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STABILIZATION OF TIMOSHENKO BEAM BY MEANS OF POINTWISE
CONTROLS*

GEN-QI Xu'! AND SiU PANG YUNG?

Abstract. We intend to conduct a fairly complete study on Timoshenko beams with pointwise
feedback controls and seek to obtain information about the eigenvalues, eigenfunctions, Riesz-Basis-
Property, spectrum-determined-growth-condition, energy decay rate and various stabilities for the
beams. One major difficulty of the present problem is the non-simplicity of the eigenvalues. In fact,
we shall indicate in this paper situations where the multiplicity of the eigenvalues is at least two. We
build all the above-mentioned results from an effective asymptotic analysis on both the eigenvalues and
the eigenfunctions, and conclude with the Riesz-Basis-Property and the spectrum-determined-growth-
condition. Finally, these results are used to examine the stability effects on the system by the location
of the pointwise control relative to the length of the whole beam.
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1. INTRODUCTION

The pointwise feedback control stabilization for Euler—Bernoulli beams, or equivalently stabilization of serially
connected beams with dissipative joints, has been widely studied and many results have been obtained (see,
for example [1-7] and the references therein). As for Timoshenko beams, the most complete physical model for
thick beams, relatively few results are on pointwise feedback controls when comparing with the corresponding
boundary feedback control problems [8-16]. This may be due to the complicated changes of the eigenfrequencies
arisen from the present of the pointwise feedback control. It is the aim of this paper to carry out a thorough
study for this problem and we have obtained asymptotic information for the eigenvalues, the eigenfunctions,
the Riesz-Basis-Property, the spectrum-determined-growth-condition and their consequences on stabilities. Our
approach is simple but effective. A major step is to conduct a complete asymptotic analysis on the eigenvalues
and the eigenfunctions. These then form a very efficient building block for us to deduce all the required results.
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The Timoshenko beam problem with pointwise control that we shall consider is:

t)+u1t)6§:0,0<x<€,
Ipc,b(:c,t) — EI¢" (x,t) — k(w'(z,t) — p(z,t)) + 'U,Q(t)ég =0, 0<x </, (1.1)
w(oat) =0, cp(O,t) =0, '

where w(z,t) is the deflection of the beam from its equilibrium and ¢(x,t) is the rotation angle of a filament
of the beam at x. Here and henceforth the dot and the prime denote derivatives with respect to time and
space variables respectively. Also, I,,, p, EI, k, ¢, u1 and uy are respectively the mass moment of inertia, mass
density, rigidity coefficient, shear modulus of elasticity, length of the beam, external force and external moment.
We use d¢ to denote a Dirac mass concentrated at the point £ € (0,¢) and consider the following velocity and
angular velocity feedback control at point &:

Ul(t) = Oﬂb(fat)a
{ug(t) — BO(E.1), (12)

where o and (3 are some positive feedback gain constants that can be tuned.

It is the closed loop system (1.1) and (1.2) that we will conduct our research on. The content of this paper is
organized as follows. First, we exhibit some elementary properties of the operator A determined by the closed
loop system in Section 2, and then in Section 3, we perform a detail asymptotic analysis for its eigenvalues
and eigenfunctions. In Section 4, we apply these asymptotic results to deduce the Riesz basis property for the
generalized eigenfunctions of A. Finally in Section 5, we examine various stabilities of the beams.

2. BASIC PROPERTIES FOR THE OPERATOR A OF THE CLOSED LOOP SYSTEM

In this section, we shall establish some basic properties for the closed loop system (1.1, 1.2). To begin, we
choose the state space H to be:

H = Vg x L*(0,€) x Vi x L*(0,¢),
where V¥ := {o € H*(0,0) | ¢(0) = 0}, k = 1,2, with H*(0,¢) being the usual Sobolev space of order k. For
0

Y1 = [w1, 21,01, %17 and Y = [wa, 22, p2,12]T € H, in here the superscript T' denotes the transposition, the
inner product of H is defined as

£

¢
O@H%:Anw%ﬂ*%@M%@%w%mm+Aph@@@M

Y ¥4
+/O EIgol(ac)goQ(ac)dac—i—/O Ioyr (x)2 (x)de

and the corresponding norm is denoted by || - ||. If we define operator A in H by
z
. S - )
z P
.A = w
- ET
P o Koy
¢+ (W' =)
I, I,
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with domain

D(A) = {Y = [wazawaw]T €EH w,p e V02(07§) UH2(§;£); 2, € VOI(an)

then the closed loop system (1.1, 1.2) can be written as an evolutionary equation in H:

d
SY () =AY (1), V>0, (2.1)

where
Y(t) = [U}(, t)7 U}(, t)7 ()0(7 t)a 30(7 t)]T
If (w(t, ), p(z,t)) is a solution pair for (1.1, 1.2), then the energy of the closed loop system is given by

4
B(O) = 51V O =5 [ (sl (@.0) =l + plie. OF + B @0 + ol 0 de

Theorem 2.1. The operator A is dissipative with compact resolvents and generates a Cy semigroup of contrac-
tions. As a result, the energy of the system (1.1, 1.2) is non-increasing in time.

Proof. To show that A has compact resolvents, it suffices to show that 0 € p(.A) because for then A~ will be
compact due to the Sobolev Embedding theorem and so are the resolvents of A. So for F := [f1, f2, 91,927 € H,
we need to find a unique Y := [w, z, p, 1|7 € D(A) such that AY = F, i.e.,

i:f1

_wlligol f2

P )

e

= i o —
Ipso +Ip(w ©) = go

with conditions
w(0) =0, »(0)=0, w(é)=wl-), »E)=eE-)
rw'(§4) —w'(§-)) = az(§), EI(¢' (&) — ¢'(§-)) = B(8),
k(w'(€) —(0)) =0, EIY(¢)=0.

Solving these equations, we obtain

Oa
)7

14 14 14
o) =~ | [ besga(ds +p [ keos)ds [ par

T £
w@) = [ elets =2 [ k) o) = A(OR(E ),

where
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Ex—§x2, 0<x<¢.

Since the Y = [w, f1,,91]7 given above belongs to D(A) and Y = A~!'F, so by the Sobolev Embedding
theorem, A~! is compact and so is the resolvent of A.
Next, for any Y := [w, 2, p,%]T € D(A), we have

Re(AY,Y) = —alz(§)]” - Bl (§)]* <0

from a direct calculation. So A is dissipative and generates a Cy semigroup of contractions by Lumer—Phillips
theorem (see [17]) and the last assertion follows accordingly. O

Theorem 2.1 tells us that the spectrum of A are all eigenvalues and so our next task is to determine the
eigenvalues of A. Let A € C ( C denotes the complex plane) be an eigenvalue of A, and let Y = [w, z, p, 9|1 €
D(A) be an associated eigenfunction. Then we have

z(x) = dw(z), Y(x) = Ip(x),
and the function pair (w(x), ¢(x)) satisfying the following equations

{ §A2w($) —K"(2) - ¢'(2)) =0, 0<az <L, (2.2)

A2o(x) — ElY" (z) — k(W' (z) — (x)) =0, 0<z<{,
with conditions

adw(§), EI(¢'(§+) — ¢'(€-)) = BAp($), (2:3)

w(()? =0, ¢(0) :)07 w(éy) =wé-), &) =pE-),
—0, EIZ(0) = 0.

(wl ()‘7 O)a 901()‘a O)) = (17 O)a (wQ()‘a 0)7 902()" O)) = (Oa 1)7

(wé()‘ao 790% ,0)) = (1,0), (wil()‘vx 79021 A0)) = (071)-

"(0)wa(A, ),

w(A, x) = w(0)wi (A x) + p(0)w2(A, ) + w'(0)ws (A, ) + ¢'(
{ ) =w S0 3 (0)pa(A, z), (24)

+e
0)p1 (A, 2) + 0(0)p2(A, ) +w'(0)ps (A, z) + ¢

with w(A,0) = w(0),p(A,0) = ¢(0),w' (A,0) = w'(0),¢'(A,0) = ¢'(0). Employing (2.3), we see that when
0<wz<g,

when £ <z </,
w()‘a aj) = |:U}I(O)’LU3()\, g) + @I(O)w4()‘7 g)} w1 ()‘7 T — g) + |:’u}l(0)(p3()\, g) + 901(0)904 ()‘a 5)} w2 ()" L= 5)
+ [ O (w50 &) + Sxws(0,6)) + ¢ (0) (wh (A ©) + Thws (1, ) Jws(hz =€)

[0 ) (40,8 + g3, 0) + ¢ 0) (406 + D Apa(3, )| walh,a — ),
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(@) = [0/ (0ws(0,€) + & O)ws\ O] 1Az = &) + [ ()25 (A, €) + ¢ (0)0a(A &) w2z — €)
+ [/ (0) (w5 (0 ©) + Shwn(\§)) + ¢/ (0) (wh(A &) + Sxwa(1,9) | ez —©)

H[ OO + ZAgs(1,6) +¢(0) (10 ) + TXoa0, ) |walhz ~ ),

where (w'(0), ¢’(0)) is a pair of non-zero solutions of the following linear equations:

(2.5)

—N
E\ S\
=S
— =
SN
N =
=
> >
N
+ +
ﬁ\ﬁ\
=S
— =
SN
[N
NN
—~
==
[
S L

with

An(Y) = ws O (€~ &) — p1(A, £ — )] + s(A b1, £ — &) — oo\ L~ )]
s (0, €) + = (X )fws (A, € = €) = s(A, £ =€)
A+ Txes0 Ollwh (A €~ €) — pa(r, L~ €]

A1) = ws O (€= &) — 1A, £~ O] + ea(A b0, £ — &) — 20, £~ )]
k(0 &) + “hus(\ E)[wh (A, € =€) = ps(A, £~ €)]
R E) +DoXos 0 Ol £ — &) — pa(h £~ )],

A (Y) = s O (£~ €) + 5\ DAL — )+ [uh(0 ) + S g0, (A, 0~ €)
HAO ) + D Ags(M k(0 £~ 6),

Az (N) = wa O O £~ &) + ea\ OO £ = &) + b3, €) + S (A, e\ £~ )

HRALE) + e (A € - ©)

(2.6)

So all the eigenvalues can be found by finding the zeros of the characteristic determinant T'()),

A11(A) Az(N)

T(\)= : (2.7)

of the coefficient matrix in (2.5). Altogether we have the following result.
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Theorem 2.2.
1) Let A € C. Then A € o(A) if and only if T(\) = 0. In this case, an eigenfunction corresponding to X\ is
given by

Y = [w(\, x), \w(\, z), o\, ), Ap(\, 2)] T,
where w(A, z) and (N, x) are determined in (2.4). Furthermore, if X is an eigenvalue for A, then the corre-
sponding eigensubspace is of dimension at most two.

2) The spectrum o(A) of A distribute symmetrically with respect to the real axis.

Proof. The first assertion is just a summary of the previous discussion. To prove the second assertion, we use
the fact that for any Y € D(A), its conjugate satisfies Y € D(A) and AY = AY. So the second assertion
holds. U

3. ASYMPTOTIC ANALYSIS OF THE EIGENVALUES AND EIGENFUNCTIONS OF A

Theorem 2.2 gives us a characterization of all the eigenvalues in terms of the zeros of I'(\) in (2.7).
We now conduct an asymptotic analysis on I'(\) to deduce the corresponding asymptotic behaviour for the
eigenvalues. We begin with expanding the eigenfunctions asymptotically, and always assume that

I
p1 # po  and denoted p? := L BT

= L. 1
K’ P2 EI (3 )

Assume that A € C with |Im\| being large enough and —M < ReA < 0, in which M is another large positive
constant. Then, by expanding asymptotically in A\, we obtain the following asymptotic expressions:

w1 (A, z) = cosh p1 Az + O(A72),
—p sinh p1 Az sin poAx _3
A\ x) = — + O(A79),
05 sinh p; Az sin poAx 3
wa (A, x) = - +O(A77),

2(%,) (P?—P§)< p1A p2A ) A
¢2(A, ) = cosh pp Az + O\ 72),
wz(\, z) = 781111;[);)@ +O0(\73),

1
e3(\, x) = O(A72),
wys(\, x) = O(A\72),
sinh pa Az
P\ z) = = p;i + 0, (3.2)
wi (A, x) = p1Asinh p1 Az + O(A 1),
—p .

1 (N, ) = ———5=(cosh py Az — cosh po Ax) + O(A72),
e1(A z) Ef(pi — pg)( p1 p2AT) (A7)
wh(\, z) = %(Cosh p1Ax — cosh poAz) + O(A72),

17 P2
©h(\, ) = paAsinh poAx + O(A 1),
wh(A, ) = cosh p1 Az + O(A72)),
p5(\, @) = O()‘_l)a
wil(Aa 1') - O()‘il)v
o (A, ) = cosh poAz + O(A72).

Substituting these expressions into I'(A) in (2.7), we have:

L\ =G\ +0(\), (3.3)



STABILIZATION OF TIMOSHENKO BEAM BY MEANS OF POINTWISE CONTROLS 585

where the leading term

G\ = [cosh PN + ?_ sinh P — ®_ sinh ML — 2«5)} [cosh pa Al
3 2kp1 2kp1 (3.4)
+EIp2 sinh po A — S, sinh pa A (¢ — 25)] .

From expression (3.4), we know that G(\) is analytic in C and deduce automatically the following remarks.

Remark. (i) When ¢ = 1/, then G(\) have no zeros in [ReA| > M for some large enough positive constant M.
It is because when £ = %E, G(A) has a very simple expression:

«

G(X\) = |coshpr M + sinh p1 M| |cosh pa Al + b sinh pa M| |
2 E]pg

KRpP1
and so G()) has no zeros in |[ReA| > M for some large enough positive constant M.

(ii) When € # 1€ but (1 — z2-) =0 and (1 By 0, we have

2Kkp1 ~ 2EIps

_ 1 Jé]
PLAE—2E|+pa Xl B -9 1— _ .
G(Ne — 451gn(€ £) ( 5 ng) as Rel— —o0

(iii) When (1 — 5%-) # 0 and (1 By -0, we have

2kp1 " 2EIp,

1 « 5]
Nelortene L () - A oo
G(Ne 1 T Sl as Re 00

(iv) As a conclusion of (i-iii), we see that, whenever £ € (0, {), the zeros of G()) are located asymptotically in
a vertical strip of the complex plane C centered at the imaginary axis.

We use these remarks and (3.3, 3.4) to deduce some asymptotic behaviour for the eigenvalues of A.

Theorem 3.1. With (3.1) and assume that (1 — 52-) # 0 and (1 — ﬁ) #£0. Forne Z, let (&Y and ¢{?
be the roots of respectively the first and the second equation in

(67

cosh p1 M + sinh p1 A\l — ®_ sinh ML —2¢) =0,
2kp1 2Kp1 (3.5)

2Elp, sinh po A\ — S, sinh pa A (¢ — 2€) = 0.

cosh po Al +

Let
AD = (040 and XD = D 4
be the eigenvalues of A. Then the following assertions are true:

1) when |\| large enough then —M < ReA < M and the degree of the zero AV of T'(A) is the same as that
of the zero Q(L]) of G(N);
2) the eigenvalues A9 e a(A), with sufficiently large modulus, satisfy AP — Q(f) = O(C(_l”) forj=1,2.
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Proof. The first assertion is just a restatement of the above remarks. For )\%j) = Q(@j) + 777(3) (j = 1,2) to be
eigenvalues of A, we must have I‘()\Sf)) = 0. Thus, for —M < Re)\gf) < M with |Im)\7(f)| large enough, we have

4 1
GV =0 <—> ,
A7
and so by Rouché theorem, ngj ) = o1/ Q(lj )) for 7 = 1,2 and this proves the remaining assertions. O

We now ready to estimate the asymptotic behaviour of the eigenfunctions that corresponding to the eigen-
values )\sll) and )\512). For this, we consider

w'(0) = Az (Aﬁ})) and  ¢'(0) = —An ()\7(11)> ,

w/(0) = A (A) and o/(0) = —An (AP, (3.6)

respectively, where Ay; () are given by (2.5, 2.6). Using the estimates in (3.1) and (3.2), we find that

An(N) =071, A =0(1"),

Aga(X) = cosh pal) inh pof\ — inh po (¢ — 2 At
22(\) = cosh ps +2Efp2 sinh po o sinh pa A( H+0 (N,
« «
A11(X) = cosh p1/) inh p1 4\ — inh po A(£ — 2 o\ 1.
1Y) = cosh A+ 5 sinh py A — i sinh pa (¢~ 2€) + O (A7)
Let the leading terms be
~ . g . .
Aga(N) := cosh pal X + S, sinh pofA S, sinh po A(¢ — 2€),
A\H(A) := cosh p1 4\ + @ sinh p1f)\ — @ sinh po A(€ — 2€)
2kp1 2kp1

and use the estimates (3.2) in some straight-forward but tedious calculations, we obtain the asymptotic expres-
sions for the eigenfunctions of A:

v (AD) = Ao (AP) w (A1) + 20 (AD)

with [[Z1(A)]| = O(A ),

sinh p1 \z _a sinh pi A sinh p1 A(2 — §)
. p1A Kp1 pP1A
sinh p1 Az a sinh p1 A sinh p1 A\(x — &)
v = | T [ +xea | o o’ : (3.7)
0 0
0 0

and
() = ()8 (49) <7 32).
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with [|Za(V)]] = O(A™Y),

0 0
0 0
®(A) := | sinhpodz | + x(e g B sinh pa AEsinh poA(x — &) | . (3.8)
_p2A Elps p2A
sinh pa Az £ sinh po A sinh pa (2 — &)
p2 Elpy p2

Thus, we can prove the following result.

Theorem 3.2. With (3.1) and' assume that (1 — ﬁ) #0 and (1 — ﬁ) # 0. Let U(X), ®(N) be defined as
in (3.7)-(3.8). Let the zeros Q(L]), Agf),j = 1,2, be given as in Theorem 3.1. Then the following assertions are
true:

1) an eigenfunction corresponding to )\sll) is given by
v (ASP) =T (g,gl)) A (Agp) , (3.9)
with || Z1(A)]] = O(A™1), and an eigenfunction corresponding to A2 is given by
% (Ag?) = (g,@) + 7 (Aﬁ?) : (3.10)

with || Z2(A)]] = OAY);
2) for each j = 1,2, the eigenvalues satisfies

5o

< 00.

Proof. From the expressions of /Tu and fAlgg, we first have

g ()]0 ot [ () o

If we take i . (}\511)) i . (}\g))
and ’ (}\511))
7 (Agp) v (A;U) —v ( ,ﬁ”) + m,
22 n
(2)
Z(A2) =0 (\P) - @ (¢?) + IZZQ((A;)))’
11 n
then
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Also,
9 ¢
H\II ()\sll)) - ((:,(ll)) H = / K [cosh pl)\s)x — cosh plg}(f)x + X[E,Z]i(sinhpl)\g)gcosh pl)\g)(ac —¢)
0 kp1
2
—sinh py ¢V € cosh py ¢V (2 — 5))] dzx

¢
+ / % {sinh pr AP — sinh p ¢Ma + X[&,4] < ( sinh py AV € sinh pr AW (2 — €)
0 P1 Kkp1

2
—sinh p;1 ¢V ¢ sinh p ¢V (2 — «E))} dz

-0 <‘A$}> 453))\2)

9 ) . (2) : (2) : (2) ¢ s 2.
HCI) ()\512)) _ 3 (47(12)) H _ . sinh po Ay, ' B sinh p1 (ny :L') T xea 8 sinh poAr, € sinh poAry (z — €)
0 P2 ex " Elps P2

_ sinh pgg}(f){ cosh pQQ(IZ) (z-§) > ] 2d:c
(2)
pQCn

Y
+/ EI [cosh pg)\g)x — cosh pQQ(lQ)ﬂU + Xg,4
0

Tips ( sinh paA2€ cosh pa AP (2 — €)

2
—sinh pgg}(f)ﬁ cosh PQQ,(IU (x — 5))] dx

¢
I
+ / - {sinh pa A — sinh p ¢ P + X[ (sinh p AP esinh pr AP (2 — €)
0

2 51]12[p2

2
—sinh py (D¢ sinh py (P (z — € ))} dz

-0 <‘A$§> 47(?))\2),

() 3 (@) =0(). [o0)-» ()] -0 (122

and therefore 1) is true because ||’Z\1()\511))|| = O(l/)\%l)), ||Z\2()\512))|| = O(l/)\f)).
For 2), since I'(\) is an entire function of finite exponential type, so the assertion follows from the standard
result of entire function of finite exponential type (cf. [18]). O

We are now in a position to discuss the zeros of G()\) in (3.4). For brevity, denote
n:=mMN, (:=pM, &:=sl. (3.11)

Since

with
91(n) := A11(\) = coshn + a sinhn + a sinhn(2s — 1),
2kp1 2Kkp1 (3.12)

inh inh ((2s — 1
S, sin <+2Elp2 sinh ¢(2s — 1),

-~

92(C) := A2a(N\) = cosh ¢ +
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so we only need to study the zeros of
g(z) :=coshz + K sinh z + K sinh(2s — 1)z (3.13)

where K is a constant and s € (0,1). Generally speaking, finding the zeros of g(z) is very difficult. However,
we have the following assertion.

Theorem 3.3. Let g(z) be defined by (3.13). Assume that K # 1 and s € (0,1), then the following assertions
are true:

1) there exist constants A, B and R such that for all |z| > R,
Ael*l < |g(z + iy)| < Bel*;

2) let no be the complex number(s) defined by

1
2 2

I
o 4s(1 —s) 7

(i) if no does not solve the following equation (in unknown v):

—I=vVZ T 14
1+ K ’ (3.14)

(1-25)
(I/ﬂ:\/l/2+K21> ’ v+Vv?+ K2
K

then all the zeros of the function g(z) are simple and separated;
(i) if no satisfies equation (3.14), then s must be rational and 1o is real. Moreover, there exist infinitely
many zeros of g(z) with degree at least two.

Proof. 1) Since g(z) is an entire function of exponential type, so when K # 1, we have

) 1 [(1+K)" as z— 400,
|9(:v+zy)|ﬂ§{|1_K|e|x|, as T — —oo.

Hence, there exist A, B and R such that
Ael®l <|g(x +iy)| < Bel*!,  when |z| > R.
2) (i) To consider the multiplicity of the zeros of g(z), we note that
g'(z) =sinh z + K cosh z + (25 — 1)K cosh(2s — 1)z
and
7)) +9(2) = (1+ K)e” — Ke17297 | g[e(1-29)7 4 ¢~ (1-29)7],

Obviously, if s = %, 9(z) + ¢'(2) = (1 + K)e® # 0, then all zeros of g(z) are simple and separated. If s # %,
denote by v the value of cosh z + K sinh z, i.e.,

v := cosh z + K sinh z
then g(z) = 0 is equivalent to solving the following equations:

cosh z 4+ K sinh z = v,
K sinh(1 — 2s)z = v.
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Since the first equation is equivalent to

., VvEVIZ+K?2-1
N 1+ K

and the second equation is equivalent to

(1-25) _ VEVVP+ K2
e = —-—
K )

so g(z) = 0 has a solution in z is equivalent to the following equation having a solution in v:

1—2s
( )_ v+ + K2
K )

1+ K

(Z/i\/v2—|—K2—1>

which is exactly (3.14). In fact, the solution z and solution v are related by

. vEVIZ+K?Z-1
e® =
1+ K

or

(1-25) _ VEVV2 4+ K2
e = """
K

Now suppose that v solves equation (3.14), then g(z) = 0 and

= i(mi (25 — 1)ViZ T K2 (3.15)
£

because if we set

then

VK2 =1+ (25— 1)\/ng + K2 =0.

Thus, if v # 19 then ¢'(z) # 0, and hence all zeros of g(z) are simple.
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Let {2z, : n € Z} be the set of zeros of g(z), and denote
vy := cosh z, + K sinh z,, = K sinh(1 — 2s)z,.

Since zy, lies in the strip —M < Rez < M, so there is a positive N such that |v,| < N. Let v be a cluster point
of vy, then there is a subsequence v, of v, such that v,, — v. So v satisfies the limiting equation. On the
other hand, if 79 does not satisfy equation (3.14) then each z, is a simple zero of g(z). So ¢'(z,) # 0. Hence
infhez |9’ (2n)] > 0 because if otherwise, there exists a subsequence {z,,} such that limy_,c ¢’'(2n,) = 0, then
limy 00 ¥, = v and (3.15) imply that v = 79, which is a contradiction. So the zeros of g(z) are separated.

2) (ii) If no solves equation (3.14), we know from the previous arguments that there exists a zy such that

9(z0) = 0,¢'(20) = 0. Therefore

_(2s-1)

K cosh(2s — 1)z0 = /18 + K2 = F R (3.16)
cosh(2s — 1)zg = F/15 + 7:Fm.

sinhzg + Kcoshzg = £/ + K2 — 1=+

Write zp = g + iyo. Notice that the right hands of (3.16) are real and we have

(coshzg + K sinh z) sinyg = 0,
sinh(2s — 1)z sin(2s — 1)yo = 0,

which imply
sinyg =0,
sin(2s — 1)yo = 0.
Thus yo = n7 and (2s — 1)yo = mn for some n, m € Z. This shows that s is rational. In this case, we also have

0 = g(z0) = [coshzg + K sinh z] cosyo + K sinh(2s — 1)z cos(2s — 1)yo,
0 = ¢'(z0) = [sinhzg + K coshxp] cosyo + (25 — 1) K cosh(2s — 1)z cos(2s — 1)yo.

Since g(z) > 0 for > 0, so we have g < 0 and hence 7 is a real number.
Write s := £, we can take z, = 20 + i2kpm and we have (2s — 1)z, = (2s — 1)z + ik(2q — p)m and
9(zx) = ¢'(z) = 0. So g(z) has infinitely many zeros with degree at least two. O

We note down a special case.

Corollary 3.4. If K > 1 and s € (% — %,/1 — %, % + %1/1 — %), then all the zeros of g(z) are simple and

separated.

Proof. Let ng be defined as in Theorem 3.3. If 7y satisfies (3.14), then by Theorem 3.3, 1o is a non-zero real
number. This implies that m — K? > 0, which is
1

1— -

=9 < i3

or

s Lo
STl 7 9 K2

1 1 1 1 1 1
S€<0’55 1F>U<§+§ 1@‘)

because K > 1 and the required assertion follows from Theorem 3.3. O

Therefore

Putting all the results together, we have the following conclusion on G(\).
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Corollary 3.5. With (3.1) and let G(\) := Ay (A\)Aga(N) (see (3.11, 3.12)). Set

« K I)

=sl, K;:= =
€ sk, 1 2K}p17 2 2E1—p27

(3.17)

and assume that (1 — K1) #0 and (1 — K2) # 0. Then

1) the zeros of G(\) lie in a vertical strip centered at the imaginary axis and they are given by the roots
of (3.5);
2) when s € (0,1) is irrational, the zeros of G(X) are simple and separated;
3) if s € (0,1) is rational, then the zeros of G(\) are simple and separated if and only if no1 and no2
defined by
1 1

— K} =4, — — K2 3.18
4s(1 — s) o2 4s(1 — s) 2 (3.18)

no1 := =%

do not solve (3.14).

4. RIESZ BASIS PROPERTY OF THE GENERALIZED EIGENFUNCTION SYSTEM OF A

In this section, we discuss the Riesz basis property of the generalized eigenfunction system of A. Let K; and
noj, 7 = 1,2, be defined by (3.17) and (3.18) respectively. Here we always assume that (1 — K;) # 0,5 = 1,2,
and 7;,7 = 1,2, do not solve equation (3.14). With this assumption, the functions g;(n) and g2({) defined

in (3.12) always have infinitely many zeros and were denoted by {Q(ll) :n € Z} and {Q(f) :n € Z} respectively.
According to Theorem 3.2 and the Bari’s theorem (see [18], p. 45, Th. 15), if we can prove the Riesz basis

property of the sequences {¥( ,(Ll)) :n € Z} and {9( ,(12)) :n € Z}, then that for the eigenfunctions of A will
also follow. On this regard, we introduce a new norm in H:

¢
[YIEi= [ (sl @P + le@P + Bl @ + L@ de for ¥ = fu,2.00]".
0
Clearly || - ||1 is equivalent to || - ||. Let
Hy = {Y = [w,2,0,0]" € H}, Ha:={Y =10,0,0,¢]" € H}

Under the new norm, we have
H="H1 & Ho,

and we treat g1 and go separately in H; and Hs in the following two theorems:

Theorem 4.1. Assume that K1 # 1 and s € (0,1) with £ := sl such that g1(n) defined by (3.12) has simple
zeros Q(Ll),n € Z. Then the sequence {\I/(Q(Il)) :n € Z} forms a Riesz Basis in H;.

Proof. Let {Cr(ll) :n € Z} be the set of zeros of gi(n) and ¥( 7(11)) be defined by (3.7). Since g;(in) is an entire
function of the sine type, according to Levin Theorem (cf. [18], p. 172, Th. 10), the set {eplgv(vrl)”” :n € Z} forms
a Riesz basis for L?[—, /).

To show that {\I/(Q(Il)) :m € Z} forms a basis in Hj, we introduce some more auxiliary space and operator.
Let H := V{[0,4] x L?[0,] and define its inner product by

¢ ¢
(Y1,Ys) ::/O /@w'l(x)wé(ac)dac—i—/o pz1(x)ze(z)dx
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for Y1 = [w1, 21], Yo = [wa, 20] € H. Define an operator A; in H by:

with domain
D) = {[w. 2] € H | w € VZ0.0 UVAE0), 2 Vi0,0), wlw () —w'(€)) = as(), mu/(¢) =0},

where k, p,a and £ € (0, /) are the system parameters.
For Aj, it is easy to verify that (,(11) (n € Z) is an eigenvalue with eigenfunction Y ( ,(11)) given by

1 1
Y()) = (sinh pLAT + &X[M} sinh p1 A¢ sinh py A\(z — «f)) [—, —} .
Kp1 PN p1

It can also be verified directly that Y*( 7(}1)) given by

— 1 1
Y*(\) = (sinh PLAT + iX[g,é} sinh p; A¢ sinh py Mz — §)) {—, ——}
Kp1 PN p1

is the dual eigenfunction in the sense that A7Y™* (Q(Ll)) = Q(LI)Y*(Q(S)), where A7 is given by

Al 2] = | +(0), S0 @)
with
D) = {¥ = w2 € H | w e VEO.OUVAE D, =€ Vi (0.0, w(w(€0)—w/(6)) = —ax(e),mu/(0) = 0}
A direct computation shows that
YD), Y () =0, mAn, VnmeZ,

and
.

1

2
(Y (CD), V() = kl + —— (¢ — &) sinh 2p2¢ V€ + (i sinhpzc,s”f) (£—¢) #0.
Kp KpP1
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We first show that {Y( 7(11)) :n € Z} forms a Riesz basis for H. Without loss of generality, assume that
£ €[30,0). Then for any F = [f,g] € H, we have

v
* « .
(F,Y*(¢V)) = /0 wf'(z) {Coshplef)w + Xe.0 (w)%p1 sinh py ¢{N

« .
_X[Eﬂe] (I) 2ij1 Sll’lh plcle) (x — 2&):| dZC

4
7/ PP1lg(ﬂf){Sinhplﬁl)wﬂqae](m Y coshpi¢Va
0 2Kk

«
—X[e.4] (z) ST cosh plg(ll)(m — 25)] dx

4
=5 [ @t xeamz | + Lo 1+ xeatg

« (6% (1)
+X[26—2¢] (x)Q—plf/(Qﬁ — ) + X[2e—t,] (93)59(25 - fﬂ)}eplc" dx

+% /Oe {mf’(:v) [1 e (I)2:p1] _ p_plg(x) [1 + X[, (x)2:p1]

(07

a ey,
—X[26—£,¢] (30)2—plfl(2€ — ) + X[2e—t,] (30)59(25 - fﬂ)}e e T

4
- / Gr(x)e o odu,
—0

where
Q@
}

wf'(w) {1 + Xle.g (30)2:[)1} + ﬁg(fﬂ) [1 + X[e.] (30)2

o o
+X[26—2¢] (93)2—1f/(2§ — ) + Xj2e—r.¢] (93)59(25 —z), 0<z<Y,

1
gr(z) = 3
F 2 ) wf'(2) {1 — X[e.0] (x)%apJ - ﬁg(x) [1 + Xie.g (x)%apl}
—X[26—£,¢] (m)%f’(% — ) F Xee-eg (x)%g(% —o), e <l

If for all n € Z, (F, Y*(Q(ll)» = 0, then we have Gp(x) = 0, a.e. in [—£, ], i.e.,

for 0 <z < (26— 1),
p

rf'(x) + Eg(ﬂf) =0,
kf'(x) — ﬁg(x) =0,

for (26 —0) <ax <&,
Kf!(z) + ﬁg(x) P26 — 7) + 2g(26 —7) =0,

B :
() = 2g(e) = 5o f'(26 = )+ 9(26 —2) =0,
for ¢ <x </,
, « ya « _
K f! () [1 + %pl} + %}g(x) [1 + %pl} 0,

| - L)1+ xean) 5] =0

/(@)1= Xien (@) -
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Thus, f'(z) = 0 and g(x) = 0, and hence F' = 0. So the sequence {Y™*( T(Ll)), n € Z} is complete in H and

S THEYH N =Y [(Gr. e ) L)? < oo

nez nez

In a similar manner, we can show that the family {Y( 7(11)), € Z} is complete in H and

D UEY (NP < oo

nez

Hence {Y( ,(Ll)) :n € Z} forms a Riesz basis for H.
Note that H = Hj, in the sense of embedding H into H isometrically isomorphism, and Y (A) = ¥(})

with ¥(\) defined by (3.7), so {¥( 7(11)) :n € Z} forms a Riesz basis and the proof is then complete. O

Theorem 4.2. Assume that Ko # 1 and s € (0,1) with & = sl such that g2(¢) defined by (3.12) has simple
zeros (\2),n € Z. Then the sequence {P( ,(LQ)) :m € Z} forms a Riesz basis in Ha.

Proof. The proof is very similar to that of Theorem 4.1. Let {Q(?) :n € Z} be the set of zeros of g2(¢) and ®( ,(12))
be defined by (3.8). Since g2(i¢) is also an entire function of sine type, so the system {eng,(f)z :nm € Z}isa
Riesz basis for L?[—/, /).

In order to prove that {®( ,(12)) :n € Z} forms a basis in Hs, similar to the proof of Theorem 4.1, we introduce
some auxiliary space and operator.

We equip the space H = V[0, ] x L?[0, ¢] with inner product defined by

Y 4
0¥ i= [ B @@ + [ L e)ia@ds

0 0
for Y1 = [¢1,¢1], Y2 = [p2, ¥2] € H. Define operator Ay in H by:
E

Aol = 00 T @)

P
with domain

D(A2) i= {[w.2] € H | ¢ € VEO.O UVA(E0), e V0,0, EI(¢(&) - ¢(¢-)) = Bu(©), B¢/ (6) = 0}

Il 1S easy (() CheCk tha,t C”(l ),n S Z, are elgen\/alues Of Ag Wllh elgenfunc‘l()n Y( ’r(l )) deﬁned by
()\) i 2)\ 674 i ﬁ2)\€ i )CQA( €) ?
Y S]I]h o) - S]I]h S]I]h — -

and Y*(¢\?) defined by

(Y . B . . > { 1 1 }
Y*(\) := [ sinhpi e + —— sinh po A& sinh po A(x — —_
() ( p1 EIPQX[g,e] P2 p2A(z — &) P

is its dual eigenfunction so that A5Y™*( 7(12)) = Q(LQ)Y*( ,(12)), with A3 given by

Al = = (2, 4" 0|
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and

D(;) = {Y =[p.vl € H | ¢ € V0.0 UVIE 0, € (0,0,
EI(¢ (&) = ¢'(€-)) = —B(€), I (¢) = 0}-

Using the exact same arguments as in the proof of Theorem 4.1, we can conclude that {Y( 7(12)) :n € Z} forms

a Riesz basis in H, and so the sequence {®( 7(12)) :n € Z} forms a Riesz basis in Hs. O
Putting these results together, we have the followings.

Corollary 4.3. With (3.1) and let U( 7(11)) and <I>(Q(12)) be given by (3.7) and (3.8) respectively. Assume that
K; #1,7 =12, and s € (0,1) such that g;,j = 1,2, has simple zeros Q(l]) with n € Z. Then the system
{¥( ,(Ll)),(l)( ,(LQ)) :n € Z} forms a Riesz basis for H.

Theorem 4.4. With (3.1) and let H, A, Kj,g;,7 = 1,2, be defined as before. Assume that K; # 1,5 = 1,2,
and s € (0,1) with & = sl such that gj,j = 1,2, has simple zeros Q(l]) with n € Z. Then the following assertions
are true:

1) the eigenvalues of A with large enough modulii are algebraically simple;
2) the generalized eigenfunction system of A forms a Riesz basis of H, and so the spectrum determined
growth condition is true for system (2.1).

Proof. The first assertion 1) follows from Theorem 3.1. The second assertion 2) is a consequence of Theorem 3.1
and the Bari’s theorem (see [18], p. 45, Th. 15) because the spectrum determined growth condition always holds
for a Riesz system, so the proof is complete. O

5. STABILITY OF THE CLOSED LOOP SYSTEM

We now deduce some interesting results on the stabilities of the closed loop system (1.1, 1.2). It is amazing
to see how the stabilities depend on the location of £ in (0,¢). Recall that the system (1.1, 1.2) will be a Riesz
system whenever the hypotheses of Theorem 4.4 are fulfilled, and so the spectrum determined growth condition
is true. Hence, if there exists no eigenvalue of A on the imaginary axis, then the closed loop system is stable
because A is dissipative (¢f. Th. 2.1). Furthermore, if the imaginary axis is not an asymptote for o(.A), then
the closed loop system is exponentially stable. Therefore, we shall focus on the cases that the imaginary axis
contains eigenvalue(s) of A or is an asymptote for o(A).

Lemma 5.1. Let G()\) be defined in (3.4) and & := sl with s € (0,1).

1) If s= % for some integers k and n, then the imaginary axis is an asymptote of o(A).
2) On the other hand, if G(\) has a zero on the imaginary axis, then s = % for some integers k and n.

Proof. 1) From Theorem 3.1, we know that we can use the zeros of G(\) to approximate the eigenvalues of .4
when their modulii are large enough. So we only need to prove that there are infinite number of zeros of G()\)

on the imaginary axis when s = 23{?1. For these s, we take 1, and (,, such that

Nm = M =i(mr +7/2) and (= pa M =i(mm +7/2).
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Then for m =n + 2u(2n+ 1), u € Z, we have

91(Nm) = cos(mm 4+ w/2) +

a sin(mm + 7 /2) — a sin(mm + 7/2)(1 — 2s)
P1 P1

= 2:;)1 [(—1)” — sin ((mr +2p(2n + 1) + 7/2) 2”; 1+ 1 )]
- 2:;)1 [(_m — sin (w +2u(2n+1 - 4k)71')] =0

and

92(Gm) = cos(mm + w/2) + sin(mm + 7/2) — sin(mm 4+ 7/2)(1 — 2s) = 0.

This shows that there are infinitely many zeros of G(\) = g1(n)g2(¢) on the imaginary axis. So the imaginary
axis is an asymptote of o(.A) by Theorem 3.1.

2) Conversely, assume that there is a zero of G(A) on the imaginary axis and let the zero be A := iy, then either
g1(n) =0 or g2(¢) = 0 with n = ip1yf and ¢ = ip2yl. When g1(n) =0, i.e.,

cospryl +1i a [sinplyﬁ —sinp1y(l — 25)4 =0,
2Kkp1

we have
cosp1yl =0, sinpiyl —sin(l — 2s)p1yl = 0.
Expanding sin(1 — 2s)p1y¢, we have

cospyf =0 and 1= cos2spiyl
because sin p1yf # 0 when cos p1yf = 0 and there are integers n and k such that

pyl = (nm+m/2), 2spryl = 2km.

Hence,
2k
S =
2n+1’
which is also the case when g2(¢) = 0. O
Definition 5.2. Denote by Sy the set
S, { € (0,1) ‘ K onke Z}
=498 s = n
0 ) om + 1; )

and called the points in Sy the nodes of the system.

Denote by :5'; the set

2k(j

So = {s €(0,1) ‘ s € Sp or there are s; := W

€ Sp such that

lim s; =s and lim (2n(j) +1)(s —s;) = O}-

Jj—o0 Jj—o0

We now examine some interesting dynamics of the system.
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Remark. It is interesting to note that for each s € (0,1), s can only be one of the four types: an irrational
number, even/odd, odd/odd, odd/even because the case of even/even will reduce to one of the last three cases
after factorizations. Easy to see that

(0, 1)\So = {odd/odd} U {odd/even} U {irrationals} N (0,1).

Also, we have
SoN (0, 1) = (0, 1),

which has a very neat geometric proof. Note that each s € Sy can be viewed as a line with slope s in the

xy-plane with (n, k) being the integer lattice points. Now for each = € (0,1) and for § > 0, there always exists

some integer lattice points (n, k) between the lines that corresponding to z 4+ 6 and « — §. Thus there exists an

s so that |z — s| < & and so Sy = (0, 1).

2k
2n+1

slope =

. slope=xz+4
. slope==z
. slope=x—§

n

.

We also have the followings.

Lemma 5.3. {% € (0,1) : p is odd and relatively prime to integer q} & :S'E.

Proof. If we can show that all rational s := 2%:1 € (0,1) with integers p, ¢ so that 2p + 1 and ¢ are relatively

prime do not belong to :9;, then the assertion holds true.

. 2ptl — _2k()
Now for s := pT € (0,1), for any s; := 2n(j)]+1 € Sp we have
2p+1 2k 1
—s|(2n+1) = - m+1)>— (2n4+1)=-
= sl(2n+ 1) = | = o @n 4 1) > s n 1) =
because the difference of two distinct integers is at least 1. Hence, s does not belong to :9;. O

Remark. Note that for each A € o(A) and its corresponding eigenfunction
Y = (w\ ), \w(\, z), (A, x), Ap(\, ),

we have

SV.¥) = Re(AY,Y) = RA|IVIF* = —aldu(3, ) ~ BAp(\ O <0,

N | =
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So for s € Sy, if some eigenvalue A is purely imaginary or the point £ = s¢ make w(\, §) = p(A\, &) = 0 for
some eigenvalue A, then the system is unstable. If |w(\, &)| + [N, €)| # 0 for all A € o(A), then Reh < 0,
for all A € o(.A), and hence the system is asymptotically stable. This stability can be improved to exponential

stability if s € (0,1)\Sp. Here are the details.

Theorem 5.4. Under (3.1) and let H, A, K; (j =1,2), be deﬁned as before. Assume that K; # 1,5 = 1,2,
and s € (0,1)\Sy such that g; (7 = 1,2) has simple zeros ¢ n € Z. Then the system (2.1) is exponentially

stable.

Proof. We only need to show that under the assumptions, we have in}% |G(iy)| > 0. In fact, we can show that
ye

inIfR |G(iy)| = 0 implies that s € So.
ye
Suppose that inﬂfR |G(iy)| = 0. Then there exists a sequence {y,} such that
ye

lim |G(iy,)|=0 and lim |y,| = cc.
n—oo n—oo
We can assume without loss of generality that lim ¢1(n,) = 0 with 9, := ip1y,f. It implies that
n—oo

cos prynl — 0 when n — oo, and sinp1y,f — sin p1y,£(1 — 2s) — 0 when n — oo.
Hence there exists a sequence of integers {k,} such that ¢y ,, := p1ynl — (knm + 7/2) — 0. Since we have
sin p1ynl — sin p1yn (1 — 28) = sin p1ynl(1 — cos 2p1ynls) — cos p1ynl sin 2p1yn Ls,

So

cos2p1ynls — 1,

and there exist a sequence of integers {7, } such that d2 , := 2sp1yn ¢ — 2, — 0. Thus we have

om0 1 4001 n  (2k—n+1)bn
C 2%k, 4+ 1 2k, 41 | (2kn + DT+ 2610 (2k, + 1)+ 261,

So

. 21, _
nlirr;o(an +1) [5 T 1] =

O

and s € So. Therefore, we have inuf§|G(iy)| > 0 when s € (0,1)\Sy because A is dissipative. Hence, the
ye

imaginary axis is not an asymptote of o(A).

Also, under the assumptions of this theorem, system (2.1) will be a Riesz system according to Theorem 4.4,
and satisfies the spectrum determined growth condition. Hence the system is exponentially stable whenever the

spectrum has a positive distance from the imaginary axis, which is true because s € (0, 1)\S.
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Proof. As a conclusion, we have the following remark:

Remark. Let K; # 1,5 =1,2. For any s € (0, 1), there are several cases:

1) s € So. In this cases if there is a A € o(A) such that [w(, €)|+]o(X, €)| = 0, with £ = s/, the system (2.1)
is unstable. If [w(\, &)+ |, &)| # 0,VA € o(A), with &€ = s¢, then the system is asymptotically stable;

2) s € (0, 1)\:9;. If no1, o2 defined by (3.18) do not solve (3.14), then we know from Theorem 3.5 that
the zeros of G(A) are simple and separated. Therefore the conditions of Theorem 5.3 are fulfilled and
system (2.1) is a Riesz system and is exponentially stable. In particular, s = % belongs this case;

3) if one of ng;,j = 1,2 solves (3.14), then the system (2.1) has infinitely many eigenvalues of multiplicity
at least two, and we shall study this degenerate case in another paper.
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