lv < C(llua(t) —ua(®)llv + o1 (t) — w2(t)[[w)- (3.13)

Here and below, C stands for a positive constant depending on data whose specific value may change from place
to place. On the other hand, from (3.10) we know that

t
[ur(t) —ua(t)lv < / [v1(s) — va(s)lv ds. (3.14)

0

Also, from (3.11) and using (2.15) and (2.16) we deduce

le1(t) = 2(B)llw < Cllur(t) — ua(t)lv,
which, combined with (3.14), gives
¢

le1(t) = pa(t)lw < C/O [v1(s) — ua(s)|lv ds. (3.15)

Thus, by using consecutively (3.15) and (3.14) in (3.13), we obtain

t
| Ay (£) — Ang(®)]lv < C / [1(s) — wa(s)llv ds,
which implies
t
| Ay () — Amy(0)]13 < C / [o1(s) — wa(s) 2 ds. (3.16)

Taking n = n, for i = 1, 2 successively in (3.9) with w = v1(t) — v2(t) and subtracting the resulting expressions,
we find

(p01(t) — po2(t), v1(t) — va2(t))v'xv + (A(e(vi(t)) — e(v2(t))), e(vi(t)) — e(v2(t)))e
= M2(t) —m1(t), v1(t) — va(t)) v/ xv-
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By integrating in time, using the ellipticity of .4, the fact that v1(0) = v2(0) = vo and Korn’s inequality, we find
t t
ma [ [vi(s) —va(s)|[fds < / (n2(s) = m1(s),v1(s) —va(s))vrxvds
0

/nm e >\|v,ds+—/ 01(s) — wa(s) 12 ds,

where we used several times Young’s inequality
2, 19
ab < ea —|—4—b,a,b,e€R,e>0. (3.17)
€

Plugging this into (3.16) we find that

t
[Any () = Any ()7 < C/O 172, () = m2() 1 ds,

and using a standard argument (see, for example, Lem. 4.7 in [46]), from the previous inequality and using the
Banach'’s fixed point theorem we conclude that there exists a unique n* € L?(0,T; V") such that Apx = nx. [

We can now give the Proof of Theorem 3.3.
Proof of Theorem 3.3. By using Proposition 3.10 there exists a unique n* € L?(0,7T; V') such that An* = n*.

We define upr = wary, v = vpy and o = @a+. By taking n = n* in (3.11) we obtain (3.5). Also,
from (3.12) we get

(o™ (8), wyvrxv = (Be(unm(t)),e(w))q + (E"Vou (t),e(w))q + j(unm (1), w),

for all w € V and t € [0,T]. Therefore, by taking n = n* in (3.9) and using the previous equality, we obtain
the variational equation (3.4). Finally, (3.6) follows from (3.10), and the regularities are a consequence of the
regularities given by Propositions 3.6 and 3.9. O

Further, we define the operator © : C'([0,T]; Q) — C([0,T]; Q) by

OF = G(on,e(up)), where M(t /F ds VF € C([0,T];Q),

and wuys is the displacement field solution to Problem 3.2 while oy, is the stress field:
on = Ae(vyr) + Be(up) + M + E*Vour, (3.18)

with ps being the electric potential solution to Problem 3.2. Note that since M € C([0,T]; Q), it is straight-
forward that oy € C([0,T]; Q). We obtain the following result.

Proposition 3.11. The operator © has a unique fized point F* € C([0,T]; Q).

Proof. The continuity of OF is a straightforward consequence of the continuity of oy and wys and (2.18).
Moreover, let F1,Fo € C([0,7]; Q) and let M1, Ms € C([0,7T]; Q) be their corresponding integrals in time.
For the sake of simplicity, we use the notation w;, = uys,, vi = v, 05 = o, and @; = @y, for @ = 1,2. Let
t € [0,T]. From (2.18) we find that

|OF1(t) — OF:(t)]@ < C(llor(t) — o2(t)ll@ + [Jur(t) — wa(t)]v)- (3.19)
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By using (3.18) in (3.4) successively for M = M;, i = 1,2, taking in both cases w = v1(t) — v2(t) and
subtracting the resulting equations, we obtain

(p(V1(t) — v2(t)),v1(t) —v2(t))vixv + (1(t) — o2(t), e(v1(t) — v2(t)))g
+ j(ui(t), vi(t) —va(t)) — jlua(t), vi(t) —v2(t)) = 0.

Integrating in time and using (2.21) and v1(0) = v2(0) we deduce that

1 ¢

Sllvi(t) = v ()5 < C/O (lg1(s) = a2(s)llQ + l[ui(s) — ua(s)[v)llvi(s) — vals)[lv ds.
Also, from (3.18) it follows that

lo1(t) —oa(t)lo < C (Ivl(t) —va(t)|lv + [lus (t) — w2 (D) lv + ller(t) — @2 (t)w + /0 [1F1(s) = Fa(s)llq dS) :

(3.20)
Combining the last two inequalities, we get

lo1(t) = w2 ()} < C’/O <|v1(8) —v2(s)|lv + [lui(s) —ua(s)llv

+ llpa(s) — pals)llw + /0 1F1(r) — Fa(r)llq d?“) [v1(s) — wva(s)[lv ds.
By using (3.14) and (3.15) and after some tedious calculations, we obtain

los(t) — w23 < © (/ (Io(s) = oa(o) ds + [ 1) —F2<s>||zds).

By using the Gronwall’s Lemma, we find that

[v1(t) —v2 ()T < C/Ot [F1(s) — Fa(s)[|3 ds.
This last inequality combined with (3.14), (3.15) and (3.20) allows us to have, from (3.19), the following estimate:
|OF1(t) - OF(t)|I5 < C/Ot IF1(s) — Fa(s)[13 ds.
Following a standard argument —see again Lemma 4.7 in [46]- from the previous inequality and using the
Banach’s fixed point theorem, we conclude that there exists a unique F* € C([0,T]; Q) such that OF* = F*. O

We can now give the Proof of Theorem 3.1.

Proof of Theorem 3.1. By using Proposition 3.11 there exists a unique F* € C([0,T]; Q) such that OF* = F*.
We define

M*(t):/0 F*(s)ds.

We also define w = up+, v = v+, 0 = o+ and ¢ = @p-. By taking M = M™ in (3.4) we obtain (2.23),
because

M(t)=M*(t) = /0 F*(s)ds = /0 OF*(s)ds = /0 G(o(s),e(u(s)))ds.
Finally, from (3.5) it follows (2.24), and (3.18) leads to (2.22). O
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4. FULLY DISCRETE APPROXIMATIONS AND AN A PRIORI ERROR ANALYSIS

In this section, we introduce a finite element algorithm for approximating solutions to variational problem 2.3.
Its discretization is done in two steps. First, we consider the finite element spaces V* ¢ V, Q" ¢ Q and W" c W
given by

Vi ={v" e[C(Q)"; v e [P(T), TeT", v"=0on Ip}, (4.1)
Q"={m"eQ; T} € [P(T)", T eT"}, (4.2)
Wh={p" e C(Q); Y € P(T), T€T", " =0 on I}, (4.3)

where {2 is assumed to be a polyhedral domain, 7" denotes a triangulation of {2 compatible with the partition
of the boundary I = 912 into I'p, I'v and I'c on one hand, and into I'y and I'p on the other hand, and P,(T),
q = 0,1, represents the space of polynomials of global degree less or equal to ¢ in T. Here, h > 0 denotes the
spatial discretization parameter.

Secondly, the time derivatives are discretized by using a uniform partition of the time interval [0, T'], denoted
by 0 =tg <t1 <...<ty =T, and let k be the time step size, k = T/N. Moreover, for a continuous function
f(t) we denote f,, = f(t,) and, for the sequence {z,}_,, we denote by 62, = (2, — 2,—1)/k its corresponding
divided differences.

Using a hybrid combination of the forward and backward Euler schemes, the fully discrete approximation of
Problem 2.3 is the following.

Problem 4.1. Find a discrete velocity field v"* = {v"*}N_ c V" a discrete stress field o"* = {g"*}N_ c Q"

n Jn=0
and a discrete electric potential field p"* = {@"¥}N_ - W such that v}F = v} and for n = 1,..., N and for
all w" € VP and ¢ € W",
n—1
ot = Ae(vpf) + Be(up®) + k) G(o}* e(u))) — EE(p)ty), (4.4)
j=0

n—1
(povp,w") i + | Ae(u?) + Be(up®) + kY G0t e(u)h)), e(w")
7=0

Q
= < n» wh>V'><V - (S*E(@Zlil), E(wh))Q - ](ug’il» wh)7 (4'5)
(BVent, V)i = (Ee(unh), Vel i = (n, ¥ )w, (4.6)
where the discrete displacement field u"* = {u!*}N_ C V" is given by
n
ult =k Z v;’k +ul, (4.7)
j=1

and the artificial discrete initial condition p}* is the solution to the following problem:
(BVee", V") i = (Ee(ug), V") i = (g0, 0" )w V" € W, (4.8)
Here, we note that the discrete initial conditions, denoted by u? and v} are given by
ull = Plug, b = Pho,, (4.9)

where P" is the [L?(£2)]%-projection operator over the finite element space V.
Using assumptions (2.13)—(2.20) and the classical Lax—Milgram lemma, it is easy to prove that Problem 4.1
has a unique discrete solution (v"*, ¥ gh¥) c VI x Wh x Q.
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Our aim in this section is to derive some a priori error estimates for the numerical errors w,, — uh’C Uy — vhk

o, — o and ¢, — ¢l*. Therefore, we assume that the solution to Problem 2.3 has the following regularity:
ue CH0,T];V)NC*([0,T]: H), o€ C(0,T];Q), »eC([0,T];W). (4.10)
Thus, we have the following result.

Theorem 4.2. Let assumptions (2.13)—(2.20) and the additional regularity (4.10) hold. If we denote by (v, v, o)
and (V"% "* ") the respective solutions to problems 2.3 and 4.1, then there exists a positive constant C > 0,

independent of the discretization parameters h and k, such that, for all w" {wh NO c V" and " =
{o}il, c wh,
. hk . hk __hkyj2
omax [lon — v + max flun —wp®lly + max llen = en* Iy

+Ckz [ Ckz lo — o311

j=0 §=0
N
. . h h
< Ok (I19y = 00 + lliy — w3 + k2 + o = wl I + 1o = v] I3 + 17)
j=1

Coglax lon =l + C (llwo — w3 + oo — 0§13, + Clloo — v 1)
n<N

C’
+ Z lo; = w} — (vj41 — wi )3, (4.11)

where the integration error I, is defined as

/Ong(a(s),s(u(s)))ds—kzg(aj,s(uj)) . (4.12)
i=0 o

Proof. First, we obtain some estimates on the stress field. Subtracting equations (2.22), at time t = t,,, and (4.4),
taking into account assumptions (2.13)—(2.20) we easily find that

low = ol < C(llvn = vhHlv + llun — wlllv + L + b
s (4.13)
+hY [Huj —u*v + o —afFllo + v — @?kHWD,
7=0

where the integration error I,, is defined in (4.12).
Secondly, we obtain the estimates on the electric potential field. We subtract variational equation (2.24), at
time t = t,, and for ¢ = ¢" € W", and discrete variational equation (4.6) to get, for all ¢)* € W",

(BV (0n — "), V") g — (Ee(u, — u®), V") )y =0 Wyl e Wh,
Therefore, it follows that, for all ¥ € Wh,

(BV(n — "), Vien — 01 )n — (Ee(un —up®), Vien — i*))n
= (BY (@ — @15), V(pn — )it — (Ee(tin —ulk), V(o —v")m

Using again assumptions (2.13)—(2.20) and several times Young’s inequality (3.17), we find that

lon = @25 < C (lutn — w1 + lon — 0" 1) W™ € W, (4.14)
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Finally, we obtain the estimates on the velocity and displacement fields. To do that, we subtract variational
equation (2.23), at time t = t,, and for w = w” € V" and discrete variational equation (4.5) to get, for all

wh e Vh,

(P — 0I0), w!) g + (Ae(v, — v1¥) + Be(u, — ulh), e(w")

Q
/ Glo(s)e(uls)) ds — k3" Glor,e(uy)). e(wh)
Jj=1 Q
" kz (73, 2(043)) — Glor™, ()], (a0
Q

- (5* ( n) = EB(grk ), e(w")) o + j(un, w") — j(upty, w) = 0.
Therefore, we find that, for all w" € V",

(p(Vn — 6VIF), v, — V) + (Ae(vy, — VIF) + Be(u, — ulk), e(v,, — v!h))
tn

([ o), euis) ds — b S 6oy e(uy)), elwn — 1)
j=0

0

Q
+ kz (oj.€ —G(o* e(uf®))], e(v, — )
Q
_(5* ( n) = EEB(ghk ), e(vn — o))
+](unvvn_vhk) j(uﬁklvvn_vhk)
= (p(v,, — 60", v, — wh)y + (Ae(’un— ")+ Be(u, — ul), e(v, —'wh’))Q
/ G(o ds—kzg (0j,e(u;)),e(vy —wh)

Jj=0 Q

" kZ (05.2(uy)) — G(*, ()], (v, — w)

(Bl — B 1)se(on —w)
+j(unavn_w ) .7( n 17v’ﬂ_wh)'

Keeping in mind assumptions (2.13) and (2.14) it follows that

(As(vn—vfl’k),s(v vhk))Q > C|v, — v"* |3,
(Be(un, — ul®) e(v, vhk))Q (Be(u, — ul®) e(w, — éun))Q

o {llwn =it} =y = wiZ4 13}
where du, = (u, — up—_1)/k and we used (4.7). Moreover, since

. . C
(p(n — 5”Zk)vvn - 'Ufik)H > (p(n — 0v,), V0 — vy )H ‘|' PN {”'Un - ”thH lvn—1— 'U ”H}
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where dv,, = (v, —v,_1)/k, using again several times Young’s inequality (3.17) and assumptions (2.13)—(2.20),
we have

1 1
o7, [lon = 1l = lony = oaE 7] + o [l = w Il = llwny — wnks 5] + Cllon — 032"

SC(II@n—%nHiﬂlﬁn Sunl[3 + K2 + v — v, \|H+an—whllv+||90n L= onta iy

12+ Nt = [+ a1 — Wb+ (60, = 00EF v, — w) ) Ve € VP,

Therefore, by induction we find that, for all w" = {w?}?zo cVh,

n
k h k
[on = 0" 1 + llun — wl® |3+ Ck D llv; — o5
j=1

n
<CkY (||ifj — 6017 + llie; — 6us |3 + K + [lv; — ofF (I3 + [lv; — wi + g1 — @)%l

=1

I3+ g — w3+ p(v; — 007" v — w?)H) +C (lvo — w5 ll7r + lluo — uglly) - (4.15)

Now, combining (4.13), (4.14) and (4.15) it follows that, for all w" = {w’}7_y C V" and " = {¢}}7_ C
wh,

n n
k h k h h
lon = oI5 + lwn — i + o — @RF iy + Ck Y llv; — o5 + Ck Y lloy — oI5,

n

. . k h

<Ck)y_ <|'Uj — 6v;ll3; + ity — dus I3 + B2 + [Jo; — o} |13 + lv; — whly + oj-1 — % Iy
i=1

J
17+ luy — P + oy — 2 3y + p(6v; — 0¥ vy —wh)y + k) Jlor— U?k@)

+C (llvo — gl + lluo — uglly) -

Now, taking into account that

n n
kY p(v; — vl vy —whp = plv; — ol — (v, —vl¥), v — whg
=1 j
= p(vn — i v —wh) i + p(vg — vo,v1 — W)
n—1
+ p(vj — 'U;‘lkv'u —wh (vj+1 3+1))



ANALYSIS OF A DYNAMIC VISCOELASTIC-VISCOPLASTIC PIEZOELECTRIC CONTACT PROBLEM 579
using once again Young’s inequality (3.17) we have, for all w" = {w;’}?zo C Vhand 9" = {1}y c W,
n n
k h k h k
lon = oR I3+ lun — wi I3 + lon = on iy +Ck Y llog =" I3 + Ck Y llog — o113,
j=1 j=1

n
. . k h
<CkY (Ilvj — 6v[[7 + [l — dui|I3 + K + lo; —ofF |15 + 17 + lv; — w]3
j=1

J
+ g1 — Py + Ny — w5 + oy — 0I5 + 5 llon — U?kﬂé)
=1

+C (lvo = vgll + o — gy + o1 — wil + llvn — wyll3)

C n—1
+4 D v = wh = (w1 — w7
j=1

From the regularity (4.10) we conclude that ¢(0) is the solution to the following problem:

(BVe(0), Vo) g — (Ee(u(0)), Vibo) i = (¢(0),%0)w Vb € W,

and so, proceeding as in the proof of estimates (4.14), we easily find that
oo — bl < C(lluo —ubfy + lleo — vl ) Vil € W,

Finally, using a discrete version of Gronwall’s inequality (see, for instance, [13]) we derive the a priori error
estimates (4.11). O

We note that from estimates (4.11) we can derive the convergence order under suitable additional regularity
conditions. For instance, if we assume that the continuous solution has the additional regularity:

we H*(0,T; V)N H*(0,T; H)n C([0,T]; [H*(2)]Y), ¢ € C([0,T); H*(£2)), (4.16)
then we have the following result.

Corollary 4.3. Let the assumptions of Theorem 4.2 still hold. Under the additional regularity conditions (4.16),
it follows the linear convergence of the solution obtained by Problem 4.1; that is, there exists a positive constant
C, independent of the discretization parameters h and k, such that
hk hk hk
_ — — < .
onax o — vl + max flun —uylly + max flon — @ lw < C(h+ k)
Notice that this linear convergence is based on some well-known results concerning the approximation by the

finite element method (see, for instance, [17]), the discretization of the time derivatives and the following result
(see [5,14] for details),

| =

N—-1

h
> vy =Py — (w1 — Proj) 5 < CRPlull3e 0.1y
P

Moreover, from the approximation properties of operator P", taking into account regularities (4.16) we can
easily find that
lo = PMuo |3, + [lvo = Phvol|F; < Ch®.
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5. NUMERICAL RESULTS

In order to verify the behaviour of the numerical method analyzed in the previous section, some numerical
experiments have been performed in two-dimensional problems. In all the examples presented, the elastic tensor
was chosen as the 2D plane-stress elasticity tensor,

(BT)QI@ = Tap VT € SQ, (5.1)

Er (111 + T22)00p +
T T
1_ 7“2 11 22)0ap 1 +r

where o, f = 1,2, E/ and r are the Young’s modulus and the Poisson’s ratio, respectively, and d,3 denotes the
Kronecker symbol. The viscous tensor A has a similar form but multiplied by a damping coefficient 1072, i.e.
A=10"2B8.

The viscoplastic function is a version of the Maxwell function given by

L 50), (5.2)

G(o.e(w) = 15

being @ a truncation operator defined as

L if Tag > L,
V= (e (@(r))aa = § Tap I Tap € L L
— U 7Tq8 < —L,

where value L = 1000 was taken.
Moreover, as piezoelectric and permittivity tensors, the following matricial forms were considered:

o _ (0 0 e (B O
€zgk—6pq—(€21€22 0>’ ﬁ”_<0 ﬁ22>’ (5.3)

where we have used the notations e;j; and e,q in such a way that p =4 and ¢ = 1 if (j, k) = (1,1), ¢ = 2 if
(J, k) = (2,2) and ¢ = 3 if (j,k) = (1,2) or (j, k) = (2,1).
Finally, in all the examples the normal compliance function is defined as

p(r) = ¢p max{0,r},
where ¢, > 0 is a deformability coefficient.

5.1. Numerical scheme

As a first step, the artificial discrete initial condition for the electric potential field is obtained by solving
equation (4.8). This leads to a linear symmetric system solved by using classical Cholesky’s method.

Secondly, being the solution w* |, v* | and ¢* | known at time ¢,,_1, the velocity field is obtained by solving
the discrete equation

(o, w") i + k (Ae(v}®) + kBe(vyF), e(w")) o = (pvpty, w") g + k (£, w")

Q k](uglil’wh)

VXV

n—1
Tk (E Bt ) e(wh), — (KBe(ult ) e(w™), — K | 376 (o2, c(uth) e(w) |
=1 0

where the decomposition
ulh =yt 4 pht (5.4)

has been used. Later, displacement field w"* is updated through expression (5.4), and the electric potential field
is obtained solving equation (4.6). We note that both numerical problems lead to linear symmetric systems and
therefore, Cholesky’s method is applied again for their solution.

The numerical scheme was implemented on a Intel Core i5 —3337U @ 1.80 GHz using FreeFEM++ (see [28]
for details) and a typical run (100 step times and 10000 nodes) took about 3 min of CPU time.
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FiGURE 1. Example 1: Physical setting and mesh for N, = 8.

TABLE 1. Material constants.

Piezoelectric (C/m?) Permittivity (C?/(N m?)
e21 e eis P11 B2
—5.4 15.8 12.3 916 830

5.2. A first example: numerical convergence

As a first example, a sequence of numerical solutions, based on uniform partitions of both the time interval
[0,1] and the domain {2 = [0, 1] x [0, 1], have been performed in order to check the behaviour of the numerical
scheme.

The physical setting of the example is depicted in Figure 1 (left-hand side). The body is in initial contact
with a deformable foundation on its lower part while I'p = I'4 is the right boundary {1} x [0, 1] (and so both
the displacement and electric potential fields vanish there). A surface force acts on the upper surface [0, 1] x {1}
and no electric charges are applied nor in the body or the surface.

The numerical solution corresponding to N = 512 subdivisions on each outer side of the square (see the
right-hand side of Figure 1 for the case Ng = 8), and k = 0.00078612 has been considered as the “exact”
solution in order to compute the numerical errors given by

B = max {Jun — by + on = ol + lipn — o}
Both the piezoelectric and permittivity coefficients are depicted in Table 1. Moreover the following data have
been employed in the simulations:

2 e
T=1s, folwt) = 0N/t felwn = 000 m08 B/mT Tz

0 N/m” elsewhere, ‘
E=20000 N/m*, r=03, ¢,=10° p=1kg/m®’, ©a1=0V, ¢ =0 C/m®, g¢p=0C/m’
up=0m, wvo=0 m/s, po=0 V.

In Table 2 the numerical errors obtained for some discretization parameters No and k are shown. As can be
seen, the convergence of the numerical algorithm is clearly observed. The evolution of the error with respect to
the parameter k + h is plotted in Figure 2 (here, h = N£21) The linear convergence of the algorithm seems to be

achieved.
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TABLE 2. Example 1: Numerical errors (x100) for some N and k.

Na | k— 0.0015625 0.003125  0.00625  0.0125 0.025 0.05 0.1
4 0470744  0.470809 0.470941 0.471220 0.471838 0.473329 0.477455
8 0.255173  0.255208  0.255284  0.255468  0.255957  0.257490  0.263109
16 0.141647  0.141660 0.141698  0.141839  0.142445 0.144762  0.152973
32 0.080098  0.080101  0.080149  0.080420 0.081371  0.084702  0.096829
64 0.045528  0.045547  0.045663 0.046057  0.047449  0.052511  0.069826
128 0.025358  0.025405 0.025569 0.026165 0.028363  0.035951  0.058180
256 0.012722  0.012791  0.013062  0.014099  0.017720  0.028208  0.053679
16 Asymptotic behaviour

0 . . . .
0 0.1 0.2 0.3 0.4 0.5

h+k

FI1GURE 2. Example 1: Asymptotic behaviour of the numerical scheme.
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FicUrE 3. Example 2: Physical setting.

5.3. A second example: piezoelectric effect

As a second numerical example, in order to observe the effect of the piezoelectric properties of the material,
a physical setting as the one depicted in Figure 3 is considered.

In this case, the body 2 = [0,4] x [0,1] is clamped on its right end and it remains in initial contact with a
deformable foundation on its lower boundary. No physical forces act on the body, but a constant surface electric
charge (¢ = 200 C/M?) is applied on the lower part of the boundary, where contact is produced. Here, as in
the previous example, we assume that I'p = 4.
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FIGURE 4. Example 2: Deformed configuration (x 5000) at final time.
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FIGURE 5. Example 2: Deformed configuration (x 5000) at final time.

The following data have been used

T=1s, fpl®,t)=0 N/m®, fr=0N/m>, E=2x10° N/m*>, r=03, ¢,=10% p=1000kg/m’,
_ _ _ _ _ 3 ~ 200 C/m?® if zy =0,
’U,()—Om, vO_Om/Sa 900_0‘/5 QDA_OVa qO_OC/m7 qF_{O elsewhere.
We can see in Figure 4 that deformations appear due to the piezoelectric effect which, added to the mechanical
restrictions, lead the body to a stress-state which can be observed in Figure 5 (right-hand side). In this figure
(left-hand side), the electric potential field is shown at final time.

5.4. A third example: deformable contact of an L-shaped domain

As a final example, we consider an L-shaped body which is submitted to the action of traction forces on its
upper horizontal boundary. The body is clamped on its lower horizontally boundary and an obstacle is assumed
to be in initial contact, as can be observed in Figure 6.

The following data are used in the simulation:

0, —500(60 — #1)t) N/m? if 25 = 50
T=1 t)=0 N/m’ ~ 10 :
s Iol@t) /mes Fr {0 N/m®  elsewhere,

E=21x10° N/m*, r=03, ¢,=10% p=27000kg/m®, p1=0V,
g =0 C/m?’, gr =0 C/m?’, up=0m, vo=0m/s, ¢o=0 V.

Both electric potential and von Mises stress norm are plotted, over the final configuration of the body and at
final time, in Figure 7. The area of maximum stress concentration is located near the contact boundary due to
the bending movement, and it coincides with the region where the electric potential reaches its maximum value
as it was expected.
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F1GURE 6. Example 3: Contact problem of an L-shaped domain.
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