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ON STABILITY OF NONLINEAR NEUTRAL FUNCTIONAL DIFFERENTIAL
EQUATIONS *

PuaM Huu ANH Ncoc!, THAT BAO TRAN? AND CAO THANH TINH?

Abstract. We address the challenging problem of the exponential stability of nonlinear time-varying
functional differential equations of neutral type. By a novel approach, we present explicit sufficient con-
ditions for the exponential stability of nonlinear time-varying neutral functional differential equations.
A discussion of the obtained results and illustrative examples are given.
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1. INTRODUCTION

Delay differential equations of neutral type have many applications including population models, lossless
transmission lines, chemical reactors, partial element equivalent circuits, control systems, electrodynamics mix-
ing liquids, neutron transportation, see [2,11,13,17]. In qualitative analysis of such systems, problems of stability
of solutions play an important role. That is why problems of stability of delay differential equations of neutral
type have attracted a great interest of researchers during the past decades, see e.g. [1,3,8,24] and the references
therein.

The traditional approaches to analyze stability of delay differential equations of neutral type are Lyapunov’s
method and its variants, see e.g. [8,11,13,15,23,24]. However, it is difficult to construct a Lyapunov function
for such equations. Most of the existing stability conditions for time-varying delay differential equations of
neutral type in the literature are given in terms of matrix inequalities or differential inequalities. In particular,
stability analysis of nonlinear time-varying functional differential equations of neutral type is very difficult and
complicated. Therefore, there have not been many explicit stability conditions available for such equations. Using
Lyapunov functions and the comparison principle, several sufficient conditions for asymptotic stability of some
specific classes of nonlinear neutral differential equations have been reported in some papers published a long
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time ago, see e.g. [6,11,13,21,22]. Recently, some abstract sufficient conditions for the exponential stability of
semi-linear neutral functional differential equations were given in [9].

In this paper, we present a novel approach to the exponential stability of nonlinear time-varying functional
differential equations of neutral type. Our approach is based on a system transformation and the comparison
principle. More precisely, using a simple system transformation, it is to show that solutions of the nonlinear
neutral functional differential equation satisfy a coupled differential-difference equation (see e.g. [16]). Then,
a positive linear coupled differential-difference equation (see e.g. [19]) is given, which stands for an “upper
bound” of the coupled difference-differential system. Next, explicit stability conditions for the positive linear
coupled differential-difference equation are provided and it is to prove that these conditions ensure stability
of the coupled differential-difference equation and that of the nonlinear neutral functional differential equation
(using the comparison principle).

Consequently, new explicit sufficient conditions for the exponential stability of nonlinear time-varying func-
tional differential equations of neutral type are derived. Both delay-dependent and delay-independent stability
conditions are presented. To the best of our knowledge, Theorem 3.3, Corollary 3.5, Theorem 4.1 of this pa-
per are original. The stability conditions obtained are quite simple, easy to use. Furthermore, they have some
potential applications, for example, they can be applied to study behavior of solutions of neutral delay logistic
equations [23] and exponential stability of equilibria of various classes of neural networks of neutral type [5].

The organization of this paper is as follows. In the next section, we give some notations and preliminary
results which will be used in what follows. The main results are presented in Section 3. Some new explicit
sufficient conditions for the exponential stability of time-varying functional differential equations of neutral
type are given. A brief discussion of the obtained results is given.

2. PRELIMINARIES

Let N be the set of all natural numbers. For given m € N, let m := {1,2,...,m}. For given integers [,q > 1, R!
denotes the [-dimensional vector space over R and R**? stands for the set of all I x g-matrices with entries in R.
For A = (a;;) € R™% and B = (b;;) € R4, A > B means that a;; > b;; fori =1,...,0,j=1,...,¢. In
particular, if a;; > b;; fori=1,...,1,j =1,...,¢, then we write A > B instead of A > B. Denote by qu the
set of all nonnegative matrices. Similar notations are adopted for vectors.

For z € R™ and P € R™™Y we define |z| = (|z;]) and |P| = (|pi;|). Then one has

|PQ| < |P||Q|, VP eR™ vQecR",

Let I, be the identity matrix in R™*". For any matrix M € R™*" the spectral abscissa (resp. the spectral radius)
of M is defined by s(M) := max{RX X € o(M)} (resp. p(M) := max{|A\| A € o(M)}) where o(M) = {z €
C : det(zI, — M) = 0} is the spectrum of M. A matrix M € R™*" is said to be Hurwitz stable (resp. Schur
stable) if, s(M) < 0 (resp. p(M) < 1). A norm || - || on R™ is said to be monotonic if ||x| < |ly|| whenever
z,y € R", |z| <|y|. Every p-norm on R"

1
lellp = (1P + 1ol + o+ zal?)P, 1<p<oo: [l = _max |z,
is monotonic. Throughout the paper, if otherwise not stated, the norm of vectors on R™ is monotonic and the
norm of a matrix P € R!*9 is understood as its operator norm associated with a given pair of monotonic vector
norms on R! and RY, that is
P[] = max{[|Py[| : [[yll =1}

A matrix M € R™*" is called a Metzler matriz if all off-diagonal elements of M are nonnegative. For given
A = (a;;) € R™™", we associate the Metzler matrix M (A) := (a;;) where a;; = |a;;| if ¢ # j, for i, j € n and
G4 = ag, for i € n. The following results are used in what follows.
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Theorem 2.1 [4].

(i) Let Ae R} ™. Then A is Schur stable if and only if Aq < q, for some q € R%,q> 0.
(i) Let A € R™*" be a Metzler matriz. Then A is Hurwitz stable if and only if Ap < 0, for some p € R, p>> 0.

Lemma 2.2 [18]. Let A € R"*"™ be a Metzler matriz and B,C,D € R} ". Then the following statements are

equivalent

(i) p(D) <1 and s(A+ B(I, — D)~'C) < 0;
(ii) there exist p,q € R’t,p > 0,q > 0 such that

(25) (1)< (5): @

To make a representation self contained and dynamic, we present here some basic facts on vector-valued functions
of bounded variation and related topics.
A function n(+) : [a, 5] — R™*™ is said to be increasing on [a, 3] if

(iii) s(A) <0 and p(C(=A)"'B+ D) < 1.

n(02) > n(61) for a < <0y <p.

A matrix-valued function n(-) : [o, 8] — R™*™ is said to be of bounded variation if

Varp, gn(-) = S D In(Bk) = n(Br-1)]| < +oo,
Pl g

where the supremum is taken over the set of all finite partitions of the interval [«, 5]. The set BV (o, 8], R™*")
of all matrix functions 7(-) of bounded variation on [«, 3] satisfying n(«) = 0 is a Banach space endowed with
the norm ||n|| = Var, gn(-). Since all matrix norms on R™*™ are equivalent, it follows that the matrix function
n(-) = (mi;(-)) € R™*™ is of bounded variation if and only if each 7;;(-) is of bounded variation.
Let
NBV ([, 8], R™*™) := {n € BV ([ax, 8], R™*™); 1 is continuous from left on (c, )}

Clearly, NBV (o, 8], R™*™) is closed in BV ([a, 8], R"™*™) and thus it is a Banach space with the norm ||n|| =

Varq, gn(-)-
Given n(-) € NBV (|a, 8], R™*™) then for any continuous functions v € C([e, 8], R) and ¢ € C([a, 5], R™),
the integrals

B B
/ 2()d[n(6)] and / dln(®))e(6)

exist and are defined respectively as the limits of Si(P) := >.7_, v(CG)(0(0k) — n(0k—1)) and S2(P) :=
P _1(n0k) — n(Or-1))(Ck) as d(P) := maxy |0 — Op—1| — 0, where P = {61 = a < 6 < ... < 6, = 3}
is any finite partition of the interval [a, 8] and (i € [0k—1,0k]. It is immediate from the definition that

12 1)l (0)]| < maxgeia s 11(0)] il
(2.2)

Let R™*™ be endowed with the norm || - ||. Denote by C(J, R™*™), the vector space of all continuous functions
on J with values in R™*". In particular, C([a, 5], R™*™) is a Banach space endowed with the norm |[¢| :=
maxge(a,g) || (@) [|. In what follows, the Banach space C([—h, 0], R™) is used frequently. For simplicity, we write
C instead of C([—h,0],R™). For a given r > 0, let C, := {p € C : ||¢|| < 7} and let B, := {x €e R" : ||z|]| < r}.

12 An@)]0)|| < maxoeta s lle @) Il
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3. EXPONENTIAL STABILITY OF NEUTRAL FUNCTIONAL DIFFERENTIAL EQUATIONS
Consider the nonlinear functional differential equation

%D(t;wt) = f(t;xt), t> o, (3.1)

where, for each t € R, 24(-) € C is defined by z:(0) := x(¢t + 0),0 € [—h,0] with given h > 0 and D(-;-), f(+;-) :
R x C — R™ are given continuous functions.
For given ¢ € C, consider for (3.1) the initial condition

2o(0) = p(0), 0 € [—h,0]. (3.2)

Throughout, it is assumed that D(-;-) : R x C — R™ is defined by

m 0
D(t;¢) == p(0) = >_ Di(t)p(—hs) — /h E(t,s)p(s)ds, (t,¢) € R xC, (33)
i=1 -
where 0 < h; < hyi € m and D;(+) : R — R™ " 4 € m, E(-,-) : R x [-h,0] — R"*™, are given continuous
functions. Furthermore, suppose there exist D; € R7*",i € m and a continuous function Ey(-) : [-h,0] — R}*"
such that
|Di(t)| < D;,Vt € R,Vi € m; |E(t,s)| < Eo(s), Vt € R,Vs € [~h,0]. (3.4)

Note that (3.3), (3.4) ensure that D is atomic at zero on RxC (see [11] for the definition and detailed information).
Then (3.1) is a functional differential equation of neutral type (see [11], Def. 7.1, p. 59).

Definition 3.1. Let 0 € R and ¢ € C be given. A continuous function z(-) : [-h + o,7) — R", is said to be a
solution of (3.1) through (o, ¢) if D(t; x4) is continuously differentiable on [0, ) and z(-) satisfies (3.1) on [o,7)
and fulfils the initial condition (3.2).

Under the above hypotheses on D and f, there is a solution of (3.1) through (o, ¢). In addition, if f is Lipschitz
continuous in the second argument on compact subsets of R x C, then there exists a unique solution of (3.1)
through (o, ¢), ([11], Thm. 8.3, p. 65).

In what follows, assume that

ft9) = g(t;0(0),9), (t,p) ERXC, (3.5)

where g : R x R™ x C — R™, is continuous in all its arguments and is Lipschitz continuous in the last two
arguments on compact subsets of R x R” x C. Then (3.1) reduces to

St = glt2(0). ), t2 0 (36)
and there always exists a unique solution of (3.6) through (o, ¢). This solution is denoted by z(-; o, ¢). Further-
more, if [0 — h, ) is the maximum interval of existence of z(-; 0, ) then z(-; 0, ) is said to be noncontinuable.
The existence of a noncontinuable solution follows from Zorn’s lemma and the maximum interval of existence
must be open. In what follows, x(+; o, ¢) denotes a noncontinuable solution.

Suppose ¢(t;0,0) = 0,¢t € R and then 2 = 0 is a solution of (3.6).

Definition 3.2. The zero solution of (3.6) is said to be exponentially stable (shortly, ES) if there exist positive
numbers 7, K, § such that for each ¢ € R and each ¢ € C,, the solution z(-; 0, ¢) of (3.6) through (o, ) exists
on [0 — h,400) and furthermore satisfies

l2(t;0,0)]| < Ke P~ vt > 0.
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To analyse the exponential stability of the nonlinear neutral functional differential equation (3.6), it is assumed
that:
(Hy) g(t;+, ) is continuously differentiable on the ball Bs for any ¢t € R and any ¢ € Cs, for some 6 > 0 and
there exist continuous functions a;;(-) : R — R,4,j € n and b;(-) : R — R, i € n such that

Jg;
8$j

692'
. < . < Qi .
bi(t) < o2, (t; 2, @) < ay(t) < 0;

(t;w,w)’ <ay(t), i#7j, i,jen, (3.7)

for any ¢t € R, any « € Bs and any ¢ € Cs and (Hs) there is a continuous functional

0

Lltie) RXC =R ()= Ltp)i= [ din(t.0)]o(0) (3.5)
where 7(t;-) € NBV([—h,0],R"*™) for each t € R such that
l9(t;0,0)[ < [L(t;9)|, VEER, Vp €Cs. (3.9)
Let us define
Ao(t) = (ai;(t)) ER™™ Ry Ai(t) = (al} () € RT*", t R, (3.10)
with
al) () :=ay(t), teR, i#jijen,
and
agil)(t) =|bi(t)], teR,ien.
Set
V() == (Vari_pomi;(t;-)) € R, tE€R, (3.11)
and . o
Vo(t) =) Ay (t)| Dy (t)] +/ AL ()| E(t,s)|ds + V(t), teR. (3.12)
i=1 —h

We are now in the position to state the main result of this paper.

Theorem 3.3. Suppose (Hy)-(Hs) hold. If there exist 3 > 0 and p,q € R ,p,q > 0 such that

(Ao(t))p + Vo(t)e’q < —Pp, VtER, (3.13)
m 0

P+ (Z |D;(t)] —I—/ E(t,s)|ds> Plg<q, VteR, (3.14)
i=1 —h

then the zero solution of (3.6) is ES.

Remark 3.4. (i) Roughly speaking, (H;) means that the “linearized part” of (3.6) is bounded above by
Ap(t),t € R and (Hz) says that the “nonlinear part” of (3.6) is bounded above by L(t;¢). Thus, (3.6) is
“bounded above” (in some sense) by the linear neutral differential system

d 0

S D) = Ao (t) + [ (e, 0)}a(t +0), (3.15)

in a neighbourhood of 0. These are characterizations of a system which satisfies Theorem 3.3. Then (3.13),
(3.14) ensures that (3.15) is exponentially stable. This implies that (3.6) is ES as well.
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Theorem 3.3 now can be interpreted as follows:

“Suppose (3.6) is “bounded above” by the linear system (3.15) and (3.15) is exponentially stable. Then the
zero solution of (3.6) is exponentially stable”.

This is a nice surprise because it is similar to the well-known Weierstrass M-test in the theory of infinite
series of functions, see e.g. [20].

(ii) The proof of Theorem 3.3 given below also shows that the solutions of (3.6) exponentially decay with the
rate 3. That is,

|z(t; 0, 0)|| < Ke Pt vt > o Yy € C;,

for some K > 1. Here (§ > 0 satisfies (3.13)—(3.14).
Corollary 3.5. Suppose that

9g;
8$j

0g;
bi < S8, ) < s < O ‘

foranyt € R, any x € Bs and any ¢ € Cs (for some 6 > 0) and
19(£:0,9)] < [Lo(p)], VEER, Yy €Cs. (3.17)

where Lo(p) : C = R™; @ Lop 1= ffh d[no(0)]p(8) with no(-) € NBV([—h,0],R"*™). Let

Ao = (ai;;) ER™™ Ap:=(a})) e RY*™, (3.18)
with ag;) = Q5,1 # §,4,j € n and az(il) == |bi|,7 € n and let
m 0
Vo = ZAIDZ + / AlEo(s)dS -+ (Var[_hvo]’ﬂoij), (319)
i=1 —h

where Dy, i € n and Eo(-) satisfy (3.4) and no(-) := (no,,; (). Then the zero solution of (3.6) is ES if one of the
following conditions holds:

(i) there exist 3> 0 and p,q € R’} ,p>>0,q > 0 such that
m 0
Aop + VoeP'q < —pp;  p+ () _Di+ / Eo(s)ds)e’™q < g (3.20)
i=1 —h

(i) p(X, Di+ [°, Bo(s)ds) <1 and s(Ag + Vo(In — X, Di — [°, Eo(s)ds)™") < 0;
(i) s(Ao) < 0 and p((—A0) Vo + S0, Di + [, Eo(s)ds) < 1;
(iv) there exist p,q € R ,p > 0,q > 0 such that

(i? S D; +Vf0_°h Eo(s)ds> (5) < (2) : (3.21)

Proof. Note that (ii), (iii) and (iv) are equivalent, by Lemma 2.2. By continuity, (iv) implies that (i) holds for
sufficiently small g > 0.

On the other hand, (3.6) is ES provided (i) holds, by Theorem 3.3. Thus, the conclusion of Corollary 3.5
follows from Theorem 3.3. This completes the proof. O

Remark 3.6. Note that if (3.20) holds for A > 0 then by continuity, it still holds for any h. € [h, h] for some h, h
with 0 < h < h < h. Thus, the zero solution of (3.6) is ES for any h € [k, h]. This gives a delay-dependent
stability condition of (3.6).
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Consider the linear neutral differential system

r 0
%D(t; xy) = A(t)x(t) + ;Bk(t)x(t — 7)) + /_h C(t,s)x(t+s)ds, t>o, (3.22)

where D(+; ) satisfies (3.3) and (3.4) and A(-) : R —» R™" Bi(-) : R = R"" k €r and C(-,-) : R x [-h,0] —
R™ ™ " are given continuous functions and 0 < 7, < h, k € 1.

Let
0

m 0 r
Vi(t) ::Z|A(t)\|Di(t)|+/h|A(t)\|E(t,s)\ds+Z\Bk(t)|+/ IC(t, s)|ds, te€R. (3.23)
i=1 - k=1

—h
The following is immediate from Theorem 3.3.

Corollary 3.7. Suppose there exist 3> 0 and p,q € R}, p,q > 0 such that
(M(A(®))p+ Vi(t)e”"q < —Bp, VtER, (3.24)

and (3.14) holds. Then (3.22) is exponentially stable.

Proof of Theorem 3.3. Let x(t) := xz(t;0,9),t € [0 — h,7y) be the unique solution of (3.1) through (o, ) and
let y(t) := x(t) — >0 Di(t)z(t — hi) — f_oh E(t,s)x(t+ s)ds,t € [0,7). Then z(-) and y(-) satisfy the following
system

% = g(tax(t)axt)a te [0—7 ’7)7 (325)
and
m 0
z(t) = y(t) + ZDi(t)w(t — h;) + / . E(t,s)x(t+ s)ds, t€ [o,7). (3.26)
i=1 -

We divide the proof into three steps.
Step I. We show that there exists » > 0 such that for any o € R and any ¢ € C,, the solution z(t) :=
x(t;0,¢0),t € [0 — h,~) satisfies

)
=) < 2. te o). (3.27)
where 0 > 0 is the positive number so that (3.7) and (3.9) hold.

Without loss of generality, assume that R™ is endowed with the maximum norm || - ||s. Note that (3.13)
and (3.14) also hold for any vectors kp, kq € R, k > 0. Therefore, we can assume further that

1)
max{]lp]l, 4]} < 5- (3.28)
Let p == (p1,p2;---,0n)7 59 = (q1,92,-,q)  pisgi > 0,¥i € n. Choose » > 0 so that 0 < r <
min{min;e, p;, min;e,, ¢; } and
m 0
2(0) + Y~ Dilep(—hi)| + / Eo(s)|e(s)|ds < p, Ve €Cy, (3.29)
i=1 —h

where D; € R"*" i € m and Ey(-) satisfy (3.4).
Note that |o(t)| < g, for any t € [—h,0] and for any ¢ € C,. From z(c +s) = ¢(s), s € [—h, 0], it follows that
|z(o)| = |¢(0)] < ¢q. Furthermore, (3.4) and (3.29) imply

m 0
y(o)| < [(o)] + Y [Di(0)|[x(0 — hs)| + / |E(0, s)|[x(o + s)|ds
i=1 —h

m 0
< Jp(0) + 3 Dilp(—hi)| + / Ey(s)le(s)ds <.
=1 -
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We claim that
lz(t) <q, te€lo); ly®)|<p, te€]o).

Assume on the contrary that there exists ¢y € (0, 7) such that either |z(to)| £ q or |y(to)| £ p- Set t :=

[0,7) : (lz@)], |y(t)]) £ (g,p)}. By continuity, ¢ > o and one of the following statements holds:
(C1) |z(t)| < q,t € [o,t1] and there is iy € n such that

()] < p,VE € [o,81); [yio (t1)] = Pios [Yio (Th)] > i

for some 73, € (t1,t1 + %),k € N.
(C2) |y(t)| < p,t € [o,t1] and there is kg € n such that

"T(t)‘ <g,Vte [thl); |l‘k0 (t1)| = Gko> |xko(§k)| > (ko s

for some & € (t1,t1 + %),k e N.

Assume that (C1) holds. By the monotonicity of vector norms,

@) = [ll=@®Il < llqll < g, telot]

By continuity, ||z(t)|| < d,t € [0,t1 + €0), for some €y > 0. This implies ||| < J,t € [o,11 + €0). Set

m

0
o) = 3 Dilt)a(t — hy) + /_h E(t, 8)2(t + 5)ds, ¢ € [0, 7).

i=1

From (3.26), it follows that
a(t) = y(t) + (1), € [0,7).

Since (3.25), (3.33) and the mean value Theorem [7], it follows that

)] =sem(i()) L = se(yi(0)u(r, 2(1), 1)
=sgn(yi() [(g:(t, 2(1), 24) = gi(t, 0,24)) + gi(t,0,22)]
=sgn(yi(t) Y (/ :ct)dé“) x;(t) + sgn(yi(t))gi(t, 0, z;)
Jj=1
n 1
=sgn(yi(t) Y (/ fft)dé“) (yj () + 2;(t)) + sgn(yi(t))gi(t, 0, z¢)
j=1 0
1
= ( gii (t,éx(t),xt)dﬁ) lyi ()] + sgn(yi(t) 3 (/ )dﬁ) y;(t)
0 Jg=1,7#1 0

+ sgn(y;(t Z ( giz t §x(t),xt)d§) zj(t) + sgn(yi(t))g:i(t, 0, x¢),

Jj=1

inf{t €

(3.30)

(3.31)

(3.32)

(3.33)
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for almost any t € [o,t1 + €y) and any ¢ € n. Invoking (3.7), we get the following estimates

%yi<t>|<§_;aij<t>yj<t>|+§_; / S (1 t) ) | |15 0]+ s 0.0)

<Zalﬂ ()l (1) |+Za )]z (@) + g:(t,0,2¢)],

for almost any t € [o,t1 + €9) and any ¢ € n. It follows that for any ¢ € [0,¢1 + €y) and for any i € n

t+h
i(t+ )| — |y (t 1
D (o) = timsmp EEDIZ I o - [ ol
t

h—0F h—0+
n
Z |y] ‘ + Zazg ‘ZJ | + ‘QZ(t 0 -Tt)|

where DT denotes the Dini upper-right derivative. Note that (3.32) yields

m 0

i=1 i=1 -

and thus,

Aq(t)]z(t)] < (ZAl t1)|D;(t1) \+/ Ay (t)|E(ty, )ds>

i=1
Furthermore, (3.9) and (2.2) imply

0
9(t2,0,2,)] < \ R +e>\ < (Varp_nomis (1, ))a = V(t1)a

Therefore,

m 0
Ar(t)|z(t1)] + g(t1,0,24,)| < (Z Ay (1) Di(ty)]| +/hA1(t1)\E(t175)|d5 + V(t1)> q="Vo(t1)q,

i=1 -

0 m
Z itz (8 — i)\+/_h|E(t1,s)Hw(t1 +8)\d8§Z\Di(t1)IQ+/hI (1, 5)lqds,

97

(3.34)

(3.35)

where Vy(t) = (vg.)) (t)) is defined by (3.12). Let ig be the index so that (3.30) holds. It follows from (3.34),

(3.35) and (3.13) that

D*Jy,y (t)] <Zaw (t1)]y;(t1) \+Za§oz (1)) 25 (t)] + 1gio (t1, 0, 22,)|

0
Zaw (t)p; + Z”z(w) (t1)q

(3. 34) (3.35) (3 13)

On the other hand, (3.30) implies that

Yio ()] — [yio (t1)] > T Yio (T) | — yio (#1)]
t—t Tk — 1

> 0.

D™ |y;, (t1)| = lim sup

t—t

This is a contradition.
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Assume that (C2) holds. It follows from (3.14) and (3.26) that

0
|£L’(t1)| :2 tl +ZD tl— ) [hE(t1,3)$(t1+8)d8’

m

0
< ly(t0)l + Y 1Ds(ty) || (tr — ha)l +/h [E(ty, s)|[x(t + s)lds
i=1 -

0 (3.14)
<p+ E |D;(t1) H—/ |E(t1,s)|ds | ¢ < q.
h

i=1

This conflicts with the last inequality in (3.31). Thus,

lz(t) <q, teloy);  l®I<p, telo7)

By the monotonicity of vector norms,

l\3|0'1

le@N < llgll < 5, Vvt € o).

Step II. We show that
|z(t; 0, 0)|| < Ke Pt Vit € [0,7),Yy € C,, (3.36)

where § > 0 satisfies (3.13), (3.14) and r is determined in Step I and K depends on S, r.

Taking into account p, g > 0, we are able to choose a positive number K such that
lp(t)] < Kgq, t € [-h,0], p €C,, (3.37)

and

m 0
01+ Yo Dle(=hl + [ Fo(ole(s)lds < Kp. Vo e, (3.39)

By Step I, ||z(t)]| < g, t € [o,7), where x(t) := x(t; 0,¢), ¢ € Cp. This implies ||z < 2, for any t € [0,7). It
follows from (3.7) and (3.9) that

[

bilt) < ox;

——(t;x(t),z) < ai(t) <0, te€]oy), iE€mn,

9gi .
81‘]‘ (tv x(t)a xt)

Saij(t)’ te [0—7’7); 7’7&]7 Zvj €n,

and
l9(t;0,2¢)| < [L(t;ze)], T € [o,7).

Define u(t) := Ke #(t=9)gt € [0 — h,00) and v(t) := Ke B#t=9)p t € [0,00). Then (3.37), (3.38) yields
|x(t)] < u(t),t € [o0 — h,o] and |y(o)| < v(c). We claim that

()] < ult), t€lo,y); |y <o), t€o,7).
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The proof is similar to that of Step I. Assume on the contrary that there exists tg € (o,) such that either

|z(tg)| £ ulte) or |y(te)| & v(te). Set t. := inf{t € [o,v) : (|z(@t)],|y(t)]) £ (u(t),v(t))}. By continuity, t; > o
and one of the following statements holds:

(C3) |z(t)| < u(t),t € [o,t.] and there is ig € n such that

Y] < 0(t),VE € [o,te); |yio (Le)| = vig (L), [Yio (Ti) | > vig (k) (3.39)

for some 73 € (tc,tc + %), ke N.
(C4) |y(t)| <wv(t),t € [o,t] and there is kg € n such that

()] < ult), VE € [o,te); |[2ry (te)| = g (Fe)s [T (E1)] > o (), (3.40)

for some & € (te,te + %), k € N.
If (C3) holds then

i=1

m 0
< Ke Bte=0)oBh (Z |D;(t.)] +/ E(tc,s)ds> q
—h

and thus,

As(te)|z(te)| < Ke Pltem)elh (ZAI )IDi(t |+/ Ayt E(tc,S)d8>

i=1

On the other hand, it follows from (3.9) and (2.2) that

lg(te,0,2¢,)| < |/ N(te, 0)]z(te +9)| < Ke*ﬁ(t““)eﬁh(Var[_hyo]nij(tc,~))q

= Ke_ﬁ(t”_”)eﬁhV(tc)q.

Therefore,

i=1

m 0
Ayt [=(t)] + [g(te,0,31,)| < KeP(teo)efh (Z AP+ [ )|t )ids + v<tc>> q

= Ke Pty (t,)q.
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Thus,

DT Jyi, (te)] < Zaw )y;(te)l + Zamg Nz ()| + 19i0 (te, 0, 24,)]|

j=1 j=1
n n
1
< i (te)vi (te) + 3 al) ()25 (te)| + 1gio (te, 0, 21,
j=1 j=1
n
(o o O
SZaw( )Ke™ Blte— )p 1+ Ke Blte— )ﬁthZ(OJ)
j=1
—0 h (0)
= Ke Pt Z%J )ps +e Z”zw
(3.13)

< Ke Pl 0( Bpi,) = D UZo(tC)~

On the other hand, (3.39) implies that

(D) = | (t — — |y, (T
D+|yi0(tc)| — lim sup ‘ylo( )‘ |ym( C)| > Timg_, |ym(7k)| |ym( C)|
ttt t—t. T — te

Vig (Th) — i (te) _ lim Vip (Th) = Vig (te) _ dvip

te) = DT, (t,).
Tk — te k—o00 Tk — te dt (te) io (fe)

This is a contradition.
The remainder of this step is similar to that of Step I and so it is omitted here.

Step III. Let z(t;0,¢),t € [0,7), be the unique noncontinuable solution of (3.6) though (o, ¢) with ¢ € C,.
We claim that v = oo and so the zero solution of (3.6) is ES.
By the mean value theorem, we have for each i € n,

3gz

|gi(t790(0)’90)| < ‘gi(tﬂo(o)v@) QZ(t 07‘)0)‘ + |gz t Oa‘ﬁ Z /’ (0)’90) dg ‘(p](O)‘ + |gi(t70’<p)|'

From (3.7), (3.9), it follows that
n
1)
it 200 9 < 3 aiy) (0125 O] +1£:(t, ),

for each i € n. Thus, g;(t,¢(0),¢) is bounded on W C R x C if W is a closed bounded set in R x C. On the
other hand, (3.36) implies that z(-; o, ¢) is bounded on [o, ). Thus v must be equal to oo, by ([11], Thm. 8.5,
p. 65). This completes the proof.

4. DISCUSSION AND ILLUSTRATIVE EXAMPLES
We first present an analogue of Theorem 3.3. Consider the nonlinear differential equation of neutral type

d

g Dtwe) = f(t,2(0) + g(t:20), (4.1)
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where:

— D(+;-) is defined by (3.3), (3.4);

— f(5+) : RxR™ — R™ is continuous and is (locally) Lipschitz continuous with respect to the second argument
on each compact subset of R x R™ and f(¢;0) = 0,¢ € R;

- g(+;+) : R x C — R"™ is continuous and is Lipschitz continuous in the second argument on compact subsets of
R x C and ¢(t;0) = 0,t € R.

Furthermore, we assume that
(Hs) f(t;-) is continuously differentiable on Bjs for any ¢ € R, for some § > 0 and

ofi dfi S,
. < . < s . . < s .
bilt) < G () oalt) <0 |G| Say®), £ ijen (42)
for any t € R, any x € By and
(Ha)
lg(t; )|l < [L(t )|, VEER, Vp € Cs, (4.3)

where a;;(-),4,7 € n and b;(-) and L(+;-) are as in (Hq)—(Ha).

Using the same method of proof as for Theorem 3.3, we can prove the following theorem.
Theorem 4.1. Suppose (Hs)—(Ha) hold. If (3.13), (3.14) hold then the zero solution of (4.1) is ES.
Proof. The proof of Theorem 4.1 is almost the same of that of Theorem 3.3. Thus it is omitted here. O

Furthermore, a similar result to Corollary 3.5 for (4.1) can be stated and proven easily.
We now make a brief comparison between existing results and the stability criteria of this paper. Consider
the linear neutral time-invariant differential equation

d

E(a@(t) —cx(t —h)) = ax(t) + bx(t — h), (4.4)

where a, b, ¢, h are given real numbers and ko > 0.
By Corollary 3.5 (ii) (see also [14]), (4.4) is ES if

allel + b
 lalll+ 1o

1 . 4.
le] < and 1= <0 (4.5)
Consider the perturbed equation
d
E(az(t) —cx(t —h)) = ax(t) + bx(t — h) + q(z(t), z(t — h)), (4.6)
where ¢(+,-) : R x R — R is a Lipschitz continuous function such that
lul+v]—0 [u] + |v]

We show that the zero solution of (4.6) is ES provided (4.5) and (4.7) hold. This result can be seen as an
“extension” of the famous Poincaré—Lyapunov theorem (see e.g. [3], Thm. 11.2, p. 336) to time-delay differential
equations of neutral type.
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Clearly, (4.6) is of the form (4.1) where

fu)i=au, tueR;  g(t;p) :=bp(=h)+q(0(0),0(=h)), teR,peC.
Tt follows from (4.5) that
lal|c| + |b] + 2¢
1—|c
for € > 0 sufficiently small. On the other hand, (4.7) implies that there exists 6 > 0 such that

le] <1 and <0, (4.8)

lg(u, )] < elul + o], Vu,v€R, Jul <6, [v] <0,

It follows that
lg(t; 0)| < L(p) := €ele(0)] + (Ib] + €)le(=h)|, Vt€R,p € Cs. (4.9)
Then (4.8), (4.9) ensures that the zero solution of (4.6) is ES, by Theorem 4.1.

Next, we consider a shunted power transmission line described by the equation
z(t) = —h(z(t)) + ci(t — 1), (4.10)

where ¢ € R,7 > 0 and h(-) : R — R, h(0) = 0, is a continuous function, see e.g. [11].
Using a Lyapunov function, it has been shown in ([11], Thm. 8.5, p. 296) that the zero solution of (4.10) is
uniformly asymptotically stable if |c| < 1 and

zh(xz) >0, Vz # 0; | llim |h(z)| = oc. (4.11)

Assume that h(-) is Lipschitz continuous with the Lipschitz constant b:
‘h(x)_h(y)‘ Sb‘x_y‘, V:E,yGR,

which ensures that (4.10) has a unique solution for each initial value function ¢ € C!'([—h, 0], R). Furthermore,
we now consider for (4.10), a slightly stronger condition than (4.11):

h'(z) >a>0, VreR. (4.12)
Clearly, (4.10) can be represented in the form

d
E(a@(t) —cx(t — 1)) = —h(z(t)).
By Corollary 3.5 (ii), (4.10) is ES if
blc| . a
— lent] _— 4.1
a+1_|C‘<O, or equivalently \c|<a+b (4.13)

Note that (4.12) is slightly stronger than (4.11), but our result (the zero solution of (4.10) is ES) is stronger
than ([11], Thm. 8.5, p. 296) (the zero solution of (4.10) is uniformly asymptotically stable).
On the other hand, by Corollary 3.5 (i), (4.10) is ES provided there exist positive numbers p, ¢, 5 so that

—ap +ble|ge®™ < —Bp;  p+|ce’ g <q. (4.14)

It is important to note that (4.14) implies that solutions of (4.10) exponentially decay with the rate 5 > 0.
That is,
lz(t; o) || < Ke P, Vt>0.

Furthermore, if (4.14) holds for 7 > 0 then by continuity, it still holds for any 7. € [z, 7] for some 7,7 with
0 < 7 < 7 < 7. Thus, the zero solution of (4.10) is ES for any 7 € [z, 7]. This gives a delay-dependent stability
condition of (4.10).

Finally, we illustrate the main results by a couple of examples.
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Example 4.2. Consider the nonlinear time-varying neutral delay differential equation

d 1
T (.T(t) - §x(t - h)) = —(2+ cost) sinz(t) + asintsin (z(t — h)), (4.15)
where h > 0 is a constant delay and a € R is a parameter. Obviously, (4.15) can be represented in the form
€ (at) ~ gl — 1) = glt:2(0) )
dr Y 91‘ =gx s Tt ),
where g(t;x, p) := —(2 + cost) sinz + asintsin ((p(—h)), t,x € R, v € C([—h,0],R). Clearly,
dg T T
- <_;7 =—(2 > 3x < — ‘(_> ) |:__7_:|a ) Za
S_aw(tasap) (24 cost) cosz < — cos - <0, ze€ s neNn>3

for any ¢ € R and any ¢ € C([—h,0],R). Furthermore, we have

19(t; 0, )| = |al| sint||sin (¢(=h))| < |allp(~h)].
Thus, by Corollary 3.5 (i), (4.15) is ES if for some n € N,n > 3, there are positive numbers p, ¢, 5 so that

us 1 1
—cos (ﬁ) P+ (|a + §) Phg < —pp; P+ §eﬁhq <gq.

Once again, this gives a dependent-delay stability condition for (4.15).

Theorems 3.3 and 4.1 can be applied to study behavior of solutions of neutral delay logistic equations [23]
and the exponential stability of equilibria of various classes of neural networks of neutral type [5]. We present
here an application to neural networks.

Example 4.3. Consider a neural network described by the following nonlinear neutral delay differential
equation

uz(t) = —aiui(t) + zn:wijgj(uj(t - h)) + zn:dijﬂj(t - h) + Ii,’i eEn (416)
j=1 j=1
Uz(t) = Qoz(t) € Cl([—h,O],R), te [—h,O],’i €n, (417)

where u;(t) denotes the state of the ith neuron at time ¢; the scalar a; > 0 is the rate with which the ith unit
will reset its potential to the resting state in isolation when disconnected from the network and external inputs
at time ¢, w;;, d;j;, 4, j € n, are known scalars; the scalar h > 0 represents the transmission delay; g; and I; are
the activation function of the neurons and external constant inputs, respectively.

Assume that the activation function g; is bounded, which satisfies

9i(&1) —gi(&2) _ ”

0< 79
- &1—& -

v§la£2 S Rv gl 7é 523 (418)

for some o; > 0 and each i € n. Now, let u* = (u},us, ..., u’)T be the equilibrium point of (4.16) and let z(t) =

)
u(t) — u*. Define A := —diag(ai,az,...,an), W := (w;j), D := (d;;) € R™*™. Under this transformation, (4.16)
becomes

%(az(t) — Da(t — h)) = Az(t) + W f(z(t — h)), (4.19)

where 2(t) = (z1(t),22(t),...,2,(t))T is the state vector of the transformed system, and f(z(t)) =
(1 1)), fo@2(D)s o flam@NT with fi(zi(t) = gi(i(t) + uf) — gi(uf), i € n. Then, it is easy to see

that f;(0) =0, € n and
< W <o, V&,& R, & # &, (4.20)

for i € n. In particular, (4.20) yields |f;(£)] < 0], V€ € R, for i € n.

0
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u*

Applying Corollary 3.5 (ii) to (4.19), we conclude that (4.19) is ES, or equivalently, the equilibrium point
= (uf,ub, ..., ul)T of (4.16) is exponentially stable if p(|D|) < 1 and the matrix

—diag(ay, as, ..., an) + (diag(ay, as, ..., a,)|D| + |[W|diag(o1, o2, . .., 0,)) (I, — |D|) 1,

is Hurwitz stable.
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