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AUTOMATIC SIMPLIFICATION OF DARCY’S EQUATIONS WITH PRESSURE
DEPENDENT PERMEABILITY

ETIENNE AHUSBORDE!, MEJDI AzATEZ?, FAKER BEN BELGACEM?
AND CHRISTINE BERNARDI*

Abstract. We consider the flow of a viscous incompressible fluid in a rigid homogeneous porous
medium provided with mixed boundary conditions. Since the boundary pressure can present high
variations, the permeability of the medium also depends on the pressure, so that the model is nonlinear.
A posteriori estimates allow us to omit this dependence where the pressure does not vary too much.
We perform the numerical analysis of a spectral element discretization of the simplified model. Finally
we propose a strategy which leads to an automatic identification of the part of the domain where the
simplified model can be used without increasing significantly the error.
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1. INTRODUCTION

Let 2 be a bounded connected domain in R?, d = 2 or 3, with a Lipschitz-continuous boundary 9. We
assume that this boundary is divided into two disjoint parts I7,) and I{s such that 0I(,) and OI' are
Lipschitz-continuous submanifolds of (2. We are interested in studying the following model, suggested by
Rajagopal [24],

ap)u+gradp = f in 2,
divu =0 in £2,
(1.1)
P = Do on Iy,
u-n=g on F(f),
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where the unknowns are the velocity w and the pressure p of the fluid. This system is an extension of Darcy’s
equations which model the flow of an incompressible viscous fluid in a saturated rigid porous medium, to the
case where the pressure p presents high variations. Indeed, in this case, it is no longer possible to neglect the
dependence of the permeability of the medium, hence of the coefficient «, with respect to p.

We refer to [3] for a first analysis of this nonlinear problem. The idea of this work relies on the following
remark: The pressure presents high variations only on a part {2 of the domain, so that in the remaining part
2, = 2\ 2, replacing a(p) by a constant ag does not induce a large modification of the solution. Thus, the
iterative algorithm which is needed for handling the nonlinear term could be applied only on the subdomain {24,
which highly reduces the computational cost for the solution of any discretization of the problem. Moreover, as
first explained in [12], a posteriori analysis leads to an automatic identification of the domains {2, and 2;. We
refer to [7,8] for the first application of this approach to fluid flows. We recall the existence of solutions to the
full and simplified problems. The consistency of our approach follows from the a posteriori estimate between
their solutions.

In a second step, we propose and study a spectral element discretization of the simplified problem. Such a
discretization has been studied in [4] and more recently in [17] in the linear case of a constant coefficient a.
We perform the numerical analysis of this discretization in the nonlinear case and prove optimal a priori error
estimates. Next, we perform the a posteriori analysis of both the simplification and the discretization. This leads
us to a strategy for determining the subdomains {2, and (2 in order that the error issued from the simplification
of the model is of the same order as the error issued from the discretization (see [7] for more details on a very
similar strategy).

We propose an iterative algorithm for solving the nonlinear problem and prove its convergence for small
variations of the function a (a similar algorithm is studied in [15] for a different problem). Only few recent
works deal with the a posteriori analysis of iterative methods (see [16,19] and the references therein). We
perform this a posteriori analysis in the present case, the aim being of course to stop the iterative procedure
when the error due to this algorithm is of the same order as the discretization error. Numerical experiments
confirm the interest of the model when compared to the linear one and also the efficiency of our approach.

An outline of the paper is as follows.
e In Section 2, we present the variational formulation of problem (1.1) and recall its main properties. Next, we
introduce a simplified problem and thereafter check the existence of a solution.
e Section 3 is devoted to the description and a priori analysis of the spectral element discretization.
e The a posteriori analysis of both the simplification and the discretization is performed in Section 4. We also
describe the strategy for the automatic choice of the subdomains (2, and 2.
e In Section 5, we propose an iterative algorithm for solving the nonlinear problem and prove its convergence
together with optimal a posteriori estimates.
e Numerical experiments are presented in Section 6.

2. THE COMPLETE AND SIMPLIFIED MODELS

From now on, we make the following assumptions:

(i) I'py has a positive (d — 1)-measure in 942;
(ii) The function « is a continuous function from R into R and satisfies for two positive constants c; and aa,

VEER, o <a(f) < as. (2.1)

Even if this is not true when the function « is exponential as suggested in [24], it does not seem restrictive to
make this assumption (which is easily recovered by truncating the exponential), since in practical situations
the pressure is always bounded.
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We consider the full scale of Sobolev spaces H*(2), s € R, and W™P(£2), m € N, 1 < p < oo, equipped with
the standard norms and seminorms. In order to write a variational formulation of problem (1.1), we introduce
the space

H(lp)(Q):{qul(Q); q=0 on I, }. (2.2)

Note that the traces of functions in H(lp)(ﬂ) on I'(y) belong to H(J%O(F(f)) (see [21], Chap. 1, Sect. 11).

We recall from [11], Section XIII.1 that Darcy’s equations even for a constant coefficient o admit several
variational formulations. We have chosen here the formulation which enables us to treat the boundary condition
on p as an essential one and also seems the best adapted for handling the nonlinear term a(p)w (see [1] for

more numerical reasons). So, we consider the variational problem:
Find (u,p) in L*(£2)¢ x H($2) such that

p=po onl,), (2.3)

and
Yo e Q) auv) +bo.p) = [ f@) - vla)de,
(9]

Vg € Hl,y (), blu,q) = (g, q)7,

2]

where the bilinear forms alél(-,-) for any measurable function ¢ on §2 and b(-, ) are defined by
dl(w0) = [ al¢(@) ule) - vi@)de,  bv.g) = [ ofe) - (gradg)(e)de. (2.5)
Q I7)

Here, (-,-)(Y) denotes the duality pairing between the dual space H()%O(F(f))’ and H()%o (I'ipy)-
It is readily checked that the forms alél(-, ) and b(-, -) are continuous on L?(2)% x L?(2)% and L?(2)¢x H' (12),
respectively. Thus, some density arguments yield the equivalence of this problem with system (1.1).

Proposition 2.1. Assume that 2(£2U1y)) is dense in H(lp)(()), For any data (f,po, g) in L2(2)4x H2 (I'py) X

H()%O(F(f))’, problems (1.1) and (2.3)—(2.4) are equivalent, in the sense that any pair (u,p) in L?(2)% x H(£2)
is a solution of system (1.1) in the distribution sense if and only if it is a solution of problem (2.3)—(2.4).

The existence of a solution to problem (2.3)—(2.4) is established in [3], Theorem 2.3. Its proof relies on
Brouwer’s fixed point theorem, see e.g. [20], Chapter IV, Corollary 1.1, combined with the addition of a penal-
ization term.

Theorem 2.2. For any data (f,po,g) in L2(2)%x Hz (L'tpy) XHO%O(F(f))’, problem (2.3)—(2.4) admits a solution
(u,p) in L?(2)¢ x HY(£2). Moreover this solution satisfies

lull 22y + 1Pl a1 0) <€ (|f|L2(rz)d + ”pOHH%(r(p)) + |g”Ho%(F(f>)/> . (2.6)

The uniqueness result is rather restrictive and has been discussed in [3], Proposition 2.4. It only holds for

a smooth enough solution satisfying an appropriate condition. On the other hand, the following regularity

property of the solution (u,p) is proved in [3], Proposition 2.5 thanks to the arguments in [22]. For the sake of

generality, we state it in the general case of a curvilinear polygon or polyhedron (we refer to [18], Def. 2.2 for
the exact definition of these domains, which of course includes standard polygons and polyhedra).

Proposition 2.3. If (2 is a curvilinear polygon or polyhedron, there exists a real number p, > 2 only depending
on the geometry of 2 and on the ratio oy /as such that, for all p, 2 < p < p., and for all data (f,po,g) in

LP(02)% x Wlf%’p(lj(p)) X Wﬁi’p(F(f)), any solution (u,p) of problem (2.3)—(2.4) belongs to LP(£2)% x W+ (2).
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To go further, we introduce a partition of {2 without overlap:
0-0,00, 200 -0 (2.7)
Next, we fix a constant «g which satisfies
a1 < ag < . (2.8)
We thus define the function a* on 2 x R by

VECR, o (m,€) = {a(f) for « a.e. in (24, (2.9)

o for  a.e. in (2,.

Replacing o by a* in system (1.1) (we do not write the corresponding problem for brevity) leads to the following
equivalent variational problem:
Find (u*,p*) in L?(£2)% x HY(£2) such that

p"=po onlyy), (2.10)

and

Vo € Lz(Q)d, a*[p*](u*"v) —|—b(’v,p*) = /Qf(m) ' 'u(:B) dw’ (211)

Vg€ Hly(2), blu*,q) = (g,9)",

2]

where the bilinear form a*El(-,-) for any measurable function & on §2 is now defined by

a*¥(u,v) = /Qa* (z,&(x)) u(z) - v(x)de. (2.12)

It must be noted that the function a* satisfies the same properties as «, in particular (2.1). So, proving the
next statement relies on exactly the same arguments as for Theorem 2.2 and Proposition 2.3.

Theorem 2.4. For any data (f,po,g) in L?(02)% x H%(F(p)) X H()%O(F(f))’, problem (2.10)—(2.11) admits a
solution (u*,p*) in L2(2)? x HY(£2). Moreover this solution still satisfies (2.6) and, if 2 is a curvilinear
polygon or polyhedron, the statement of Proposition 2.3 still holds for this solution, for the same value of pg.

The links between the solutions (w,p) of problem (2.3)—(2.4) and (u*,p*) of problem (2.10)—(2.11) are
brought to light in Section 4.

3. THE DISCRETE PROBLEM AND ITS A PRIORI ANALYSIS

As standard for spectral element methods, we consider a partition of {2 without overlap into a finite number
of rectangles (d = 2) or rectangular parallelepipeds (d = 3) with edges parallel to the coordinate axes:

K
=% and 2N =0, 1<k<k <K (3.1)
k=1

We assume that

(i) both I'(,) and I'(y) are the union of whole edges (d = 2) or faces (d = 3) of elements (2,

(ii) the intersection of the boundaries of two subdomains, if not empty, is a vertex, a whole edge or a whole face
(d = 3) of both elements (otherwise, the discretization would involve the mortar method as first proposed
in [2] for this type of equation; we prefer to avoid this further complexity here).

We also make the hypothesis that each (2, is contained either in (2, or in (2, which is in full agreement with our
adaptivity process, see Section 4. Note however that, as not standard, the decomposition can change according
to the adaptivity process, so that we must be cautious with the dependency of the constants with respect to
the decomposition.
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Let N be a fixed positive integer. We introduce the discrete spaces

Xy = {UN € LQ(Q)d’ UN‘Q;Q GPN(Qk)d, 1<k< K},

3.2
MN:{qNEHl(Q); qN‘QkE]P’N(Qk),lgk‘SK}, ( )

where, for each nonnegative integer n, P, (£2;) stands for the space of restrictions to {2 of polynomials with
d variables and degree with respect to each variable < n. In view of the essential boundary conditions in
problem (2.3)—(2.4), we also consider the space

MY =My N H,) (). (3.3)

We recall that there exist a unique set of N +1 nodes &;, 0 < 7 < N, with § = —1 and {x = 1, and a unique
set of V 4 1 weights p;, 0 < j < NV, such that the following equality holds

1 N

Ve Py a(-L1), [ 80 =) #(6)p; (3.4)

1 =0

with obvious notation for the polynomial spaces P,,(—1,1). Moreover, the p; are positive. Denoting by Fj, one
of the affine mappings that send the square or cube | — 1,1[? onto 2, we define a discrete product on all
continuous functions v and v on 2§ by

R e e 2%0 zgzouoNFk@,sj)voFk(si,sﬂpipj if d =2,
— meas ({2,
(u, 0)} = { meas(@e) s~ 2 j=0 2m=0 U ° Fi(&i, &5, &m)v 0 Fiu(&i, &5, €m) pipjpm
if d =3,

next a global discrete product

K

(w0 =Y (u,0)i.
k=1

It is readily checked that the Lagrange interpolation operator Zy at all nodes Fy(&;,&;) or Fy (&, &5, &r) maps
continuous functions onto M.

Similarly, on each edge or face I, of the £2;,, assuming for instance that the mapping Fy, maps {—1}x]—1,1[¢~!
onto Iy, we define a discrete product by

()l = L5 T oo Filto. &)v o Filo, &) py if d=2,
%(e) Zj:o Zm:O uo Fk:(é-Oagjagm)'U o Fk(&)vﬁjvé—m) PjPm if d=3.

A global product on Iy is then defined by

(wo)Y = > ()i,

Zeﬁ(f)

where Ly stands for the set of indices ¢ such that I'; is contained in I ).

Finally, we introduce an approximation pgy of the boundary datum pg: Assuming that py is continuous
on I',), for each edge (d = 2) or face (d = 3) I} of an element {2}, which is contained in I, pon|r, belongs
to Py (I7) and is equal to po at the (N + 1)1 nodes Fi(&,&5) or Fi(&,&j,&m) which are located on Ty. We
denote by igf;) the corresponding interpolation operator.

We are thus in a position to write the discrete problem which is constructed from (2.10)—(2.11) by the
Galerkin method with numerical integration. Assuming that all data f, po and g are continuous where needed,
it reads
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Find (un,pn) in Xy x My such that

PN =pon on I(,, (3-5)
and
Yoy € Xy, an (un, vn) +bx(vn,pn) = (F, o8N, (3.6)
Van € MY, by(un,an) = (9,av)5,

where the bilinear forms ajv[g](-, -) for any continuous function ¢ on 2 and by (-, -) are defined by

ay(wv) = (" (- wo)y,  bx(v.0) = (v.gradg)x. 3.7)

The existence of a solution to problem (3.5)—(3.6) can be established thanks to the same arguments as for
the previous problems, i.e. by applying Brouwer’s fixed point theorem. However we prefer to prove directly a
more precise result by using the approach of Brezzi, Rappaz and Raviart [14], which also leads to a priori error
estimates. This requires a modified (and shorter) formulation of both the continuous and discrete problems.
From now on, we set:

Z(02)=L*(2)* x HY (), Zn = Xy x My. (3.8)

We thus introduce the Darcy operator with coefficient g, namely the operator 7 which associates with any
1
data (f,po,g) in L?(2)? x H%(F(p)) x Hiy(I'5))', the pair (w,r) in Z(£2) satisfying

r=po onl,), (3.9)
and
Yo € L2(2)¢,  ao(w,v) + b(v,r) = / f(z) - v(z)de,
Q (3.10)
Vg € Hi, (), blw,q) = (9,9,
where the bilinear form ag(+,-) is defined by
ap(w,v) = ap / w(x) - v(x)de.
2
Thus, problem (2.10)—(2.11) can equivalently be written as
FU) =U" =TGWU*) =0,  with G(U) = (f~ (a"(~p) = a0)u,po,9), (3.11)

with the notation U* = (u*, p*).
Similarly, we introduce the operator 7 which associates with any data (f,po,g) in L?(§2)¢ x %O(F(p)) X

1
H§(I'yy)', the pair (wy,ry) in Zy satisfying

TN = ig\’;)po on Iy, (3.12)

and

Yoy € XN, aoN(wN,vN) + bN(’UN,TN) = /Qf(ac) . vN(ac) d:l?, (3 13)

where the bilinear form agn(+,) is defined on piecewise continuous functions u and w by

aon (w,v) = ap (w,v))N.
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So, problem (3.5)—(3.6) can be written as
Fn(Un)=Un —TnGn(Un) =0, with Gy (Un) = (HN7p07KN)7 (3.14)

with the notation Uy = (un,pn), the first and third components H y and Ky being defined in the dual spaces
of Xy and Mg\’;), respectively, by

Yoy € Xy, /QHN(CB) coy(x)de = (f,on)N — (((a*(~,pN) — ao)uN,vN))N,

Vay € MY, (Knyan)?) = (9,08)§-
We now work with the formulations (3.11) and (3.14). We observe that a pair W = (w, r) satisfies
DFU)-W =T (h,ro, k)
if and only if it is a solution in L2(2)? x H'(£2) of the problem:
r=r9 onl{y,), (3.15)

and
vo e L2(2)%,  a*Pl(w,v) +/ Oea* (z, p(z))r(x) u(x) - v(x)dz + b(v,r)
o

:/ h(z) - v(z)de, (3.16)
Q

Vg € H,y(£2), blw,q) = (k,q)Y).

2]

Of course this problem makes sense only if the integral in the first line is finite. So, from now on, we assume
that the coefficient o belongs to W1°°(R) (further regularity will be required later on) and we work with a
solution (u*,p*) which satisfies the following condition.

Assumption 3.1. The solution U* = (u*,p*) of problem (2.10)—(2.11)

(i) belongs to H*(2)4 x H**1(2) for some s > 0 in dimension d = 2 and s > 1 in dimension d = 3;
(ii) is such that DF(U*) is an isomorphism of L?(£2)¢ x H'(2).

The existence of a solution U* satisfying part (i) of this assumption can be proved by the same arguments as for
Theorem 2.4 in dimension d = 2 but is not very likely in dimension d = 3. On the other hand, part (ii) of this
assumption is much weaker than the global uniqueness of the solution since it only yields its local uniqueness.
We now state and prove two properties of the operator 7y that we need later on.

Lemma 3.2. The following stability property holds

: d
ITx(£,0,0)zi0y < ¢ sup Jof@) vn(@)de
vNEXN lvnllL2(o)e

(3.17)

Proof. Setting (wx,rn) = Ty (f,0,0), taking v equal to wy in (3.13) and using the ellipticity of the form
aon (-, +) on X with ellipticity constant o (see [11], Chap. IV, Cor. 1.10), we obtain the desired estimate for
lwn||L2(0)e. On the other hand, the following inf-sup condition is easily derived by taking vx equal to grad qx
and using the Poincaré-Friedrichs inequality on H} )(Q): There exists a constant 3 > 0 independent of N such

(p
that

byn(vn,qn
Vay € MY gy #0,  sup bn(vw, an) > Bllan |l a2 (o) (3.18)
vy EXN HUN”L?(_Q)d

Using this condition in the first line of (3.13) gives the estimate for ||ry| g1 ().
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Lemma 3.3. Let 0 and s be real numbers, o > d%l, s > 0. The following convergence property holds for all
1
(f,po,9) in L*(£2)? x H“"*%(F(p)) x HE (L)) such that T(f,po,g) belongs to H*(£2)* x H*T1(12)

(T = Tn)(fp0,9)llz(2) < ¢ (N_s 1T (fspos 9l s (@yaxms+1(2) + N°° ||p0||Ha+%(F(p))> : (3.19)

Proof. In the simpler case pg = 0, the estimate is derived from the ellipticity of agn(:,:) and the inf-sup
condition (3.18) by very standard arguments. In the general case, we introduce a stable lifting D, of py in
Ht1(£2) and observe that its Lagrange interpolant at all nodes Fy(&;,&;) or Fy(&;,&;,&m) belongs to My and
has its trace on I{;) equal to pon. Adding and subtracting these liftings in (3.10) and (3.13) and using the same
arguments as previously combined with the approximation properties of the Lagrange interpolation operator
([11], Chap. IV, Thm. 2.7) lead to the desired result.
A direct consequence of (3.17) and (3.19) is that, for any f in L%(£2)4,

i ([T = 750 (£,0,0) 20 = 0. (3:20)
We are thus in a position to prove the preliminary results which we need for applying the theorem of Brezzi,
Rappaz and Raviart [14]. This requires an approximation V3 = (vk,¢k) of U* in X x My which satisfies
(see [11], Chap. III, Th. 2.4 and Chap. VI, Lem. 2.5) for the real number s of Assumption 3.1 and 0 < ¢ < s,

wt — vt . . < CNt—s u* . g,
| Nzt < [P @1 o o
Ip* —anlla+i(2) < N2 p* | st (0)-

We denote by & the space of endomorphisms of Z((2).
Lemma 3.4. If the coefficient a is of class €% on R with bounded derivatives and Assumption 3.1 holds, there

exists a positive integer Ny such that, for all N > Ny, the operator DFn(VY) is an isomorphism of Xy x My,
with the norm of its inverse bounded independently of N.

Proof. We use the expansion

DFn(V3) = DF(U*) + (T — Tn) DG(U")
+ Ty (DG(U*) = DG(VE)) + Tn (DG(V) — DGx (V).

Due to part (ii) of Assumption 3.1, it suffices to check that the last three terms in the right-hand side tend to
zero when N tends to +00. Let Wy = (wy,7n) be any element in the unit sphere of Zy.
1) We observe that

DGU*) - Wy = (—(a*(~,p*) - ao)wN — Oe™ (-, p")rn u*,0,0).

By combining Assumption 3.1 with [13], Theorem 1’, we observe that the term a*(,p*) — ay also belongs to
H™ir{s:1+1(0) hence to a compact subset of L>(£2). Since wy is bounded in L?(£2)?, (a*(-,p*) — ag)wn
belongs to a compact subset of L?(£2)9. Similarly, since Assumption 3.1 yields that u* belongs to L*(£2)<,
with p > 2 in dimension d = 2 and p > 3 in dimension d = 3, we use the compactness of the imbedding
of H(£2) into L* (£2), with % + % = 1, to derive that the quantity d¢a* (-, p*)ry u* also belongs to a compact
set of L2(2)?. Thus, it follows from (3.17) and (3.20) that

lim (T — Tn) DG(U*)||e = 0. (3.22)

N—+

2) Due to (3.17) and the definition of DG, we must now investigate the convergence of the three terms

(@ (,p") —a"(ap))wn,  (9ea™(,p") — Oea™(qiy))rv u™,  Oea” ( qn)rn (u” — viy)
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in L2(§2)%. The convergence of the first one follows from the Lipschitz property of a* and (3.21) applied with a
t < s such that H*1(£2) is imbedded in L>(2). From the Lipschitz property of d¢a*, since ry u* is bounded
in L2(£2)¢, the same choice of ¢ yields the convergence of the second term. Finally, the convergence of the third
term results from (3.21) applied with a ¢t < s such that H*(£2) is imbedded in L"({2), with r > 2 in dimension
d =2 and r = 3 in dimension d = 3. Combining all this yields

Jim |7 (DG = DGV)) e = 0. (3.23)

3) The last term comes from numerical integration, so that proving its convergence is rather technical. Using
once more (3.17), we have to evaluate the quantities, for all zy in the unit sphere of Xy,

a5 (wy, zy) — i ™ (wy, 2y),  ao(wy,zy) — aon (wy, zy),

/Qﬁfa*(wq}kv)(w)rzv(w) vy(2) - zn(@)de — (9™ (- gN)rn v, 2NN

Since the arguments for evaluating the three of them are very similar, we only consider the third one which
is the more complex. We denote it by By for brevity. If N® stands for the integer part of %, we introduce
approximations Ay of e (-, q}) and rye of ry in Mo, and also vyo of u* in Xye (with obvious notation)
and we note the identity

/ ANO(:B)’I“NO(:B) ’UN<>(Cl3) . ZN(CE) doe = ((ANOTNO UNQ,ZN))N.
0
Inserting it into the definition of By and using [11], Chap. IV, Cor. 1.10), we obtain
BN < ||85a*(~, q}kv)rN ’U*N — ANQTNO UN<>HL2(Q)d + HIN (IN (8§a*(~, q}kv))rN ’U*N — ANOTNo ’UN<>> ||L2(_Q)d.

We recall from [10], Remark 13.5 the stability of the operator Zy on polynomials of degree < 3N in L?(£2).
Thus, by using triangle inequalities, the imbedding of H'(§2) into any L4({2) in dimension d = 2, into L5({2)
in dimension d = 3 and some stability properties of the polynomials 7y. and vye, it suffices to prove the
convergence of

10ca (i) — Tndea* (o i)y 1060 (ai) — Anellms o,
lrn —rvell 51 (2) [N — ool (o),

with ¢ > 0 in dimension d = 2, ¢ = 1 in dimension d = 3. This results from the properties of the operator Zy
([11], Thm. IV.2.7) and from appropriate choices of Aye, rye, and vye ([11], Sect. I11.2). Thus, we obtain

Jlim [T (DGVE) = DGn (Vi) e = 0. (3.24)

The desired result is now an easy consequence of (3.22), (3.23) and (3.24).
Lemma 3.5. If the coefficient a is of class €% on R with bounded derivatives and Assumption 3.1 holds, there
exist a neighbourhood of V3, in Zn and a constant A > 0 such that the operator DFx satisfies the following
Lipschitz property, for all Vi in this neighbourhood,

IDFN(VN) = DFN(VN)lle < Au(N)IIVy = VN llz(0), (3.25)

with (N equal to |log N|z in dimension d = 2 and to N in dimension d = 3.



1806 E. AHUSBORDE ET AL.

Proof. We set: Vy = (v, qn). Owing to (3.17), we have to evaluate the quantities, for any Wy = (wy,ry) in
the unit sphere of Zy and zy in the unit sphere of Xy,

*[qx]

a) (wy, zn) — a(

wy, ZN)
and  ((Oea”(an)ry vn, 2n))N — (Oea” (5 qn)ry v, Z2N))N -
For the same reasons as in the previous proof, we only consider the second one, that we denote by Cp. Next,
we write
Cn = (0 (-, qn)rn (Vy —vn), 28))
+ (O™ (-, an) = 0ea™ (-, qn)) v Vi, 2N)) s

whence, by using once more ([11], Chap. IV, Cor. 1.10),

Cn < |0 (-, qn) | L) | Zn (rn (v — ) || p2()e
+110ea” (-, an) = 9™ (-, aw) =) 1w (v v ) [ £2(2) -
By combining the stability of the operator Zx on polynomials of degree < 2N [10], Remark 13.5 with the fact

that d¢a™ is bounded and Lipschitz-continuous with a bounded Lipschitz constant, we derive that, for any p > 2
and with % + ﬁ = %,

|Cn| < C(HTNHLOO(Q)HUE — N2 + lay — QNHLOO(Q)HTNHLP'(Q)||177\/\|Ln(md>-

It can be noted from Assumption 3.1 and (3.21) that v%, is bounded in L?({2), for some p > 2 in dimension
d =2 and p = 3 in dimension d = 3. Moreover, H!(£2) is imbedded into the corresponding space L* (£2). We
conclude by applying the inverse inequality [9], Chapter III, Proposition 2.1, valid for any polynomial ¢y in
P (£2¢), y

[Nl (@) < eN* lenllLoo,);
and noting that
— in dimension d = 3, H'({2;) is embedded in L5(£2;),
— in dimension d = 2, H'(£2;) is embedded in any L°(£2;) with norm of the imbedding smaller than ¢+/4,
see [25] (we thus take § equal to log N).

Lemma 3.6. If the coefficient o is of class €2 on R with bounded derivatives, Assumption 3.1 holds and the
data (f,po,g) belong to H? (£2) x H<’+%(F(p)) x H7(I'y)), 0> %, the following estimate is satisfied

IFN Vi zi) < e (N7 (1l + 10 01 (0)

(3.26)
+ N7 (F o @y + poll yos g oy )+ o= r))

Proof. Since F(U*) is zero, we have

IFn(Vi)llz) < 10 = Villz) + (T = In)G(UT) | 2(0)
+HIZn (G(U") = G(V)) lz(2) + 1w (G(VR) — Gn (V) Il 2(2)

The first term is bounded in (3.21). Evaluating the second term follows from (3.19) by noting that 7G(U™)
is equal to U*. To bound the third one, we apply (3.17) and note from the properties of the function a and
Assumption 3.1 that

(e (-,p") — ao)u” = (o™ (-, qx) — a0)vNllra(o)e < c(llu” = villr2(a) + IP" — anllm (o)
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so that the estimate follows from (3.21). Finally, proving the estimate for the fourth term is obtained by
applying (3.17), using the standard arguments for the error issued from numerical integration (see [11], Sect. V.1
for instance) combined with the same arguments as in part 3) of the proof of Lemma 3.4 (i.e. introducing
approximations of a* (-, ¢%) in Mye and of «4* in Xyo, where now N stands for the integer part of %)

Owing to Lemmas 3.4 to 3.6, we are in a position to apply the theorem of Brezzi, Rappaz and Raviart [14].
Note that it requires Assumption 3.1 since we need that, for the quantity p(N) introduced in Lemma 3.5,
lmpy 400 t(N) N2 = 0. A similar condition must hold on the data.

Theorem 3.7. If the coefficient o is of class €% on R with bounded derivatives, Assumption 3.1 holds and
the data (f,po,g) belong to H (2)% x H“+%(F(p)) x HO(Iy)), o > 4, there exist a positive integer N* and a
positive constant p such that, for N > N*, problem (3.5)—(3.6) has a unique solution (un,pn) in the ball with
centre (u*,p*) and radius p u(N)~1. Moreover this solution satisfies the following a priori error estimate

[u* —un| 22y + [[P" — PNllE ()
< e(w,p") (N7 ([l arspe + 17|12 (3.27)

N (Ul + 10l g )+ Nolre )
where the constant c(u*,p*) only depends on the solution (u*,p*).

The assumptions for Theorem 3.7, more precisely part (i) of Assumption 3.1, are very likely in dimension
d = 2 but they are not really for a non convex domain in dimension d = 3. However the convergence of the
discretization when the data are continuous can be derived from the previous statement.

4. A POSTERIORI ANALYSIS

As now standard for multistep discretizations, the a posteriori analysis that we perform relies on the triangle
inequalities

lu—unlr2(o) < llu— w120y + |[u* —un| L2024,

. . (4.1)
lp —pNllar2) < lp =2 llH10) + 19" — o Il (02)-

Indeed, we wish to uncouple as much as possible the errors issued from the simplification and the discretization.
In both cases, proving an upper bound for these errors consists in applying the theorem of Pousin and Rappaz [23]
(see also [26], Prop. 2.1 for a more precise version).

4.1. Error due to the simplification of the model

On each domain 2, 1 < k < K, we define the error indicator
nik = I(alpx) = a* (o) Ju 2o (4.2)
It can be noted that all nj(\';)k, such that (2 is contained in 2 are zero. Otherwise, they are given by

1S = Il (lpn) — ao)un | 2o, (4.3)

Remark 4.1. In practice, a(py) is most often replaced by Zya(py) in the previous definition (4.3), in order

to make the ng\}q)k easier to compute. The next analysis is still valid in this case.
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Using the notation introduced in Section 3, we observe that any solution U = (u, p) of problem (2.3)—(2.4)
satisfies

FoU)=U —TGo(U) =0,  with Go(U) = (f ~ (alp) - ao)u,po,g>, (4.4)

while any solution U* = (u*, p*) of problem (2.10)—(2.11) satisfies (3.11). Thus, we are led to make the following
analogue of Assumption 3.1.

Assumption 4.2. The solution U = (u,p) of problem (2.3)—(2.4)

(i) belongs to H*(£2)? x H*+1(£2) for some s > 0 in dimension d =2 and s > 3 in dimension d = 3;
(ii) is such that DFo(U) is an isomorphism of L2(2)4 x H!(£2).

Indeed, this assumption is needed to prove the following lemma.

Lemma 4.3. If Assumption 4.2 holds, the mapping: V +— DFo(V) is continuous on H*(£2)¢ x H*T1(2) and
Lipschitz-continuous on a neighbourhood of U in this same space.

Proof. We only check the Lipschitz property. Let V3 = (vi,q1) and Vo = (vs2,q2) be two elements in the
neighbourhood of U. For the same reasons as in the proof of Lemma 3.5, we have to evaluate the quantities, for
any W = (w,r) in the unit sphere of Z(£2) and z in the unit sphere of L2(£2)4,

alil(w, z) — alel(w, z)

and / Oca(m, qu(x))r(z) vi(z) - 2() daz—/ dea(z, g2(x))r(x) v2(x) - 2(x) de.
Q Q

Bounding the first term follows from the imbedding of H*+1(£2) into L>°(£2). On the other hand, denoting by C
the second term, we have

C= / (Oca(x,q1(x)) — Oca(m, g2()) ) () v1 () - 2(x) da
Q
+/ dea(x, g2 ()7 () (V1 — v2)(x) - 2(x) de,
Q
whence, with % + ﬁ = %,

C < ¢ (llar = aelle(@lI7ll o 01l oqeys + Irll oy 101 = w2l ogaye )

Finally, we take p > 2 in dimension 2 (small enough for H*({2) to be imbedded in L?(2)) and p = 3 in
dimension 3. Thus it follows from Assumption 4.2 and the imbedding of H'(£2) in L* (£2) that all the terms in
the previous inequality are bounded.

Proposition 4.4. If Assumption 4.2 holds, there exists a neighbourhood of U in H*(£2) x H*T(£2) such that
the following a posteriori error estimate holds for any solution U* = (u*,p*) of problem (2.10)—(2.11) in this
neighbourhood

K

2
lw — w120y + |lp — 2" || 1 (2) < c(u,p) (Z(Uﬁ?}c)2> +|[u* —unllr2) + P —pnllEr0) |, (4.5)
k=1

where the constant c(u,p) only depends on the solution U.
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Proof. Owing to Lemma 4.3, applying a slight extension of [26] Proposition 2.1 yields, for a constant ¢ only
depending on the norm of DFy(U)™1,
IU = U*lz(0) < c|FoU)llz(0) < ¢ I(alp™) — (0 ) w2 ()
To conclude, we use a triangle inequality and the Lipschitz property of «, together with the same Sobolev
imbeddings as in Section 3:
[{a(p™) = (") u"llL2(2)e < ll(alpn) = o (- pn))un |l L2 () (46)
+e(lp” = palla@llu’ | ms (o) + lw* = wnllzz@)a).-

All this gives the desired estimate.

Remark 4.5. As standard in the multistep approach, the estimate on the simplication error involves terms

depending on the discretization error in its right-hand side. It seems impossible to avoid that, because the error

indicator nj(\?)k must be computed explicitly, hence only depends on the discrete solution.

On the other hand, the residual equation can be written explicitly by subtracting (2.11) from (2.4). It reads

Vv € Lz(())d, al?! (u —u*,v) 4+ b(v,p—p*)

Vg€ Hy(£2), blu—u*q)=0.

Thus, proving the next estimate is nearly obvious.

Proposition 4.6. If Assumption 4.2 holds, the following estimate holds for each indicator ng\}q)k defined in (4.2)

1k < e (e = w s + 1o = 0"l + 0" = unlizoge + 10" = pxllmen ). (48)

Proof. By using a triangle inequality similar to (4.6), we only have to bound [|(a(p*) — a*(',p*))u*”L?(Qk)d.
A further triangle inequality yields

I(e(p™) = ™ (. p))ulL2(ee < cllp =1 e lw a0 + [{ap) — o™ (")) w12 (0, )a-
Thus, the desired estimate is obtained by taking the function v in (4.7) equal to

V. = (a(p) - a*(vp*))u* in Qk:,
’ 0 elsewhere,

and using the continuity of the forms al?!(-,-) and b(-, -).

4.2. Error due to the discretization

We need some further notation: For 1 < k < K, let £ and S,Ef) be the set of edges (d = 2) or faces (d = 3) of
2, which are not contained in 9f2 or are contained in I'(y), respectively. We also introduce an approximation
gn of g defined similarly as poy: Assuming that g is continuous on I'(f), for each edge (d = 2) or face (d = 3)
I'; of an element {2, which is contained in Iy, gn|r, belongs to Px(I7) and is equal to g at the (N + 1)4~1
nodes F,(&,&;) or Fy(&, &5, &y) which are located on I'y.

Next, for each k, 1 < k < K, we define the error indicator

d * _ .
o = 1T F — @ (- px) un — grad pu | p2(oe + N7 [divan |12,

_1 1
+ > N2 llun - nlllzegy + D0 N7F gy —un - ey, (4.9)
yeEy yeed
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Indeed, all solutions U* of problem (2.10)—(2.11) and Uy of problem (3.5)—(3.6) satisfy the following residual
equations, for all v in L2(£2)¢,

a*[p*](u*, v) — a*[pN](uN, v) + b(v,p* — pN)
— [ @xf — o (@n) uy — gradp)@) - v@)da + [ (F~Inf)(a) - via)do.

and, for all ¢ in H(lp)(Q),

(4.10)

b(u* —un,q) = (g,9)") — b(un,q). (4.11)
To handle this last equation, we use the second line of (3.6), together with the definition of gy, and observe by
integrating by parts on each (2 that, for any ¢x in Miy_; (with obvious notation)

b(u* —un,q) = (g—gn.0) + (gn. g — qn)P

+I§ </Qk(diVUN)(w)(Q—qN)(a;)dw_/8

We now make an assumption on the solution of problem (2.10)—(2.11) which is very similar but weaker than
Assumption 3.1 (and requires the same notation).
Assumption 4.7. The solution U* = (u*,p*) of problem (2.10)—(2.11)
(i) belongs to H*(£2)? x H*+1(£2) for some s > 0 in dimension d = 2 and s > 3 in dimension d = 3;
(ii) is such that DF(U*) is an isomorphism of L2(2)% x H'(§2).
The arguments for proving the next lemma are exactly the same as for Lemma 4.3.
Lemma 4.8. If Assumption 4.7 holds, the mapping: V + DF(V) is continuous on H*(2)* x H*TY(§2) and
Lipschitz-continuous on a neighbourhood of U in Hfﬂ H3(2)? x Hfﬂ HTL(8).
We also recall from [6], Lemmas 3.3 and 3.4 the next results.

Lemma 4.9. For all ¢ in H'(£2), there erists a qn in My satisfying for 1 <k < K and for all edges (d = 2)
or faces (d=3)~y of (2,

4.12
(uy - m)(r)(q — qN><r>dT) . (12

2

_ 1
lg = anllzz(on) < ep(QN"Hdllm),  lla—anlleze) < e N2 lalla o), (4.13)
with p(§2) equal to 1 if the domain (2 is either two-dimensional or convezx, to N otherwise.

Proposition 4.10. If Assumption 4.7 holds, there exists a neighbourhood of U* such that the following a pos-
teriori error estimate holds for any solution Uy = (un,pn) of problem (3.5)—(3.6) in this neighbourhood

K 2
* * * * d
[ — un || 2y + Ip* = pxlla ) < c(u®,p*) <p<m <Z<n§vfk>2>

k=1 (4.14)

5 =T Fllwaisy + oo = poxl g3 )+ 9 =9l )),>,
P 00 f

where the constant c(u*,p*) only depends on the solution U*.

Proof. There also, owing to Lemma 4.8, applying [26], Proposition 2.1 yields, for a constant ¢ only depending
on the norm of DF(U*)~1,

IU* = Unllz@) < clFUNzw) < c|FU) = FUN)| z0)

The right-hand side is then evaluated from (4.10) and (4.12), combined with Lemma 4.9.
The converse estimate (i.e. the upper bound of each nj(\(,i)k as a function of the error) would likely be not
optimal (see [5], Thm. 2.9). We do not present it because we do not intend to perform adaptivity with respect

to N.
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4.3. Summary of the results

Up to the terms involving the data, namely

1 — — , 415
If = ZnFllL2o)e + llPo P0N||H%(F(p)) +llg gNHHo%o(F(f))/ (4.15)

the full error
E=|u—u"|p20 + |lp = p a0 + [[u* —unllr2(0)e + [[P° — pnlla(02), (4.16)

satisfies

1

K 3

s d

E<c <§ N p<n>2<nx?k>2)> . (4.17)
k=1

This estimate is fully optimal when the domain {2 is two-dimensional or convex. Moreover, for three-dimensional

non-convex domains §2, the lack of optimality only concerns the terms ||divux|/z2(p,). On the other hand,

estimate (4.8) is local and proves the optimality of the indicators ng\}g?k. So they form an efficient tool for the

automatic simplification of the model, as described in the following strategy.
A little drawback is that these estimates require Assumptions 4.2 and 4.7. However,

e part (i) of these assumptions is always satisfied in dimension d = 2 and is likely for convex domains in
dimension d = 3;

e part (ii) of these assumptions only means that the solutions U and U* are nonsingular in the sense of [14],
which is much weaker than the uniqueness assumption.

4.4. The adaptivity strategy

Let n* be a fixed tolerance. From now on, we work with N sufficiently large for the quantities in (4.15) to be
smaller than n*.
INITIALIZATION STEP. We first work with the partition of {2 given by

) =0, 20 =0, (4.18)

and we solve the corresponding linear problem (3.5)—(3.6).
ADAPTATION STEP. We now assume that a partition of §2 into (/" and (2" is given. We compute the corre-

sponding solution (uy,pn) of problem (3.5)—(3.6), the indicators ng\}q?k and their mean value ﬁg{?), the indicators

ng\?’)k and their mean value ﬁg\?). We recall that ng\}q)k is not zero only if {2 is contained in £2*. The new partition

of 2 is thus constructed in the following way:

(i) The domain ();”H is the union of (2j" and of all {2, such that

_ —(d
0, = max (7, 7 ) (4.19)

(ii) The domain (meﬂ is taken equal to £2\ ﬁ;nﬂ.

Remark 4.11. The adaptation step can be improved in the two following ways:

(i) At each step m, the partition into ;" and (2" can be regularized, in order to diminish the number of
connected components of Qg" and (2)". For instance, if a domain {2 in (2" is surrounded by domains in
(Zé”, it can be inserted into (Zﬁm

(ii) When a domain {2 of very large size must be inserted into Qg", an idea is to consider a new decomposition
of {2 into subdomains where this (2 is replaced by smaller {25, and to perform a new computation in order
to determine which of these subdomains must be inserted into ()é”

The adaptation step must be iterated either a fixed number of times or until the Hilbertian sum

1
(25:1(771(\?,)1@)2) 2 becomes smaller than n* (when possible).
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5. AN ITERATIVE ALGORITHM

A large number of iterative algorithms exists for solving nonlinear problems of the type considered here, for
instance the Newton’s method (we refer to [14] for the proof of its convergence which relies on the arguments in
Sect. 3, see also [20], Chap. IV, Thm. 6.3). However most of them require to compute the derivative dgcov which
is not always possible. So, we now present a low cost algorithm and investigate its convergence.

Assuming that an initial guess (uQ;,p%;) is given (for instance, it can be the solution of problem (3.5)—(3.6)
with a* (-, pn) replaced by «g), we solve iteratively the problems

Find (u?, p) in Xy x My such that

PN =pon  on Iy, (5.1)
and o
Vo € Xy, ay™ uf,on) + by (o, pR) = (£, om0,

Vay € MY, by (ul,qn) = (9,qn) -

It is readily checked that this problem admits a unique solution. Proving the convergence of the sequence
(uR;, PR )n requires some preliminary lemmas.

(5.2)

Lemma 5.1. When all assumptions of Theorem 3.7 hold, there exists a constant X\ only depending on U* such
that any solution (un,pn) of problem (3.5)—(3.6) satisfies

lunllLo2)e <A (5.3)
with p > 2 in dimension d = 2 and p = 3 in dimension d = 3.
Proof. We again use the approximation (vy, ¢x) of (u*,p*) which satisfies (3.21). Indeed, we have
lunllpo2ye < NlonllLe)e + [[un — vl L)

Evaluating the first term results from (3.21) and the imbedding of H*(£2) into L’({2). To bound the second
one, we use an inverse inequality, see [9], Chapter III, Proposition 2.1. All this yields

% i1 * * *
lunllpeye < ] gs(0)a + N5 (Jlw* = vllz2(2) + [lu* — unlL2(0)e)-

The quantity [|u* — vy||z2(g)e is bounded in (3.21), while the estimate for [[u* — un|/z2(g)e is stated in
Theorem 3.7 (only this requires Assumption 3.1). To conclude, we choose p in dimension d = 2 such that
2d(3 — 1) —s=0.

When subtracting equation (5.2) at step n from equation (3.6) we obtain

* n—1
Yoy € Xy, a]\gpN ](UN —uy,vN) +by(vn, PN — D)

= (((a*(~,p"N_1) — a*(~,pN))uN, UN))N, (5.4)

Vgn € MS@’), by(un —uly, qn) = 0.

We are thus in a position to derive the next result.
Lemma 5.2. When all assumptions of Theorem 3.7 hold, the sequence (u%;, p¥; ) satisfies the following estimate

. Aot n—
Iy = willzzqoye < e llow =2 s
; (5.5)

a2 -
o = oy < el (14 22) o =53 e,

where o stands for the Lipschitz constant of the function .
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Proof. We take vy equal to uy —u7; in (5.4). The standard properties of the discrete product ((,-)) n (see [10],

Rem. 13.3 for instance), combined with a Cauchy—Schwarz inequality (note also that py — p7 belongs to MS\I;)),
thus yield

2

onfuy —uiyll gy < (0" Cpk ) = 0" (opa))un, (0 (pi ) = 0 (opa))un )

It follows from the definition of the discrete scalar product together with the Lipschitz property of a that

1

_ _ 2
arlluy — uR |2 < af (((p”N '—pn)un, (P —pN)UN))N.

Note that, in this product, each (p}fl = pN)uN can be replaced by its interpolate in X . Using once more the
stability of the operator Zn on polynomials of degree < 2N (see [10], Rem. 13.5), we obtain, for the p introduced

. 11 1
in Lemma 5.1 and with st =35

arllun —uy |20y < cal pp! =Nl Lo (o llun e (2)a-
Lemma 5.1 and the imbedding of H'(£2) into L*'(£2) then yield
arllun — uf |l 2@y < cAal [py — pY o)

All this leads to the first estimate in (5.5). To prove the second one, we need a more precise form of the inf-sup
condition (3.18): Taking vy equal to grad (px —p%) in (5.4) gives, thanks to the same arguments as previously
and a Poincaré—Friedrichs inequality,

Ipn = PNl 2) < cllun = uyllrz(o)
1
* n— * * n— * 2
+¢ (((a"Cpi ) =@ Copm))un, (@ Copi ) — @ (o) Jun ) |
The two terms in the right-hand side have been evaluated above, which leads to the second estimate.

The geometric convergence of the method can now be easily derived with a further assumption.

Proposition 5.3. When all assumptions of Theorem 3.7 hold, there exists a positive constant cg independent
of N such that, if

Aot (1 T %) < o, (5.6)

1

the sequence (u%;, pi )n converges to (un,pn) in L2(£2)4 x H'(£2). Moreover, the following estimate holds with

the constant r equal to Ao (1 + 22) e

Aaf
lun —uRllL2(0) < C ol " low = ol (2,
oy — PRl @) < K" lov — ol i (o,
where o stands for the Lipschitz constant of the function .

Remark 5.4. It can be noted [3], Proposition 2.4 that Assumption (5.6) is exactly the sufficient condition for
problems (2.10)—(2.11) and also (3.5)—(3.6) to have a unique solution. So it is logical that no further assumption
is enforced on the initial guess p; to obtain the convergence.
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Assumption (5.6) mainly means that the function o does not present high variations, i.e., that the coefficient
a' is small enough.

We now perform the a posteriori analysis for the iterative algorithm. We follow the approach proposed in [19],
even if our arguments are different. We recall that any solution of (3.5)—(3.6) satisfies (3.14). Similarly, it is
readily checked that the solution U} = (ul, p}) of problem (5.1)—(5.2) satisfies

Fn(UR) = Uk = Tngn (UR) = Tn (B3, 0,0), (5.8)

the residual Ry being given by

Yoy € Xy, /QR"N(:B) con(w)de = (o (,px ") — a* (L pR)) uR, vw)) - (5.9)

In view of the previous equations, in each domain (2, 1 < k < K, we define the error indicator

n

v = 1T (@ (5 pR) = @ (PR )l L2, (5.10)

Here, all nj(f,a,z ,, Such that (2 is contained in {2, are zero.

Remark 5.5. The quantity | - ||n 5 defined by

HQDN”?V,]C = (@Nv @N)ﬁg\ﬁ

is obviously a norm on Py (f2) (see [11], Chap. IV, Cor. 1.10). Replacing the norm || - ||z2(,) by this new

norm in (5.10) makes the computation of the nj(f,a,z ,, easier, and all the following results still hold for this new

definition.

We need some further lemmas which are very similar to Lemmas 3.4 and 3.5. The first one is a direct
consequence of Lemma 3.4, see [20], Chapter IV, Theorem 3.1.

Lemma 5.6. Let N* denote the integer introduced in Theorem 3.7. If the coefficient o is of class €2 on R with
bounded derivatives and Assumption 3.1 holds, for all N > N*, the operator DFn(Uy), where Uy stands for
the solution of problem (3.5)—(3.6) exhibited in Theorem 3.7, is an isomorphism of X X My, with the norm
of its inverse bounded independently of N.

Exactly the same arguments as for Lemma 3.5 yield the next result.

Lemma 5.7. If the coefficient o is of class €2 on R with bounded derivatives and Assumption 3.1 holds, there
exist a neighbourhood of Uy in Zn and a constant \* > 0 such that the operator DFyn satisfies the following
Lipschitz property, for all Vi in this neighbourhood,

|IDFN(Un) = DFN(VN)lle <A u(N)IUN = VNl z(2), (5.11)
with (N equal to |log N|= in dimension d = 2 and to N in dimension d = 3.
We are thus in a position to derive the first a posteriori error estimate.

Proposition 5.8. If the coefficient o is of class €% on R with bounded derivatives and Assumption 3.1 holds,
there exists a constant v such that the following a posteriori error estimate holds for any solution Uy, = (u%, ply)
of problem (5.1)—(5.2) in the ball with centre Uy and radius vu(N)~1,

K 2
lun —uR L2y + llov — Py lla(0) < ¢ (Z(n%’fﬁ,n)2> ; (5.12)
k=1

where the constant ¢ is independent of N.
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Proof. Applying once more [26], Proposition 2.1 gives

IUN —Uxllz2) < cllRyllL2(0)e,

where, owing to Lemma 5.6, the constant ¢ is bounded independently of N. Evaluting R’ follows from now
standard arguments.
To prove the converse estimate, we observe that equations (5.8) and (5.9) can equivalently be written as

Von € Xy, G%N](UN, vN) — GK;N](U%’ vn) +bn(vn, PN — PN)

5.13
= (0" (P = o () e o)) o

The next proposition can easily be derived from this equation.

Proposition 5.9. If the coefficient « is of class “52 on R with bounded derivatives and Assumption 3.1 holds,
the following estimate holds for each indicator n%alzn defined in (5.10)

1N < e (Il = wlillzaga + oy — PRl )- (5.14)
Proof. We take the function vy in (5.13) equal to

{gN((a*(.,pr&l) —a*(-,pY)) unN) in Q2

v =
k elsewhere.

Thus, we derive the estimate by using the triangle inequality

[p%]

o] ok o (u, wi) — a2 (v, o) + a2 (uy — wi, o),

an(un,vn) —ay™ (Ui, vn) = ay

and combining the Lipschitz property of o with Lemma 5.1.
Estimates (5.12) and (5.14) are fully optimal and would allow us to check the convergence or non convergence

of the iterative algorithm when condition (5.6) is not satisfied.
Of course, the definition of the indicators nj(\(,i)k is now meaningless since the discrete solution (un,py) is
never computed exactly. So let us introduce the modified indicators, now depending on n,

d * n— n n — : n
N on = 1IN F — o (.0 ) uly — grad pi || 2o,y + N7 [|divad || 20,

_1 n 1 "
+ 3 Nz [[uR- nlyllegy + > N2 gy — uR - nflree): (5.15)
yeEy yeed

Indeed, exactly the same arguments as for Proposition 4.10 leads to the following statement.

Proposition 5.10. If Assumption 4.7 holds, there exists a neighbourhood of U* such that the following a pos-
teriori error estimate holds for any solution Uy = (uly, pR;) of problem (5.1)—(5.2) in this neighbourhood

K 2

* n * n * ok d
[ — w2y + 10" = PRella ) < c(u®,p*) <p<m <Z<n§v,>k,n>2>
k=1 (5.16)

5 =T Fllwaisye + oo = poxl g3 )+ 9 =9l )),>,
! 00 f

where the constant c(u*,p*) only depends on the solution U*.
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In view of all these results, computing the 771(\?,);@,71 at each iteration n seems completely useless. Indeed, if the

algorithm converges, the sequence (uly, pR;)n converges to (un,pn), so that the 771(\?,);@,71 decrease toward 771(\(/?,)k

Thus, our adaptivity strategy is now very simple: For a given tolerance n* (it could be the same as in Sect. 4.4
or not),

(i) iterate the algorithm until

(i (77537:3,02) 5 <" (5.17)

k=1
(ii) if ny denotes the smallest value of n such that (5.17) holds, perform the adaptivity strategy described in
Section 4.4 with each nj(\(,{)k replaced by 77](\(,{)& ny

6. NUMERICAL EXPERIMENTS

We check successively the efficiency of the indicators 777(5'2)” to stop the iterative algorithm at the right
iteration, next the efficiency of the adaptivity strategy proposed in Section 4.4 to construct a correct domain {2;.

Our experiments are made in dimension d = 2 and for rectangular domains.

6.1. Stopping the iterative algorithm

In a first step, to check the efficiency of the iterative algorithm, we work with (24 = (2, this {2 being the
simple domain _
92]0.6,3[X}—6,0[, F(p) :{O.G}X}—&O[, F(f) :8Q\F(p) (61)

We consider the given solution

ulo) = (WD) pn = (4)" (6.2

— cos(x) sin(y)

The function « is equal to
a(§) = exp(§), (6.3)
3

truncated at a; = § and a2 = 3, and the data can easily be computed from this.
The discretization is made in the following way: We cut the rectangle {2 into K = 9 equal rectangles, three
in each direction. We take the discretization parameter N equal to 12 and fix the tolerance n* to 1078,
We now denote by m(Ld) and nﬁf“) the Hilbertian sum of the indicators n](\(,i,)k,n and nj(\z,a,zn, respectively, on k in

{1,...,9} for N = 12 at the iteration n. Figure 1 represents the sums m(Ld) (plain line) and m(fa) (dashed line)

as a function of the iteration n. The convergence of the method is rather fast and both indicators decrease as a
function of n in a very similar way. These curves are in good coherence with the results of Section 5.

6.2. Convergence of the simplification
We now work on the domain
2=]-1,17 Iy ={-1}x]—1,1[,  I{;)=02\T . (6.4)

and we consider the given solution

u(z,y) = (fﬁ‘;ﬁlii?ﬁ%) » pla,y) = exp (— e 1)20135(‘1/ * 1)2> : (6.5)

Indeed, the fact that the pressure presents high variations only on a part of the domain (see Fig. 2) seems well
appropriate for studying a possible simplification of the problem. The function « is still given by (6.3) and the
constant «q is taken equal to 1.
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FIGURE 1. The convergence of the indicators for « in (6.3).
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X
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FIGURE 2. The pressure defined in (6.5).

The discretization here is performed with low degree polynomials: N = 4 and much more elements: K =
324 = 182 equal squares. We follow the adaptivity strategy proposed in Section 4.4, still with n* = 10~%, and
present in Figure 3 the successive partitions of {2 into (2] (white) and (2" (black) for m varying between 1
and 9. The convergence is obtained for m = 9, which proves the efficiency of our strategy. It can be noted
that Qi? contains 22 elements.

We finally present in Figure 4 the values of the function a* at the final iteration.
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FIGURE 3. The successive partitions of {2 into 2 and 2.

6.3. Interest of the simplification

In order to minimize the computational time for the simplified model, we now adapt the iterative algorithm
to the partition of the domain, in the following way: Each iteration is applied on {2y and only one iteration
over 4 is applied on the whole domain. It can be observed that this does not affect its convergence.
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FIGURE 4. The isovalues of the final function o*.

TABLE 1. Comparison of the discretizations with and without simplification.

Without simplification ~ With simplification
Number of iterations 7 9
CPU time(s) 4.32 1.06

We now present in Table 1 the computation time with and without simplification. Even if the number of
iterations increases with the simplification, the gain of computational time is undeniable. This proves the interest
of our approach.

(1]
2]
(3]

(4]

REFERENCES

Y. Achdou, C. Bernardi and F. Coquel, A priori and a posterior: analysis of finite volume discretizations of Darcy’s equations.
Numer. Math. 96 (2003) 17-42.

M. Azaiez, F. Ben Belgacem and C. Bernardi, The mortar spectral element method in domains of operators, Part I: The
divergence operator and Darcy’s equations. IMA J. Numer. Anal. 26 (2006) 131-154.

M. Azalez, F. Ben Belgacem, C. Bernardi and N. Chorfi, Spectral discretization of Darcy’s equations with pressure dependent
porosity. Appl. Math. Comput. 217 (2010) 1838-1856.

M. Azaiez, F. Ben Belgacem, M. Grundmann and H. Khallouf, Staggered grids hybrid-dual spectral element method for second-
order elliptic problems, Application to high-order time splitting methods for Navier—Stokes equations. Comput. Methods Appl.
Mech. Engrg. 166 (1998) 183-199.

C. Bernardi, Indicateurs d’erreur en h — N version des éléments spectraux. Modél. Math. et Anal. Numér. 30 (1996) 1-38.
C. Bernardi, A. Blouza, N. Chorfi and N. Kharrat, A penalty algorithm for the spectral element discretization of the Stokes
problem. Math. Model. Numer. Anal. 45 (2011) 201-216.

C. Bernardi, T. Chacén Rebollo, F. Hecht and R. Lewandowski, Automatic insertion of a turbulence model in the finite element
discretization of the Navier—Stokes equations. Math. Models Methods Appl. Sci. 19 (2009) 1139-1183.

C. Bernardi, F. Coquel and P.-A. Raviart, Automatic coupling and finite element discretization of the Navier—Stokes and heat
equations, Internal Report R10001, Labotatoire Jacques-Louis Lions, Paris (2010).



1820 E. AHUSBORDE ET AL.

(9]
(10]
(11]
(12]
(13]
(14]
(15]
(16]
(17]

(18]
(19]

20]

(21]
(22]

23]
(24]

[25]
[26]

C. Bernardi, M. Dauge and Y. Maday, Polynomials in Sobolev Spaces and Application to the Mortar Spectral Element Method,
in preparation.

C. Bernardi and Y. Maday, Spectral Methods, in the Handbook of Numerical Analysis V, edited by P.G. Ciarlet and J.-L.
Lions. North-Holland (1997) 209-485.

C. Bernardi, Y. Maday and F. Rapetti, Discrétisations variationnelles de problemes aux limites elliptiques, Collection
Mathématiques et Applications vol. 45. Springer-Verlag (2004).

M. Braack and A. Ern, A posteriori control of modeling errors and discretization errors. Multiscale Model. Simul. 1 (2003)
221-238.

H. Brezis and P. Mironescu, Gagliardo—Nirenberg, composition and products in fractional Sobolev spaces, J. Evol. Equ. 1
(2001), 387-404.

F. Brezzi, J. Rappaz and P.-A. Raviart, Finite dimensional approximation of nonlinear problems, Part I: Branches of nonsingular
solutions. Numer. Math. 36 (1980) 1-25.

T. Chacén Rebollo, S. Del Pino and D. Yakoubi, An iterative procedure to solve a coupled two-fluids turbulence model. Math.
Model. Numer. Anal. 44 (2010) 693-713.

A.L. Chaillou and M. Suri, Computable error estimators for the approximation of nonlinear problems by linearized models.
Comput. Methods Appl. Mech. Engrg. 196 (2006) 210-224.

M. Daadaa, Discrétisation spectrale et par éléments spectraux des équations de Darcy, Ph.D. Thesis, Université Pierre et Marie
Curie, Paris (2009).

M. Dauge, Neumann and mixed problems on curvilinear polyhedra. Integr. Equ. Oper. Th. 15 (1992) 227-261.

L. El Alaoui, A. Ern and M. Vohralik, Guaranteed and robust a posterior: error estimates and balancing discretization and
linearization errors for monotone nonlinear problems. Comput. Methods Appl. Mech. Engrg. 200 (2011) 2782-2795.

V. Girault and P.-A. Raviart, Finite Element Methods for Navier—-Stokes Equations, Theory and Algorithms. Springer—Verlag
(1986).

J.-L. Lions and E. Magenes, Problémes auz limites non homogénes et applications, Vol. I. Dunod, Paris (1968).

N.G. Meyers, An LP-estimate for the gradient of solutions of second order elliptic divergence equations. Ann. Sc. Norm. Sup.
Pisa 17 (1963) 189-206.

J. Pousin and J. Rappaz, Consistency, stability, a priori and a posteriori errors for Petrov-Galerkin methods applied to
nonlinear problems. Numer. Math. 69 (1994) 213-231.

K.R. Rajagopal, On a hierarchy of approximate models for flows of incompressible fluids through porous solid. Math. Models
Methods Appl. Sci. 17 (2007) 215-252.

G. Talenti, Best constant in Sobolev inequality. Ann. Math. Pura ed Appl. Serie IV 110 (1976) 353-372.

R. Verfirth, A Review of A Posteriori Error Estimation and Adaptive Mesh-Refinement Techniques. Wiley ans Teubner
(1996).



	Introduction
	The complete and simplified models
	The discrete problem and its a priori analysis
	A posteriori analysis
	Error due to the simplification of the model
	Error due to the discretization
	Summary of the results
	The adaptivity strategy

	An iterative algorithm
	Numerical experiments
	Stopping the iterative algorithm
	Convergence of the simplification
	Interest of the simplification

	References

