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WAVELET COMPRESSION OF ANISOTROPIC INTEGRODIFFERENTIAL
OPERATORS ON SPARSE TENSOR PRODUCT SPACES*

NiLs Reicu!

Abstract. For a class of anisotropic integrodifferential operators B arising as semigroup generators of
Markov processes, we present a sparse tensor product wavelet compression scheme for the Galerkin finite
element discretization of the corresponding integrodifferential equations Bu = f on [0, 1]™ with possibly
large n. Under certain conditions on B, the scheme is of essentially optimal and dimension independent
complexity O(h™"|log h|2("_1)) without corrupting the convergence or smoothness requirements of the
original sparse tensor finite element scheme. If the conditions on B are not satisfied, the complexity
can be bounded by O(hf(HE)), where ¢ < 1 tends to zero with increasing number of the wavelets’
vanishing moments. Here h denotes the width of the corresponding finite element mesh. The operators
under consideration are assumed to be of non-negative (anisotropic) order and admit a non-standard
kernel (-, -) that can be singular on all secondary diagonals. Practical examples of such operators from
Mathematical Finance are given and some numerical results are presented.
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1. INTRODUCTION

Sparse tensor product-based wavelet compression for integrodifferential equations (PIDEs) of the form

Bu=f on]0,1]", (1.1)

was introduced in [39,46,47] for isotropic integrodifferential operators B with distributional Schwartz kernels
k(z,y) that are singular only on the diagonal in [0,1]™ x [0,1]™. For such operators essentially dimension-
independent and asymptotically optimal complexity results have been shown in [46,47].

The assumption that B admits a standard kernel however is not always satisfied in practice. For instance in
Mathematical Finance the pricing of contracts on baskets of assets where the underlying is modeled by jump
processes leads to equations of the form (1.1), where the integrodifferential operator B only admits a kernel
that can be singular on all secondary diagonals of [0,1]™ x [0,1]™ and all singularities are of different order.
In this work we construct a sparse tensor product-based wavelet compression scheme for a wide class of such
anisotropic operators.

Keywords and phrases. Wavelet compression, sparse grids, anisotropic integrodifferential operators, norm equivalences.

* Supported in part by scholarships of the Zurich Graduate School in Mathematics (ZGSM) and the Huber Kudlich Foundation
at ETH Zurich.
L ETH Zurich, Seminar for Applied Mathematics, 8092 Zurich, Switzerland. reich@math.ethz.ch

Article published by EDP Sciences © EDP Sciences, SMAI 2009


http://dx.doi.org/10.1051/m2an/2009039
http://www.esaim-m2an.org
http://www.edpsciences.org

34 N. REICH

Even though, due to the different singularity structures, the numerical analysis differs significantly (see [47],
Sects. 3 and 5 below), from a numerical point of view the challenges arising for the discretization of anisotropic
operators are essentially the same as for isotropic ones (cf. [47], Sect. 1): Galerkin discretization of integrodiffer-
ential equations in general leads to linear systems with densely populated matrices of substantial size. Even on
tensor product domains, the straightforward application of standard numerical schemes fails due to the “curse
of dimension”: the number of degrees of freedom on a tensor product Finite Element (FE) mesh of width A in
dimension n grows like O(h™™) as h — 0. The non-locality of the underlying operator thus implies that the FE
stiffness matrix consists of O(h~2") non-zero entries.

Based on tensor products of univariate wavelet basis functions, in this paper we prove that the complexity of
the stiffness matrix can however be reduced to O(h~(1+2)) with (for fixed dimension) arbitrarily small 0 < ¢ < 1
and, under certain conditions, even to O(h~!|log h|2(”*1)) without corrupting the convergence of the original
FE scheme. Our results are applicable not only to classical pseudodifferential operators but to a wide class of
anisotropic integrodifferential operators. To this end, suitable symbol classes are introduced.

The anisotropic discretization technique presented in this work relies on the following two approaches (cf. [47]):

Sparse tensor product spaces as introduced in [7,27,28,44] are used to overcome the “curse of dimension”.
This approach yields essentially dimension independent O(h~!|log h|*~!) degrees of freedom as h — 0 while at
the same time (essentially) preserving the approximation rate. Discretizing integrodifferential equations on a
sparse tensor product space thus yields matrices containing O(h~2|log h|>("~1)) entries. As shown in e.g. [28],
these results require greater smoothness of the function to be approximated than the original discretization and
this extra regularity increases with the dimension n.

The non-locality of integral operators can be treated by so-called wavelet compression. This methodology
was introduced by [5] in the very different setting of isotropic (or standard) wavelet representation, i.e. the FE
basis functions consist of tensor products of scaling functions and wavelets only on the same level. It was shown
that wavelet representation yields an almost sparse representation of certain operators. In [14,15,58,61] this
approach was advanced further (on not necessarily tensor product domains) and given a rigorous mathematical
foundation based on the requisite that the compressed system has to preserve the stability and convergence
properties of the unperturbed discretization. In [51] it was shown that wavelet compression techniques may
yield asymptotically optimal complexity (on not necessarily tensor product domains) in the sense that the
number of non-zero entries in the resulting matrices grows linearly with the number of degrees of freedom. In
contrast to sparse tensor product approximation, this methodology does not require additional smoothness of
the approximated function. But, since the number of non-zero matrix entries grows linearly with the degrees of
freedom, there still is exponential growth of the number of non-trivial matrix entries as the dimension n tends
to infinity. The results on isotropic wavelet compression have been unified in a sophisticated way in [17]. Since
it somewhat presents a finalization of the isotropic wavelet compression, we refer to [17] for further details.
Note that, with a slightly different approach but based on analogous principles similar complexity results for
the isotropic setting have been presented in [55]. In summary, substituting h = 277, one finds

e Discretization by sparse tensor product spaces yields (9(22‘] J2("_1)) non-zero entries in the system
matrix.
e Wavelet compression of general full tensor product spaces yields O(2"/) non-zero matrix entries.

The following diagram illustrates the connection between the two approaches and our new results:

7] et al.
0(22nJ) [7] et a 0(22‘]{]2(7171))
isotropic
operators |
|
isotropic an-/isotropic
(17] et al. operat%rs l op{eratorgl
|
+
0(2»”]) _______ N 0(2.7J2(n71))
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We shall use the notion of computational “complexity” exclusively to indicate the number of non-zero entries
in a given system matrix. With an efficient implementation and quadrature as in e.g. [30] it can be shown
that the overall cost of computing and assembling the system matrix is essentially of the same magnitude as its
complexity.

As in [47], the complexity results of this work also imply that, under certain conditions, the stiffness matrices
of the anisotropic non-local operators under consideration are s*-compressible in the sense of [10,25,52]. This
shows that, in order to solve the corresponding integrodifferential equations one may employ adaptive wavelet
algorithms as in [9,10,26] that converge with the rate of best approximation by an arbitrary linear combination
of N wavelets (so-called best N-term approximation, cf. [22]).

The outline of this work is as follows:

In Section 2 the abstract set-up is presented and notation is fixed.

Section 3 provides the main motivation. We briefly introduce finite element asset pricing methods that lead
to the abstract anisotropic integrodifferential equations under consideration.

Based on the considerations of Section 3, in Section 4 a new class of anisotropic operator symbols is defined
and examples are provided. For the corresponding class of anisotropic operators we then construct the sparse
tensor wavelet compression scheme as follows:

In Section 5 fundamental estimates for the entries in the sparse tensor product-based stiffness matrix are
derived.

Section 6 provides the consistency requirements that need to be satisfied by the compression scheme in order
to preserve the stability and convergence properties of the sparse tensor product setting without compression.

Based on the two previous sections, in Section 7 the actual compression schemes are defined. Consistency
with the sparse tensor product setting without compression is proved.

In Section 8 we provide complexity results for the constructed compression schemes. Based on [46], we
show that under certain conditions the complexity of the sparse tensor product setting can be reduced to
@ (2" J 2("’1)) non-zero matrix entries provided that the number of vanishing moments is sufficiently large. If
these conditions are not satisfied, the complexity can be bounded by O (2(“‘5)‘] ), where € < 1 tends to zero
with increasing number of vanishing moments.

Some numerical experiments are presented in Section 9. They coincide with the analytic predictions.

Finally, in Section 10 we briefly summarize the main results of this work in order to provide a clear under-
standing of the uses and limitations of the presented methods.

2. GALERKIN DISCRETIZATION OF MULTIDIMENSIONAL PIDES

The compression scheme and numerical analysis we present in this work is based on the following generic
set-up (cf. [46,47]): On [0,1]™ =: O, we consider an integrodifferential equation

Bu = f, (2.1)
with an integrodifferential operator
B=Ap + A, (2.2)
where Ap denotes a (possibly vanishing) differential operator
1 & 0%u
= —= i i €ER 4,7 =1,...,n, 2.3
ADu Qi;IQjé)xié)xj Qj < “J " ( )

and A is an integral operator of possibly anisotropic order o € R”, i.e. A : H%/?(0) — H~%/%(0) continuously.
Here, the Sobolev spaces H2/?(0) and its dual H~2/2(0) are defined as follows: for u € C§°(0J), define @ to
be the zero extension of u to all of R™. Then, for s € R", the space H2(() is given by

H0) = Talue GO (2.4)
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where the closure is taken with respect to the norm of the anisotropic Sobolev space

HE(R") := {f € S'(R")

an L&) 2 f
=1

< oo}7
L2(Rn)

where f denotes the Fourier transform of f € S’(R™). We assume that the operator A admits a kernel
representation,

Au(z) = /D (e, yu(y)dy, (2.5)

with a distributional kernel function (-, -) that is smooth outside the secondary diagonals S C [0, 1]™ x [0, 1],
1.e.
S ={(z,y) €[0,1]" x [0,1]" : z; =y;, for somei e {l,...,n}}-

The best known example of such integral operators are:

Example 2.1 (isotropic operators). Any classical pseudodifferential operator A : H4(R™) — H~9(R™) of order
2q € R with symbol in the Héormander class Siqo in the sense of [35,56] admits a distributional kernel function
k(-,-) as in (2.5).

In this case, by the Schwartz kernel theorem (c¢f. e.g. [54], Sect. VI.7), the function «(-,-) is singular only on
the diagonal in [0, 1]™ x [0, 1]" and for any ¢, ¢’ € {0,1,2,...}" there holds

0%85/@(30,3;) < Coorl|r — y|*(”JFQ”"JF‘Q‘HQID7 for all z,y € [0,1]", (2.6)

with some constant ¢, independent of x, y € [0,1]". A sparse tensor product-based compression scheme
especially for such, so-called isotropic, operators has been constructed in [47] and [46], Chapter 2. The more
general compression scheme of this work is, of course, also applicable. Throughout, we refer to estimates of the
form (2.6) as Calderén-Zygmund (CZ) estimates.

Denoting by Q = (Q;j)1<i,j<n the coefficient matrix of the differential operator Ap in (2.3) we shall assume
that either @ = 0 or @ > 0. The order multiindex a € R"™ of the integrodifferential operator B = Ap + A is
then given by

2,...,2), if @ >0 and max{a,...,a,} <2,

_ 2.7
@ {g, otherwise. (2.7)

For the numerical solution of (2.1), we employ the Galerkin method with respect to a hierarchy of conforming
)

trial spaces ‘?J C 17J+1 c HY/ 2(0). The variational problem of interest reads: find u € 17J such that,

(Buy, vy) = (f, vy) forall vy e V. (2.8)

The index J represents the meshwidth of order 277, We shall make the following assumptions on the operator B
to ensure that the variational problem (2.8) is well posed — for details we refer to e.g. [53], Proposition III.2.3.

(1) B satisfies a Garding inequality, i.e. there exist constants v > 0, C' > 0 such that
(Bu,u) > y|[ull3as o) — Cllull}ay,  for all u e HE(D). (2.9)

(2) B : HY?(O) — H~2/2(0) is continuous, i.e. there exists a constant C’ > 0 such that for all u,v €
H2/2(0) there holds

[(Bu, v)| < C'|Jul| gas2 @) vl mar2(oy- (2.10)
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The nested trial spaces 17J C ‘7J+1 we employ in (2.8) shall be sparse tensor product spaces based on a wavelet
multiresolution analysis described in the next sections.
To simplify notation, we denote

a = |a|eo = max{oq,...,a,}, for any a € R".

We shall frequently write a < b to express that a is bounded by a constant multiple of b, uniformly with respect
to all parameters on which a and b may depend. Then a ~ b means a < b and b < a. Also, we shall denote
Ny :=NuU{0} ={0,1,2,...}.

2.1. Wavelets on the interval

On [0, 1] we shall use the same scaling functions and wavelets as described in [17] based on the construction
of [8,16,43] and the references therein.

The trial spaces V; are spanned by single-scale bases ®; = {¢; 1 : k € A;}, where A; denote suitable index
sets. The approximation order of the trial spaces we denote by d, i.e.

inf,.cy. ||[v—v;
d = sup {s eR: st;%){m U’;]_};Jl'?;ll U]|O} < o0, Yv e H*([0, 1])} . (2.11)
1= s

Using the single-scale bases constructed in [8] based on B-splines adapted to the interval [0, 1] as described
in [16], we assume that for each j > 0, the basis functions ¢; € ®; have compact supports and admit two
important properties: H‘ﬁjvk”ﬂ([o,u) =1 and |supp ¢;j x| ~277.

Associated to these primal bases are dual bases ®; = {¢; 1 : k € A;}, i.e. there holds (¢, dju) = Opp-
By d we denote the order of ;I;j and assume d < d for the remainder of this work. In particular, for B-splines of
order d and duals of order d > d such that d + d is even the bases D, ij as in [16] have approximation orders d

and d.
To these single-scale bases there exist biorthogonal complement or wavelet bases U; = {¢;, : k € V;},

\T/j = {1’/;];c tk € V;}, where V; := Aj1\A;. Inherited from ¢;, the 9, have compact supports and there
holds
| supp 1 k| ~ 277, (2.12)
The dual pair of wavelet bases U, U is defined by U = szo U, U = szo E/j, with ¥ := ®;, ¥( := ®;. There
holds
||7/}j,kHL2([O,1]) ~ 1, for all 1/)]',19 cwv.

From the biorthogonality of ¥ and ¥ one infers the so-called cancellation property of U (see e.g. [6]), i.e.
(Pjks P S 27“‘7“/2)|f|Wa,x(Suppwjyk), for each 1, € U. (2.13)
Here |f|ng’oo(Q) = SUP,cq |8‘§f(:£)|. The mother wavelet of ¥ we denote by v, i.e. for any j and k € V,
Yin(x) =222 — k),  xel0,1]. (2.14)
Denoting by W, Wj the span of ¥, \T/j, there holds
Vis1 =W @V, and Yy = VA\%H @ V;, forall j>0, (2.15)

and,
Vi=Wo@...@W;, forall j >0. (2.16)
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Crucial for the consistency of our compression scheme is the fact that the wavelets on [0, 1] satisfy the following
norm estimates (c¢f. e.g. [13,16], for the one-sided estimates we refer to [61]):
For an arbitrary u € H'([0,1]), 0 < t < d, with wavelet decomposition

(o] (o]
w=Y Y wistie =Y, Y (U, %)k,
7=0 k‘EVj 7=0 k‘EVj
there holds the norm equivalence,
S22y~ fulZ oy HOSE<d—1/2, (2.17)
(4,k)
or the one-sided estimate,
. 5 )
D29k Sllullfpe oy, ifd—1/2<t<d. (2.18)
(4,k)
In case t = d there only holds,
, 5 )
S 9212 S T Jullpe oy s £ = d. (2.19)
(4,k)
5<J

We conclude this section by an explicit example of wavelets on [0, 1] with approximation order d = 2:

Example 2.2. The wavelets comprise of piecewise linear continuous functions on [0, 1] vanishing at the end-
points. The mesh for level j > 0 is defined by the nodes z; := k270U with k € V; := {0,...,2/+1}. There
holds N; :=dimV; = 27! — 1 and therefore M, := dimV; — dimV;_, = 27.

On level j = 0 we have Ny = My = 1 and 1 is defined as the piecewise linear function with value c¢g > 0
at xg1 = % and 0 at the endpoints 0, 1.

For j > 0 we firstly define c; := 279/2 Then the wavelet ;.1 is defined as the piecewise linear function such
that ;1(2j,1) = 2¢5, ¥j1(x52) = —¢; and Y;1(x;) = 0 for all other s # 1, 2. Similarly, the wavelet 1, ar,
takes the values ¢ ar, (2j,n;) = 2¢j, ¥jnm;(2j,N;—1) = —c; and zero at all other nodes. For 1 < k < Mj the
wavelet 1} 1, is defined by ¥ k(2 2k—2) = —¢;, Vi k(T 26-1) = 2¢;, Vjr(xj k) = —c; and ¥ k(xj5) = 0 for all
other s # 2k — 2, 2k — 1, 2k.

Remark 2.3. Note that there is a strong link between the order of the operator, the approximation order of
the multiresolution analysis and the number of vanishing moments of the wavelets which already restricts the
possible choice of wavelet bases. In fact, the analysis of the so-called second compression we adapt from [17,51]
refers exclusively to biorthogonal spline wavelets whose singular supports are well defined and not dense in the
wavelets’ supports. We refer to [29] for more specific illustrations.

2.2. Sparse tensor product spaces

For x = (z1,...,2,) € [0,1]™, we denote,

Vi () =)k, @ @Yk (1, T0) = Yk (T1) gk (T0)-

Using Fubini’s theorem one infers that the scaling and cancellation properties (2.12), (2.13) of the univariate
wavelets carry forward to their tensor products. In particular,

n
[supp ¥y = [ [ Isupp ), .| ~ 270140,

i=1
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and each 9 x has d vanishing moments which implies the cancellation property

(0,050 S 2l gdmaxti,oin (2.20)

}|U|WJ’°°(SHPP¢j,k)'

On O = [0,1]", we define the subspace V; ¢ H2/2(0) as the (full) tensor product of the spaces defined on [0, 1]
n

V=@V, (221)
i=1

which can be written using (2.16) as

Vs

span{ka:k:iEVji,OgjigJ, i=1,...,n}

J
SOWL e W,

Ji,--Jn=0

We define the regularity v > |&|oo/2 of the trial spaces by
vy=sup{seR:V;cC H(O)}- (2.22)

It is known that based on the spline wavelets constructed in Example 2.2 the regularity index satisfies v = d—1/2.
The sparse tensor product spaces V; are defined by

‘71] =span{yjk : ki €V, i=1,...,n;0<|jj1 < J} = Z Wi ®...0W,,. (2.23)
0<|jli <

One readily infers that N := dim(V;) = O(2"/) whereas N := dim(V;) = O(27J"!) as J tends to infinity.
However, both spaces have similar approximation properties in terms of the Finite Element meshwidth h = 277,
provided the function to be approximated is sufficiently smooth. To characterize the necessary extra smoothness
we introduce the spaces H2([0, 1]"), s € N{, of all measurable functions u : [0,1]” — R, such that the norm,

1/2
WM%ﬁ( Z|wg@mm@>,

0<a;<si,
i=1,...,n

is finite. That is

n
H([0,1]") = Q) H* ([0, 1). (2.24)
i=1
For arbitrary s € RY, we define H* by interpolation. Because of the underlying tensor product structure (2.24),
one infers from (2.17)—(2.19) that for

=Y Uit = Y Uik ® - O Yk,

(-k) (-k)

there holds the norm equivalence

Dzt 2 lull. 30 < s < d—1/2 for all 4, (2.25)
(k)
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and the one-sided bounds

D ity 2 < a0 < s < d for all i, (2.26)

(G:k)

Z2251j1+”'+25”" uix? < ||u||i{77 if s; = d for some 1. (2.27)
k

Note that a slightly refined version of the one-sided bounds (2.26), (2.27) can be found in [48], proof of Theo-
rem. 5.1.
By (2.21), one may decompose any u € L?(0J) into

w@) = Y D wpdik@) = Y Y itk (@1) gk ().

Jiz0 ki€Vj; Jiz0 ki€Vj,
i=1,...,n i=1,...,n

In this style, the sparse grid projection ]3J :L2(0) — ‘A/J is defined by truncation of the wavelet expansion:

(Pyu)(z) = Z Zuj,kwj,k(ff)a (2.28)

0<ljli<TkEV;

where Vj =V, . Vi X ...x V..

Sdn) T
2.3. Approximation rates for anisotropic operators on sparse tensor product spaces

For the proof of the following convergence and stability results, we refer to [48] and [28,60], respectively.
By [60], Proposition 3.1, and [48], Theorem 5.1, the sparse tensor product projection P; in (2.28) satisfies:

Lemma 2.4. Suppose for each i = 1,...,n there holds 0 < «;/2 < =, with v given by (2.22), then for
u € H2/2(0) there holds:
(1) Stability of Py:
1Prull garz@y S llull sz o)- (2:29)

(2) Approzimation property of Py: let & <t; <d,i=1,...,n, with d given by (2.11). For u € HY(O)
there holds

—— a#0 or
2B juluc if{ ’

lu— Prull gary S ti # d for alls, (2.30)

20507y llullpey  otherwise,

where we denote t = (t1,...,t,) and (§ —t) = max{S —t1,..., G —t,}.
Thus, there holds:

Proposition 2.5. Let &, as defined in (2.7), denote the order of the integrodifferential operator B in (2.2).
Then the sparse tensor product spaces Vy in (2.23) based on the wavelets introduced in Section 2.1 satisfy:

(1) The Galerkin discretization of (2.1) based on sparse tensor product spaces V; as defined in (2.23) is
stable, i.e. there exist Jy > 0 and c¢1 > 0, co > 0 such that for any J > Joy there holds

| (Bug, va)| > erllosl sy — callvallizo, for allvy € Vy, (2.31)
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and there exists some ¢z > 0 such that for all J > Jy,
[(Buy, wy)| < esllvgll gare oy llws |l gare oy, for all vy, wy € V. (2.32)
In particular, the variational problem (2.8) admits a unique solution.
(2) Let uw and wuy denote the solutions of the original equation (2.1) and the variational problem (2.8),
respectively. The best convergence of the sparse tensor product Galerkin scheme is determined by

v —wsllgar@ S g~ (=l 2200y 130y, (2.33)

provided u € HP(O). The anisotropic smoothness parameter p € RY, is given by

lal @
i=d= =55 ) 2.34
r ( 2 2 (2.34)
for each i =1,...,n, and furthermore
(n-1d )
v=2 nd—1" ifa=(0,...,0) and hence p = (d,...,d),
0, otherwise.

Proof. The stability estimates (2.31), (2.32) are obtained exactly as in [47], Proposition 2.1. The convergence
rate (2.33) in the sparse tensor product setting is given by [48], Proposition 5.2. O

Having set up the general numerical basis of our approach, in the next section we briefly describe our main
applications.

3. MOTIVATION: PRICING OF FINANCIAL DERIVATIVES IN MODELS WITH JUMPS

Even though the results of the present work can be applied to a wide range of non-local operators, our main
motivation arises from Mathematical Finance. In this section we illustrate how high-dimensional equations of
the form (2.1) naturally occur in this field.

3.1. Pricing equations

Consider arbitrage-free values u(z,T") of contingent claims on baskets of s € N assets. The log-returns of the
underlying assets are modeled by a Lévy or, more generally, a Feller process X with state space R, s < n, and
Xo = z. For example, the compression techniques constructed in this work can be applied when X is a Lévy
copula process (then n = s > 2, ¢f. [24]) or the price process of a Barndorff-Nielsen-Shephard (BNS) stochastic
volatility model (then s =1, n =2, ¢f. [3]).

By the fundamental theorem of asset pricing (see e.g. [18]), an arbitrage free price u of an European contingent
claim with payoff ¢(-) is given by the conditional expectation

u(z,t) = E(g9(Xy) | Xo = ),

under an a priori chosen risk-neutral martingale measure equivalent to the historical measure (see e.g. [19,20]
for measure selection criteria).

Deterministic methods to compute u(x, T') are based on the solution of the corresponding backward Kolmogorov
equation (for the derivation see e.g. [21], [38], Sect. 7.3, as well as [24,41,49))

ug + Bu =0, Ulp=r = g. (3.1)
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Here B denotes the infinitesimal generator of X with domain D(B). For the Galerkin-based Finite Element
implementation, equation (3.1) is converted into variational form as illustrated in Section 2. Formally, the
resulting problem reads: find u such that

<£u, v> + (Bu, v) =0, forall v e D(B). (3.2)
ot ——
E(u,v)

In the classical setting of Black-Scholes, X is a geometric Brownian Motion and B is a diffusion operator so
that a closed form solution of (3.1) and (3.2) for plain vanilla contracts is possible in certain cases. For more
general Lévy or Feller price processes X, B is in general a pseudodifferential operator with symbol ¥, i.e.

(Bu)(@) = ¥ (@, Dyu)(a) =~ [ € (@, e)ae)de, (33)

n

If X is a pure jump process and hence B = A is an integral operator, one obtains the kernel representation (2.5)
of A =X (x, D) by writing for any u € S(R"),

/n / v X (2, Ouy)dyde.

Thus, the kernel (-, -) in (2.5) can be represented as

K(ag) = [ SO g, (3.4

the inverse Fourier transform (in the sense of oscillatory integrals, see e.g. [36], Eq. (18.1.7)) of X at x —y.

Remark 3.1. If X is a pure jump Lévy process with absolutely continuous Lévy measure then the following
relation holds between «(+,-) and the density k(-) of the Lévy measure of X:

1(97 y—2z,€) 1(93 v,€) < §> l<zy’£>>l€ ded

in the sense of distributions. By [34], Lemma 2.8, for any £ € R", z € R™ there holds

3 2
—i(z,§) _ 1 1<Za€> 7. | |
¢ * SUTERR

1+ |22 (14 [€%).

Hence, the distributional kernel (-, -) in (3.5) is indeed well defined, since k(-) is a Lévy kernel that satisfies

/n(|z|2 A1)k(2)dz < oo.

For an extensive description of Lévy processes we refer to the monographs [4,50].

For the numerical solution of the variational problem (3.2) we employ variational Galerkin methods developed
in [1,2,12,24,31,40-42,46]. We conclude this introductory part by illustrating this approach in case the underlying
process X is a Lévy process (for a more general survey we refer to [32,33]).
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3.2. The Finite Element Method for option pricing in multidimensional Lévy models

The considerations of this section are based on [24,49]. Suppose X is a Lévy process with state space R™
and characteristic exponent

X(¢) = i 1 _oitew) | i€, y) 5
W= orge e[ (1 I v,

where v € R™ is the drift vector, @ € R"*" is the covariance matrix and v(dy) is the Lévy measure of X.
Assume the risk-neutral dynamics of s = n > 1 assets are given by

Si=GiettXi i=1,...n,
under a risk-neutral measure such that eX' is a martingale with respect to the canonical filtration F? :=
o(Xs, s <t), t >0, of the multivariate process X.

Consider an European option with maturity 7' < oo and payoff g(.5) which is assumed to be Lipschitz. The
value V' (¢, S;) of this option is given by

V(t,S):IE( —(T=1) g(7)| S, = ) (3.6)

and, sufficient smoothness provided, it can be computed as the solution of a partial integrodifferential equation.

Theorem 3.2. Assume that V(t,.5) in (3.6) satisfies
V(t,S) € Ch?((0,T) x RLy) N CO ([0,T] x RL,) .
Then V(t,S) is the solution of the following PIDE:
oV 9’V OV
= (t:8) + ZSSQ”@S&)S (t,5) + Zsas(w) rV(t,S) (3.7)

+/n <V(t Se?) ZS a;/(t S)) v(dz) =0,

in (0,T) x RL, where V (t,Se*) := V(t,51€*,...,S,e*), and the terminal condition is given by

V(T,S) =g(S) VS eRY,. (3.8)
Proof. [49], Theorem 4.2. O
If the marginal Lévy measures v;, i = 1,...,n, of v are absolutely continuous and admit densities v;(dz) =
k;(z)dz with constants G; > 0, M; > 0, ¢ =1,...,n, such that
ki(2) < eGi?, for all z < —1, (3.9)
i\Z) X .
e Mz forall z>1,

the PIDE (3.7) can be transformed into a simpler form.

Corollary 3.3. Suppose the marginal Lévy measures v;, i = 1,...,n, satisfy (3.9) with M; > 1, G; > 0,
i =1,...,n. Furthermore, let

U(Ta 1') - e’,‘TV (T -7, e‘”l"‘(’Yl_’“)T, e exn"l‘(’Yn—T)T) 7
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where

v = Qi —|—/ (e® — 1= z;) vi(dz;).
2 R

Then, u satisfies the PIDE

ou
a—+AD[ u] + Afu] =

n (0,7) x R™ with initial condition u(0, ) := ug. The differential operator is defined for p € CZ(R™) by

1 & &
AD [90] == *2 Z Q’L] 8:51030] )
i,j=1

Proof. [49], Corollary 4.3.

For any u,v € C§°(R™) we associate with the diffusion part Ap the bilinear form

Z Qij 6—uﬁdx

=1 R™ 8:@ al‘j

To the jump part A we associate the so-called canonical bilinear jump form
— 7 dxv(d
/W/n< x4+ z) —u(zx Zz@x, ) x)dz v(dz),

E(u,v) = Ep(u,v) + E5(u,v).

and set

Herewith, we can now formulate the formal parabolic problem (3.2) rigorously:
Find v € L?((0,T7); D(€)) N H*((0,T); D(E)*) such that
0
<_u> vp(e)-,pe) + E(u,v) =0, 7€ (0,T), Yv € D(E),

or
u(0) = uo.

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

Here D(E€) denotes the domain of the bilinear form £(+,-) of X. The well-posedness of (3.15) has been analyzed
in [24,49] where it also has been shown that D(E) can explicitly be characterized in terms of anisotropic Sobolev

spaces.
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For implementation, the variational problem (3.15) needs to be localized to a bounded domain, discretized
in space, and a time stepping scheme has to be applied. More precisely, these three steps are accomplished as
follows:

1. Localization. For the localization we find that in Finance truncation of the original z-domain R™ to
Qr :=[-R, R]", R > 0, corresponds to approximating the solution u of (3.7) by the price ug of a barrier option
on Qpr. In log-price up is given by

ug(t,z) =E (g(eXT)l{T<mR’t}|Xt = x) ) (3.16)

where Tq, ¢ = inf{s > t|Xs ¢ Qr} denotes the first exit time of X; from Qp after time ¢. In case of semiheavy
tails (3.9), the solution of the localized problem up converges pointwise exponentially to the solution u of the
original problem.

Theorem 3.4. Suppose the payoff function g : R™ — R satisfies
g(S)$D Si+1, VSeRY,
i=1

and the marginal measures v; satisfy (3.9) with M; > 1, G; > 1, i = 1,...,n. Then, there exist constants
a, B >0 such that
lu(t, z) — ug(t,z)| < e Bl

Proof. [49], Theorem 4.15. O

Remark 3.5. Theorem 3.4 yields that as long as the underlying Lévy measure admits semiheavy tails and the
payoff function g is not growing stronger than linearly, the option price u as given (3.7) can be approximated
by the price up of a corresponding down-and-out barrier option with “active domain” 2. The definition of upr
is given in (3.16).

Heuristically speaking, as long as the price of the underlying remains within the active domain Qg of up
the values of the two options coincide. Clearly, as one increases the size of Q0p the difference between the two
option values has to decrease. Due to the semiheavy tails of the underlying Lévy measure (i.e. the marginal
densities decay exponentially), this difference decreases exponentially with increasing size of Qp.

Since up converges exponentially to the desired solution u of (3.7), from now on we shall assume that R > 0
and hence 2p is chosen sufficiently large so that it suffices to calculate ug instead of u. Since up is the price of
a down-and-out barrier option one is left with a Dirichlet problem (¢f. e.g. [11], Sect. 12.1.2): more precisely,
for any function u with support in Qg we denote by w its extension by zero to the whole of R™ and define

ER(uv U) = g(ﬂa 6)7

with

D(€r) = {u | u € C°(2r)},
where the closure is taken with respect to the natural norm || - [|¢ of D(E), i.e. ||ul|? = E(u,u) + |Jul|2,. Thus,
we can restate the variational form (3.15) on the bounded domain and the existence and uniqueness results
for (3.15) remain valid.

Find ug € L*((0,T); D(Er)) N HY((0,T); D(Er)*) such that
<(9§—TR,U>+ER(UR,1))O, V1 € (0,T), Vv € D(ER), (3.17)

UR(O) = U0|QR.
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2. Space discretization. For the discretization of D(Er) we choose the sparse tensor product spaces 17J,

J > 0, defined in Section 2.2 — assuming that V; C D(Eg), which for instance is shown in [24] for Lévy copula
processes. The corresponding semidiscrete problem reads:

First choose an approximation ug ; € ‘7] for the initial data wuol|ap.

Then find uy € H*((0,T); V) such that
R (3.18)
<%7UJ>+ER(U.]7UJ)Oa VTG(O,T),V'UJGV],

U](O) = on‘].

The approximation of the initial data could be chosen as ug ; = 13.1(U0|QR) or as an interpolant of ug|q,. Note
however that as to my knowledge currently there is no universal method for approximating the initial data g,
based on a general payoff function g as in (3.13). In practice, an interpolant of ug|n, often has to be chosen
carefully and specifically for the given function g.

The semidiscrete problem (3.18) is an initial value problem for N 7 = dim ‘7] ordinary differential equations
0

Kja—ng Ayju=0, u(0)=u,, (3.19)
T

where u(t) denotes the coefficient vector of u;(t) with respect to the wavelet basis of V. Likewise u, denotes
the coefficient vector of ug s, and K, Ay denote the mass- and stiffness matrix, respectively, with respect to
the basis of V.

3. Time discretization using the #-scheme. Let 0 < 0 < 1. For T' < oo and I € N, define the time step

k:I,

and t* =ik, i=0,...,I. The fully discrete §-scheme reads:

First find ug S 17J satisfying ug = Ug,J.

Then for ¢ =0,1,...,I — 1, find uffrl € ‘7] such that

(3.20)
e S _ .
<%,’U€]>+83(u?}+9,v‘])=0, Yvy € Vj.
Here v’ := u’™* 4 (1 — O)u¥,. In matrix form, the fully discrete problem (3.20) reads
(E'Ky 4+ 0A )™ =k 'Kyu' — (1 - 0)Ayu’, i=0,1,...,1—1. (3.21)

Standard analysis of the #-scheme (3.20) assumes that the bilinear form Eg(+, -) can be evaluated exactly, i.e. that
the corresponding stiffness matrix A ; is available. In practice this is unrealistic, since most often one only
obtains approximations of A ;. Since in this work we are interested in wavelet compression of A ; resulting in a
compressed matrix AT"P", we conclude this section by illustrating how the impact of the resulting consistency
error can be analyzed. To this end, we follow [59]: With the compressed matrix AT™"" we associate the

perturbed bilinear form Er. From (3.20) we herewith obtain the perturbed 6-scheme
uy = uo, s, (3.22)

~i+1 o~ _ )
<“’7k“" UJ> + E( vy) =0, (3.23)
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fori=0,1,...,1 — 1 and every v, € V;, where ﬂ?‘e = 0u'™! + (1 — 0)ul. In matrix form, (3.23) reads
(k,—lKJ T eAsompr)Ei+1 _ k/’_lKJEi _ (1 _ H)A?]OIIlprﬂi,

fori =0,1,...,I—1. In order to define consistency conditions for the perturbed #-scheme, as in (2.7) we denote
by a € (0,2]™ the order of the integrodifferential operator B = Ap + A corresponding to £(-,-), i.e.

_ [ if X is a pure jump process, i.e. Ap =0,
(2,...,2), otherwise,

where a € (0,2)" denotes the order of A. Then the perturbed form & r needs to satisfy the following consistency
conditions, cf. [59], Section 3.3:

(1) Thereis 6 < 1 independent of J > 0 such that
‘ER(UJ,UJ) - ER(ULUJ)‘ < 8|\ gaszllvsl gase,  Vug,v5 € V. (3.24)
(2) There exists a constant C' > 0 independent of J > 0 such that

‘gR(ﬁJu,w) — Ex(Pyu, v(;)‘ < 027815 /2=d) 1V |||l s 05 | g1z (3.25)

for all u € H(d"“’d)(QR), vy € 17J with some v > 0. Here, as in Section 2, d denotes the approximation
order (2.11) of V.

If Ex(-,-) satisfies (3.24), the stability of the perturbed f-scheme (3.22), (3.23) can be obtained from [59],
Proposition 4.3. Note that, by [59], Remark 4.4, for § < 1/2 there exists a positive constant C, independent of
the FE meshwidth A = 277 and 6 such that the time-step restriction

hléloo
kSC*l,gg’ (3.26)
is sufficient for stability. For § > 1/2 the scheme is unconditionally stable.

Assuming (3.24) and (3.25), the convergence of the perturbed f-scheme is determined by [59], Theorem 5.4.
Since we give an explicit version of this result for anisotropic operators in Section 6.2, Theorem 6.6, we do not
repeat the statement here.

Finally, note that in order to obtain the semidiscrete problem (3.18), (3.19), we need to solve a variational
problem of the form (2.8) with B = Ap + A with non-local operator A as abstractly described in Section 2.

Based on the semidiscrete formulations (3.18), (3.19), in the following sections we will only consider elliptic
integrodifferential equations in space with the understanding that the developed methods can also be applied
in the context of parabolic problems such as (3.15).

4. ANISOTROPIC OPERATORS AND SYMBOLS

We return to the generic set-up of Section 2. As before, we are interested in the efficient discretization of the
integrodifferential equation (2.1) of the form
Bu = f,
with an integrodifferential operator
B=Ap + A, (4.1)
given by (2.2). The sparse tensor product stiffness matrix of the differential operator Ap in wavelet coordinates
is of essentially optimal complexity O(27.J ("’1)), since Ap is local. Hence, the goal of this section is to reduce
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the complexity of the stiffness matrix of the integral operator A. More precisely, we provide a generic compres-
sion scheme for continuous operators

A HEH(R™) — HE(R™), s€R",

for any multiindex a € R%. To specify such operators we introduce a suitable class of anisotropic symbols.

Even though the compression scheme constructed in this section is also applicable to isotropic operators of
Hormander-type as in Example 2.1, it is not an extension of the compression scheme defined [47] which was
constructed especially for such operators. Since the anisotropic operators that we consider here are allowed
a more complex singularity structure than isotropic operators, the matrix entry estimates that we derive in
Section 5 below differ significantly from those of [47]. For isotropic operators the specialized compression
scheme of [47] is more efficient, i.e. optimal complexity can be proved under weaker assumptions on the number
of vanishing moments (see also [46], Chap. 2). For anisotropic operators however only the compression scheme
that we define in the following is applicable.

Recall that for any symbol p : R™ — R, the corresponding operator p(D) is defined by

pD)ule) == [ e, ue SE). (42)

Furthermore, denote the axes in R” by A := {x € R" : z; =0 for some i € {1,...,n}}. Herewith we can define
a suitable class of anisotropic symbols and corresponding operators.

Definition 4.1. A function p: R™ — R is called a symbol in class T2(R"), a € R", if p € C>°(R™\A) N C(R"™)
such that for any 7 € N there holds

\&p ‘ [Tlal - [ +la”™, foral ¢cr, (4.3)

€T, k¢TI,
where we set Zr := {i : 7; > 0}. The multiindex « is called the (anisotropic) order of the symbol p and the
operator A = p(D).

Note that similar classes have already been presented in the context of Lévy processes in [45,48]. Some
possible realizations of operators A with symbols p € T2(R") are:

Example 4.2. If for any 7 € N} the function p € C°(R™\A) N C(R™) satisfies

n
‘ ‘ [[a+16® ™, foralecrm,
i=1

then p € T'%(R™) and A = p(D) is admissible in this setting.

Example 4.3. By [48], Theorem 4.7, the infinitesimal generator A of a pure jump Lévy copula process X with
tempered stable margins admits a symbol Y% € I'%(R") and is hence admissible. In this case a;, i = 1,...,n,
are determined by the jump intensities of the marginal Lévy measures of X.

Example 4.4. Consider any isotropic symbol p € C*°(R") of Hormander-type with non-negative order, i.e.
there exists some a € R>( such that for all 7 € Njj there holds

a—|z|

agp(g)‘ (1+ €))7, forall £ € R™. (4.4)
Then p € I'Y(R"™) with a1 = ... = @, = «. To see this, one may use that for 7 € Ny there holds

n Ti
o

[Ta+1eP)® < H(HZWY (1+1e)F,
=1 1=1
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and thus

[

F[a+1aR) ?. (4.5)

=1

(1+1€)
Furthermore,

a " 3 n a
(+i)® < (TLa+eR) ) =TT0+em* . (16)

i=1 i=1
since aw > 0. Clearly, (4.5) and (4.6) imply that (4.3) holds for any symbol p € C°°(R") that satisfies (4.4).
Note that this statement does not remain true if a < 0 in (4.4).

5. FUNDAMENTAL ANISOTROPIC MATRIX ESTIMATES

Throughout this section, we consider an arbitrary but fixed pair of two n-dimensional tensor product wavelets
Yix = Vi @« @ Vg, ks Vi = Vit ky @ ... @ 1jr g . For any coordinate direction s =1,...,n, we denote

8z, = dist (supp{tj, x. }, supp{¥jr k1 }) ,
and
{ dist (singsupp{¢;, k. }, supp{vy, k. }) , if js < jl.
Op, =

dist (supp{¢;, k. }, singsupp{j: & }) , if ji < Js.
In the following section we collect a number of auxiliary estimates which might be interesting in their own right,
but more importantly enable us to prove Theorem 5.5 in Section 5.2.

5.1. Auxiliary results

For a given symbol p : R* — R, n € N, and fixed (&, .. .,&,) € R"™! we define the partial symbol p* : R — R
by

For sake of notational simplicity we do not emphasize the dependence of p* on (&,...,&,) explicitly. The
corresponding operator is given by
pu (D)U’(x) = p(D7 §25 ER 7§n)u’(x) = / eil‘f1p(§1, €Qa s 7€n)a(§1)d§1 (52)
R

To prove fundamental matrix entry estimates in Section 5.2 below, we need to collect some auxiliary results on
symbols p : R™ — R that satisfy

Ip(&1, - &n) S cliyiy oy ) - (LH 62T, forall & € R, (5.3)
with suitable m € R and where c(j,§,&2,...,&,) denotes some given function that may depend on j, j/ and
(&2,...,&,) but is independent of & € R.

Remark 5.1. The (j,j')-dependence of ¢(j,i’, &2, . . ., &,) implies that the symbol p : R™ — R itself may depend
on the level indices j, i’ of the wavelets that were fixed in the beginning. Inequality (5.3) implies that this de-
pendence can be characterized by the given function c(j, ', &2, . .., &,). For example, in the proof of Theorem 5.5
below, we will encounter c(j,j’, &2, ..., &,) of the form

T
C(.j;.jl7§25 cee 7§n) = H |€t|at_ﬂ 2T mln{]lJl}a

2<t<n

which is independent of &; € R.
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Lemma 5.2. If p: R"™ — R satisfies (5.3) then for u € HST™(R) there holds
Ip*(D)ull gy < €Grd's €2, 6n) -l ot ) - (5.4)

Proof. At first assume s = 0 and m = 0 in (5.3). Then, p*(-) € L>°(R). Using Plancherel’s theorem, one thus
obtains for u € L?(R),

IP*(D)ull 2y = [0 - @)Y 2wy = (P Dllr2@)y < 192w - 1llL2ew)-
By (5.3) there holds ||pﬁ||Loo(]R) < c(5,i, &2, ... ,&,) and thus we have

1P (D)ull 2y < cGhi’s €2y &n) - |lull Lor)- (5.5)

Now we lift this result to arbitrary m, s € R using the classical lifting procedure, cf. e.g. [56], Section IL.6,
or [37], Theorem 2.5.4. Let s = 0 and m € R arbitrary and write

m
2

P(D)u(z) = /Reimglp(ﬁ)(l +lal)TE A+ lal?) Fa)dé,

where £ = (£1,&,...,&,) with &, ..., &, as in (5.3). With this representation and the above arguments one
obtains

m
2

Ip*(D)ull 2y < l1pF - (141 )" F iz - 1+ IDP) Full ey S ¢’y 2r- - 6n) - lull i my.

For arbitrary s € R, note that by e.g. [37], Corollary 2.4.19, the symbol of (1 + |D|?)3 o p#(D) satisfies (5.3)
with s + m instead of m. Thus,

Ip*(D)ullrry = (14 [D*)% 0 p*(D)ull 2y S c(irils€ar- s 6n) - Nullaresmmy- 0
Lemma 5.3. Suppose, in addition to (5.3), the symbol p : R"™ — R satisfies for any o € Ny,

‘aglp(€17---,§n)‘ 5 c(j7jla€27'--a§n) : |§1|m—a, fO’f’ 51 GR\{O}7 (56)

with the same function c(j,i', &2, ..., &) as in (5.3). Then the associated distributional kernel
Kb (a1, ) = / S A (SILISY

satisfies for any T, 7" € Ny,

8;18;1Ku($15 Ill)‘ 5 Crr - C(j,j/,§27 o ,gn) : |x1 - x/1|—(1+m+7—+7— )a (5'7)
where ¢y > 0 is some constant depending on 7, 7' but not on j, i or (§2,...,&)-

Proof. The result follows directly from the proof of the classical Calderén-Zygmund estimates, cf. [51],
Lemma 3.0.2, or [46], Lemma 3.4.1, since the constant factor c(j,i,&2,...,&,) can simply be taken out of
the integral defining x*(-, ). O
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5.2. Matrix entry estimates

In this section we prove estimates for the matrix entries [A ;] GRGK) = (AYj x, ¥y k). From now on suppose
A = p(D) denotes an operator with symbol p € T'*(R™). To simplify notation, for s = 1,...,n, and m € R we
introduce

93 (s +il)g=dlis+il) g—(14m+2d) i 5 - o= min{jsl}
w(s,m) := N - ’ N (5:8)
27)’L~111111{_]S,]S}7 if 5;85 <92~ mm{js,_]s}7
and
gf%o‘m;)273<js+j;>5;9<1+m+25>, if 8, > 2~ min{isil},
B(s,m) = § 2mminledid, if oy, < 27 mKI I (5.9)

min{js,j4}—max{js,il}
2

- o, -
gmdmax{ie.gitg—(m+d)  otherwise.

Note that @(s,m) is indeed well-defined since d,, < 0,,. Clearly there holds (s, m) < w(s,m) for all s =
1,...,n. The definition of W(s,m) is motivated by the following profound result.

Proposition 5.4. Let m € R and suppose there holds j, k,,Vj; x; € H™(R). If a symbol p : R — R
satisfies (5.3) and (5.6) then the one-dimensional operator

p*(D): H™(R) — L*(R),
defined in (5.2) satisfies
|(D* (D)j, ks Wt ket )

with &2, ..., &, fized as in (5.2).

) |<pﬁ(D)in,k’15 wjl,k1>| 5 C(ja-jl7§25 cee 7§n) : a(lam)v

Proof. Case 1. If §,, > 2~ min{j1.41} the result follows from the classical compression estimate [17], Theorem 6.1,
using the Calderén-Zygmund estimate (5.7) of k*(-,-), i.e. Lemma 5.3.

Case 2. If §,, < 2~ mnlivi} and o,, > 27™@{ind1} the continuity result, Lemma 5.2, implies that [17],
Theorem 6.3, can be applied. This yields the required estimate.

Case 3. If 0, < 9~ max{ji.ji} we assume without loss of generality j1 < j1. With Schwarz’ inequality and
Lemma 5.2 one obtains

< 1P DYk L2y - 1y 1 |2 )
5 C(-j7jla€27 SRR 7571) ) ||¢j17k‘1 ||H’"(]R) 5 c(j7jla€27 SRR 7§n) : 2j1ma

|(P* (D)o as Vg hy)

where the last inequality follows from the wavelet norm equivalence (2.17). Since the same arguments apply to
the adjoint integral operator p#(D)*, the result follows. O

From (2.22), recall the notion of the wavelets’ regularity parameter
y=sup{seR:V;cC H(O)}-
Using Proposition 5.4, one obtains the main matrix entry estimate.

Theorem 5.5. Suppose @ < v and let A = p(D) be an operator with symbol p € T2(R™). There holds

n

) |<A7/}j’,k/; Z/fj,k>‘ S H@(i,ai)- (5.10)

i=1

|(AYj &, Yy 1)
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Proof. The proof is based on an iterative argument reducing the dimensionality of the symbol p : R™ — R. For
this, we introduce some notation: to emphasize that p depends on the variables &1, ..., &, we denote py_., := p.
There holds

(s Gy ae) = /R pronlers &) [T T (@) (€06 des
" s=1

Since with the above definition of pgnn = p* one has

/Rpl..n(gla .. 7§n)m(§l)m(€l)d€1 - <p1 n( )w]17k17w]1,k/>

Fubini’s theorem implies

(Avjx, Yy ) = /

Rn—1

(P (D) Vi) - TT sk (€)85 k2 (€)0E  dén,
5=2

where (-,-) denotes the L?(R) scalar product. Defining

P2.n(&25- -5 &n) = <p1 (D) ks %l,k/> (5.11)

one obtains

(AYj i, Yy i) = / P& &) [] @Z(&)M(&)d& o dé,
s=2

Rn—1

and we have reduced the dimension of the integral by one. In the following we shall now iterate this procedure
in order to obtain a one-dimensional integral satisfying the desired estimate.

For any 75 € No, s = 2,...,n, consider the symbol ¢, := 05 . .0g:p1“n. Using (4.3) with 7 = (0,72, ...,75)
for fixed (&2,...,&,) as in (5.1) one obtains

E6)] Sl ) (LG, (5.12)
where now (4.3) implies
(i o) = [ lele ™ J] a+laP™. (5.13)
2<t<n 2<k<n
T+ >0 7.=0

Hence, instead of the function p in (5.3), the symbol ¢, satisfies (5.3) with m = oy and constant ¢ = ¢1 as
n (5.13). Analogously, using (4.3) with 7 = (0, 72, ..., 7,) one infers that for any o € Ny there holds

02,64(6)| S 16,1 6or - 60) - JEr[ 7, (5.14)

again with ¢1(5,5,&2,...,&,) as in (5.13). Thus, for any choice of 7, € Ny, s = 2,...,n, the symbol ¢,
satisfies (5.3) and (5.6) with m = «; and constant as in (5.13). Hence, with the representation (5.11) of
pa..n : R?™1 — R, Proposition 5.4 implies

‘< ( )wh,kl,wj/ k/>‘
IT &l TT A+l a1, a).

2<t<n 2<k<n
T¢ >0 T=0

A
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Repeating the arguments (5.12) and (5.14) for the “dimensionally reduced” symbol ps._,, instead of py. ., one
herewith obtains that for all 7, € Ny, ¢t = 3,...,n, the symbol 82;" e 52:’])2“” : R"~! — R satisfies (5.3) and (5.6)
with m = a9 and constant

2, €6 = [l TT a+1aP™ a1, a0).

3<t<n 3<k<n
>0 T =0

Analogously to the definition of ps ., let p3 (&, ..., &) == <p2 (D) ks Yy ke 2>. The reapplication of
Proposition 5.4 now gives

0 .. 00" p3.n(Ca,- .. 6n)

‘<85733 e ag:pgn(D)wjz,kza wjé,ké>‘

S I el I G+ s 32002) - 31 o),
3<t<n 3<k<n
T >0 Tr=0

for all » € Ng, t = 3,...,n. Consequently, 05 .. .0‘;’;])3“" : R""2 — R is again a symbol satisfying (5.3)
and (5.6) with m = a3 and constant

Y Qap—T Sk~ ~
03(ja-j/7§(1)) = H |€t| : H (1 + |€k|2) 2 'W(2,0¢2) 'w(laal)'
4<t<n 4<k<n
T >0 T, =0

Iterating this procedure yields

P22 6n) Hw]é,, ()01 1o (E5)dEz ... A&y

n—1
5=2

(Ph.a wp,kz,wjz,2>1'[% (66 ), ()l .. dEp

| (Avs 1, Yy i)

I
%\

I
%\

n—2

- |/ P s 60) [T ook (€T (€065 -y

n—2
s=3

= ng—l..n( i 1 kn 1 Vi Lk wjm (‘fn)wjn,k’ (€n)dén
R

?

= /pn n(&n)w]m (‘fn)%n,k' (&n)dgn

with p,. . : R — R satisfying (5.3) and (5.6) with m = «,, and constant
en(3,i,0) = On—1,ap_1) ... 01, 1),

independent of &1, ... ,&, since p,. ., is univariate. Finally, since

/ Do )D€V (En)dEn = (B (DY s Bt i)

Proposition 5.4 implies

|<.A’¢j,k7 Yy )| SO am) .. 01, an). O




54 N. REICH

6. ANISOTROPIC CONSISTENCY FRAMEWORK

In this section we define the consistency requirements for the compression of anisotropic operators .4 = p(D),
p € T2(R). We extend the results of [47], Section 4, that have been obtained for the compression of isotropic
operators.

6.1. Fundamental consistency estimates

To characterize the consistency requirements that need to be satisfied by a compression scheme for A, we
introduce the scale of interpolation spaces

Xo,a/2, 7= (HQ/Q(D)a HE2(O))g2, 0<0<1, (6.1)

using the K-method of interpolation (cf. e.g. [57], Sect. 1.3). Here p denotes the smoothness multiindex defined

by (2.34) depending on a. For the wavelet norm estimated for H 2/2 and HP one infers the following estimate
for the norm of Xy /9 ,:

Proposition 6.1. Let 0 < 6 < 1 and j € N§ be a fized level index. For any u € Xy 4/2, with wavelet
representation u = Zj, Y owev., Uy xy w there holds
J

Z 2(1—9)|Q~j\oo2292i:1 piji|uj,k|2 5 HUHAQXQ,Q/Q,E (62)
kEVj

Proof. Recall that the norm equivalences and estimates (2.17)—(2.19) of the univariate wavelets imply that

Z (2()(1j1 +.”+2a"j”)|’Uj’7kl|2 ~ ||’UH§{Q/2(D)7 (63)
j'enNg
K'evy
SO 2Rt S [ollrem), (6.4)
kEVj

for any sufficiently smooth function v with wavelet coefficients vj x (see e.g. [46], Thm. 3.2.2).
Herewith we may now proceed as in the proof of [47], Proposition 4.1: by [57], Theorem 1.3.3(c), there exists
a positive constant ¢ > 0 only depending on 6 such that for all t € Ry there holds

K (t,u) < clullx,.s,, (6.5)

where K (t,u) = infgene {|lu— gllgasz) + tllgllne} denotes the K-functional. Furthermore, using the wavelet
norm estimates (6.3)—(6.4), one obtains that

W=

n 2 %
Ttw) = i {(z <1+zzwr> |uj,kgj,k|2) +t<z2221:wr|gj,k|2> }

(d.d)
ger kev; i=1 kEV;
g=Zkevj 95,k Vi J J

satisfies T'(j, ,u) < K(t,u) uniformly for all £ € R and all u € Xy 4/2,. Thus, by (6.5), it suffices to show
that there exists some t € R~ such that

> 2 Oladle g2 Nl v 2 S 42T (s 8, ) (6.6)
kEVj



WAVELET COMPRESSION OF ANISOTROPIC OPERATORS 55

Choosing
t= (1 +3im 2aiji) :
23 i1 pidi ’
the validity of (6.6) can be verified easily, exactly as in the proof of [47], Proposition 4.1. O

To analyze the impact of a compression scheme for A on the discretization of the original problem
Bu=Apu+ Au = f,
recall that by (2.7), the order of B is given by

2,...,2), if @>0and @ <2,
~_{< ) .

a, otherwise,

where Q € R™"*" denotes the coefficient matrix of Ap.

For any a € RZ,, Proposition 2.5 implies that the convergence rate of the sparse tensor product approximation
without compression is determined entirely by the maximum |&|. = max{ai,...,a,}. Thus, in order to be
consistent with the sparse tensor product Galerkin discretization, the compressed scheme has to satisfy:

Requirement 6.1. The operator AT™" corresponding to a compressed matriz AT™"" must fulfill

~ ~ 1 n 5. (1-0,)% — (1-0,) % —
‘<(A7 A?Jompr) P]u, P]U>‘ S; €. QnJZizl [O‘l (1—-01) 5 —01pi —(1—02) 5 92/77,] ||UHX9 » HU”XQ e (68)
1.&/2,p 2.4/2,p

Jor any 0 < 01,02 < 1 and some suitable constant € > 0 uniformly with respect to J > 0. Here p € RY is as
defined in (2.34) depending on & via

i=1,...,n.

Remark 6.2. In the isotropic setting oy = ... = «a,, Requirement 6.1 coincides with [47], Requirement 4.1,
because all the summands on the right hand side of (6.8) are equal.

To see that Requirement 6.1 ensures the stability and convergence results of the sparse tensor product scheme
without compression (see e.g. [24]), one may proceed as follows: setting 6; = 02 = 0 in (6.8) implies

(A= A5 Byu, Bro)| S fullass ol gare . for all v € HEP2 (6.9)
By definition (2.34) of p, setting 1 = 1, 2 = 0 implies
(A= a5 Pru, Pro)| S 277D fullgo ollgase (6.10)

for all u € H2, v € H2/2, Herewith, one obtains:

Theorem 6.3. Suppose the solution u of (2.1) satisfies u € HZ and AT™" satisfies Requirement 6.1. Then
for sufficiently small € > 0 the compressed Galerkin scheme is stable, i.e. there exist Jo >0 and ¢} >0, cg >0
such that for any J > Jy there holds

(BE™uy, wy) = él|ugllfase — calluslie,  for alluy €V, (6.11)
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and there exists some ¢4 > 0 such that for all J > Jy,
(B g, v)| < cyllusllgarellvsllgase,  for all uy, vy € V. (6.12)

Furthermore, the convergence rate (2.33) of the Galerkin scheme without compression is preserved (cf. Prop. 2.5).

Proof. Note that since B = Ap + A there holds B— BY™"" = A— AT™" for all J > 0. Thus, inequality (6.11)
may be verified by inserting (6.9) into (2.31). This yields,

(BT wy, wg) 2 ellwslfase — calluslze = 2elluslfae = (er —2) usllyae — c2lluslle,

and ¢} := ¢; — 2e > 0 for sufficiently small € > 0 from Requirement 6.1. The constants ¢y, ca are obtained from
(2.31). For the continuity inequality (6.12) one obtains from (2.32) and Requirement 6.1 with §; = 62 = 0,

(BT s, vo)l < [(Bug, v + K(B7™ = B)us, vi)| < esllusllgarlvilluar: + ellusll parzllvsllmare,
with ¢3 from (2.32). Setting ¢§ = c¢3 + € one obtains (6.12).

Finally, noting that a/2 < ~ (with 7 as in (2.22)), the convergence result follows from (6.10) in conjunction
with Strang’s first lemma (see e.g. [23], Lem. 2.27). O

The following theorem provides (lower) bounds for the cut-off parameters and hence will enable us to define
the compression scheme.

Theorem 6.4. The compressed matriz AT™" fulfills Requirement 6.1 if its block matrices Ajojr,npr satisfy

v Rl
with
" T2 & L(i',p) > R(i, @),
=J{pi——= zz+1/:|a [ - -
2 2 (=5 ) -t ) / {L(J,g) > R(3,),
L(i',p) < R(j, @),
- — o - : o i ] -
g 8 Floo 18 dle0) v {L(j,g) < R(,a),
Ty =9, , L (6.13)
1, & _ 1|~ | f L(i', p) < R(i', @),
—Jpi— =] —piji| — =@ o0, i _
gt n P 92 PiJ 2 J oo L(J,B) > R(j,g),
Zn: PJ (m - %> - pﬂ'{] o il LU.0) 2 BG2),
=1 n 2 ' 2 7 L(J’B) < R(jaa)a
where

h
o=
s
SN—
I
(7=
>
N
<
|
o
~_

~ I~ a1
R(,a) = 2> J5 = 5la il
=1
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Proof. The proof follows the lines of [47], Theorem 4.2. Let 0 < 61,65 < 1 be as in Requirement 6.1. Using

Proposition 6.1 one obtains,

Z ijk’l)j/’k/| <(A - Af}ompr) 'll)j’k7 1/’j’,k’> ‘

S

‘<(A* ATTPY) Pru, PJ’U>‘
0<jli<J | keV;
0<|j i <J K eVj,
.. __ Acompr
2HA.LJ/ Aj,j/ 2)

S 5 (s, ol s,
0<|jl1<J
0<|j' 1 <J
—1(1-0 Jlooy—0 N pidi
SR TP I PSPUEIED DI -l I
- ©0<1+je<T
0<41+75<J
w 9~ 3(1=02)ladloc 902 X7, pidi (AJ-,J-/ _ A?}Tplf) ’ .
’ 2
Thus, Requirement 6.1 is satisfied if
HQ*l(lfﬁ)\Q'.ﬂm*el Y pidi—3(1=02)|ajlec—02 7 pidi (Aj i A?O_YIHPT) ’ < e.
: 3o 9 =
One therefore needs to impose
compr —
HAJ'J' AT, 827
with some ¢ such that for all 0 < 6,65 < 1 there holds,
Q; Q;
5 —bipi— (1 - 6’2)3Z - 9291}
(6.14)

o> —

n
J i—(1—0
;{0‘ (1—01)
1 1 L
*5(1*91)|Q'J'|oo*%ZPM*5(1*92)|Q'j|oo*922:lpiji-

3|

i=1

Differentiation of the right hand side of (6.14) with respect to 6, and 6s, resp., shows its monotonicity with
respect to these parameters. Herewith one obtains that for any j,j’ € N the parameter o; 7 defined by (6.13)
O

satisfies (6.14).
As already indicated in [47], in case one is only interested in sparse tensor product based wavelet compression

for the fast evaluation of integral expressions as in e.g. [39], then Requirement 6.1 can be relaxed to:
AT™PT has to satisfy

(6.15)

Requirement 6.2. The operator AT™" corresponding to a compressed matriz
‘<(A_Af:]ompr)ﬁJu7 ]sJU>‘ < 27Tyt [l pger 110l 74e
for any multiindices t, t' € [$,d]™ and some suitable constant e > 0 uniformly with respect to J. Here (t + t')

max{t; +¢; : i=1,...,n}.
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In this case, Theorem 6.4 can be simplified to:

Corollary 6.5. The compressed matriz AT fulfills Requirement 6.2 if its block matrices AJ*™" satisfy

’
< £927%7

~ Y

.. __ Acompr
HA.LJ/ Aj,j’

with

a
ojq = 2J <d/ - 5) —d'(lil1 + |7]1), (6.16)
for given d < d' < d+a.

6.2. Consistency of the perturbed #-scheme

As outlined in Section 3.2, in Financial Mathematics one often encounters parabolic equations of the form (3.15)
arising from a given Lévy process X. Using the sparse tensor product spaces 17J to discretize in space and the
f-scheme described in Section 3.2 to discretize in time, one obtains a fully discrete problem of the form (3.20).
Applying a compression scheme to the stiffness matrix A ; of the infinitesimal generator A of X then yields a
perturbed #-scheme as described in (3.22)—(3.23). From (6.9) and (6.10) one directly infers the validity of (3.24)
and (3.25).

Thus, suppose the compression scheme satisfies Requirement 6.1. Then [59], Theorem 5.4 yields the following
convergence result of the perturbed #-scheme (3.22)—(3.23) for anisotropic operators. For sake of brevity, we
employ the notation of Section 3.2:

Theorem 6.6. Suppose the operator AT™" corresponding to the compressed matriz AT™" satisfies Require-
ment 6.1. For 0 € [0, %) assume that the time step k satisfies (3.26). Assume further that the approximation

uo.; € Vi of the initial data ug is quasi-optimal in L*(0)).
Then the following error estimates hold for the perturbed 0-scheme (3.22)—(3.23) with 6 € [0,1]:

I—-1
Ju — T2+ kS~ TR £ 27D ma [ult) 3

~

gt 0<t<T
T
k2/ li(s)||?ds,  for all @ € [0,1]
n 0
a [ 1
k HU(S)H*d& fO’f’HZ—,
0 2
T
+ 270D [ i) s,
0
(u,v7)

where ||ul] := SUD, &7, Tosl era

7. ANISOTROPIC COMPRESSION SCHEME

Based on the estimate (5.10) of Theorem 5.5, in this section we define two compression schemes and show
that the resulting compressed matrices AT™"" satisfy Requirement 6.1 and Requirement 6.2, respectively. The
schemes are split into two parts based on the distinction of first and second compression as defined in [17,51]:

In the first compression the cut-off criteria are based on the distance of the wavelets’ supports. The second
compression employs cut-off criteria based on the distance of the support of smaller wavelets to the singular
support of larger ones, i.e. it is based on o, defined above. Note that here matrix entries can be dropped even
if the supports of their wavelets intersect.

Due to Theorem 5.5, from now on we suppose @ < 7.
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To simplify notation, for any fixed pair of tensor product wavelets ¥5x = ¥, x, ® ... @ Vj, k., Yy x =
Yk ® ... @1y gy and each i = 1,...,n, we denote

m; = max{]la]:}_mln{jﬂj{} = ,71+.71/_2m1n{.71).71/} > 07

and

si =Y _asmin{js, j,}- (7.1)
s#£i
Furthermore, denote by o; ; some parameter depending on j,j’ which can be chosen to be either oj ; or anyj, as
defined in (6.13) and (6.16).
For each coordinate direction ¢ = 1,...,n and any index set Z C {1,...,n}, the corresponding cut-off
parameter of the first compression is defined by

T P 5j,j/’&(ji+j§>+‘9i+%¥tez mi—d Y gzugi} ™
C;’j, ‘= c¢;max {27 mm{”’]i}, 2 2d+ay ,
.

with ¢; > 0. In addition, to each pair of wavelets 1);x, ¥y kv corresponding to one matrix entry, we associate
the index subset

(x5, k) := {s e{l,...,n} : 6, < 2_I‘1h‘{j<9’j;}}-
Herewith, for @/2 < d < [i: the first compression scheme is defined by

Jie{l,...,n}, s.t.
0, if

[A?]prfl} — 5y, > CPLERINKD
(k) (k) I _
(A1) Otherwise.
Analogously, for each ¢ = 1,...,n and any index set Z C {1,...,n}, the cut-off parameters of the second
compression are defined by
- o Frj,j/—Jmax{ji,jé}#»si#l%Ztez\{i} mtﬂizlezml
E}:j’ = e; max 2_"’&"{]“]1'}, 2 d+ay ,

with e; > 0. The second compression scheme is thus defined by

Jie{l,...,n}, s.t.
0, it ¢ 1€Z(xk5,K),

. G T i, Z(j,k,j K
(k)G k) Oz, > E}j/(J ) ),

[Ad] G wy» Otherwise.

CS
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Finally, the fully compressed matrix A7™"" is defined by

0, if [AP™] = 0 for some m € {1,2},

(k)G k)

AT s s =
(k) (§" k') [AJ] Gy Otherwise.

There holds:

Theorem 7.1. If 57 = 0,7 as defined in (6.13) then the compressed matriz AT™"" satisfies Requirement 6.1
and 1is thus consistent with the sparse tensor product discretization of Section 2. Furthermore, in (6.8) there

holds B B
€= max {c;(2d+ai), e;(d+ai)}~

If 5y =0’ as defined in (6.16) then the compressed matriz AT™"" satisfies Requirement 6.2.

3.
Proof. For sake of brevity, we only prove the result in case ;3 = oj5. For o;; = ajf ; the result follows
analogously by replacing Theorem 6.4 with Corollary 6.5 in the analysis below.

Throughout this proof, we assume without loss of generality that j. < j;, s = 1,...,n. For all other index

combinations, the result follows in the same fashion.
To analyze A" it is sufficient to show that, for arbitrary but fixed i € {1,...,n} and Z C {1,...,n}, the
perturbation matrix T%? with blocks ']I‘;JI/ defined by

N 8z, > O},
. Al if ’
3,7 — J (:k) ([ k) — min(jx,Jr
[Tj,j'}(kyk,) = Oy, > 27 MMURI) Yk ¢ T,
0, otherwise
satisfies the requirements of Theorem 6.4. To simplify notation, we introduce the index set

Dyy = {k € Vj: &, > Cy, 6 > 270003 vl ¢ T},

By Theorem 5.5, each matrix entry can be estimated by []"", &(i, a;) with &(4, o;) defined by (5.9) corresponding
to the wavelets of the matrix entry. Since @(4, ;) < w(i, ), i = 1,...,n, with w(é, ;) defined in (5.8), one
may thus estimate the column sums of each ']I‘;JI, by

z — 1G4 o—d(ji+5)) s—(1+a;+2d asj’ —(24d)Gi44]) s—(1+a+2d
Z }t@k)(j,,k,)} < Z 90— 3 (Gi+ii)9—d(j J)(;xi( )HQ J H2 (3+d) (G ]L)(Sg;l( 1+2d)
kev; kED; s€T 1¢T
< gfé(jﬁj;)rﬁ(jﬁjg)/ . Ixil’(”ai”g)dxi
|931|>C‘;:‘;‘r,
% H 2—(%+J>(jl+j{)/ ) 5;(1+az+23)dml , Z (HQast),
1¢T |z |>27" ko:s€ET, Ns€T

keDj,j’

where we have used the fact that the sum over the indices k; and k;, [ ¢ Z, is taken only over those matrix
entries that satisfy d,, > max{277 279} and can therefore be estimated by the product of the integrals. Since
for each s € Z there are O(29:~74) non-zero column entries, one finally obtains

. IRt _d it i TN —(cvi a4 —d(i+q! d)i! o7
Z |t%j,k)(j/7kl) 22(|_]|1 lj \1)2 (5 +JI)(C}J/) (ai+2 )H2 (]l+]l)2(al+2 )71 H 9%sJs
kev; 1¢T s€T

A

ci_(ai+2d) 93 (il—li"l)g—0; 5

A
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In the same way one obtains for the row sums

> gl S ¢ (2D 93 (-1l g-0sy
k’EVj/

Hence, by Schur’s lemma with weights 2%(“‘1’”/'1), 23 (J'11=1il) one obtains that T*Z satisfies the requirements
of Theorem 6.4 with € = ¢ (@i+2d) " The consistency of AP follows.

To analyze A?,pr_Q, for any i € {1,...,n} and Z C {1,...,n}, define the perturbation matrix S*% by its
blocks

Op, > EII,,
i 3.
{S?ﬂ _ ) Algaogay i 8, < 27,
331 (kK 5zk > 2_min(jk,j,;) vk ¢ I,
0, otherwise.

By Theorem 5.5, one finds for the entries of S*Z:

shoai] S 93 (71=30) 9 (i) H 90l H2—(%+J)(jz+j{)5;(1+al+23)
seZ, 47
Ss#i
< 93li—i)gdi (E;7§)_(a7'+g) H 90l H2—(%+J)(jz+j{)5;(1+az+23)
7, I¢T
Sseséi ¢
< e;(ai“;) 93 (ih—=li"l)g=0; H5;(1+al+2g) . 2—(0tl+23)jz/2—jz'
1¢T

Thus, using the same arguments as above, the weighted column sums of S*Z may be estimated by

1/1% s/ _ L Nl 7
Z QE(U‘I*U [1) SZj,k)(j’,k’) 5 e; (ai+a) 905 5 HQ*(aerQd)Jz / » |xl|*(1+az+2d)dml
k’EVj/ lQI |ﬂ?l‘>2 i
5 e;(aier) 2—0“/,

and analogously -
L0131, —13 T —(ai+d) o—0. ./
Z 95 (i'11—1il) STk K S e (@it gy
kEVj
Thus, Schur’s lemma yields that S*Z fulfills the requirements of Theorem 6.4 for any i € {1,...,n} and

ITc{l,...,n} withe= e;(aier). As above, this ensures the consistency of Af}pr*Q. O

8. COMPLEXITY ESTIMATES

In this section, we turn to the complexity analysis of the compression scheme of Section 7. We split the
analysis subject to the choice of o ;.

8.1. Complexity of the compression scheme with o;; = O'jI,j,

In short, for arbitrary n > 2, a € R%; and d € N, the main results of this section reads:
There exists d € N such that for any operator A of order o the compression scheme of Section 7 with 77 = O'}j,
as defined in (6.16) yields essentially optimal complexity O(27 J>(=1)),
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More precisely, we prove

Theorem 8.1. Let o € Rgo and 0 <@ < 2d < 2d'. Suppose further
ond' < d+ (n+1)a. (8.1)

Then for any operator A = p(D) with p € T*(R™) the number of non-zero entries in the matriz AT™"" defined
by the compression scheme in Section T with Gy = o} ; is O (27720,

Proof. Without loss of generality we assume the worst but admissible case a; = ... = a,, = @ > 0. Fix any
Z c {1,...,n}. Since T is arbitrary, it suffices to show that there are O (QJJQ("_”) entries (A, ¥y k) of
AT with

§p, < 27 mnindid for all i € T, and 0y, > 27 Ui} forall i ¢ 7. (8.2)

Based on the compression scheme of Section 7, in each matrix block A; y of AT™" we divide the coordinate
directions into four groups. Let

D, = {T e : o~ minlindr} < Ejf} (8.3)

Dy = {sel: EFE <o minlisi}l gpg g maxtiodil — goZ 4 (8.4)
J:J J:J

Dy = {t €T : E;JI < g mindjedit and 9—maxtindit < E;JI } (8.5)

Dy {z eq{1,.. .,n}\I}~ (8.6)

Obviously Dy U Dy U D3 U Dy = {1,...,n}. By definition of the compression scheme, the number #A; ; of
non-zero entries in each matrix block A; ;» can be bounded by

4Ay = O ( [ 2o mntey . [ w2 [ 2 ] Qjmzcjzujz/)

reDq s€Dso teD3 1€Dy
-0 ( H gmax{jr.j.} | H gmin{js,j}
reD s€D2
' L ) (8.7)
o, 2@ =) =d Ajlh ) ) —dmax{Ge.d it Srery () " —dSigz ™
x [ 27 +e2 P
teDs
C, 2@ =)= U+ 1) -dGi D+ Sier mi—d S 1gzus) ™
X H 2Jitii9 2d+a ,
1€Dy
with s;, my, I = 1,...,n, as in Section 7. To simplify this notation, from now on we assume without loss of
generality that jj < j; for all { = 1,...,n. The result for all other index combinations follows analogously.

Regrouping the single factors in (8.7) corresponding to their level index yields

#A 5 O<00~ IHa-IIs- 117 ] Ii); (8.8)

reDq s€Do teD3 1€Dy
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where, with N := % + jgf;, we have set

Co = 9N (27(d'~%))

. s - — 1 ./
Rm — 2‘7m27N(d (]m“r]m)fajmfi(‘77717‘7771)),

Y

S, = 29m 2~ N (& Gmti) =0 = F Gm=i1n)) (8.9)

m

. g _d i o N V) 1 (&l 4l
T, = 2imtim g Tmim =N (& Gm 4=~ 3 Gm i) 9~ 7w (Tt Gm—30n)) |

I, = Qim+iim 9~ 2qtm Um+tim) 9 =N (& (m+if) @it +dim—it)) . 9~ 3iva (@m—dlim=i7))

)

for m =1,...,n. Here, each factor (except for Cy) depends on exactly one coordinate direction.
By definition of Dy, D3, there holds R, < T, for all » € Dy. In order to keep notation feasible (see [46],
Rem. 4.6.2, for a more detailed approach) we estimate

#Aj; =0 <co 11 s I 711 11-). (8.10)
s€D> teD1UD3 1€Dy
Denote j, := (Jm +70)/2, m=1,...,n. By (8.1) there holds
n

(176)]\7 < (1ia)~ < ]-a
d+a

which implies N/2 <1— N (1/2 —@). For each s € D5 one thus obtains
S, = 2(-NG-@)ilg3Njg—Nd (2+3})
9(1=N(3-@))il95 Njsg—2Nd'j

9Js9—N(2d'~@)j.

IN

= S,
Analogously, one infers from (8.1) that n < d+ (n — 1)@ + 1 which implies for any ¢ € Dy U D3,

d 1 1 . — 1 a—1/2Y s . .
T, = 2(1*_@;*5N*—ﬁﬂa)ﬁQ(HN(a*E)* = )JtQ*Nd’(Jtﬂ,’,)

~ d - o ~
92j+9~ Tzt QNG 2—ﬁjt 2—N2d/]t

IN

=: j:’t-

I~n the~same way, one immediately obtains for ¢ € Dy that I; < 9iig—NQ@d'—a)ji . INZ But, there holds §m =
T = Iy for m=1,...,n and from (8.10) one infers

#hyy = 0<OO-H§S- 11 ﬁ-HE)

s€Do teD1UD3 1€Dy

e <2N<2J<d'—% I gzmg—N@d'—am) _ 0 (2MCr D)L,

m=1

where [j]; = }1 +... —l—}n. Using N < ngLa one finally obtains

#Ajd’ _ O (2] . 2(”(2&‘1;3)71) (J|]|1)) ) (811)
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Since (8.1) implies < 1, summing over all matrix blocks yields that there are O (2‘] J 2(”*1)) entries
satisfying (8.2). O

n(2d' —a)
d+a

Remark 8.2. Clearly, for any d’ and @, requirement (8.1) is satisfied for some sufficiently large d. Since
in (8.10) we have introduced some sub-optimality, this parameter restriction is sufficient but not necessary,
see [46], Remark 4.6.2.

8.2. Complexity of the compression scheme with o;; = oj;

Based on the methodology for a detailed complexity analysis of the previous section, we now turn to the
complexity estimates for the compression scheme of Section 7 with o;; = 035, where ;5 is given by (6.13).
In short, with arbitrary n > 2, @ > a € R%, and d € N, one finds:

For any € > 0 there exists d € N such that for any operator A of order a the compression scheme of Section 7
with ;7 = oj; as defined in (6.13) yields complezity O(211+2)7).

Furthermore, the compression scheme with 0 = o33 yields optimal complexity 027J 2("’1)) if the integro-
differential operator B = Ap + A admits a non-vanishing differential part Ap and the order « of the integral
part A is sufficiently small, see Theorem 8.3.

At first, we extend the rather conservative estimates and methodology of Section 8.1 to the case g5 = oj -
For sake of simplicity, for now assume that the differential operator Ap in (4.1) does not vanish or, more
precisely, that the order « of the integral operator A is less than the order a of the integrodifferential operator
B=Ap+ A, i.e.

a<d=(2..2)€eR (8.12)

as defined in (6.7). The case @ = & is discussed afterwards.

Theorem 8.3. Suppose that (8.12) holds. Let AT™"" be the matriz defined by the compression scheme of
Section 7 with 67 = 0} as defined in (6.13).

If (8.1) holds, the number of non-zero matriz entries in each block Ajy of AT™P"

can be bounded by
2—na
#A;5 < 279" Sara . (8.13)

In particular, the complexity of AT™P" is O(27 J2("=Y) if @ < 2/n.

Remark 8.4. The complexity bound (8.13) is only valid under (8.1) — which implies that the number of van-
ishing moments d has to be increased with the dimension. In particular, the rather conservative estimate (8.13)
does not imply the “curse of dimension” even though the dimension n occurs in the exponent on the right hand
side. With sufficiently large d the right hand side of (8.13) can be chosen arbitrarily close to the optimality
estimate #A; y < 27 regardless of the choice of a, cf. [46], Section 4.6.2.

Proof. By Theorem 8.1, it suffices to prove the result only for those matrix blocks that satisfy oj; # an i
Hence, from the definition (6.13) of 0 ;7 one obtains that there are essentially two cases: either

1, _
0y = 5 (&'l +la-il), (8.14)

or
"1 a; S
5y = Z; [E‘] (m - 3) - pul} = 5l iloo. (8.15)
The remaining possible case 055 = > i [2J (pi — @i /2) — piji] — 3]a - §'|o in (6.13) follows analogously to the
case (8.15).
At first, suppose (8.14) holds. By (8.12), this simplifies to o 37 = —(|j|oc + |i’|sc)- As above, assume without
loss of generality that j. < ji, ¢ = 1,...,n. The proof for all other index constellations follows analogously.
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Let Dq,...,Dy4 be as in (8.3)—(8.6). Using exactly the same arguments as in the proof of Theorem 8.1, analo-
gously to (8.8) one obtains that the number of non-zero entries in each matrix block A; ; satisfies

#Ajy = O <Co- e IIs II7 II I) (8.16)

reDy s€Do teDs 1€Dy

T T
C?, we now have

where, with N = #Ds 4 ﬂ, according to the definition of the cut-off parameters Eji’j,, Vi

d+a 2d+o

Cp = 2~ Vil tli’l)

R, = 29moN (@43 (m=31.)

Sy = 29N (@45 Gm=37))

T, = ity Timin N (@if 44 Gn=i) g~ 7w (W Gm=i)

. . d - -/ . 3. . _ 1 — g
I, = Qjmﬂfn,g*2&+a(]’"ﬂm)gN(ann*d(Jmﬂin))2 2= (@7 —d(Gm Jm))’

for m = 1,...,n. By definition of Dy, Ds, there holds R, < T, for all » € Dy. Thus, one may estimate

#hjy = O (Co- s II = 11 Ii)- (8.17)

s€Da2 teD1UD3 1€Dy
Denoting
~ Jm + Jy
Jm = %, m=1,...,n (8.18)

for each s € D5 one obtains
S, = 2(1—N(%—&))j;2%Nj5 < 9isoNajs _. S

5.
Analogously one finds T} < §t for each t € D1 U D3 and I; < 51- for each i € D4. Note that equality holds in

these estimates if and only if j,, = j,,, i.e. the “worst case” is obtained when j,, = j;, for all m = 1,...,n.
From (8.17), one obtains

m=1

s€EDy teD1UD3 1€Dy

The right hand side of (8.19) reaches its maximum when [j|; = J. By (8.18), this implies |jloo = |i'|oc = J/n
and one obtains

Hhyy S 272NERT, (8.20)

Recall that this maximal complexity can only be obtained when [j|; = J and correspondingly j,, = j. = J/n,
m =1,...,n. In this case D3 = () and hence

#Ds _ 7

N = < -
2d + @ 2d 4+«

Thus, in case (8.14) holds, one finds the desired estimate

noa—2
#hyy S22
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Finally, suppose (8.15) holds. By (8.12), this simplifies to 53 = J(d — 1) — d|j’|y — |j|s. Clearly, ;5 be-
comes maximal, when j; < j;, i = 1,...,n. With this choice of j, j/ and o;; one may proceed as above to
re-derive (8.17), where now

Cy = 2N @=D)—lil).

. . 1/ ./ .
Sy = 29m 9N (@143 (G —d0) i)

T, = 2dm+iin 9~ TiwIm N (i +3 (Gm—ii)—dit) o~ ata (Wi +3 (m—in))

)

. . __d (s 4 . 5. . . (=t (s
I, = Qimting wirm Untin) gN (@i —~dlim—it)~diln) o~ 57 (Fm —dlim Jm)),

form =1,...,n. Now with S,, := 2im9=N(d=Djm and Jm as in (8.18), m =1,...,n, one finds S, < S, for each
s € Dy, Ty < S; for each t € D1 U D3 and I; < S; for each i € D4. Thus, there holds

n

gy S AVUE@D-Ulw) | T 2rg-NE-Din o gNE-1I90-N@D)ihg-Nile- (8.21)

g~

m=1
Since by definition N < J—i-La’ condition (8.1) implies N/n < 1—N(d—a), and hence (8.21) reaches its maximum

when [j]; = J and hence |j|oo = J/n. This yields

#hyy < 272NE1mR)) (8.22)

)

and the result follows, since the right hand side of (8.22) can be bounded by the right hand side of (8.20). O

Now, consider the case a = a, i.e. Ap = 0 and hence B = A in (4.1) has no differential component. We
assume without loss of generality that in each direction we have the same (strongest) marginal singularity, i.e.

o =...=aq, =a. (8.23)
The structure of the cut-off parameters defined in Section 7 implies that assumption (8.23) provides a “worst”

but admissible case. Using the arguments of Theorem 8.3 one infers that the matrix block with the greatest
asymptotic complexity in AT is given when j =j = J/n, i.e.

. . . ) 1
nN=.=jn=J1=...=Jn=—=J. (8.24)

For this index combination one obtains

1\ @ « a ~
L) =t~ i) =0 < (1 ) §7= 57 = Sl = R,

and analogously L(j',d) < R(j,a), with R(-,-) and L(-,-) as in Theorem 6.4. Thus, by (6.13) there holds

Herewith, one obtains that for any coordinate direction ¢ = 1,...,n, there holds

9 min{ji,j;} _ 2_%‘] < Ei’I
= 3
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and hence, using (8.3)—(8.6), one finds Dy = D3 = () and Dy =Z, Dy = {1,...,n}\D;. Thus, in this one matrix
block, the number #A ;,,, j/» of all non-zero entries that satisfy 6., <2~ min{ji.3i} for all i € 7, is given by

#BDymam = O < [T 2m=tmih ] 2]'1“10;31,) ~0 ( 12 11 {2—’23343‘]2?})

reDy 1€Dy r€D1 i€ Dy

with s; = 2=1@.J as defined in (7.1). Clearly (8.25) reaches its maximum when Dy = {1,...,n}, i.e. Z =0 and
hence one considers all matrix entries that satisfy 6., > 9~ min{ji.di} in all coordinate directions i = 1,...,n.
The number of non-zero entries of such wavelets in A/, 7/, hence satisfies

” (n—D&

_@a-2d s 1 oxn
#Amgin S H {2%*’2 n(2J+a)J225+E:| ~ 97950 Zim1 S, 9T smm (8.25)

=1

Thus, due to the existence of the correction terms s; in the cut-off parameters in Section 7 the anisotropic com-
pression scheme does in general not yield optimal complexity when B = A is an integral operator. Nonetheless,
by choosing a wavelet basis with a sufficiently large number of vanishing moments the scheme yields complexity
0201+ for any given & > 0.

9. NUMERICAL RESULTS

In this final section, we provide some basic numerical illustrations regarding the accuracy of the presented
matrix entry estimates as well as the complexity of the compressed sparse tensor product stiffness matrix. For
further illustrations e.g. on the impact of the first and the second compression techniques we refer to [46],
Chapter 6.

In short, the numerical results show that the compression scheme of Section 7 provides a very accurate
prediction of the structure of the stiffness matrix of anisotropic operators. Hence, one may conclude that the
consistency analysis and the matrix entry estimates of the previous sections are accurate. The numerical results
also confirm that the complexity of the compressed sparse tensor product stiffness matrix is (asymptotically) of
the magnitude that was proved in Section 8.

The numerical results have been obtained using tensor products of the piecewise linear biorthogonal spline
wavelets 1; constructed in Example 2.2. Recall that with this choice of basis one has d = d = 2 and
|supp ¥ x| =2-277 for all ¢; 5, € U.

Remark 9.1. Note that the absolute complexity values presented in the following are only valid for the wavelets
of Example 2.2. While the asymptotic behavior of the matrix complexity is independent of the particular choice
of basis, the complexity constants naturally depend on this choice. For example, reducing the size of the
wavelets’ supports may decrease this constant significantly. Similar observations have already been made in the
context of isotropic wavelet compression, cf. e.g. [29)].

9.1. Accuracy

To analyze the accuracy of our compression predictions and the fundamental estimates given in Section 5,
we consider the following model problem:
Find the numerical solution of the integrodifferential equation

Au=0, on[0,1)%

where A denotes the infinitesimal generator of a bivariate Lévy copula process with tempered stable margins and
Clayton-type Lévy copula F' as defined in [24,49]. The parameters for the marginal Lévy measures are chosen
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F1cUrE 1. Left: Contour plot of the density of the infinitesimal generator A. Right: Stiffness
matrix of the Galerkin discretization of A in the full tensor product space Vj as in (2.21)
with wavelet basis. Level J = 5, 4096% entries, color coded according to logyo [{(Aj k. ¥y x/)|-
(Figure in color available online at http://www.esaim-m2an.org/.)

as follows: ¢ =co =1, 1 = 2 =8 and a1 = ag = 1. The parameters of the Lévy copula of Clayton-type are
0 =10, n = 0.5. More precisely, the integrodifferential operator A is given by

Au(z) :’/RQ < (x4 2) — Zzzamt ) k(z)dz, (9.1)

with Lévy density

1+9 o o - Lo\ "7 2
Bz, 2) = —5— - U3 )| 7 O2) 7 (00 + 02(2) ) T k() (),
where b
ki(zi):lezlﬁ, Ui(zi):sgn(zi)/ ki(y)dy,  i=1,2. (9.2)
i ' |24

The structure of the stiffness matrix of A in the full tensor product space V; of (2.21) is illustrated in Figure 1,
right. Naturally, this matrix is never computed in practice.

On level J = 5, the structure of stiffness matrix of A in the sparse tensor product space ‘7] of (2.23) (without
any compression) is shown in Figure 2. On the right hand side the prediction of the compression scheme of
Section 7 with 755 = oj 5 is given. In practice, only the black entries on the right hand side of Figure 2 need
to be computed.

The full and sparse tensor product stiffness matrices without compression in Figures 1 and 2 were taken
from [62]. We also refer to this source for further numerical results.

9.2. Complexity

In Figure 3, the number of non-zero matrix entries of the non-compressed and the compressed sparse tensor
product matrix are compared. Hereto, we set n = 2 and choose all constants ¢;, e;, ¢ = 1, 2, in the compression
scheme of Section 7 to be ¢; =¢; =1, =1, 2.

On the left hand side of Figure 3, the absolute number of non-zero entries is plotted per level J = 3,...,12.
Here the red line represents the matrix complexity based on the wavelets of Example 2.2 after compression by
the scheme of Section 7 with ¢ = O'J . The cyan line represents the scheme with 7 = o; j7, where we have
assumed (8.12). On the right hand side, the percentage of matrix entries of the sparse tensor product matrix

that remain in the compressed matrix (Wlth 055 = O’J 3 /) is given.



WAVELET COMPRESSION OF ANISOTROPIC OPERATORS 69

[ e

5 100 150 200 250 300 50 100 150 200 250 300

FIGURE 2. Accurate sparsity pattern prediction by the compression scheme. Left: Actual
stiffness matrix of A in the sparse tensor product space ‘7_] of (2.23), 320% non-zero entries,
color coded according to logyq [(A%j k. ¥y x)|- Right: A priori sparsity pattern prediction
by the compression scheme of Section 7. (Figure in color available online at
http://wuw.esaim-m2an.org/.)
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FicUre 3. Left: Number of non-zero matrix entries of the different stiffness matrices of A
per level J = 3,...,12. Right: Percentage of the remaining complexity of the sparse tensor
product matrix after compression on levels J = 3,...,12. (Figure in color available online at
http://www.esaim-m2an.org/.)

In Figure 4, the complexity growth of the compressed sparse tensor product matrix is compared with the
results predicted by Theorem 8.1. The increasing sparsity of the compressed matrices is illustrated in Figure 5.
Here we have discretized the generator A of a Lévy copula process as defined in (9.1)—(9.2) with oy = 0.5,
ag = 1.5, using the wavelets of Example 2.2.

10. CONCLUSIONS

In the previous sections a wavelet compression method has been presented that enables us to solve rather
general multidimensional anisotropic integrodifferential equations at an asymptotic complexity of a classical
one-dimensional differential equation. Analytically, we have proved that the convergence of the spare tensor
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FIGURE 4. Comparison of the number of non-zero entries in the compressed sparse tensor
product stiffness matrix and the predicted rate O(27.J2) of Theorem 8.1. Left: On levels
J =2,...,12. Right: On levels J =8,...,12.
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FIGURE 5. Sparsity pattern of the compressed matrices. Left: Level J = 7. Right: Level J = 10.

product scheme without compression is not perturbed (Thm. 6.3) and that the new scheme is asymptotically
either of optimal or of nearly optimal complexity (Thm. 8.3) depending on the choice of operator and wavelet

basis.
There is however a number of parameter restrictions that shall be addressed in future:

— By Theorem 8.3, for a general integrodifferential operator with non-vanishing differential part, the

essentially optimal complexity O(27.J 2(”_1)) can be proven for operators with @ < 2/n — which obviously
is a rather restrictive condition in higher dimensions.

Furthermore, in Theorem 8.3 it is shown that for any integrodifferential operator with non-vanishing
differential part and symbol in T%(R"), a € (0,2)", one can obtain complexity O(2(!+%)7) with
e < (na—2)/ (2(] + @). Clearly, by an appropriate choice of wavelet basis with sufficiently large d
one obtains ¢ arbitrarily close to 0. For any fixed choice of wavelet basis however the complexity bound
still increases with the space dimension. To illustrate the dependence of € on the different parameters,
in Table 1 we show the bounds for € under some exemplary choices for n, @ and d.
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TABLE 1. Bounds for the parameter ¢ > 0 in the complexity estimate O(2(179)7) for each
block of the stiffness matrix as implied by Theorem 8.3 for an integrodifferential operator with
non-vanishing differential part.

n a d | Upper bound for n a d | Upper bound for
2 05 2 0 4 05 2 0

2 1 2 0 4 1 2 2/5

2 1 3 0 4 1 3 2/7

3 05 2 0 5 05 2 5/9

3 1 2 1/5 5 05 3 5/13

3 1 3 1/7 5 1 3 3/7

3 15 3 1/3 5 1 5 3/11

— Similarly, in the most demanding case, i.e. a purely integral operator (with no differential part),
by (8.25), the scheme of Section 7 is of complexity O(2(17%)/) where for fixed space dimension n there
holds the upper bound € < ((n — 1)@)/(2d + @).

As already indicated in Section 9, for the efficient implementation of the proposed compression scheme a suitable
choice of the wavelet basis is essential. For construction techniques of wavelets with an arbitrarily large number
of vanishing moments we refer to [16] and the references therein. A complete computational scheme has been
implemented in [62] and we refer to this source for further details on quadrature rules, data structures and
holistic numerical results.
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