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HOMOGENEOUS APPROXIMATIONS AND LOCAL OBSERVER DESIGN

ToMAS MENARD!, EMMANUEL MOULAY? AND WILFRID PERRUQUETTI®

Abstract. This paper is concerned with the construction of local observers for nonlinear systems
without inputs, satisfying an observability rank condition. The aim of this study is, first, to define
an homogeneous approximation that keeps the observability property unchanged at the origin. This
approximation is further used in the synthesis of a local observer which is proven to be locally convergent
for Lyapunov-stable systems. We compare the performance of the homogeneous approximation observer
with the classical linear approximation observer on an example.
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1. INTRODUCTION

Observers design for nonlinear systems has been an active research area for the last decades. Explicit con-
structions for nonlinear systems have been investigated, for example high gain observers (see [8,9,16,20]) or
backstepping observers (see [2,19]). But these constructions only apply to very specific class of systems. That
is why many tools have been developed in order to transform systems into a suitable form for observer design.

The first results have been obtained using differential geometry. Necessary and sufficient conditions for exact
linearization of nonlinear systems can be found in [17] for systems without inputs and in [18] for systems with
inputs. These papers give explicit change of coordinates, nevertheless there is two restrictions to their application.
First, the class of systems which are exactly linearizable is restrictive. Second, even if the conditions are met,
the computation of the transformation becomes quickly very heavy as the dimension increases, see [22].

A theory which has similar considerations has been developed in the early 90’s, see [6,7] for recent devel-
oppment. The algebraic observability characterizes systems for which the state can be written as a function of
the input and output and a finite number of their derivatives. This theory uses differential algebra, and instead
of solving differential equations to find the transformation, we need to solve algebraic equations. Just as exact
linearization, these equations can be very complex for nonlinear systems.
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The restrictions of the previous approaches have been alleviated since then. Conditions for the transformation
of nonlinear systems into more general forms than exact linear systems have been explored. These classes of
systems consists in systems which are made up of a particular linear part and a nonlinear part satisfying some
conditions, and are characterized using algebro-geometric tools, see [3,5,10,21,24] for example. The common
point in all these approaches is that the output function is always linearized, hence, this still restrict the class
of systems considered while it allows to obtain global or semi-global convergence.

Another construction which does not require to linearize the output function has been developed in [15], it
uses the Lyapunov auxiliary Theorem and a direct coordinate transformation. Conditions for the existence of
this transformation have been further study, especially in [1]. The main drawback is that it requires to solve a
set of partial differential equations and is then not constructible in general.

An alternative method is to consider approximations and to design the observer considering only a part of
the system. This allow to reduce the complexity of the system and then to actually design an observer. But,
generally, only local convergence is obtained for the observer. Nevertheless, if the considered system is too
complex, this can be the only possibility since other methods cannot be applied in practice.

Some of the previous approaches cited here, especially the one derived from exact linearization, can be
viewed as approximation design, since the observer is designed using the linear part only while the conditions
on the nonlinear part ensure convergence of the observer. Here, we are interested in a dedicated approach to
approximation for the observability problem, which applied to a wide class of systems, that is systems verifying
an observability rank condition. Unlikely to the works derived from the exact linearization, here we aim at
designing an approximation for both the vector field and the output function.

The simplest strategy when the system is too complex is the linear approximation. It gives an efficient
procedure to design a local observer and apply to a wide class of systems. Two options are available, we can
consider the linear approximation in the neighborhood of a point or along a trajectory. Although the linear
approximation along a trajectory leads to better results, a very few results exist about the convergence and lead
to very restrictive conditions. Thus, we consider here approximation in the neighborhood of a point, without
loss of generality, we assume that this point is the origin.

We believe that a more efficient approximation can be designed, since the linear one is not directly induced
by the problem of observability. We want to construct an approximation which is specially adapted to the
observability problem. In order to obtain such an approximation, we consider the tool of homogeneity which gives
the necessary freedom for this construction. This tool has already been used for the construction of homogeneous
approximations for controlled systems and has been worked out by numerous authors [4,12,13,25,27]. It is rooted
from the theory of hypo-elliptic operators [11,23]. It has been proved that for any nonlinear control system which
is fully accessible, there always exists an homogeneous approximation which remains fully accessible, see [13].
More precisely, given a control system

&= fo(z) + > ufi(z), xeR", (X)
i=1

the rank of the Lie algebra spanned by the vector fields fy, ..., fm is assumed to be n. A change of coordinates
is derived from a suitable filtration of this Lie algebra. The homogeneous approximation of system (X') is then
obtained by taking the first term in the homogeneous expansion of the vector fields { fo, f1,..., fm} written in
the new system of coordinates.

To the best of our knowledge, the dual problem of the existence of an observable homogeneous approximation
for an observable nonlinear system has not been investigated yet. This problem is solved next (locally at the
origin). It is shown that this homogeneous approximation always exists and is explicitly constructed. Similarly
to the case of controllability we construct a flag on the space of observability, which is spanned by the one-
forms associated to the output functions and their Lie derivative along the vector field of the system. There
are two main issues which make the difference between accessible homogeneous approximation and observable
homogeneous approximation. First, the space of observability is a subspace of the space of one-forms on R™ and
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not the algebra of vector fields. Second, an homogeneous approximation has to be constructed that copes with
both state equation and output equation. The resulting system has to consist simultaneously of an approximation
for the vector fields and of an approximation for the output function.

The approximation obtained here is further used in order to construct an observer for a general class of
nonlinear systems. Sufficient conditions are given for the convergence of the obtained observer. The construc-
tion presented here is compared with the linear approximation observer. The performance of both methods is
illustrated by an example.

The paper is organized as follows. In Section 2, definitions and notations are given, which will be used in
the paper. Section 3 contains the main theoretic development of this paper. The approximation induced by
the observability property of a system without inputs is constructed. Properties of the space of observation of
the approximating system are stated. An observer is designed using the previously constructed approximation,
in Section 4. Sufficient conditions for the convergence of this observer are stated. In Section 5, an example is
given which illustrate the performance of the observers obtained by a linear approximation and an homogeneous
approximation. Section 6 contains the proofs. Finally, the conclusion is given in Section 7.

2. DEFINITIONS AND NOTATIONS

2.1. Notations
In the sequel, we denote:

R the set of real numbers;

N the set of nonnegative integers;

“span” the linear span on the corresponding vector space over the field R;

L¢h the Lie derivative of the function h : R"™ — R along the vector field f: R" — R";
[f, g] the Lie bracket of the vector fields f,g: R” — R™;

ad}g, where i € N is defined by induction with ad(}g =g and ad} =1/, adjflg} fori > 1;

w(g)(z) 4 w(z)(g(x)), = € R™, where w is a 1-form on R™ and g is a vector field on R";

(t,€) — exp(tf)(§) the solution of @(t) = f(x(t)), z(0) = £ € R™, where f : R® — R™ is a smooth vector

field;

e an open subset U of R™ is said to be positively invariant under system @(t) = f(z(t)) if every solution z(t)
of this system starting in U stays in U;

e ||.|li.x the i-norm on R* where i,k € N (if not specified, norm 2 will be used);

Il ar the norm associated to the symmetric definite positive matrix M;

By (z,e) ={z € R" |||z — z|| < €}, where 2 € R",e > 0 and ||.|| is 2 norm on R"™;

5{ the usual Kronecker symbol which equal 1 if i = j, 0 otherwise;

la| =Y, a;, where o € N” is a multi-index;

el = >0 ricy, where o, 7 € N™;

2% =2{" ... 20", where o € N" and z € R";

0%/0z% = 0™ JOz7" ... 0% /028, where o € N and (21, ..., 2y) are coordinates.

Throughout the paper, the functions and vector fields are supposed to be analytic.

2.2. Homogeneity
We recall here the definition of homogeneity and direct properties, see [13,14] for more details.
Definition 2.1. The function

AT R o R", )1
(T1,...,2pn) — Alz = (€M x,...,€MwE,), (21)

is called a dilation with respect to the weights r = (r1,...,r,) € N”, where € > 0.
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Definition 2.2. A real valued function h : R™ — R is said to be homogeneous of degree d with respect to the
dilation A} if
h(ATz) = elh(x), VreR", (2.2)

for all € > 0. Equivalently, we say that h is homogeneous of degree d with respect to the weights (r1,..., 7).

Example 2.3. The function h(zi,z2) = z123 + 22 is homogeneous of degree 4 with respect to the weights
(’1“1,7“2) = (2, 1)

Definition 2.4. A vector field f: R™ — R" is said to be homogeneous of degree d with respect to the dilation
AL if

f(Afx) = *ALf(z), VzeR", (2.3)
for all € > 0.

Example 2.5. The vector field f(z1,22) = (aclx%)% + (9613;2)% is homogeneous of degree 2 with respect to
the weights (r1,72) = (2, 1).

The following lemma shows that the Lie derivative and the Lie bracket are compatible with the notion of
homogeneity.

Lemma 2.6. The following results hold true:

(a) if hi,hy : R™ — R are homogeneous functions of degree di and da respectively, with respect to AL, then
their product hihs is homogeneous of degree di + da with respect to Al ;

(b) if h : R™ — R is an homogeneous function of degree d with respect to the dilation AL, then the partial
derivative g—a}c‘l of h relative to the ith coordinate is homogeneous of degree d — r; with respect to AL;

(¢) if f1,fo: R™ — R™ are homogeneous vector fields of degree di and da respectively, with respect to AL, then
the Lie bracket [f1, f2] of f1, f2 is a homogeneous vector field of degree dy + da with respect to AL;

(d) f h : R" - R and f : R* — R"™ are a function and a vector field homogeneous of degree di and do
respectively, with respect to the dilation A, then the Lie derivative Lyh of h along the vector field f is a

homogeneous function of degree di + do with respect to AL.
Proof. (a), (b) are given by property 2 and (c¢) by property 1 in [13]. A direct computation gives (d). O
2.3. Order induced by homogeneity

Let h : R* — R and f : R® — R” be a function and a vector field, respectively. Let A be a dilation with
nonnegative integer weights. Then h and f admit an homogeneous expansion of the following form

+oo
h(z) = Z hi(x), (2.4)
1=0

+oo
f@y= > filx), (2.5)

1=—max{r; }
7

where each h; : R — R and f; : R™ — R™ are homogeneous function and vector field, respectively, of degree [
with respect to A7. Indeed, h an f are analytic, therefore an expansion in polynomial functions exists. Since the
weights are nonnegative integer, each polynomial function is homogeneous of a certain degree. We can switch
the terms of this series, because it is absolutely convergent, in order to obtain the homogeneous expansion.

Definition 2.7. An analytic function h : R™ — R (respectively, an analytic vector field f : R™ — R"™) is said
to be of order o(h) (respectively o(f)) greater or equal to m € Z if all the terms of degree d < m — 1 in the
homogeneous expansion vanish.
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Example 2.8. The vector field f(z) = (22 + 21 + x221) 8%1 + (2% + w122 + 23) 8%2 with the weights (rq,r2) =
(1,2), admits the following homogeneous expansion

2
flo)y =) fila), (2:6)
1=—2
with foo(x) =0, f1(z) = 0, fo(z) = (21) 5%, f1(x) = (22) 7o + (2 + 2122) 52, fa(x) = (2122) 52 + (23) 52
Furthermore f is of order o(f) > 0.

3. CONSTRUCTION OF AN HOMOGENEOUS APPROXIMATION FOR THE OBSERVABILITY

PROBLEM
Consider the following system
i':f(x)a z € R", (3 1)
y=h@) = (h(x),...,hp(x)), yeERP, '

where z is the state and y is the measured output. Functions f and h are supposed to be analytic and to satisfy
f(0) =0 and h(0) = 0. We assume that system (3.1) fulfills an observability rank condition, i.e.

dim (dO(0)) = n, (3.2)
where
dO = {dv, v € O}, (3-3)
and _
(’):span{[,}hj,ieN,jzl,...,p}. (3.4)

The space O is called the observability space of system (3.1).

The construction of the approximation is divided into two parts. First, we construct a change of coordinates
2z = @ Y(z). Then, we show that these new coordinates allow us to define an approximation which keeps
observability properties unchanged at the origin.

3.1. Construction of new coordinates
The construction of the change of coordinates is split into four part

(1) definition of a flag on dO;

(2) definition of a basis of 1-forms for the flag, at the origin;
(3) construction of a dual basis of vector fields;

(4) definition of the change of coordinates.

3.1.1. Definition of the flag

In order to define an approximation which keeps the informations of the observability space at the origin of
the original system, we need to put a structure on this space. This structure has to describe the action of the
vector field f on the output function, performed by the Lie derivative. Therefore, we consider the following flag

Lj=d(span{Lihy: 0<i<j—1,k=1,...,p}). (3.5)
The flag {L;};>1 has the following properties

® LjCLjt, j=1
o LsL; CLjy1, j=>1;



HOMOGENEOUS APPROXIMATIONS AND LOCAL OBSERVER DESIGN 911
e dO = Uj>1 Lj.

Remark 3.1. The subsets L;, j > 1, contain only exact 1-forms because of their construction. Hence, the
Lie derivative L£yL; of the subspace of 1-forms L; is defined via the Cartan formula Lydh = dLyh, where
h:R™ — R.

3.1.2. Definition of the basis

Now that a structure on the space of observability has been defined, we need a related basis. Let us define
first

no = 0, (3.6)
and
d =min{k : dim Ly(0) = n}, (3.8)

where the number d is a finite integer because of (3.2). We define next a basis (&;)1<i<n, following a recursive
procedure:

e pick Wy,...,Wy, in Ly such that @1(0),...,w,,(0) is a basis of Ly(0);
e pick Wy, 41,...,Wn, in Lo such that @1(0),...,w,,(0) is a basis of Ly(0),

e pick Wy, ,+1,...,@n, in Lg such that @y(0),...,w,,(0) is a basis of Lg(0).

Remark 3.2. By the definition of dO, each w;, 1 <14 < n is exact, then we can associate a unique real function
h; : R"™ — R to w; by

dh;

hi(0)

) (3.9)
0.

3.1.3. Construction of the dual basis of vector fields

The delicate part for the construction of the change of coordinates is to find a dual basis of vector fields with
the required properties. We proceed as follow, first we state what properties are needed for the dual basis and
then, we show that there always exists such a basis.

We define a basis of vector fields at the origin, of R", as a set of n vector fields g;,...,7,, defined on a
neighborhood U of the origin and such that g,(0),...,q,(0) are independent.

Let V be the Lie algebra generated by g;,...,7, and f, and (V});>0 the increasing sequence of subspaces of
V', defined by

Vi={9€V:wi(g)=0,1<i<ng;} (3.10)

A dual basis adapted to the flag (3.5) is defined as a basis gy, ...,g, of vector fields at the origin which verify
the following assumption:

Assumption 3.3.

(i) V; C Vi
(i) [V, Vil C Virs
(iif) Uo<j<aVj =V;
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FIGURE 1.

(iv) Foralli=1,...,n
(DEZ) (0) =0, VDe Bdfj;

where j € {1,...,d} is such that n;_; +1 <4 < nj, and
k
By_j_1 = span {['91 o---oLly |keN, {g1,...,9x} C{G1,-..,7,} and Zw(gl) <d—j—1},
w(g) =min{k : g € Vi }. -
(v) Fork=1,....,nandje{l,...,d} verifying n,_1 +1 < k < n;, the following equality holds true

(@i(g,)) (0)=0, i=1,...,n;_1.

Remark 3.4. Conditions (i)—(iii) are the same as in [13] and are used to obtain the approximation of the vector
field. Condition (iv) is for the output function approximation. And the last condition ensures that the basis of
vector fields are ordered with respect to (V;) as illustrated in Figure 1.

Now, we exhibit a vector fields basis satisfying Assumption 3.3. Consider the matrix M (z) for which the

columns are the components of the 1-forms @y, ..., w,, i.e.
) n
Mij(z) =@h(x), @(x) =Y @i(x)dzy, z€R", 1<ij<n. (3.11)
k=1
Since the observability rank condition is fulfilled at the origin, the matrix M is invertible on a neighborhood U
of the origin. Hence, there exist analytics vector fields g1, ..., g, defined on U, such that
@i (3;) (x) =07, Vel (3.12)

Let i =1,...,n, define
9:(z) = (Gn-i+1)j+2)(x), Yz €U, (3.13)

where j € {1,...,d} is such that nj_1 <n—j+1 <n;. Then we have the following result.
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Proposition 3.5. The dual basis defined by equation (3.13) verifies Assumption 3.3.
Remark 3.6. Another possible dual basis is given by
;i =Jn—it1, t=1,...,n. (3.14)

But as demonstrated by Proposition 3.5, we do not need to take an exact dual basis. Furthermore, this would
make the computations for the change of coordinates unnecessarily complicated, or even impossible.

3.1.4. Definition of the change of coordinates

Consider a basis of vector fields at the origin g, ...,g,, verifying Assumption 3.3. Then, we can define new
coordinates z = p~1(x), ¢ : R — R", by

©(21, ..., 2n) = exp(2,G,) o - - 0 exp(217,)(0), (3.15)

We call z, coordinates adapted to the flag (3.5). In the coordinates z defined by (3.15), the system (3.1) becomes

{z = B (p(2))-J(0(2) = F(2), (3.16)
y=h(p(2)) == H(z) = (H1, (2), 7Hp(z))’
similarly, we denote
Hi(2):= hi(p(2), i=1,...n, (3.17)
Ga) = (e Tle(), i=1m, (318)

and we have the following result:

Proposition 3.7 ([13], Prop. 2.1). In the new coordinates defined by (3.15), we have G;(0) = 0/0z;, i =
1,....,n.

3.2. Approximation design for the observability

We now investigate the properties of the system (3.1) in the new coordinates defined by (3.15). This will
allow us to define an homogeneous approximation which contains the informations of the observability space at
the origin.

3.2.1. Definition of the approzimation
We first define the weights (71,...,7,) adapted to the filtration (L;);>1 at the origin by

r=d— 7, n;+1<1<njyq, j=0,...,d—1. (319)

The following main result is fundamental for our study, indeed, it shows that the order of H,...H, and F are
suited to the definition of an homogeneous approximation with respect to the weights defined by (3.19).

Theorem 3.8. Let I be given by (3.16) and Hy, ..., H, by equation (3.17). The order of F and Hy, ..., H,
with respect to the weights (3.19) verify:

e o(H;) >d—j, where j € {1,...,d} is such that nj_1 +1 < i < n;;
e o(F) > —1.

Remark 3.9. We have obtained properties on the order of the functions (Fi)izl _____ n. Thus, to define an
approximation of the system (3.16), we need to have the same property to apply to the output function. That
is why, in the following, we assume that dh;(0),...,dh,(0) are independent and that hy = hi,...h, = h,. One
can notice that n; = p.
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The one-forms dhy, ..., dh, associated to the output function of system (3.1) belong to Ly by construction.
Hence, applying Theorem 3.8, the homogeneous expansion of F' and H;, i = 1,...,p (given by (3.12)), with
respect to the weights (r1,...,7,) can be written as

+00
F(z) =Y F(), (3.20)

I=—1
+oo
Hi(z)= Y Hi(2), (3.21)
I=d—1=r;
where for each I, F} and H! are homogeneous of degree | with respect to the weights (3.19).
Definition 3.10. The approximation of system (3.16) with respect to the flag (L;);>1 is defined as
Hi(z) = H7Y(2), (3.22)
F(z) = F_i(2). (3.23)

Remark 3.11. The approximation simply consists in taking the first term in the homogeneous approximation
with respect to the given weights.

3.2.2. Properties of the approximation

The following result states, in a precise way, the correspondence between the observability space of the original
system (3.1) and its approximating system

{z =F(z), z€eR", (3.24)

y=H(z), yeRr

Theorem 3.12. Letw € Ly and let @ be the corresponding one-forms given by the approzimating system (3.24).
Let k € {0,...,d— 1}, then if we denote LYw(z) = >, ai(z)dz; and ,C]Z:,(:)(Z) = > bi(z)dz;, we have

(0) = i(0), ne+1<i<ngya,

a; b
a5(0) = bi(0) = 0, 1 +1 < <n. (3.25)

Let (Ej)jZI be the flag associated to the approximating system (3.24), the following corollary is a direct
consequence of Theorem 3.12 and hence will not be proved.

Corollary 3.13. For each j =1,...,d, we have the following equality
L;(0) = L;(0). (3.26)

4. LOCAL OBSERVER DESIGN

In this section, we present the construction of a local observer, using the approximation developed in the
previous section. We consider the case of a system with an output of dimension 1 to avoid unnecessary compli-
cated notations, but the extension to the multi-output case follows the same lines. Let us consider the system

&= f(z), xeR",
{y:h(ac), y € R, (4.1)

where f and h are analytics. We assume that
dim (span{d/.:’}’h(()), k=0,...,n— 1}) =n. (4.2)

Hence system (4.1) verifies the observability rank condition.
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According to the previous section, there exists new coordinates z defined by z = ¢~ (x) and weights r; = n—i,
i =1,...,n, such that, in the new coordinates, F(z) = (9p~1/0z)(p(2)).f(¢(2)) and H(z) = h(p(2)) are of
order greater or equal to —1 and r; = n — 1 respectively. The approximating system is then given by

¢ =F(z),
{y ), (4.3)

where F(z) = F_1(z) and H(z) = H"™(z) are the first terms of the homogeneous expansion of F and H
respectively, with respect to weights r, =n —14,i=1,...,n.

In order to construct an observer for system (4.1), we first design an observer for system (4.3). We use the
high gain observer presented in [9] after having transformed the system (4.3) into an observability canonical
form. The observer for the original system is then obtained simply by replacing f and h by f and h.

The second change of coordinates is given by

(2)
c=anx)=| .| (4.4)

n—l. [
LoV A (2)

In the new coordinates &, system (4.3) is in the following observability canonical form

=4
e (45)

where A;; = 55_1, 1<i,j<nand C=[10...0]. An observer is thus given by

§=AL - K(0)C(§ - ¢€), (4.6)
where the gain K (6) is given by
oC?t
K(6) e cr " per (4.7)
= o, CP=—"—— 0cR .
: (n —p)'p!
onen

In the original coordinates z, the gain K (6, #) reads

_ 8((,0045;1)

Kh(av‘%) = 65 (dsh © ‘pil(i')) K(Q), (48)

and the observer for the original system (4.1)
& = f(&) = Kn(0,%)(h(2) - h(x)). (4.9)
We have the following result of convergence for the observer (4.9).

Proposition 4.1. Assume that system (4.1) verifies property (4.2). Then, there exists 0* > 0 such that for all
0 > 0%, there exist V1(0) and Vs2(0), two neighborhoods of the origin, such that:

if V1 positively invariant under system (4.1) then the observer (4.8)~(4.9) is convergent on Vs.
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Remark 4.2. Proposition 4.1 states that for every 6 > 0%, there exists a set in which the approximation is
valid. Thus if the solutions of system (4.1) stay in this set, the observer is locally convergent.

The following proposition is similar to Proposition 4.1 but with different assumptions.

Proposition 4.3. If system (4.1) verifies property (4.2) and if its origin is Lyapunov stable, then there exists
a real number 0% > 0, such that for all 0 > 0%, there exists a neighborhood of the origin U(0) such that
observer (4.8)—(4.9) is convergent on U.

Remark 4.4. Proposition 4.1 and 4.3 can be seen as an application of Theorem 1 in [26], which is derived from
the center manifold theory. But we propose here an original proof, derived from Lyapunov theory, which give
the possibility to obtain an analytic estimation of the domain of convergence.

5. EXAMPLE

In this section, we apply the methodology developed in this paper on a particular example and we compare
it to the observer given by the linear approximation.

5.1. System

The considered system is

ablz—acl—i-xg—l—as%—xg—as%,

. 3 =

1'2:.T3—.T2+1'1—1'3_$i)7 (51)
igz—wg—xg,

y = h(z) = 29 + 22 + z173 + 23

This system fulfill the observability rank condition, since
dh(0) = dao,

d,th(O) = dx3 — day + daq,

dL3h(0) = —2dxy + 2dxy — dws.
Thus dim dO(0) = 3.
5.2. Observer design by homogeneous approximation

We can apply our method:

o Computation of the first change of coordinates:
A basis for the flag is given by

dhy = dh,
dhy = dLyh,
dhs = dL3h.

It is straightforward to check that the following dual basis fulfill the requirements of Assumption 3.3

g1(z) = s
0
92($) - 8—%‘1’
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Then the diffeomorphism (3.15) is given by
—23+ 29 Ty — 20103 — xg

o) = —224+ 21+ 2223 |, ¢ l(z)= T, + a3
Z3 x3
Hence, we obtain the following approximation
Z = —Z% + 29,
Zo = z3,
23 = 07

Y = 21 + 2223.

Construction of the second change of coordinates:

By definition )
(2)
§=on(z) = | LpH(z)
2
LLH(z)
Thus
21 + 2223 . §1 — &8s
Pn(z) = 22 s P (€)= &
z3 &3
e Construction of the observer:
The change of coordinates from x to £ is given by
o — IT1T3 | 52 - 53
E=Phop (@)= mitas |, w=po® (&)= | & +& + &b
T3 &3
Then
o 30 — 03
Kh,(Q, i‘) =1 30+ 93.f1 + (302 — 05).@3 R
93
with K () = [30,36%,6%]7. The observer is given by
Ty = —&1 + &9 + 23 — 23 — &3
—(30 — 63)((22 + &1 + 2183 + 23) — (22 + 21 + 2123 + 27)),

Ty = &g — &9 + &1 — 23 — &7
) —(39 + 93501 + (392 — 93)i‘3)((i‘2 + i‘% + 123 + i‘%) — (1‘2 + .T% +x123 + l‘%)),
T3 = i‘g — i‘% — (93)((i‘2 —|—i‘% + 123 + i‘%) — (1‘2 —|—.T% + 123 + l‘%))
5.3. Observer design by linear approximation
In order to compare our approach with the linear approximation, we apply the same method:

e Definition of the linear approximation
i'l = —T + T2,
Ty = 3 — X2 + 21,
i3 =0,
Yy = T2.

917
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(5.9)
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e Computation of the change of coordinates

~( ) T & —&—&
1

E=Px) = | Ljhulz) | = T, — xo + T3 . BNE) = & . (5.10)

fc h; (1;) —2x1 4+ 229 — T3 26 + &3
e Construction of the observer
o 3@5_1 360 — 30% — 63
K,(0) = 3 (®1(2)K(0) = 30 . (5.11)
¢ 3602 + 6°

with K (0) = [36,362,0%]T. We obtain the following observer
&1 = —& + o + 23 — 23 — 23
—(30 — 302 — 93)((f2 + i’% + 123 + .@%) — (xg + ZL’% + 1123 + x%)),
2 :i'3—i'2+i'1—i’g—i"?
(39)((532 + 27+ 3123+ 23) — (22 + aF + 2123 + 23)),
B3 =25 — &3
—(30% +03)((22 + 2% + 2123 + 22) — (v2 + 22 + 1123 + 23)).

-

(5.12)

5.4. Results of simulations

We have computed an estimation of the domain of convergence of both observers by numerical means. More
precisely, we have determined the larger 6 > 0 such that B(0, ) x B(0, d) is in the domain of convergence U of the
observer. For each §, we have run 100 000 simulations where each corresponds to a couple of initial conditions
taken randomly in B(0,d) x B(0,0). An initial condition is said to be into the domain of convergence if at time
tsimulation = 30s the error between the original system and the observer is less than egmulation = 1072, The
results are given in (5.13).

6 observer by homogeneous approximation|d observer by linear approximation
=1 0.56 0.3 (5.13)
=2 0.3 0.2

We illustrate the convergence of both observers for particular initial conditions. We consider the initial
condition zp = [0.1,0.1,0.1] for the original system and &y = [—0.2,0.1,0.05] for both observers. The results
are given in Figure 2 for § = 1 and in Figure 3 for = 2, where the original system is represented with solide
lines while the observers are represented with dashed lines. We notice that the behavior of both observers is
similar for # = 1, but for § = 2, as expected from the estimation of the domain of convergence, the homogeneous
approximation observer is still convergent but not the linear one, which explode in finite time, indeed ||xo||2 &
0.17 and ||Z]|2 =~ 0.23.

6. PROOFS

6.1. Proof of Proposition 3.5

In order to prove Proposition 3.5, we need the following technical result:

Lemma 6.1. Let g : Y — R be an analytic vector field and w be an analytic one form defined on U, where U
18 a neighborhood of the origin in R™, such that

w(g)(xz) =0, Vzel. (6.1)
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0.6 . . . . . 0.6
0.3
g
0 L
03 5 10 15 20 25 30 03 5 10 15 20 25 30
Time [s] Time (s
0.6 0.6

0 5 10 15 20 25 30
Time [s] Time (s

0 5 10 15 20 25 30 0 5 10 15 20 25 30

Time [s] Time [s]
homogeneous approximation observer linear approximation observer

FIGURE 2. Original system (5.1) (solid line) and the two observers (dashed line) with a gain § = 1.

If we denote gy the Taylor expansion of g up to order k, then

(w(g(k)))(l) =0, 1=0,...,k—1. (6.2)

Proof of Lemma 6.1. Since g and w are analytics, we can write g as followed:

n —+00 . a
g(x) = ( g@(w)) 5o vEU, (6.3)
O 1

i=1 \k=

where gi(z) is the kth term in the Taylor expansion of the real valued function g*(z), and

n +oo
w(z) = Z <Z w,ﬁ(x)) dz;, zel, (6.4)
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L2
(=
(=]
(=]

0 5 10 15 20 25 30
Time [s] Time [s]

0.6 1

Time [s] ’ Time s

0.3 T T T T T 2000

0 5 10 15 20 25 30 0 5 10 15 20 25 30
Time [s] Time [s]
homogeneous approximation observer linear approximation observer

FIGURE 3. Original system (5.1) (solid line) and the two observers (dashed line) with a gain § = 2.

where w (z) is the kth term in the Taylor expansion of w’. Thus

n +oo +oo
wig)@) = (Z Tk (fﬂ)) (Z Wh, (w)> ; (6.5)

i=1 \k1=0 k2=0

:z<zzgm Dot >>, (66)
i=1 \Il=0 m=0
=0 \i=1m=0

is the Taylor expansion of the function w(g). Since w(g) is analytic and vanish in a neighborhood U of the origin,
we necessarily have

Zng )wi_.(x)=0, YrelU, VleN. (6.8)

i=1m=0

Hence, if g(y) is taken instead of g, the first (k — 1) terms of the Taylor expansion of w(g) vanish, i.e. (w(g))q) =
0,1=0,...,k—1. 0
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Proof of Proposition 3.5.

Points (i) and (v)

These properties are direct consequences of the definition of (g;)1<i<n and (V});>1.

Point (iv)

Let i € {1,...,n}, then there exists j € {1,...,d} such that n;_; +1 <1i < n;. We have to prove that for all
D e Bd_j

Dh;(0) = 0. (6.9)
Since D is in Bg—;, we can write
k
D=Ly ...Ly, with Y w(g)<d-—j (6.10)

I=1

Let p = w(gx), by definition of B, gx € {gy,...,Gn—n,_,}- Apply Lemma 6.1 with equation (3.13), we get

(ﬁg,ﬁi)(l) (0)=0, 0<I<d—p+1. (6.11)
We have k —1 <d—p—+1, because (k— 1) +p < d— j <d, hence

Dhi(0) = Ly, ... Ly hi(0) = 0. (6.12)

Point (i1)
Since V is spanned by f and {g;,...,7,}, we just have to show that, for a given k € N and vector fields
91y 9k €{G1s---,G,, [} verifying Z;czl w(g;) = j, the following property is verified

adg1 cee a’dgk,—lgk € ijv (613)

i.e., we have to prove that
wiladg, ...adg, ,9x)(0) =0, 1<i<mng_;. (6.14)

The left hand-side of equation (6.14) can be rewritten as

Lad, .ady, _, g1 (0)- (6.15)
For two vector fields f ,G:U — R™ and a function h:U — R", we have
Lijgh = Lilgh—LsLh. (6.16)

Hence (6.15) can be written as the sum of terms of the type cL,,_ .. .[,gwﬁi with {s1,...,sg} ={1,...,k} and
¢ = +1. There is two possible cases. First, assume that g, belongs to {7;,...,G,}. In this case, the idea of the
proof is the same that for property (iv). Indeed, we have to prove that

Ly, - Ly, hi(0) =0, (6.17)

where 1 < i < ng_; and Zle w(gy) < j. Take j = d — 4, it comes 1 < i < n; and Zle w(gr) < ng_j;, hence
equation (6.17) can be proven exactly in the same fashion than property (iv).
The second case happens when g5, = f. In that case, we have

Ly, - Ly, hi=Ly, ... Ly,  oLshs (6.18)
Since L ¢h; belong to L4 ;11 and Z;:ll w(gr) <d—j—1, then, again, we check if g, _, is equal to f or belong

to {gy,---, 3, } If there is only f vector fields, then equation (6.15) holds true because f(0) = 0 and h;(0) = 0.
This ends the proof. O
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6.2. Proof of Theorem 3.8

Order of the vector field f.. Following the notations of [13], a basis adapted to the filtration (V});>1 is given
by G,,--.,g1. More specifically, g, (0),...,7,, ,+1(0) is a basis of V; at zero, g,,,(0),...,7,, ,+1(0) is a basis
of V5 at zero, etc. According to Theorem 2.1 in [13], in the the new coordinates z defined by the inverse of the
function

p(2) = exp(2n7,) o - - - 0 exp(219,)(0), (6.19)

if g € V;, we have
o(G) > —j, with respect to the weights r; =d —j, nj_1+1<1i<n;, (6.20)

where G(z2) = (0¢~1/0z)((2))g(¢(2)) is the vector field g written in the new coordinates. The basis taken here

is in reverse order (for the index) compared to the one in [13], it explains why the weights are reversed too.
In particular, the vector field f belongs to Vi, since w;(f)(0) = 0 for all i = 1,...,n. Applying (6.20), we

obtain the result. O

Order of the functions H;, i =1,...,n. We need to prove the following statement

g—aﬁi(()) =0, Vo € N"such that |af, <d—j—1. (6.21)
z

By Assumption 3.3 (iv), we know that, in the = coordinates,

Dhi(0) =0, VD€ Bg_j_1. (6.22)
In the following, we will prove that (6.22) actually implies (6.21). First, we rewrite (6.22) in the new coordinates.
Let us denote Gy, ..., G, for the vector fields g, ...,7, in the new coordinates, that is
— 0ot _ .
Gi(2) = 5 —(0(2)7i(e(2)), i=1,....n. (6.23)

In the same fashion, we have

VH;(z) = (VEZ)(cp(z))g—f(z), i=1,...,n. (6.24)
Then, fori=1,...,nand k=1,...,n, we obtain
Lo Fu() = (TRe() 2 ()2 (o)), (6.25)
= (Vha)((2))70(2(2)), (6.26)
= Lg hp(z). (6.27)
In the new coordinates z, (6.22) becomes
DH;(0) =0, VD€ Ba_j_1, (6.28)
where .
Ba_j_ 1= {,Cgl o--0Lg, :{G1,...,Gr} C{Gh,...,Gn} and Y w(Gy) gj}. (6.29)
=1

We are now going to prove (6.21) by induction on the order |la]|,.



HOMOGENEOUS APPROXIMATIONS AND LOCAL OBSERVER DESIGN

Case |afl, =1

Since ||e]|, = 1, we necessarily have |o| =1 and a; =01if i =1,...,n4-1. Hence we have to prove that
0 H;(0)=0, i +1
—H;(0) = i =ng— ey g
azk i ) d—1 ’ s Thd
According to Proposition 2.1 in [13], G1(0) = 0/0z, for k = 1,...,n, then by (6.28), we get
_ o _
OzﬁakHi(O):—Hi(O), k=ng_1+1,...,nq,
! 8zk

which prove this case.

Case ||, =k +1
We assume now that (6.21) holds true for a € N", such that [, <k, k <d—j—2.
Let D= Lg, ...Lq, belong to Byyi. We write

_ l —
Gi(z) = Zak(z)a—%, I=1,...,s.

n
0
k=1

The expression

DH;(0) = Lg, ... La,H;(0),

is a sum of terms of the form

a,(0) <§—> ) <§—> .. <§—> 0 (52 5:)

where, for I =1,...,s, 4 € {1,...,n}. Furthermore, we have the following property

S S

!
> i = o'l
I=1 I=1

First, we show that if ||a®]|, > k 4+ 2 then (6.34) is equal to zero.

923

(6.30)

(6.31)

(6.32)

(6.33)

(6.34)

(6.35)

According to Theorem 2.1 in [13], a vector field G € V, verify o(G) > —w(G) with respect to the weights
(1i)1<i<n given by (3.19). If we write G in coordinates, G(z) = Y_,_, ax(2)9/0z, then o(a;) > r; — w(G).

Hence if ||o!]|, < o (al-+1) =iy, —w(Giy1), forany [ =1,...,s — 1 orif r;; <w(Gy) then (6.34) is equal

41
to zero.

We assume now that
HalHT 2 Tigpq _w(Gl-‘rl)a l=1,...,s—1,
Tiy S U)(Gl)
We consider the inequality obtained by summing the inequalities (6.36) for { =1,...,s — 1, we obtain

S

s—1 s
Dol =Y i =Y w(G).
=1 =2

=2

Adding inequality (6.37) and reordering, we get

s—1 s s
Dol e+ w(G) =Y
=1 =1 =1

(6.38)

(6.39)
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Using (6.35), we obtain
s—1 s s
ol + Y w(@) =)l (6.40)
I=1 I=1 [

then

S
E+1=> w(G) > o], > k+2. (6.41)
=1

Thus we must have [|a®|| < &k + 1.

Second, if ||a®]|, < k, by the induction hypothesis, we have that (6.34) is equal to zero.

The last case left is ||o®||, = k + 1.

Until now, we have proved that DH;(0) is the sum of terms of the form (6.34) with ||a®||, = k + 1 for
D e §k+1~

Let us consider E = {a € N"||la||, =k + 1} and E; = {o € E||a| =1}, then E is the disjoint union of Ej,
I=1,.. . k+1.

We are going to prove that 0%/92“H;(0) =0, a € Ej for = 1,...,k + 1, by induction on .

Case |a| =1
It is e(ﬂlivalent to prove that 8/8@?2»(0) =0forl =mng—; +1 <1< ng_j41. According to Proposition 3.7,
we have G;(0) = 0/0z, 1 =1,...,n, then

0= Lg,Hi(0) = 5—H(0). (6.42)

Case |a|=m+1 o

We assume that 0%/0z*H;(0) =0 for a € Ej, 1 = 1,...,m, with m < k. Let a € E,;,+1, then /.1%11 ...,C%” is in

Bj+1. Furthermore L2 L2 H;(0) can be written as the sum of elements in the form (6.34) with |a®| < m
1 n _

PlUS 30 i i i @i (0) .y, (0)0%" /02 H,;(0) where |as| = m + 1. By the induction hypothesis the terms

with |a®| < m vanish. And since G;(0) = 3/0z;, I = 1,...,n, the only term left is 9*/02%H;(0) which is equal

to zero by (6.28). O

6.3. Proof of Theorem 3.12

Before proving the Theorem, we need the following lemma.

Lemma 6.2. Let H; be a homogeneous function of degree | with respect to the weights (3.19), denote dH;(0) =
Yoi aidzi, then a; = 0 fori > ng_; (for 1 <0, we set n; as 0).

Proof of Lemma 6.2. First notice that a; # 0 if and only if H; contains a linear term in z;. For i = 1,...,n, the
function z — z; is homogeneous of degree r; = d — n;, since the weights are decreasing, a homogeneous function
of degree [ cannot contains linear terms z; for ¢ > ng_;. Then a; =0 for ¢ > ng_;. O

Proof of Theorem 3.12. Let H : R™ — R be the unique function such that dH = w and H(0) = 0. Since L1 is
spanned by Hy,..., H,,, it is sufficient to prove the Theorem for H = H;, i = 1,...,n;. We prove only the
cases k = 0 and 1, other cases can be proved in the exact same fashion.
According to Theorem 3.8, H is of order greater or equal to d — 1 with respect to the weights (3.19), hence we
can write
dH(z) = dHg-1(2) + Z dH;, (2), (6.43)
Lh>d
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where H; is homogeneous of degree [ with respect to the weights (3.19). Similarly, F' admit an homogeneous
expansion of the form

F(Z) = F—l(z) + Z B, (Z)’ (644)

1,>0

where F] is homogeneous of degree [ with respect to the weights (3.19).

Case k=0
We apply Lemma 6.2 to the right hand-side of equation (6.43), it comes (lezo dHll) (0) = 0 and

dH(0) = dHy—1(0) = 3, a;dz;. Evaluating both sides of equation (6.43) at the origin gives the conclusion.

Case k=1
Using equations (6.43) and (6.44), we obtain
Lrw=d(LpH), (6.45)
=d ,Cpled71 -+ Z 'CFLQdel +d Z »CF,IHZI -+ Z ,CFZ2H11 R (6.46)
1220 lizd l1>d,12>0
S d(Lpf) + dHp. (6.47)

According to Lemma 2.6, ([, Fﬁ[ ) is of degree (d — 2) and Hp is the sum of homogeneous functions of degree

greater or equal to (d — 1). Applying Lemma 6.2 and evaluating both sides of equation (6.47) at the origin,
again, gives the result. O

6.4. Proof of Propositions 4.1 and 4.3

We are going to prove Propositions 4.1 and 4.3 in the ¢ coordinates, since the Lyapunov stability is a property
independent of the coordinates. For this purpose, we introduce first some notations. We denote system (4.1)

y=9(),
and the error system
e=6(+en(8) -3, (6.49)

where e = £—¢ and & is the vector field associated to system (4.9) in the £ coordinates defined by equation (4.4).
We need to state two lemmas before proving Propositions 4.1 and 4.3.

Lemma 6.3. Let & : R™ — R" be a diffeomorphism, homogeneous of degree d with respect to the weights
(r1,-..,7mn) (as a vector field). Then, the inverse function =1 is homogeneous of degree —d with respect to the
weights r; + d.

Proof. We have the following identity
o (P(x)) =z, VreR™ (6.50)

Hence
SN DN 1, A E,)) = (A g, AT E,). (6.51)

Since the function @ is homogeneous, we get

AP (), . N TD (1)) = (A, ., Ny, (6.52)
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Let T = ®(x), then x = &~ (7)) and

GrAHAE, L Nt ) = (Wt —d (@ (7). ATt ) =d(g (7)), (6.53)
This equality is true for every T in R"”, since @ is a diffeomorphism. O

Lemma 6.4. The function (e,§) — (e +&£,9(8)) — F(§) can be written as

Gle+&,9(8) —3(&) = Ee +ale,fe+(e), =z, R, (6.54)

where E = A — KC, a(e, &) is a matriz of dimension n x n such that a(0,0) = 0 and v is a function of the
form
m(er)
O (6.55)
Y (€n)

with e; = (e1,...,e;) and each 7; : R® — R is linear.

Proof. Denote Rp(z) = F(z) — F(z) and Ry (z) = F(z) — F(z). By construction, system (6.49) can be written
as

Ge+& H(8) —3(E) =FEe (6.56)
ﬁ% (@' (e+8) Ry (@, (e +8)) — % (@;,1(9) By (3;,(€)) (657
+ (Ru(@y (e + €)) — Ru(®, ' (€))) K. (6.58)

But, since &(£,9(€)) — (&) = 0, we also have

&(e+£,9(8) — (&) = Me +ale, e, (6.59)

where M is a n x n real matrix and a(e,§) is a matrix of dimension n x n such that «(0,0) = 0. Then, all is
left to prove is that the linear parts of (6.57) and (6.58) are upper triangular.
We first consider (6.57), it is sufficient to prove that

0 (% (0, (e)) Ry (2, (e))),

0)=0, j>i+1. 6.60
» =0, jzi+ (6.60)
By construction, the vector field z — R(z) is a sum of homogeneous vector fields of degree higher or equal to 0,
with respect to the weights r; =n —i,i =1,...,n. The function @; is homogeneous of degree 0 with respect to
the weights r; =n —4,i=1,...,n (as a vector field), thus, according to Lemma 6.3, the inverse function @fl
is homogeneous of degree 0 with respect to the weights r; =n—i,4 =1,...,n. We obtain that the vector field
odn , . _ _
= 5 (8,1(e) By (2,7 (e), (6.61)

is a sum of homogeneous vector fields of degree higher or equal than 0, which gives the result.

We now consider (6.58). It can be proved in the same way than for (6.57). Indeed, by construction the real
valued function z — Rp(z) is a sum of homogeneous functions of degree higher or equal to 1 + 1 = n with
respect to the same weights (r;)1<i<n. Then applying Lemma 6.3 gives the result. O

We prove propositions 4.1 and 4.3 in the meantime. Indeed, the first part of the proof is the same for both
propositions, only the end is different.
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Proof of Propositions 4.1 and 4.3. We have to prove that the error system
e=&(e+E(t),N(E(t)) —T(E®), VEeeR, (6.62)

is locally asymptotically stable. For this, we consider the Lyapunov function
V(e) = el Sy (f)e, (6.63)

where S () is the solution of the Riccati equation

{_esoo(e) — ATS(0) — Sx())A+CTC =0, (6.64)

Soo(e)T = Soo(0).

This Lyapunov function verifies:
e V(0)=0
e V(e)>0,e+#0;
e V is of class C!.

Now, we need to show that the derivative of V' is negative definite along the solutions of system (6.62). According
to Lemma 6.4, we can write

G(e+£(1),9(E(1)) —F(E(t) = Ee + a(E(t), e)e +v(e), (6.65)
with:
e F=A-KC,
e a(&(t),e) is a matrix of dimension n x n such that «(0,0) = 0,
e 7(e) is linear and in a triangular form.

Hence, it gives
V|(6_62) = —HeTSOO(H)e — (C’e)2 + QeTSOO(Q)(a(g(t), e)e)2eTSoo(0)(7(e)). (6.66)

We overvalue the last two terms in the previous equation. The first over-valuation is done following the same
computations as in [9]. The second one is obtained by applying first the Cauchy—Schwarz inequality and then
the mean value Theorem. For all e in Vy, where V5 is a neighborhood of the origin that will be set later, we
have

7S (0)(7(e))] < nliC1VS|el3 (o),
[e” S (0)(@(€(2), €)e)| < [la(€(t), e)ells.o) el s o)

< sup  [n(&, €)llsw o) | lellZ. o (6.67)
ge{g(t), t>0}
e€V2

with
S =maxi<i,j<n [Soo(1)i,5]
Cy is such that [[z[)1,, < Ci|z|s 1), VzeR" (6.68)
[v(e") =y < llle’ —e”|

and (&, e) is the derivative of the function e — «(¢, e)e.
We obtain

Viesy(e) < | —0+M+  sup  [In(&e)lsoo | llelE@) Ve€Va. (6.69)
ge{&(t), t>0}
ecVs
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Let
0" =2+ M, (6.70)
where M = nl;C1+/S and take 0 > 0*.
We have to be sure that
sup  [[n(&e)llsoy < 1+(0—07). (6.71)
ce{&(t), t>0}
ecVs

Since a(0,0) = 0, then 1(0,0) = 0. In addition, the function 7 is continuous, because all the functions considered
here are analytics. Hence, it ensures the existence of two neighborhoods of the origin V1, Vs such that

sup [[n(¢; €)lls.o) < 1+ (6 = 07). (6.72)
£EV,
EEVQ
We have proved until now that
Vie.e2)(€) < —llellz.. () (6.73)

if £(t) € Vi for allt >0 and e € V.

Proof of Proposition 4.1. Denote V3 a neighborhood of the origin included in Vi such that for all z,y € Vs,
(r —y) € Va. Then lim;_, |, {g(t) - f(t)} = 0 if £(0),£(0) € Vs and if the set V; is positively invariant under
system (6.48).

Finally, we define V; = po @;1 (Vl) and Vo = po @;1 (Vg). The sets V; and V, are neighborhoods of the
origin and V7 is positively invariant under system (6.48) if and only if V; is positively invariant under system
(4.1) since the map & +— p o @, (£) is a diffeomorphism. O

Proof of Proposition 4.3. The origin of system (6.48) is Lyapunov stable since Lyapunov stability is invariant
under change of coordinates, thus there exists a neighborhood of the origin V4 such that any solution of
system (6.48) starting in V4 stays in Vi. Let V3 be a neighborhood of the origin included in V, such that for

all z,y € V3, (x — y) € Va. We then obtain that lim; . o [g(t) — é(t)} =0 if £(0), 5(0) € V3. Finally, we define
U=ypo @;1 (Vg) which is a neighborhood of the origin since the map £ +— po 45,:1 (¢) is a diffeomorphism. O

7. CONCLUSION

In this paper, we have constructed a homogeneous approximation for systems with multi-output and without
input, satisfying an observability rank condition. This approximation retains pertinent information relative to
observability, particularly, it has the same observability space as the original system. The construction given
here is not always easy to compute, even if it is explicit. But, we have exhibited sufficient conditions which give
some degree of freedom for the construction.

This approximation has been further used for the design of a local observer which has been shown to be conver-
gent for Lyapunov stable systems. Once the change of coordinates is obtained, the observer design is straight
and simple.

The performance of the proposed method has been illustrated on an example and compared with linear approx-
imation. It appears that our observer presents a substantially wider domain of convergence for this system.
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