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UNIFORMLY EXPONENTIALLY OR POLYNOMIALLY STABLE
APPROXIMATIONS FOR SECOND ORDER EVOLUTION EQUATIONS
AND SOME APPLICATIONS

FARAH ABDALLAH!, SERGE NICAISE?, JULIE VALEIN® AND ALl WEHBE*

Abstract. In this paper, we consider the approximation of second order evolution equations. It is well
known that the approximated system by finite element or finite difference is not uniformly exponentially
or polynomially stable with respect to the discretization parameter, even if the continuous system has
this property. Our goal is to damp the spurious high frequency modes by introducing numerical viscosity
terms in the approximation scheme. With these viscosity terms, we show the exponential or polynomial
decay of the discrete scheme when the continuous problem has such a decay and when the spectrum
of the spatial operator associated with the undamped problem satisfies the generalized gap condition.
By using the Trotter-Kato Theorem, we further show the convergence of the discrete solution to the
continuous one. Some illustrative examples are also presented.
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1. INTRODUCTION AND MAIN RESULTS

Let H be a complex Hilbert space with norm and inner product denoted respectively by ||.|| and (.,.). Let
A : D(A) — H be a densely defined self-adjoint and positive operator with a compact inverse in H. Let
V = D(Az) be the domain of A2. Denote by D(Az)’ the dual space of D(A?) obtained by means of the inner
product in H.

Furthermore, let U be a complex Hilbert space (which will be identified to its dual space) with norm and
inner product denoted respectively by |.||,; and (.,.)y and let B € L(U, H). We consider the closed loop system

&(t) + Aw(t) + BB*o(t) = 0,
( )w(O) Z(ﬁjo, &(0) =<w)1, (1.1)
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where ¢ € [0, o0) represents the time, w : [0, 0c0) — H is the state of the system. Most of the linear equations
modeling the vibrations of elastic structures with feedback control (corresponding to collocated actuators and
sensors) can be written in the form (1.1), where w represents the displacement field.

We define the energy of system (1.1) at time ¢ by

50 = 5 (Ie)1? + |ako]).

Simple formal calculations give
t
E(0)— E(t) = / (BB*w(s), w(s))ds, Vt>D0.
0

This obviously means that the energy is non-increasing.

In many applications, the system (1.1) is approximated by finite dimensional systems but usually if the
continuous system is exponentially or polynomially stable, the discrete ones do no more inherit of this property
due to spurious high frequency modes. Several remedies have been proposed and analyzed to overcome this
difficulties. Let us quote the Tychonoff regularization [18,19,31,34], a bi-grid algorithm [16,28], a mixed finite
element method [6,10,11,17,27], or filtering the high frequencies [22, 25, 35] (both methods providing good
numerical results).

As in [31,34] our goal is to damp the spurious high frequency modes by introducing a numerical viscosity in
the approximation schemes. Though our paper is inspired from [31], it differs from that paper on the following
points:

(i) Contrary to [31] where the standard gap condition is required, we only assume that the spectrum of the
operator A'/2 satisfies the generalized gap condition, allowing to treat more general concrete systems;

(ii) we analyze the polynomial decay of the discrete schemes when the continuous problem has such a decays;

(iii) we prove a result about uniform polynomial stability for a family of semigroups of operators;

(iv) by using a general version of the Trotter-Kato Theorem proved in [23], we show that the discrete solution
tends to the solution of (1.1) as the discretization parameter goes to zero and if the discrete initial data
are well chosen.

Before stating our main results, let us introduce some notations and assumptions.

We denote by ||.||;, the norm
lelly =1/ (A2p, A2p), Vp € V.
lelly = v/ (Ap, @), Yo € D(A).

We now assume that (V;,)ns0 is a sequence of finite dimensional subspaces of D(A2). The inner product in V,
is the restriction of the inner product of H and it is still denoted by (.,.) (since V}, can be seen as a subspace
of H). We define the operator A, : V, — V}, by

Remark that

(Anon, ¥n) = (A2gn, A24y), Yon, Un, € Vi (1.2)
Let a(.,.) be the sesquilinear form on V}, x V}, defined by
alen, ¥n) = (AZgn, A2¢r), Y(en, Yn) € Vi X Vi (1.3)

We also define the operators By : U — V}, by
Bpu = jpBu, Yu €U, (1.4)

where j5, is the orthogonal projection of H into V}, with respect to the inner product in H.
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The adjoint B}, of By, is then given by the relation
Bhpn = B pn,  Vop € V.

We also suppose that the family of spaces (V},);, approximates the space V = D(A%). More precisely, if
1

denotes the orthogonal projection of V' = D(Az) onto V},, we suppose that there exist § > 0, h* > 0 and Cy > 0

such that, for all h € (0, h*), we have:

lmne = @lly, < Coh? [ Agll, Vi € D(A), (1.5)

Imne — @l < Coh® || Agll, Vi € D(A). (1.6)
Assumptions (1.5) and (1.6) are, in particular, satisfied in the case of standard finite element approximations
of Sobolev spaces.
Denote by {Ax}r>1 the set of eigenvalues of A% counted with their multiplicities (i.e. we repeat the eigenvalues
according to their multiplicities). We further rewrite the sequence of eigenvalues { A }x>1 as follows:

Aoy <Ay <o < Ag, <.

where k1 = 1, ko is the lowest index of the second distinct eigenvalue, k3 is the lowest index of the third distinct
eigenvalue, etc. For all i € N*| let [; be the multiplicity of the eigenvalue A, i.e.

Mooy < Ay = A1 = oo = Agti—1 < Aty = )\kH»I’

We have k1 = 1, ko = 1411, k3 = 1+11+1o, etc. Let {¢k,+j fo<j<i,—1 be the orthonormal eigenvectors associated
with the eigenvalue A, .
Now, we assume that the following generalized gap condition holds:

IM e N*, 3y >0, Vk > 1, Agrrr — A\p = M. (1.7)
Fix a positive real number 7 < 79 and denote by Ag, k = 1,..., M the set of natural numbers k,, satisfying

(see for instance [5])
>\k'm - )\knL—l Z ’Y(/]
Mo = Aky_y <00 form+1<n<m+k—1,
Akm-%—k - Akm+k—1 > ’V(/)~

Then one easily checks that
{kmyj +Ukm e A, ke {l,...,M},j€{0,...,k—1},1€{0,...,lpy; — 1} } =N".

Notice that some sets A may be empty because, for the generalized gap condition, the choice of M takes into
account multiple eigenvalues. For k,, € Ay, we define By, = (Bk,,,ij)1<i, j<k the matrix of size k x k by

n+j—1
H ()\kn+z—1 - )‘k’q)_l if { S j7 (’Lv .7) 7é (17 1)a
By, ij = § arntioa
1 it (i, §) = (1, 1),
0 else.
More explicitly, we have
1 1 L e 1
)\kn 71>\k’n+1 (Akn 7)‘kn+1)1(>‘kn 7>\kn+2) (Akn,fAkn+1)'”1(>‘kn 7)‘19”4,]‘,,1)
Akn+1_>\kn (Akn+1 _)‘kn)(l)‘kn+1_>‘kn+2) o (Akn+1_>\kn)'”(i\kn+1 —>\kn+k_1)
Bk’n = 0 0 ()\kn+2 =k, )()‘kn+2 ~Akpgr) o Akypr =Akn )"'()‘kn+2 _>\kn+k—1 )
0 0 0

1
(Akn+l¢,—1 —Akp )"'(Akn+k_1 _Akn+k—2)
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Lemma 1.1. The inverse matriz of By, is given by

n4i—2
I Cess = M) if i<gii#1,
Byl =4 e=n
1 if  i=1,
0 else,
that is to say
1 1 o 1
0 (/\kn+1 - )‘kn) (AkryL+k—1 - )\kn)
Bk_l = 0 0 t ()\kn+k—1 - )‘kn)(Akn-Hc—l - )\kn+1) ,
0 0 t (Aknﬁ»kfl - )\kn) t (Aknﬁ»kfl - Ak'nﬁ»kf?)
and therefore
11.--1
) e 0
B, —|. . .| when n— 4o
0 ---0
Proof. The form of B, Ll is obtained by induction on the size k of By, . The generalized gap condition (1.7)
implies that )\kn+j — A, — 0 asn — 400, V0 < j <k — 1. This leads to the convergence of B,;nl. O
k
Now, for k,, € Ak, we define the matrix @5 with coefficients in U and size k x L,,, where L,, = Zl"“—l’ as
i=1
follows: for all i =1,..., k, we set

B* knti— ’*LnifflifL"*1<‘§L,'
(‘pkn)ij:{o Phosiats o else:H ’ n

where

i
Lno=0, Lpi=Y lnyyfori>1. (1.8)

/=1

For a vector ¢ = ()% in U™, we set [|c[|;; , its norm in U™ defined by

m

2 2
leligr2 =D lledllz -

=1

In this paper, we prove two results. The first result gives a necessary and sufficient condition to have the
exponential stability of the family of systems

(I)h(t) + Ahwh(t) + BhB;;d)h(t) + thhd)h(t) =0

. 1.9
wh(O) = won € Vh, wh(()) = wip € Vp, ( )

in the absence of the standard gap condition assumed in [31]. Here and below wyy, (resp. wyy,) is an approximation
of woy (resp. wy) in V},. For that purpose, we need to make the following assumption

Jag > 0,Vk € {1,..., M}, Vk, € A, VC € R, ||B.'®, C||, , > a0 [[C],, (1.10)

where .||, is the euclidian norm. The first main result is the following
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Theorem 1.2. Suppose that the generalized gap condition (1.7) and the assumption (1.10) are verified. Assume
that the family of subspaces (Vi) satisfies (1.5) and (1.6). Then the family of systems (1.9) is uniformly expo-
nentially stable, in the sense that there exist constants M, a, h* > 0 (independent of h, won, wip) such that for
all h € (0, h*):

lon(OI* + a(wn(t), wn(t)) < Me™**(lwin]|* + alwon, won)), V¢ > 0.

Remark 1.3. If the standard gap condition
F>0,Vn>1, Ap, s — Ak >0 (1.11)
holds, then A; = N* and B; = 1. In this case, the assumption (1.10) becomes
Jag > 0, Yk, > 1,YC € RE" | ||®y, Ol > a0 ||Cl; -

Moreover, if the standard gap condition (1.11) holds and if the eigenvalues are simple, the assumption (1.10)
becomes
Jag >0, Vk > 1, [|B*¢i|ly > 0. (1.12)

These assumptions are assumed in [31].

Remark 1.4. Note that Theorem 1.2 is the discrete counterpart of the exponential decay of the solution of
the continuous problem (1.1) under the assumptions (1.7) and (1.10), which follows Theorem 2.2 of [3] (see
also [29]). Note that the assumption (H) from [3] here holds since A is a positive selfadjoint operator with a
compact resolvent and B is bounded.

Remark 1.5. The uniform exponential stability of the family of systems (1.9) has been already proved in
Theorem 7.1 of [14] without any assumption on the spectrum of A and the dimension of the space. The proof of
this theorem is based on decoupling of low and high frequencies. More precisely, the author combines a uniform
observability estimate for filtered initial data corresponding to low frequencies (see [14], Thm. 1.3) together
with a result of [15]. Indeed, in [15], after adding the numerical viscosity term, another uniform observability
estimate is obtained for the high frequency components. The two established observability inequalities yield the
uniform exponential decay of (1.9).

If the condition (1.10) is not satisfied, we may look at a weaker version. Namely if we assume that

3 € N, 3ag >0, Vk € {1,..., M}, Vk, € A, VC e R*" ||B. '@, O, , > ;‘l—o 1C1l, (1.13)
: L

then we will obtain a polynomial stability for the family of systems

2
n(t) + (14 10) 7 (T4 1047) pon(t) + (140947 ) (BuBy + 00 A) (T+1047) an(t) =0,
_ L
wh(0) = wop € Vi, wp(0) = (1 + he) ! (I + heAfl) wip € V.

The structure of the above discrete system has been inspired from the one introduced in [31] for the exponential
stability case where the authors have used system (1.9) corresponding to | = 0. In both cases, this choice

is motivated by the corresponding observability estimates. The numerical viscosity term (I + heA,% )(BrBj; +
th,ll+%)(I+ heA,% )Ly (t) is added to damp the high frequency modes and as the set of high frequency modes is
larger in the polynomial case, the viscosity term is naturally stronger. In the case | > 2 the powers of (I + heAé )
have been added to guarantee the boundedness of the resolvent of A; j, (defined below) near zero. The question

of the optimality of these viscosity terms remains open.
The second main result of our paper is the following one.
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Theorem 1.6. Suppose that the generalized gap condition (1.7) and the Assumption (1.13) are verified with
I € N* even. Assume that the family of subspaces (Vi) satisfies (1.5) and (1.6). Then the family of systems (1.14)
is uniformly polynomially stable, in the sense that there exist constants C, h* > 0 (independent of h, wop, wip)
such that for all h € (0, h*):

1\ 1 2 C
H(HWA;) wh<t)H +a(wn(t), wa(®) < 5 lwon, wrn)llbaz, ) »

AN 2 C
H(I+ hm;) wh(t)H +awn(t), won(t) < o5 I @onswin)ll 4, » ¥ > 0, ¥ (o, win) € Vi X Va,

where for ¢ € N*, H-”D(Afh) is the graph morm of the matriz operator flg’h given in (4.1) of Section 4 below.

For a technical reason, we assume [ to be even (see Lem. 4.4). If (1.13) holds for I odd, then it is also true
for [+ 1 and we can apply the previous result with [+ 1.

Remark 1.7. If the standard gap condition (1.11) holds, the Assumption (1.13) becomes

* n @0
3 € N*, Jag > 0, Vk,, > 1, VO € REn || @y, C|y > N 1C, -

Moreover, if the standard gap condition (1.11) holds and if the eigenvalues are simple, the Assumption (1.13)
becomes o
3l e N*, Jag > 0, Vk > 1, || B¢l > N (1.15)

Remark 1.8. As before, Theorem 1.6 is the discrete counterpart of the polynomial decay of the solution of
the continuous problem (1.1) under the Assumptions (1.7) and (1.13), that follows from Theorem 2.4 of [3] (see
also [29]).

The paper is organized as follows: In Section 2, we show that the generalized gap condition and the observ-
ability conditions (1.10) and (1.13) remain valid for filtered eigenvalues. Section 3 first recalls a result about
uniform exponential stability for a family of semigroup of operators, and then extends such a result to the case of
uniform polynomial stability. Some technical lemmas are proved in Section 4. Sections 5 and 6 are devoted to the

e
proof of Theorem 1.2 and 1.6 respectively. In Section 7, we show that the solution wy, (resp. (I + heA,'j )*%oh)

tends to w, the solution of (1.1), (resp. w) in V' (resp. in H) as h goes to zero and if the discrete initial data are
well chosen. Finally, we illustrate our results by presenting different examples in Section 8.

2. SPECTRAL ANALYSIS OF THE DISCRETIZED PROBLEM

The eigenvalue problem of the discretized problem is the following one: find Ai p, €]0, +00[, @i, n € Vi, such

that
a(@r, ns n) = Mo 1 (©k, 0y Un), Vo € Vi, (2.1)

Let N(h) be the dimension of V. We denote by {A} ) }1<r<n(n) the set of eigenvalues of (2.1) counted with
their multiplicities. Let {©x, n}1<r<n(n) be the orthonormal eigenvectors associated with the eigenvalue )\Z -

In this Section, we show that the generalized gap condition (1.7) and the observability conditions (1.10)
and (1.13) still hold for the approximate problem (uniformly in h), provided that we consider only “low fre-
quencies”. More precisely, we first have the following result:

Proposition 2.1. Suppose that the generalized gap condition (1.7) and the Assumption (1.10) are verified.
Then, there ezist two constants € > 0 and h* > 0, such that, for all0 < h < h* and for all k € {1,...,N(h)}
satisfying

hOAZ <, (2.2)
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we have
dM € N*, v > 0, Nt M, b — Mg, = Moy (2.3)

and
Ja >0, Vp € {1,..., M}, Vky € App, YC € R™ || B &y, 1C|, , > |C,, (2.4)

where « is independent of h, and where the matriz Py, n € My 1, (U), with coefficients in U, is defined as
follows: for allt=1,..., p, we set

_ Biknsiati—Lnioa—1,0 i Lnic1 <J < L,
(Pho,n)ig = {0 o ' else,
where Ly, ;1 is defined by (1.8) and

Apn = {kn € Ap satisfying (2.2) and s.t.kpip—1 +lpsp—1 —1 < N(h)}.

For the proof of this proposition, we need a result proved by Babuska and Osborn in [4]. For that purpose, we
introduce €p(n, j) such that

en(n, j) =  inf inf -0 ,

gy =t -l
where Mj(A,) = {p € M(\,) : alp, @u,n) = ... = al, rwj2,n) = 0} and M(A,) =
{¢ : is an eigenvector of A2 corresponding to Ag,, |||l = 1}. The restrictions a(p, ¢k, . n) = =

a(®, @k, +j—2,n) = 0 are not imposed if j = 1. Then, we have the following estimate about the eigenvalue
and eigenvector errors for the Galerkin method in terms of the approximability quantities e (n, j).

Theorem 2.2. There are positive constants C' and hg such that
Nentjih — Mt < Cer(n, §), YO<h<hg,j=0,...,0,—1,k, +5<N(h),ne€N* (2.5)
and such that the eigenvectors {¢p, +j}o<j<i,—1 of Az can be chosen so that
|@kntih = Protilly < Cenln, j), VO<h<hg,j=0,...,1ln—1, ky+j < N(h),n €N (2.6)
This result is proved by Babuska and Osborn in [4], p. 702. because
Mentiih = Mntd = Mg h = N td) N g b Mkt5) = 20 My, b — Abti)-
Remark 2.3. Notice that for every ¢ € M;(\g, ) we have

N
en(n, j) < ot e —vnlly

< Coh || Ag| by (1.5) (27)
< Coh?2 il = Coh”>%, ;.

Proof of Proposition 2.1. We begin with the proof of the generalized gap condition for the approximate eigen-
values Ag, 5. First, we use the Min-Max principle (see [32]) to obtain

Me < Apon, VEe{l,...,N(h)}. (2.8)
Second, we use the estimates (2.5) and (2.7) and we have
Mo < A+ C(CohP22)? < A + C(Coe)? < M\ + CCle, (2.9)
for all k € {1,..., N(h)} verifying (2.2) and € < 1. Therefore, we may write

At b — Mo, h = Aesns — A — CChe > Mg — CCle > M% =: M~

for all k € {1,..., N(h)} satisfying (2.2) and for € < 2%293



Now, we prove the estimate (2.4) which is the approximated version of (1.10). Notice that

1Pk, — P,

Thus, by (2.2), we get

STABLE APPROXIMATIONS FOR EVOLUTION EQUATIONS

<C_max > B e, v) [0rnitsn = Prucitsl

< Ci:o,.?d,};fl Z ||B*H£(H, U) H(panJrj,h - onnJrHerV

ln+i*1

U g Ci: m?‘,};—l Z HB*SOk"H'i‘Fjah - B*Sok'rL+i+j|‘U

0,.. A
Jj=0
ln+i71

Jj=0
ln+i71

Jj=0
ln+i71

< by ] .
<C max ) Z en(n +1, j) by (2.6)

1=0,...,p—

7=0
ln+i*1
02
= Ci:g’l,lil’};,l Z h /\kn+7‘,+j by (27)

Jj=0

@k, n — P, ||y < Ce.

Therefore the triangular inequality leads to

1BE, @r,nClly = [|Bi, @2, C + By (Pr, .0 — P1,)C|

by (1.10). But, as B; ' =

||Bk_n1(¢kmh - dskn)CHU,z <

11---
00---

where 9, = || R, || — 0. Thus

for e <

[670) .
= 2c(1+ max(1l +n,))
n

1
0

n (R

> |18 96.C)ly, , — B! (@~ 20)C

> a |Clly = || By @k, n = 21,)C |,

+ Ry, , with Ry, — 0, when k,, — 400 (see Lem. 1.1), we obtain

| @rn = P,)C
0 ---0
+ |1 Rk, (Phers,n — @i, )Cl s 5

U,2

< Cl|Pe,,n = Pre, Iy 1€l + 710 [Pry, n = Prey [l 1€l

< Ce(l+m) [|Clly

- ag
1By, @, nCll,; 5 = (20 = Ce(L+m2) [Cll, = - 1IC,

851

(2.10)

(2.11)

For the polynomial stability, we have the same kind of result, but more filtering is necessary in order to have
the discrete counterpart of the observability condition (1.13) (uniformly in k).

O

Proposition 2.4. Suppose that the generalized gap condition (1.7) and the Assumption (1.13) are verified.
Then, there exist two constants € > 0 and h* > 0, such that, for all 0 < h < h* and for all k € {1,...,N(h)},

satisfying

RON < —|
A

(2.12)
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we have (2.3) and

Jo>0,Vp € {1,..., M}, Vk, € AV}, VC e RE» || B Ly, 1O Icl,, (2.13)

s

sz)\z

where Aé{)h = {ky € A, satisfying (2.12) and s.t. kpip—1 + lnsp—1 —1 < N(h)}.

Proof. The generalized gap condition for the approximate eigenvalues Ay, is a consequence of Proposition 2.1,
because A\ > A\ > 0.
To prove the estimate (2.13) we notice that

lnyi—1
”dsk”’h N < C oma}zgﬂ Z he}‘i +itJ = Che/\inw—l'
sees =
Moreover, by the triangular inequality and (1.13), we have
1By, @ nClly 5 = 5= IC1s = [|1By, (@hon = P2,)C,
By (2.11) and (2.12), we obtain
1 C+nn
132000l > (- ;—>) icl,
n ntp—1
> (8 = G (1)) €l with pu =X, |~ M, =0
> - [Cll,
for an appropriate choice of € > 0. g

3. UNIFORM STABILITY RESULTS

3.1. Exponential stability result
The Proof of Theorem 1.2 is based on the following result (see Thm. 7.1.3 in [26]):

Theorem 3.1. Let (Th)n>0 be a family of semigroups of contractions on the Hilbert spaces (Xpn)n>o0 and let
(An)n>o be the corresponding infinitesimal generators. The family (Th)n>o is uniformly exponentially stable,
that is to say there exist constants M > 0, a > 0 (independent of h € (0, h*)) such that

1T ()]l 2,y < Me™, Wt >0,
if and only if the two following conditions are satisfied:

(i) For all h € (0, h*), iR is contained in the resolvent set p(Ay) of Ap,

1 sup H iw— Ay, lH < +00
(@) he(0,h*),weR ( ) L(Xn)

3.2. Polynomial stability result

The proof of Theorem 1.6 is based on the results presented in this section by adapting the results from [9]
and from [24] to obtain the (uniform) polynomial stability of the discretized problem (1.14). Throughout this
section, let (Th(t)) +»0 be a family of uniformly bounded Cy semigroups on the associated Hilbert spaces

0 *

(Xh)he(O,h*) (i.e., AM > 0, Vh € (0,h"), [|Th(t)llz(x,) < M ) and let (Ah)he(o,h*) be the corresponding
infinitesimal generators.

In the following, for shortness, we denote by R(\, flh) the resolvent (A — /ih)_l; moreover, for any operator
mapping X, into X}, we skip the index £(X}) in its norm, since in the whole section we work in Xj,.
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Definition 3.2. Assuming that

and that for all m > 1, there exists ¢ = ¢(m) > 0 such that

sup ||R(i8’f~1h)\|z:(xh) <gc, (3.2)
"

we define the fractional power A, ® for a > 0 and h € (0, h*), according to [2] and [13], as

. 1 .
A = i ), AT\ = Ap)7la),

where A\ = e~@1°8A and R is taken as the cut branch of the complex log function and where the curve
I' =11 U5 is given by

I'={—e+te? tc0,+o0)}U{—e—te ™ tec(—00,0]} (3.3)
for some € > 0 small enough independent of A and 0 is a fixed angle in (0, Z)

Remark 3.3. Throughout this section, whenever A, ® is mentioned, the Assumptions (3.1) and (3.2) are
directly taken into consideration since otherwise A, * is not well defined.

In fact, under the Assumptions (3.1) and (3.2), for all m > 0 there exists € = e(m) > 0 such that
—u+if e p(An), Yhe (0,h%), Y0 < pu<eV|s] <m.
Indeed, for all m > 0 such that || < m, we have
(—p+iB—Ap) ™" = (I8 — Ap) I — p(if — Ap) Y71

and
12(i3 — Ap) M| < pre.

Hence, if |f] <m and p < e < 2%, then (—p +i8 — Ap) is invertible and we have
[(—p+ B8 — An) M < 2[|(i8 — Ap) ™| < 2¢, Vh € (0,R"). (3.4)

We choose m = J(—e + te’) = etan6 when R(—e + te’’) = 0, i.e. when t = —<5- Therefore, by (3.4),
Assumptions (3.1) and (3.2) imply that there exists ¢ > 0 independent of h such that the curve I is included in
p(Ay) for any h € (0,h*), and hence A, * is well defined. In fact, if £ € I" such that RE > 0, then, by the Hille

Yosida theorem, £ € p(Ay), while if —e < & <0, then, by (3.4), & € p(Ay).

Proposition 3.4. If, in addition to Assumptions (3.1) and (3.2), we have

sup ||R(is,/~1h)\|g(xh) = 0(]s]?), |s| — oo, (3.5)
he(0,h*)

then /i,;a is uniformly bounded independently of h € (0, h*).
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Proof. We have

_ 1 +oo ) ) ~ )
A =5 (—e+te) ™ (—e + te'? — Ay) " te?dt
0
1 /0 , . - ,
+ — (—e—te )" %(—e—te ¥ — Aj) " H(—e ?)dt. (3.6)
21 J_ o

Since (Th(t)) >0 is bounded, then by Hille-Yosida Theorem (see Thm. 1.3.1 of [30]) we get
he(0,h*)

~ M
< —— .
|R(X, Ap)|| < Ron’ YReA >0

For —e < ReX <0, we have |3\| < m and therefore, by (3.4), we get

|IR(\, Ay < 2e.

Let tp > 0 be such that —e < Re(—e + tew) <0,V0<t<ty= and Re(—e + tew) >0, Vt > ty and let

€

. cos

t = s < 0 be such that Re(—e —te™") < 0, Vt; <t <0 and Re(—e —te™%) > 0, V¢ < ;. Therefore, split
cos

the integrals in (3.6) then use (3.4) in case of 0 <t <ty or t; <t < 0; in addition to (3.5) in case of t > ¢y or

t < t1 to get the uniform boundedness of A;O‘. O

The proof of the polynomial stability of (7},(t)),~, (see Thm. 3.8 below) is based on the following three
lemmas. The first lemma is the discretized version of Lemma 3.2 in [24] and the other ones are the discrete
versions of similar results of Lemmas 2.1 and 2.3 in [9].

Lemma 3.5. Let S = {\ € C: a < Re) < b} be a subset of p(Ap) for all h € (0,h*) where 0 < a < b. Then
if (3.1)~(3.5) are satisfied and if for some positive constants o and M we have

R\ A
sup [R(A, An)l <M,
I
AeS

then there exists a constant ¢ > 0 independent of h such that

sup [|[R(\, Ap) A, | < e
he(0,h*)
AES

Proof. There exists ¢ > 0 and ¢, 0 < ¢p < g, such that

= €| > clul, Ypel, Voo <ol <m— o (3.7)

where the curve I' is given by (3.3).

Since b is finite, choose N large enough such that whenever A € S and |A| > N we get both ¢y < |argA| <
7 — ¢o and A does not belong to the sector bounded by the curve |[A\|[I" = {—¢|\| + t|A[e?, t € [0,4+00)} U
{—€|A| = t|\e™, t € (—o0,0]}.

For all such choice of A € S, we have according to (3.7)

i — € > clp| Vpe T (3-8)

Consider the following integral for all A € S with |A| > N

M*Oé
I)\:/ d/,é.
re—2A
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By the above choice of A\, we have A ¢ I' and A ¢ |A|I". Consequently, the integral has no singular points
between I and |A|I". Therefore, by the Cauchy theorem, we have

w 1 w
A=A Al S — elred

Therefore, by (3.8), we get
c

Al
Now, for |A\| > N with A € S, we have by the resolvent identity

|In] <

S 1 B - -
R(AaAh)Ah, = % F/’(‘ aR(AaAh)R(/’("Ah)dN/
1 u-e ~ 1 [T
= A _
5t ) A A =5 |
—a

1 ~ 1 I ~
=—1 Ap) — — A .
s RO A = 5 [ R A

R(p, Ap)dp

On the other hand, similar to the proof of Proposition 3.4,

Nia A 1 A /
R(p, Ap)d Sc/— R, Ap)||ldp < ¢,
[ A R ) u‘ [ R Al

where ¢ is independent of h. Therefore for all A € S, with |A| > N, we have

14 A
Al

C

A

IR AR AL < 5z IR ARl + e < e te<d

Now, for A € S such that |A\| < N, we have

1RO, Aw) A7l < RO A A7) < (1 + N) < (1 + N,
which completes the proof with Proposition 3.4. g
Lemma 3.6. If (3.1)~(3.5) are satisfied, then there exists ¢ > 0 independent of h such that

sup [|[R(\, Ap) A, | < e (3.9)
he(0,h*)
ReA>0

Proof. For all h € (0,h*), m >0, and B > max{2m, 1}, consider Fj,(\) = R(\, Ap)A~*(1 — g—z) on the domain

B B
D=dXeC: ReA>0, m<|A< 5} F},, by the maximum principle, attains its maximum for |\ = 5
Therefore,
c
)| < —-
B < 22
If there exists € > 0 such that ReA > ¢, then |Fp(\)| < c.
Otherwise, for 0 < Re) < €, using the resolvent identity
R(\, Ap) = R(iIm\, Ay,) — ReAR(iTm\, Ap)R(), Ap,) (3.10)

then, as [ImA| > m — € for all m > 0, we have

|R(N, Ap)|| < e[ImA|“.
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Therefore,
)\2
|ER(A)] < e|ImA|*|A] 7% |1 — 5 <ec.

Hence, in all cases, there exists ¢ > 0 independent of B such that

|EL(N)] < c.
As a result, for all A € D,

~ c| A
RO A < 0 < oA < 1+ )
- B?

If 0 < ReX < |A] < m, then by (3.10) and Assumption (3.2), we get
IR, Ap)|| < el|R(IImA, Ap) || < ¢ < e(1 4 |A]).
Letting B — 400 yields B
HR()‘,Ah)H < C(]- + |>\‘o¢), VReA > 0.
Applying Lemma 3.5, we get for 0 < Re\ < m,

1RO\, Ap) A 2| < e

In addition, if ReA > m, by the Hille Yosida theorem and Proposition 3.4, there exists some positive constants ¢y
and co such that

i\ i 14,1
[R(A, An) A, < C1ﬁ < ca.

In all cases, we get (3.9). O

The last lemma in this section gives the necessary and sufficient conditions for the boundedness of any family

of Cy semigroups (Sp(t)) 0 -
he(0,h*)
Lemma 3.7. Let (Sp(t)) >0 be a family of Cy semigroups on the associated Hilbert spaces (Yn)ye (g p-) and
~ he(0,h*) ’
let (En)ne(o,n-) be the corresponding infinitesimal generators. Then (Sp(t)) >0  is uniformly bounded if and
he(0,h*)

only if
(i) {A\eC: ReXx>0}C p(Ey), Yh € (0,h*)
(i) There exists ¢ > 0 independent of h such that

sup & R(IIR(f +in, Ep)|? + |RE +in, ;)] *)dn < c.

Proof. First, we assume that (Sp,(¢)) is uniformly bounded. Then (i) holds by the Hille-Yosida theorem. As
for (ii), we only need to prove that

sup & [ ||R(E + in, Ep)ap|dn < cl|lzp]?, Vo, € Yy, (3.11)

because according to the theory of adjoint semigroups, (see [30]), S*(¢t) is a Cp semigroup with the same
properties as S(t).
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Similar to the proof of Theorem 1.1 in [21], we have for all b € (0,h*), x5 € V3,

|R(E + in, By )en])? = / e £ (s)ds,

where N
fn(s) = / e 62 Gy (u+ s)ap, Sp(w)zy >y, du.
max{0,—s}
For s > 0, since (Sp(t)ne(o,n+) is uniformly bounded, i.e. sup [|Sx(t)|] < M, we have
he(0,h*)
i M| |2 M|z
Tr(s)] < M?||zp || 2e 620y = e 8 < .
A< [ Ml o o
For s < 0, we have
+o00 M2 2 Es M2 2
@< [ My e serngy = Mol Mo
s 2¢ 2€

Hence, f, € LY(R) N £L>®(R) and
1 -
s)) = —||R(€ +in, Ep) x>
Using Lemma 21.50 in [20], it follows that

_ M2

3 | VA€ in Buanln = o= [ S < cllfllim < S

Hence, (3.11) is verified. )
As for the sufficient condition, since {A € C: ReX > 0} C p(E}), with o = 7, we get for all z), € Y},

1 o+i00 -
Sp(t)xy, = — e’\t(/\ - Eh)_ll‘hd/\,
2mi o—1i00
1 o+ico oAt ~ et ~ .
= — — (A= En)Papdd + — (A — Ep) an [ 250
271 T—ico t ( h) Th + t ( h) xh‘o—zoo
But %(/\ — Ep)tap|7t° = 0 since according to Lemma 2.1 of [33], under condition (ii), we have
|R(X\, Ep)xp|| — 0 as |A| — +0o whenever ReA > 0. Therefore,
1 o+100 N 5 )
(Sh(t)Th, Yn)y, v, = <2—/ NN —Ep)” $hd/\,yh>
hsXTh
1 o+i00 N B )
t -
= — A—E ) d
omit i © <( W)

Let A = % +in with n € R. Then

¢ , 1 =
Sh(t = — it R2 " } aE ’ dn.
(S )xh’thhyh 27rt/Re < <t +1n h> Tp yh>Yh,Yh n
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Holder’s inequality yields

| {(Sh()zn, yn)y, v, | =

_ 1 . 1 _
£ / e (R =+in, Ey ) xn, R = +in, Ef | yn dn
ot Ju t t _—

1
1 - 2 1 - 2
- _ n. B 2 - - E* 2
ey (L0 (G vin B ) anlzan)” ([0 (G in B ) mi?an)

€
cllenlllynll-

IA

IA

Therefore
15K ()] < ¢, Vh € (0, h"). -

Now, we display the main theorem which leads to the polynomial stability of the discretized problem (1.14).

Theorem 3.8. Let (Th(t)) >0 be a family of uniformly bounded Cy semigroups on the associated Hilbert
he(0,h*)

spaces (Xn)pe(on+) and let (Ah)he(o,h*) be the corresponding infinitesimal generators such that (3.1) and (3.2)
are satisfied. Then for a fived o > 0, the following statements are equivalent:

(1)
sup |[[R(is, Ap)[| = O(|s|*), |s| — o0
he(0,h*)
(i)
sup || Th(t)A, %] = O(til), t — 400
he(0,h*)
(i)

sup [ Th(H) A, = O0(t™), t— +o.
he(0,h*)

Proof. We begin to prove (ii) < (iii). We adapt the proof found in [7] Proposition 3.1 without the discretization
parameter h. Given (ii), we have

ke ()]

According to the moment inequality in Theorem I1.5.34 of [13], we remark that there exists a positive constant
L independent of h such that, for all v € (0,1), we have

<c (%)n <c(n)t™", Vn e N, h € (0,h), t — +oo.

A1—anv Tan(l—v 1—an
1T (@) Al = 1A T () A |
< LI AR T (6) A, ™| = | Tu(6) Ay 21
< LMY“=ver (n)t—m.
1 . 1
Choose v = — with n > — to get
an @

I Th(t) A Y| < e(n)t=.

Conversely, assume that (iii) holds. Then

n

A—n t A— = z,-n *
1T () Ay |=|[Th( )Ahlms (—) <22, vne N



STABLE APPROXIMATIONS FOR EVOLUTION EQUATIONS 859

Therefore, R ~ ~ ~
1T ()AL, < el ARTu ()AL P71 T (8 A, 1

nv

< cM'Ve(n)Vt~, Vv e (0,1).
Take v = < with n > a to get
n

sup || Th(t)A, || = O (th).
he(0,h*)

Now, we prove the implication (i7) = (i) (for the continuous case, see [8]). Given (ii), define

mai(t) = sup [ Tu(s)A, .
he€(0,h*)
s>t

Notice that m (t) is non increasing. Let uo, € D(Ar), fon = (—An +i7)uon, T € R, and let vy, (t) = " ugy. We
have N _ o _
8t1)h — Ahvh = iTeZtTILOh — Ah(eZtTUOh) = eZtTth
Uh(O) = UQh-

By the Duhamel formula,
~ t o
vp = e Arugy + / elt=9)Anegi™s £, ds.
0
By the boundedness of the semigroup (7 (t)) and the definition of my, we have

uonll = lvn(®)] < IITh(t) A, Anuonl| + ¢ ¢ fonl
< my(t)|| Anuonl| + ¢ t| fon|

t)
< ma () ([ fonll + [7llluonll) + ¢ ¢ fonll-

Apply the above inequality with ¢ = G(|7|) where

1
mfrl (m) if g >0and ——

0 if &€>0and ——

G(&) =

where my,! is the right inverse of m;. Therefore,

T 1
ma(Olr] = ma (G| < 5l s < 5
Hence,
slluonll < my(G(I7]))ll forll + ¢ G )]l fonl
[ fonl
< _MJORI
— 2(|7_| + 1) tc G(‘TDHthH
< (3 + ¢ G(I7])) [l fonll-
Consequently, )
I(im — Ap)7H < 1+ 2¢ G(I7)),
1.€.,

sup  ||(iT7 — Ap) 7Y < 1+ 2¢ G(|7)).
he(0,h*)
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Since, by (ii1),

sup || T (DA < M=, ¢ — +o0,
he(0,h*)

then, as m; is non-increasing, we get

mi(t) < Mt=, t— +oo.

Besides, as the inverse of t= is t~, then

G(&) <my,! (m) <C (m) =C(2(6+1)* <cg”, & — Fo0.

Finally, we get
sup ||(iT7 — Ap) 7| < 14 2¢|7]* < ¢|7]*, |7| — 4o0.
he(0,h*)

It remains to prove that (i) = (ii). For this aim, for all h € (0, h*), let X}, = X, x X}, and consider the operator
Ay, given by the operator matrix

. Ap AL©

Ah = _ )

0 A

where D(Ay) = D(Ay) x D(A). For all h € (0,h*) and all A, € p(Ay), we have

R(\p, Ah) R2(>\h, Ah)ﬁga > ’

R(An, Ap) = < 0 R(An, An)

Indeed,
< ~ ~ < I 0
R(An An)(Aw — Apn) = (A — An)R(\s, Ap) = ( 01, )
Therefore, p(An) = p(As) and for all b € (0,h*), the operator Ay is the generator of the C semigroup

(Tw(t))e>0 on Xy defined by )
n@:<ﬁpﬂ%@h)

In fact,
Tl Th (t) A,;
Th(t
:< (s An) B2 (A, An) A, )
R(An, Ap)
R()\h,Ah)

where Th(t) is the Laplace transform of Tj (). Since for all h € (0, h*) we have
1R(is, An)ll = O(Is|), as |s| — +oc,

then by Lemma 3.6 we get
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Hence, for all zj, = (x1p, x2n) € Xn, and Re)j, > 0, we have

~ _ 2
R(An, Ap)xin + R* (A, Ah)A;ax2h> H
R(An; Ap)aan

< ¢ (IROw: Anwsnl? + | ROs An)an ).

1RO, An)an)? = H(

Similarly, we have
IR, AR)anl? < e(| RO, ARzl + IR, Af)zanl ).

Indeed, we have
_ A* (A*)—a
A} = h AR .
()
In order to get
sup [|R(X, A7)(4;) [ < ¢,

he(0,h*)
ReA>0

we must have at least
[ R(is, A}l = O(|s|*), as [s| — +o0.
Actually, we have
R(is, A7) = [(is — A})]| ™ = [(is — Ap)*]~! = R(is, Ap)*.
Therefore, we get

1R(is, A}l < || R(is, Ap)ll = O(ls|*), as [s| — +oc.

Now, by Lemma 3.7, since for all h € (0,h*), T}, (t) is a uniformly bounded family of Cj semigroups, we get

sup € | (R + in, An)za|®) + (IR + in, Aj)za||*)dn < oo, Vay, € Xn.

Hence,

sup & | (IR +in, An)zall?) + (IR +in, Af)an]|*)dn < oo, Van € X,

Therefore, (Tn(t)) >0 is uniformly bounded over (Xn),e (g ) by Lemma 3.7. Since (T),(t)) >0 is uni-
he(0,h*) ’ he(0,h*)
formly bounded over (X3), (0.h%) the definition of Ty (¢) implies that

sup [[tTh(t) A, || < 4o0. O
he(®h)

4. PRELIMINARY LEMMAS

_In this section, we fix I € N, [ even. We introduce the Hilbert space X, = V; x Vj, and the operator
Al,h : Xh — Xh defined by

; 0 1+ (1+n0AZ
Ay = ( ) (4.1)

—(1+hO)"YI +RPAZ)A,  —hOAE BB
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The space X}, is here equipped with the inner product

v, Up,

U U - - U
(( h), ( h)) = a(un, @n) + (Vn, On),  V(un, vn), (Gn, 0n) € Xp, (4.2)
Xn
with associated norm |[|.[| y, . Therefore, the system (1.14) is equivalent to the following first order system in Xp:

in(t) = Apnza(t),  21(0) = zon,

wp (t
where z,(t) = ( P h(e) L
(L+hn") I +hVA;
particular case [ = 0. We define the sesquilinear form a'(., .) on V}, by

— (t)) and zpp = (5?:) Note that we recover the system (1.9) in the
h

1
a'(up, vp) = (A;lfzuh, Uh), V(un, vn) € Vi x Vi,

i.e.
N(h)
a'(un, vn) = Y crdi A,
k=1
N(h) N(h)
for up = chcpk’h and vy, = degok’h. Remark that a°(.,.) = a(.,.) defined in (1.3).
k=1 k=1

We easily prove that A;, is maximal dissipative in X, hence (Tj,(t)) = (e'4») forms a family of Cj
semigroups of contractions in Xj,. In the sequel we prove that the family (Al,h)he(o,h*) satisfies condition i)
in Theorem 3.1 and the properties (3.1) and (3.2) of Subsection 3.2. Condition i) in Theorem 3.1 or (3.1) in
Section 3.2 is satisfied due to the following lemma:

Lemma 4.1. The spectrum of the operator /Nll,h contains no point on the imaginary aris.

Proof. Suppose that <$Z> € X; and w € R are such that

Then, by using the definition (4.1) of fll’h, we have

dn = iw(1+h") (1+ hMé)fl on
—(1+h%)~1 (1 + hGAé) Anion — iw(1+ %) (hQA,lfé + BhB;;) (1 n h"Aé>71 o = (4.3)
—W(1+ hO)(I + RO AZ) L.
Let xn = (1+R)(I + heAé)*lwh then the second relation of (4.3) becomes

1N\2 L
(1+ R%)~2 (1 v hGA;) Anxn +iw(R°AST? + BLBE)xh = w?xn. (4.4)

If w = 0, then taking the inner product of (4.4) with y; € Vi, we get (I + th,%)A}%Xh = 0 and hence x, =0
which implies by the definition of yj that ¢, = ¥, = 0.
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It then remains to consider the case w # 0. In that case, we take the imaginary part of the inner product
(in H) of (4.4) with x;, € V}, to obtain

1
0= wh? (A;lf"’Xh, Xh) +w (BrBjxn, Xn)

= wh’ (A;%JF%X}L, A;%+%Xh) +w (Bixn, Bixn)y
that is to say
W [ ab* ]+ 183l =o0.
This leads to x, = 0, and hence @, = 1, = 0. O

Our main goal is to prove condition (ii) of Theorem 3.1 in the case [ = 0 and condition (i) of Theorem 3.8 as
well as (3.2) in the case [ > 2 and o = 2[. In that last case (I > 2), these two conditions are equivalent to

sup (14 |s|*) M R(is, Ain)llx,) < oo (4.5)
he(0,h*), seR

To prove this above property, we use a contradiction argument. More precisely, we will assume that, for all

n € N, there exist h,, € (0, h*), w, € R and z,, = (;‘Z") € X, such that

n

12nll%,. = a(@n, @n) + l[¥nl® =1, Vn €N, (4.6)

and

(1+ |wn|2l) sznzn — flhhnzn — 0, as n — oo, (4.7)

hn

where [ = 0 in the setting of Theorem 3.1.

Lemma 4.2. Assume that the sequences (hy), (wn), (2n) satisfy (4.6) and (4.7). Then, we have

. 2
(1 + |wn|2l)(hzal(¢m '(/)n) + ||Bh,,L¢n||U) — 0, asn— o0 (4'8)
and 1
Jim a(pn, a) = lim ||| = 5- (4.9)

Proof. For (4.8), we take the inner product in X}, of iw,z, — /L’hn zp, with z, and take the real part. We obtain

R (iwnzn — Aip, 2n, zn)th
(i) 1+ nA:) n (%)
~( B (T4 AT ) Anyon — BEAL T = B, Byt )"\t
=R () (14 H8AT) Anin, o) + () (T4 80A7)) Anuou, )
+ (WAL Y+ Bu, B} s ) )
= (na3t 2+ By, BL. ¥, Un)-
Then

(14 wnl) R (iwnzn = Aunyzns z0) = (14 wnl™) (B Wn, ¥a) + | B, ¥l ) — Oy (47).

hn
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In order to prove (4.9), we introduce the operator

We have

- 0
A Pn A 2 . Pn X, .
“’”<¢n> ”’”<%> (hiAijéwn+BhnB;nwn>’V<wn> =

0

We take the norm ||.||x, of iwn2zn — A, 20 + | 5 144
" hnAhn 'l/}n

> to obtain

2

0
(1 + |wn|®) [iwnzn — A1, 2n + 141
n n<n n h?lAthd)n

—_ (1 + |wn|21) anzn — Al’hnzn - <Bh ‘BO;: /(/)n>

< 2 (1 + ‘wn‘zl) <H7fwnzn - Al’hnzn

13

X’Ln

2 i 9
o BB )

2 2
B ) o

<C (1 + ‘wn‘zl) (H'Lwnzn - Al,hnzn

by (4.7) and (4.8). Therefore

0
(1 + ‘wn‘m) 1Wn2n — Alhnzn + <th2‘:%wn>

We can now prove (4.9). If [ = 0, then by Lemma 4.3 below there exists ng € N such that the sequence (|wp|)n>n,

is bounded away from zero. Hence, we may write
S| iwnzn — A1n, 20 + 101 o o o
nen nn hZAhtiwn Ten \ =y < Yn )\ —¥n X,
hn n
2
= a($n, ¢n) — ”wnHth

and so, by (4.11) and (4.6), we have

2
— 0. (4.11)

th

lim (a(pn, on) — lal?, ) =0.

This relation and (4.6) lead to (4.9). O

Lemma 4.3. Assume that (4.6) and (4.7) hold. Then there exists ng € N such that the sequence (|wn|)n>n, 15
uniformly bounded away from zero.

Proof. By a contradiction argument, we show that the sequence (w,,), contains no subsequence converging to
zero. Namely suppose that such a subsequence exists. For the sake of simplicity, we still denote it by (w, ).
Hence (4.11) implies that

0 _ 0y—1 0 A%
Arn | g 1t — (1+h?) L(I + hEAZ Y " —0in X, (4.12)
hn A, *tn (L+h8) 7N I +hGAZ A, on + MO A, 2,
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Taking the inner product of first component in (4.12) with ,,, we get
(U h8) " a (140542 ) s ¥a) = (L4 18) ™" (a (W, ) + Kl (s ) — 0.
As h, < h*, then, by (4.8), we get

A, ) — 0. (4.13)

The convergence of the first component in (4.12) implies that

1
2
RS

3 0 4% ?
|an, (1+n84z ) =0,

Therefore, (4.13) yields
a+D)

hoALZ )y — 0 in H. (4.14)

The second component in (4.12) and the fact that afz|? < HA%.’E”Q = a(z,z) for all z € Vj, imply that
6y~1 0 4%\ 2% 0 45 :
(14 00) " (T4 RGAT ) A7 ou + 1AL Y0 =0 in H,
which, by (4.14), yields
_ L 1
(L+h0) " (1+ 1047 ) A} @0 — 0 in H.

Thus, as h, < h*, we get
a(QDm ‘Pn) — 0.
This above relation and (4.13) contradict (4.6). O

According to the above lemma, we note that the coefficient 1 + \wn\m becomes equivalent to \wn\m. Now, we
introduce the operator Dy, defined by
0 I
Dy, = <_Ahn 0).

1
Note that Ay, = (1+h2)~H(I + hfLA,jn)Dmn. We then use the following spectral basis of the operator D, .
Namely, we extend the definitions of A p, and of ¢y, 5, for k € {—1,..., =N (h,)} by setting A\g, n,, = —A_k h,
and @k, h, = Y—k, h,. Then an orthonormal basis of X}, formed by the eigenvectors of Dy, is given by

1 i Pk, h )
v - Ak, by )y in , 0< |k < N hn s 4.15
o \/§< Dk, hn g (n) (4.15)

of associated eigenvalue i\ 5, , that is to say
Din, W, hy, = ik, 1, Wk, -

Consequently, for all n € N, there exist complex coefficients (c})o<|x|<n(h,) such that

=Y W, (4.16)
0<|k|<N(hn)
The normalization condition (4.6) implies that

S gl

0<|k| <N (hy)
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Let € be the constant from Proposition 2.4 (if [ = 0, we recover the condition from Prop. 2.1). For any n € N,
we define

M;(hy) = max{k e{l,..., N(hp)}

ho (M) < Ail } (4.17)
k

if h? (A1) < st and M;(h,) = 0 otherwise.

Lemma 4.4. Suppose that the sequences (hy), (wn), (zn) satisfy (4.6) and (4.7). Then, we have

N (h,
Z h+ k) Pk (4.18)

3 jwn|? e + ¢4 * =0, (4.19)
Mi(hn)<k<N(hy)

> el

0< k[ <M, (hn)

and

wn — (1+10) 7 (Ak, o+ ROALE )‘ 172 = 0. (4.20)

Proof. Relation (4.18) follows directly by taking the second component in (4.16) and by using (4.15) and the
fact that i, n = Y—k, h-

On the other hand, we use (4.16) and the fact that ¥, 5, is an eigenvector of Dy, associated with eigenvalue
ik, n, to obtain for all zzhn € Xp,

(iwnzn — Aip, 2n, @hn) = > i (Wn -1+ hfl)_l (Ak, hn T h%i%)) cr (Wk,hm @hn) . (4.21)

Fhn o 0<|k|<N(hn) hon

From (4.8) and (4.18), it follows that
wn |2 B (1, ) = Z hU”l Nwnl e+ e = 0. (4.22)

As we have A\, < A\g p, for all k € {1,..., N(h,)} and by the definition (4.17), we obtain (4.19).
By (2.9), we have

€
RON: . < h8 Ak + (CREND))? < 2RO, + 2C*hY (RS AR < C)\l + Cw <C' — m (4.23)

for hf (\)? < LL So, by using (4.22) and again (2.9), there exists a constant C' independent of h,, such that

My(hn) My (hn)

h2 ST X o e e P < 00D enfZ ] Jwnl™ e e |
k=1 = (4.24)

< Ce Z RN | |+ ey P — 0.
We also have for all ¥y, € X,

0 7 hn 2+1 n n ~
((hflA,lli%q/;n) wh") = 2 5 M, ho (CR A+ ) (![’k,hm whn)X (4.25)

pe O<IKISN(hn) hin
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because [ is even. Relations (4.24) and (4.25) imply that for all ¢, € Xp,,

0 ho -
jwnl' (thHéw > - > 7" A (G + ¢ )W s U, — 0.
nhn T My (hn)<|k|<N(hy)

Xnp

So, we obtain with (4.11), (4.21) and the above relation, for all Yn, € Xp,, that the inner product in Xj,,

Of Q/Jhn With
) ~1
S iwnl (wn — (1+n3) (/\k,hn + h%ﬁﬁ)) ¥k, o,
0<|k|<N (hn)
h? !
+ > B Jwnl AT (ch 4+ ™) Wk,
Mi(h)<|KI<N (hn)

tends to zero. Taking 1/;h" € Xp, to be equal to the same above relation and as the family (¥, 5, ) is orthogonal,
the above relation implies (4.20). O

5. PROOF OF THEOREM 1.2

We use the results of the previous section with [ = 0 and set, for shortness, Ay = z‘io,h and M (hy,) := Mo(hy,).

Proof of Theorem 1.2. This proof is based on Theorem 3.1. First, for all h € (0, h*), the family (et“ih) forms
a contraction semigroup. The family (Ap) satisfies the condition i) in Theorem 3.1 owing to Lemma 4.1. To
show that the family (A) also satisfies the condition ii) in Theorem 3.1, we use a contradiction argument.

Let (hn)n, (wn)n and z, = <$”> € D(Ap,) be three sequences satisfying (4.6) and (4.7). Notice that for
n

km € Ak, we have
Mgy = Mg 11— 1k = Mk = Ny q 4l —1 — CE
. i
- >\Z€vn - >\k'mfl — Ce€ Z 70 — Ce
Yo . A/
=5 =

for e < g—é by (2.8) and (2.9). We now introduce the set

F = {TL eN |E|/<;(n) e{l,...,M}, Hk‘m(n) S Ak(n), |]<im(n)| < M(hy,) and

N
|km(n)+k(n)—1 + lm(n)+k(n)—1| < N(hy,) such that |wn — )\km,(n)7hn’ < 5} (5.1)

We distinguish two cases.

First case. The set F is infinite. Then, without loss of generality, we can suppose that 7 = N (otherwise we
take a subsequence of (wy)). Then, by reducing the value of 7’ if needed, we can assume that for all n € N, we
have that for all k,,, € Ap, k' = 1,..., M with m # m(n),

/

>%,w:o,...,k/—1,vz:o,...,zm+j—1.

|wWn = Mgy s+, b

By using (4.20), we obtain that

M k—1 Imj—1 9
Z Z Z Z CZerjJrl‘ — 0. (52)
k=1 k,, € Ay 30 1=0

m#m(n)  0<|knyj+lmy; — 1] < M(hy)



868 F. ABDALLAH ET AL.

Define now
k(n)—=1lmn)+5—1

¢TL = _2 Z Z Z”L(H)+J‘+l<pk‘.7’n(’n)+j+l7hﬂ,. (53)

j=0  1=0
We have, by (4.18),

k—1 lmyj—1
n n
Yn \/— E E E E (Ckmﬂ-ﬂ + Cf(kaH))‘Pka by s
k=1k;, €Ay j=0 1=0

1 <kmyj+1< N(hy)
and so, by (5.2) and (4.19), we obtain

’ ~n - (54)
Thus, since (”B;:Hz:(vh U))he(O,h*) is bounded, we deduce that
| Bi. G = )| — 0.
The above relation and (4.8) imply that
HB;;H% =0 (5.5)
But
k(n)—=1lm(n)+;—1
* 7 _ 1
HBhn n U - % Z Z /nL(n)+J+l h Spkm(n)Jrj-‘rl,hn
Jj=0 U
1
V2 | Bh (pkm(n)w Bh @km(n)+k,(n)_1+lm(n)+k(n)—1*1,hn)C||U
1
7§|| ijm(nwh CHU’
where C' = (ckm(n) 0 Chiyny Hlmn) =1 Chkmny+1 T cknL('rL)+k('rL)—1+l7n(n)+k’(n)71_1)T' So, we have
11---1
R . 00---0
* _
HB nrn - 75 .. @k}m(n),hnc
0 ---0 U2
We now use Lemma 1.1 to have
>
HBh 1/)“ CH ko, (n)dskm(ﬂ)ah C " for nlarge enough (5.6)

> ca||C|, by Proposition 2.1.
Cathering (5.3)(5.6), we obtain that ¢, — 0 in H. Therefore, by (5.4), 1, — 0, which contradicts (4.9).

Second case. the set F is finite. Then, we can assume, without loss of generality, that F is empty (otherwise
we take off the finite number of (w,,)), i.e., that for all n € N, we have that

|wn

Thus, by (4.20) and the above relation, we obtain that
> g —o.

0<|k|<M(hy)

Therefore, by (4.18), (4.19) and the above relation, we have ¢, — 0 in H, which contradicts (4.9).
In conclusion, the family (Aj) satisfies the condition (ii) in Theorem 3.1 and so the family of systems (1.9)
is uniformly exponentially stable. U

7

it 0 < [k < M(hy).
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6. PROOF OF THEOREM 1.6

Here we use the results of Section 4 with [ > 0 and [ even. Without loss of generality, we may assume that
0<h<h*=1
Proof of Theorem 1.6 and of (3.2) This proof is based on Theorem 3.8. First, for all h € (0, h*), (e*4r) forms
a family of contraction semigroups and the family (A; ), satisfies (3.1). To apply the results of Theorem 3.8,
the family (4 ;) must also satisfy condition i) of Theorem 3.8 with o = 2I and condition (3.2) or equivalently
condition (4.5). We again use a contradiction argument to prove this last condition. Let (hy)n, (wp)n and

Zn = (i") € X, be three sequences satisfying (4.6) and (4.7). Notice that for k,, € Ay, we have

n

Ak b = M1+ 1= 1 Z Mo = M1l o1 =1 = 32t —
‘m—1

!
> M = Moy — 5% =% — 55
ki k1

7y 21

for e < %2)\:1 by (2.8), (2.9) and because A\, > Az, > 0. We introduce the set F like

Fo = {n eN |E|k(n) e{l,...,M}, E”{;m(n) S Ak(n), |k‘m(n)| < M;(h,) and

|k'm(n)+k(n)71 + lm(n)+k(n)fl| < N(hn) such that |w, — (1 + hfl)_l()\k

0 \1+1
n)> hn + hn)\kmr(n)a hn)

,y/
m( < Z }. (61)
We distinguish two cases.
First case. the set F; is infinite. Then, without loss of generality, we can suppose that F» = N (otherwise we
take a subsequence of (wy)y). Then, by reducing the value of 4’ if needed, we can assume that for all n € N, we
have that for all k,,, € Ay, k' =1,..., M with m # m(n), and for all |ky,1; + 1| < M;(hy)
/

+z,hn+hﬁAizij+z,hn)’ z%,ijo,...,k’—1,v5:0,...,lm+j—1. (6.2)

wn = (14 15) 7 (M

m+j

Indeed, similar to (4.23), we have

o\ —1 0 y1+1 o\~ 1
wn = (14 hy) (/\kmﬂ-ﬂ, he RN h)‘ > (L4 hn) [Nyt b = Moy b
1
Wp — (1 + h?z) (Akm,(n)a hy, T h?z)‘llc:l(n), hn) ‘

oL (10141 0 \1+l
- (1 + hn) (hn/\k::(n),hn + hn/\kj,rl+j+l,hn>

v 4 20
-2 4 )\kl
v Mk . .
So choose again € < 1601 to get (6.2). By using (4.20), we obtain that
M k—1 lm4;—1 9
21
> > wnl* [ | 0. (6.3)

km € Ak: J=0 =0
m 7é m(n) 0< |km+j + lm-‘rj - 1| < Ml(hn)

Define now
k(n)—1lmmn)+5—1

- 1
Y = 7 Z Z oyt g 1k 45+ B (6.4)

=0 1=0
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We have, by (4.18),

k—1 Imtj—1

n n
§ § E (Ckm,+_7+z + C—(km,+j+z)> Pl i+, hn >

k 1km €A ] =0 =0
1< kpmyj+1 < N(hn)

and so, by (6.3) and (4.19), we obtain
wal'[| 0 =

Thus, since (||B;;||£(Vh U))he(o,h*) is bounded, we deduce that

l * (7
wal! | B, @ = )], = 0

The above relation and (4.8) imply that

. -
‘wn‘ HBZﬂwn U — 0.
But
) —m(n)+5—
l * 7 _wal
|wh| HBhnW v V2 Z Z oy s 1B Pl s+ B
7=0
— |‘~'r |l * .
= H Bh PEu(nys hon Bh (pkhL(n)+k’(n)—1+l7n(n)+k'(n)71—1,hn)CHU
_ |w7,
- H (Pkm(n),hnCHUv
where €' = (Chyiny =" Chuminy Hontny =1 Fnimrer " mnyskm—1Hamen 4rcm-1-1)
11---1
. ~ o 00---0
* _ n
|Wn| HBhﬂwn U - \/5 stm(n),hnc
0 ---0
We now use Lemma 1.1 to have
|wn| HBh 1/1n > c\wn\ HB nm)@km("”h"CHU , for n large enough
Z C;‘w"l |C||, by Proposition 2.4.
knL('n)
i 6y—1 0 \1+1
But’ Wn verifies Wn — (1 + hn) ()\kmr(ﬂ% hn)‘km(n%h )

l

’

Cx (Akvn(n)vhn - %)
T ICl,

Ko (n)

vV

S
wal || B, 9,

l
co Akm(n),hn

vV

22 )\
o k"nL('n)
> S Cll, by (28).

Gathering (6.4)-(6.7), we obtain that ¢, — 0 in H. Therefore, by (6.5), 1, — 0, which contradicts (4.9).

7. S0, we have

|C]|, for n large enough

(6.5)

< ’YI/ by definition (6.1) of F», thus |w,| > (1 +

0y—1 0\ 141 ol
B2) ™ Ny b + B AT oy P ) - > 5)\;%(")7;1" — 1. Therefore, we have

(6.7)
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Second case. the set F3 is finite. We proceed similar to the proof of the second case of Theorem 1.2.
In conclusion, the family (A; ) satisfies (4.5); i.e., the condition (i) in Theorem 3.8 with o = 2] when [ is
even and property (3.2) of Section 3.2.

7. A CONVERGENCE RESULT

Here we want to prove that the solution wy, of the discrete problem (1.14) tends to the solution w of the
continuous problem (1.1) in X :=V x H as h goes to zero and if the discrete initial data are well chosen. This
is obtained with the help of a general version of the Trotter-Kato Theorem proved in [23] that is appropriated
when the approximated semi-groups are defined in proper subspaces of the limit one. The basic idea is that
the convergence of the semi-groups is equivalent to the convergence of the resolvent, hence we prove such a
convergence result for the resolvents.

Before going on we recall that (1.1) is equivalent to

2(t) = Az(t) in X, 2(0) = (wo,wl)T,

where z(t) = (w(t),w(t)) " and

() = (Caum o) = (Ca oo ) (0)

It is easy to check that A with domain D(A) = D(A) x V is a maximal dissipative operator in X, equipped
with the inner product

((u, v) 7T, (u*,v*)T)X =a(u,u”)+ (v,0") Y(u, v) 7T, (u*,v*)T c X.

Moreover, A has no eigenvalues on the imaginary axis. We will denote by T'(t),¢ > 0 the strongly continuous
semi-group of contractions generated by A.
Let us start with some preliminary results.

Lemma 7.1. Letl € N,I > 2. If f € V = D(Az), then

1
11+ RO+ W0 AR en f = mnf |l < CRE| £y, (7.1)
for some C > 0.
Proof. We write
N(h)
mf = fePrn,
k=1

with f; € C. Hence
on = (1+hO)(I + 0 AZ) " 1m, f,

can be written
N(h)

Up = E VkPk,hs
k=1
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with vy = (1 + h%)(1 + he)\kvh)*lfk. Consequently we have

N(h)

2
lon = mn Il = D 1l2((0+ A1+ AN ) = 1)
k=1
N(h) l 2
1—A
— p20 2 k,h
Z‘f’“‘ 1+ hoNL,
N(h) )\2l
20 2
<ch Z|f\ +h9)\l e
N(h)
< ch? Z)‘i,h”k‘z(g()\k,h))z
k=1
/\l—l
for some ¢ > 0 independent of h, where the function g : [0,00) — R is given by g(A\) = ENEUE As the
maximum of ¢ is attained at \g > 0 given by
RON =1 -1,
we get that
N(h)
20
lon = 7nfllF < cc3h T Y 1flPA0 0
k=1

since \g = clh_% and g(A\g) = coh™ o with ¢1, co two positive constants independent of h. This proves the

first estimate since N
h

Do LPA s = = | Afmu I = almf.mnf) < alf. f) = A £ =

k=1
Corollary 7.2. Let l € N, > 2, then for any fn € Vi, we have

11+ RO (I +h°A >1fh—fh|| _y < ChElfulln, (7.2)

for some C > 0.

Proof. As in the previous lemma, we have

10 +RT+RAD o= fall2 g = 14 (0T 404D = 1) s
= Mo )
=3 AIAE (W)
N(h)

<Ch292|fk| (Akn))?,

when
N(h)

fn="" fupron-
k=1

We then conclude as before. O
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Lemma 7.3. Letl € N, > 2 and let f € D(A), then
WA W AP gl oy < CRE b, (7.3)

for some C > 0.

Proof. We easily see that

_1 1 1
= B2 A P AL (I + hOAR) P £

)

L L
HEASH T A S

N(h) 2l+2
20 2
=h Z ‘f | he/\l )4
N(h)
< h? Z | frlP X0 (9(Ak,n))?,
k=1
and we conclude as before. O
Lemma 7.4. Letl € N;I > 2 and let f € V, then
L L
I+ + AR BBl (L + W) + WA " mnf = BuBimifll )y < ChT|flv, (7.4)
h

for some C > 0.

Proof. As in Lemma 7.1, we set
1
=1 +r)IT+hA) o f.

First, we notice that
|1BrBy(vn — 7 f)|l e < Cllon — 7 f || a5
and by Lemma 7.1 we get
2]
| BrBp(vn — mn f)lle < ChE| flv.

Second, by Corollary 7.2, we have
e
(1 +n?)(I +n°AZ) " By Bjvy, — BhB;;vhHD(A,%) < Ch®||ByBivnlln
h

< Ch(|Bu B (vn — 7 f) |1t + |BuBinf | 1)
< Chi|flv,

where we use the fact that |7, f||lg < c||7nfllv < ¢||f|lv. The conclusion follows from the two above esti-
mates. ]

Theorem 7.5. If z = (f,g)T € D(A) x D(A), then
1(Aun) " (rnfomng) T = A7 (fr9) Tllx — 0 as b — 0.
Proof. By the definition of /il,h and A, we have

(un,vn) " = (App) " (mnf,mng) T
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and }
(w,0)" = A7 (f, )T,
if and only if
1 —1
v =(1+h0) (I+h9A,3) TS
0 0 N a4l ) A
—Apup = (1 + h?) (I+h A,’;’) (h AT +BhB;;) o+ (1 +h )<I+h A;) T,
and
v=f
—Au = BB*v+g.

Therefore, we can write
—Apup = mpg + BaBpmnf + T,

where 7, € V}, is given by
rp, =(1+ hg) (I + hOA}%)il Thg — Thg
(L BB (14147 Aty
+ (14 h0) (1 + heAé)_l ByBjvw — BuBimaf.
By the previous Lemmas, 7, satisfies

9 T
< . .
I3, < CAHICS9) lhoarsy (75)

Therefore, up € V}, can be seen as the unique solution of
a(up, wp) = —(mhg, wy) — (BuBrmn f,wr) — (rp;wr)  Ywp, € Vi, (7.6)
where (;) denotes the dual product in D(A}:%). Since u € V' is solution of
a(u,w) = —(g,w) — (BB*f,w) Yw eV,
we get (recalling that V3, C V)
a(u,wp) = —(g,wp) — (BB* f,wy,) Ywy € V},.
Hence, taking the difference of this identity with (7.6), we obtain
a(u —up,wp) = (g — g, wn) + (B*(mnf — f), B'wn)u + (ra;wn)  Vwn € Vi.
Consequently, taking wy, = mpu — up, we get
a(u — up,u—up) =alu —up,u — mpu) + alu — up, THU — Up)
=a(u —up,u—mpu) + (Thg — g, Thtt — up)
+ (B (mnf — [), B*(mpu — un))u + (rn; Thu — up).
Hence, by Cauchy-Schwarz’s inequality and the boundedness of B*, we obtain
lu —unl|? = alu — up, u —up)

< lu—=unllvlu—mnully + C(llmag — glla + l|7nf — fllu + ||Th||D(A7%))H7ThU — up|lv.
h
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Now, using the triangle inequality, we get

(A;%))”U_UhHV

g =gl + lmaf = Flla -+ lmall -y )l = ol ).

h

lu =5, SC((HU = mnullv +{1mng = gllm +llmnf = flla + llrall

Hence, by Young’s inequality, we arrive at

Ju— sl <C(lu = maalfy + lmag ol + Imaf = FI5 -+ el s

2
h
+(Imng = gl + mud = S+l -y e = vl
h
The estimates (1.5), (1.6), and (7.5) then yield

26
[l — unlf3 < C(hZOHUH%(A) + h49\|f\|%(,4) + h49\|9||%(A) +hT[(f, g)T||2D(A)><V (7.7)
o
+ (h20||f||D(A) + h29||gHD(A) +ht ”(fvg)THD(A)xV)hOHUHD(A)>-

For v — vy, we notice that

4 1
v—on=f = (LRI AR f = f = f +mnf — (L RO+ ROAR) T,
and we conclude that it tends to zero in H due to the estimate (1.5) and Lemma 7.1. 0

Corollary 7.6. If z = (f,g)" € V x H, recalling that jj, is the projection from H into Vj,, we have
1(An) " (7n s dng) T — AN (f,9) Tllx — 0 as h — 0.
Proof. First for z = (f,g)" € D(A) x D(A), then

I(Aun) " (mn fying) T — AN 9) Tllx < 1AL " (mnf, mg) T — A= (f,9)Tllx
+ [ (AR) =20, jng — Tha) T x-

The first term of this right-hand side tends to zero as h goes to zero by the previous Theorem. On the other
hand for the second term, as A;, satisfies (3.2) (see Sect. 6), there exists C' > 0 (independent of h) such that
for all h < h* ~

1(An) =1 (0,5ng = 79) " x < Clling — whglla-

Hence, by the triangle inequality and the property ||g — jngllz < |lg — mng||z (as jn in the projection on V;, in
H), we get }
1(An) (0, jng — 709) "l x < 2C|lg — mnglla-

By the estimate (1.6), we then conclude that this second term tends also to zero as h goes to zero.
If 2= (f,g)" is only in V x H, then for an arbitrary € > 0, we use the density of D(A) x D(A) into V x H
to get (F,G)T € D(A) x D(A) such that

I(f.9)" = (&) x <e.
Now, by the triangle inequality, we have

1(ALn) (o f, jng) T — A 9) Tlix < 1(Aun) " (mn(f = F).jn(g — G)) Tlix
+ATN(f-Fg-G)"|x
+ | (App) (o FjnG) T — ATHF.G) T x.
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By the first step, there exists h. small enough such that

(A1) Y (mnFjnG)T — A HE,G) || x <&,Y0 < h < he.
For the second term, by the boundedness of A1, we may write

AN (f = Fg=G) x <C(f = F.g -G T[lx < Ce.

Finally for the first term, using the property (3.2) and the fact that 7, (resp. jj,) is a projection from V' (resp.
from H) into V3, we get for all h < h*

1(Aun) ™ (T (f = F)sgnlg = G) Tllx < Cll(mu(f = F)yjn(g = G) Tlix < CII(f = F,9 = G)T[x < Ce.
All together we have obtained that
1(Aun) " (mnfogng) T = A7H(f.9) Tlix < (1+2C)e, VO < h < minfhe, h*}.
This proves the result. O
We are now ready to state the convergence result.
Theorem 7.7. If (wo,w1)" € V x H, then
T3 (t) (mhwo, jawr) T — T()(wo,w1) || x — 0 as h — 0. (7.8)

Proof. We use Theorem 2.1 of [23] with X = Z =V x H, X,, =V}, x V},,, and P, : X — X,, defined by

Pn(f’ g)T = (ﬂ-hfa jhg)Tvv(fvg)T

and E,, = P that is here the canonical injection of V}, x V}, into V' x H. The Assumptions (A1) and (A3) of [23]
are trivially satisfied, while the assumption (A2) is a consequence of (1.5), (1.6) and the density of D(A) x D(A)
intoV x H.

Since Corollary 7.6 shows that point (a) of Theorem 2.1 of [23] holds, we conclude that point (b) of this
Theorem, namely (7.8), holds. O

8. EXAMPLES

8.1. Two coupled wave equations

We consider the following system

Ut (T, 1) — Uga (2, 1) + ay(z, t) + B(@)ur(x,t) =0  in (0,1) x Ry,
Yuu (2, 1) = Yo (2, 1) + cu(z, t) +7(ﬂﬁ)yt(1‘ t)=0 in(0,1) xRy,
u(0,t) = u(1,t) = y(0,t) = y(1,¢) vt > 0,

(-

,0) = wo,ue(+,0) = u1,y(-,0) = yo, y¢(,0) =31 in (0,1),

(8.1)

u

when a € R such that a > 0 is small enough (see below), 3(.) and ~(.) are two non-negative bounded functions
such that f(z) > 8 > 0 for 2 € I3 C (0,1) and y(z) > v > 0 for € I, C (0,1) where Iz and I, are two open
sets such that their measures do not vanish simultaneously. Hence, (8.1) is written in the form (1.1) with the
following choices: Take H = L?(0,1)2, the operator B as follows:

sz\/W(g)Jr\/WG), (82)
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when w = (Z), which is a bounded operator from H into itself (i.e. U = H) and the operator A defined by

D(A) =V N H*0,1)?,

when V = H}(0,1)? and

[ Uz Oy
A= (—meraU)

If o is small enough, namely if o < 72, this operator A is a positive selfadjoint operator in H, since it is the
Friedrichs extension of the triple (H,V,a), where the sesquilinear form « is defined by

1 *
a(w,w*) = / (U (U2 + yu ()2 + ayu* + auy®) dz, Vo = (Z),w* = <Z*> ev.
0

Indeed a is clearly a continuous symmetric sesquilinear form on V and is coercive if a < 72 due to Poincaré’s
inequality

1 1
/ \Ux|2 dx > 772/ |u\2dx, Yu € H&(O, 1).
0 0
Furthermore, A has a compact resolvent since D(A) is compactly embedded into H.

Let us now check that the generalized gap condition (1.7) and the Assumptions (1.10) or (1.13) are satisfied
for our system (8.1). We start by the determination of the spectrum of the operator A. Hence we are looking
for w = (u,y)" € VN H?(0,1)? different from 0 and A? > 0 solution of

—Ugpy +ay = Nu in (0,1),
~Yuw + au = Ny in (0,1).
If such a pair exists, we can set
u-y
) d = )
2 2
and notice that s and d belong to H}(0,1) N H2(0,1) and are solution of

82z +as = Msin (0,1),
—~dye — ad = Nd in (0,1).

Hence s (resp. d) is an eigenvector of the Laplace operator —% with Dirichlet boundary condition of
eigenvalue A2 — a (resp. A2 + ). A first choice is then to have for all k € N*: A2 = k272 + o, s = sin(k7+) and
d = 0. Coming back to (u,y), we find (since u = s+ d and y = s — d) a sequence of eigenvalues )‘i,k =k’ +a
of associated eigenvector

wy = (sin(km-), sin(kw-)).
Note that each eigenvalue is simple and that wy j is of norm 1 in H.

A second choice is to take for all k € N*: A2 = k272 — o (which is meaningful since a@ < 72), s = 0 and
d = sin(km-). Again coming back to (u,y), we find a sequence of eigenvalues /\2_7,c = k%712 — « of associated
eigenvector

w_ = (sin(km-), — sin(kn-)).
As before each eigenvalue is simple and w_ j, is of norm 1 in H.

Now we remark that the sequence {wy p}ren+ U {w_ i }ren+ is an orthonormal basis of H (because wy , +
w_ = 2(sin(k7-),0) and w4 p —w_ = 2(0,sin(kn-))) and therefore we have found all possible eigenvectors
of A. We have then shown that the spectrum of A is given by

Sp(A) = {)‘i,k}kEN* U {Ag,k}keN*y

and that each eigenvalue is simple (because the assumption o < 72 implies that k*7% + o < (k + 1)%7% — ).
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We now need to estimate the distance between the consecutive eigenvalues of A'/2. We have two different
cases to consider:

1. For all k € N*, we need to look at the distance between AL, and A_ ;. Since

2

M —A_p=VEm+a—VEr? —a= ,
o ok \/ \/ VE22 +a+ VE2r2 — a

we see that this distance goes to zero as k goes to infinity.
2. For all k € N*, we look at the distance between Ay , and A_ ;4. Here we have

2k7? + % — 2
VEFD22 —a+ Ve fa

At —App =+ 122 —a—VE2r2 +a =

which tends to 7 as k goes to infinity.

This shows that the generalized gap condition (1.7) is satisfied with M = 2. With the terminology of Section 1,
we see that A; = () and Ay = N*.

In order to check (1.10) or (1.13), for all &k € N*, we set

ag = Ak — Ak,

that behaves like k~! or equivalently like )\:,lk. We further need to use the matrix (see Lem. 1.1)

L (11
5= (o)

as well as the matrix @, which here takes the form

_(Bwy 0
‘pk—( 0 B*w+,k>’

Hence for all C' = (c1,¢2)T € R?, we have

By '$.C = (clB*”"’“ e czB*”*”“>,

apcaB*wy i
and consequently
1B ' ®rCl[E2 = ler B w- i + 2B w13 + law|?leaf*|| B*w ill3

1 1
= ey + cz\2/ B(x) sin?(krz)dz + |co — cl|2/ v(z) sin?(knz)dz
o, 0
+\ak|2|(;2\2/ (B() + () sin? (knz)da.
0

We have two different cases to consider:

First case. I3 # () and I, # 0.
In this case, we have

HB,;IQIZCC'H?L2 > min {3, v} min {/ sin2(l<;7m;)dac,/ sin2(k7ra§)dx} ((c1+ c2)* + (c2 — c1)?)

Is I,

= 2min {f, v} min {/ sinz(lmrx)dx,/

sin?(krz)dz p (¢ + c3)
Is I,
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and hence (1.10) holds since min / sin(krx)dz, / sin?(kma)dz p is uniformly bounded from below. Indeed,
Is I,
as I, # 0, there exists a € (0,1) and € > 0 such that (a,a + €) C I, and therefore

1
2km

- Z )

/I sin?(krx)dz > % + ﬁ (sin(2kma) — sin(2kmw(a + ¢€))) >

N
A~ m

~

2
for k > —- On the other hand, we clearly have
em

min / sin2(k7mc)dw >0,
I’Y
1<k< —
em

which shows that [, sin?(k7rx)dz is uniformly bounded from below.

Second case. I3 = ) or I, = () (but not empty together). For instance, suppose that Iz = () and I, # 0.
As |ag| ~ 7Y, we deduce that

1By ' ®1Cllu2 > aoAZ[[Cl2,

for a positive constant «g, and shows that (1.13) holds with [ = 1.
As stated before, in the first case the system (8.1) is exponentially stable, while in the second case (8.1) is
polynomially stable. We refer to Theorem 2.4 of [3] or to [1,29] for the proof of these results.

As approximated space V, we use the standard one based on P1 finite elements. More precisely, for N € N
and h = ﬁ, we define the points z; = jh, 7 = 0,1,..., N + 1. The space V}, is the linear span of the family
of hat functions (e;, e;); jeq1,..., v} such that

ej(z) = {1—%} , forj=1,...,N.

Then, we define the operators A, and By, by (1.2) and (1.4). It is well-known (see [12]) that the operator A and
the space V}, satisfy conditions (1.5) and (1.6) with § = 1.

Consequently, in the first case (Ig # 0 and I, # (), we can apply Theorem 1.2 and thus the family of
systems (1.9) is uniformly exponentially stable, in the sense that there exist constants M, «, h* > 0 (independent
of h, won, u1n, Yon, y1n) such that for all h € (0, h*):

lon (@)1 + alwn (), wn(t)) < Me™*(lwinll* + a(won, won)), Yt > 0,

where wp, = (up, yn), and wop, = (von, Yon) € Vi (resp. win = (uin,y1n) € Vi) is an approximation of wy =
(w0, 90) (vesp. w1 = (u1,y1)).

In the second case (I3 = 0 and I, # (), we can apply Theorem 1.6 with | = 2 and thus the family of
systems (1.14) is uniformly polynomially stable, in the sense that, there exist constants C, h* > 0 (independent
of h, won, u1n, Yon, y1n) such that for all A € (0, h*):

—1- 2 C 2
||(I + hAy) wh(t)H + a(wp(t), wi(t)) < W”(WOh’wlh)HD(Az,h) Vit > 0, (8.3)

where A, is given as in (4.1) with [ = 2, § = 1, and the the graph norm || - Ip(4,,) is defined by

l(won win) 134, ) = Il@on, win)ll, + [ Az (won, win)l%, -
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8.2. Two boundary coupled wave equations

We consider the following system

Upp — Ugg = 0 in (0, 1) X R+,

Yt — Yau + Byt =0 in (0,1) x Ry,

u(0,t) =y(0,t) =0 Yt >0, (8.4)
Yo (1,t) = au(l,t) vt > 0, ’
ug(1,t) = ay(l,t) Vit > 0,

U(,O) = 07ut(‘70) = ulay(‘vo) = Ovyt('ao) =1 in (Oa 1),

when «, f € R with 8 > 0 and o > 0 small enough (see below). Hence it is written in the form (1.1) with the
following choices: take H = L?(0,1)?, the operator B as follows:

Bw = \/B (2),
when w = (5), which is a bounded operator from H into itself (i.e. U = H) and the operator A defined by
D(A) = {(u,y) € VN H?(0,1)% 1 y,(1) = au(1); us(1) = ay(1)}

Aw = (—um ) )
—Yza

If « is small enough, namely if o < 1, this operator A is a positive selfadjoint operator in H, since it is the
Friedrichs extension of the triple (H,V,a), where the sesquilinear form « is defined by

when V = {w € H'(0,1)? : w(0) =0} and

aww) = | (et 12 7)) dr — au(DFF() — T y(), oo = (;),w* - (gﬁf ) %

Indeed a is clearly a continuous symmetric sesquilinear form on V' and is coercive if a < 1 due to the trace
theorem

1
u(1)? §/ lug|? dz, YueV.
0

In addition to that, the operator A admits a compact resolvent as D(A) is compactly embedded in H.

Let us now check that the generalized gap condition (1.7) and the Assumption (1.13) are satisfied for our
system (8.4). We start by the determination of the spectrum of the operator A. Hence we are looking for
w= (u,y)" € D(A) different from 0 and A\* > 0 solution of

—tUyy = Nu in (0,1),

—Yze = A2y in (0,1).
Then

= asin(Ax) in (0,1),
y(x) = bsin(Az) in (0, 1).

The coupling condition in (8.4) gives

alcos A = absin \
bAcos A = aasin \.
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Since it is not possible to have sin A = 0 (otherwise a = b = 0), we obtain

b\ cos A
. (®.5)

and then \
tan A = +£—, (8.6)

o

because b # 0 (otherwise u =y = 0).
We then have two sequences of eigenvalues defined by

Aok = T + kT —e_ 1
2
with limy_, 40— =0and e_ ; >0 for all £k € N, and
T
Atk = 5t km+ etk

with limp_— 1o €45 =0 and €4 > 0 for all £ € N. Moreover as A_ j, and Ay j satisfies (8.6), we can verify that

«@ «@
€_ = arctan (—) and €4 , = arctan (—) :
Ak Atk

By (8.5) and (8.6), the eigenvector associated with the eigenvalue A j is given by
Wik = by gsin(Ay i) (=1, DT,

and the eigenvector associated with the eigenvalue A_ . is given by
w_ g =0b_gsin(A_x)(1, )T,

where b, 1, b_  are chosen to normalize the eigenvectors.
Since we have found all possible eigenvectors of A, we have shown that the spectrum of A is given by

Sp(A) = {)‘i,k}kEN* U {Ag,k}keN*y

and that each eigenvalue is simple.
We again need to estimate the distance between the consecutive eigenvalues of A'/2 and as before we consider
two different cases:

1. For all k € N*, we need to look at the distance between AL, and A_ ;. Since

@ «
Afk — A_p = €4 + €_} = arctan (—) + arctan (—),
Atk Ak

we see that this distance goes to zero as k goes to infinity.
2. For all k € N*, we look at the distance between Ay , and A_ j4;. Here we have

Akl = Ape =T = (€46 + € kt1),

which tends to m as k goes to infinity.
This shows that the generalized gap condition (1.7) is satisfied with M = 2.
In order to check (1.13), for all k € N*, we set

o = Ak — Ak,
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that behaves like £~ or equivalently like )\ilk. As in the previous subsection for all C = (c1,¢2) " € R?, we have

Bk_lékc = (ClB*wJC + CQB*W+,k )a

apcaB wy i

and consequently
1By ' @1ClEr2 = 1B w— i + c2B*wi k| f + lawl*le2* | B*ws k|

1
= ﬁ/ (b— gersin(A_ yx) + by keo sin(/\+7kac))2 dz
0
1
+5|O‘k‘2‘02‘2bi,k/ sin?(\y gx)dz.
0

By using Young’s inequality with € > 0 and the fact that the eigenvectors are normalized (by the choice of by 1),
we obtain

1 1 1
HBk_ldikCH?m > f <1 — Z) C%b2_7k/ sin?(\_ gx)dz + B (1 —¢€) cgbiyk/ sin?(\y g2)dz
9 0

—|—ﬁ\ak|2|c’2|2bi7k sin?(\y pz)dz

0
:g((l—%)c%—l—(l%-ai—e)c%).

We then take € = 1 + a3 /2, which implies

2 2

« 1 «
1402 —e=2% and 1-->%
+ap —¢€ 5 an c 1

(since af < 2). Consequently

1B #iCl > Zai(dh + )
As |ag| ~ A:}k, we deduce that

1B 21 Clv2 > aoAZ L ]|C]l2,
for a positive constant «g, and shows that (1.13) holds with [ = 1.

We construct the space V}, like in the previous subsection, i.e. it is the span of (e;,€;); jef1,... . n41}, that still
satisfies (1.5) and (1.6) with 6 = 1.

Consequently, we can apply Theorem 1.6 with [ = 2 and thus the family of systems (1.14) is uniformly
polynomially stable, in the sense that the estimate (8.3) holds.
8.3. A more general wave type system

We consider the following more general system: let w = (wq,--- ,wn)? be a solution of

Wit — Wae + Mw 4+ BB*w; =0 in (0,1)Y x Ry,
w(0,t) =w(l,t) =0 vt >0, (8.7)
w(+0) =w® w(-,0) =w® in (0,1)V,

where M € My (R) is symmetric and such that Ag + M is positive definite in H = L?(0,1)", when Ay is the

operator of domain D(Ag) = H(0,1)N N H?(0,1)" and such that Agu = —u,,, for allu € D(Ag); B € L(U, H),
with U a complex Hilbert space.
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Hence it is written in the form (1.1) with the self-adjoint positive operator A defined by A = Ay + M
and D(A) = D(4g) = VN H%0,1)V, when V = H}(0,1)Y. We remark that A admits a compact resolvent
since D(A) is compactly embedded into H.

As M is symmetric, M can be diagonalized by an orthogonal matrix, i.e. there exist a real orthogonal
matrix O and a diagonal matrix D such that OT MO = D. We denote by d; (i = 1,---, N) the coefficients of
the diagonal matrix D.

We start by the determination of the spectrum of the operator A. Hence we are looking for w € VN H?(0,1)V
different from 0 and A% > 0 solution of

— W + Mw = Nw.

If we denote by U = OTw, then U = (uq,--- ,uy)? satisfies
—U,e + DU = N2U,
which is equivalent to

d2

— gt = (A —d;)u;, in (0,1), Vi=1,---,N.

Hence there exists ¢; € C such that

u; = V/2¢; sin(km.), )\Z’k =k*n?+d;, i=1,---,N.

(3

Therefore we have found N families of eigenvectors and eigenvalues:

Ui = V2fisin(kr.), M, =kn*+d;, i=1,-,N,

(3

where (fi)icq1,..., vy is the canonical basis of CN. Coming back to the initial eigenvalue problem, we have N
families of eigenvectors given by
Wi,k ZOUivk, 1= 1,"' 7]\/v7 (8.8)

and the spectrum of A is given by
Sp(A) = {AT kteene U+ U{AR i tren-
For simplicity we now assume that all d; are different and, for instance that
dy <dy <---<dn.

We still estimate the distance between the consecutive eigenvalues of A/2:

1. For all £ € N*, we need to look at the distance between \; ; and \j; (i # j). Since

Ai,k—Aj,k:m—\/m: d; — d;

VT d; + /K22 + d;

we see that this distance goes to zero as k goes to infinity.
2. For all k € N*, we look at the distance between Ay j and A 1. Here we have

2km? + 72 +dy —dy
VE+ 1202 +dy + VEERZ T dy

>\1,k+1 — >\N,k = \/(/C-i- 1)2’/T2 +d; — \//C27T2 +dn =

which tends to m as k goes to infinity.

This shows that the generalized gap condition (1.7) is satisfied with M = N. With the terminology of
Section 1, we see that A7 = --- = Ay_1 = () and Ay = N*. Hence, for N > 1, our previous results will allow to
obtain stability results for system (8.7).



884 F. ABDALLAH ET AL.

If the eigenvalues are simple (a necessary condition is that all d; are different), then in order to verify (1.10)
or (1.13), we have to bound from below ||Bk_1<15k0||22 with C = (c1,--+ ,en) € RV, Bk_1 defined in Lemma 1.1
and @, given by
Bwij -+ 0

P = S
0 - B'wny
Such a lower bound can only be made on some particular examples.

Note that, if N =2, B is defined by (8.2) and

01
MZa(lO)

with o > 0, then we are back to the setting of Section 8.1. Indeed M is symmetric with Ag+ M positive definite
for a small enough, and diagonalized by the orthogonal matrix

o-(31) fmo-2(31)

We then finish this subsection by considering another example. Take NV = 3 and

w1 w1 0 0
Blw | =vB[0 | +A|w|+Vi|0 |,
(A),?, 0 0 (A)3

with non negative real numbers 3, v, 4, which is a bounded operator from H into itself (i.e. U = H). We chose
the matrix M defined by
010
M=al|l101], a>0
010

which is obviously symmetric. As previously we can verify that Ao+ M is positive definite if o < 72 /2. Moreover
M can be diagonalized by the orthogonal matrix

1 1 V2 1
0:5 -2 0 V2,
1 =2 1
into
V200 0
D= 0 0 0

0 02«

Then the spectrum of A = Ay + M is given by
Sp(A) = {k’7* — V20}ken- U {E*m®bren- U {K>7% + V2a}ken-,

and the eigenvalues are simple (because the assumption a < 72/2 implies that k272 +v/2a < (k+1)%7% —v/2a).
Moreover, as we have shown previously, the generalized gap condition (1.7) is satisfied with M = 3. Thanks
to (8.8) the normalized eigenvectors are given by

(! L[ V2 1 (1
wik=—=| —Vv2 | sin(kr), wop=-—= 0 sin(km), wsr=— [ V2 | sin(kn).
1 \/5 ) 2 \/5 _\/§ ( 3 \/5 1
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We set 1,2 1,3 2,3
a(’)zz\zk—/\lk, CY;(C’)Z/\?),k—/\Lk, CY;(C’)Z/\?),k—)\z,k-
Therefore, for all C' = (¢1, ¢a, ¢3) T € R3, we have
2
2 (1 2) (} 3) Blwyg 0 0 =
B, - S N S I
ak ) ( ) ) 0 0 B wS,k C3 U2

2
= [[c1B w1k + c2B*wa  + c3B*ws ;€||H + chak k )B*wg &+ 0304,(C k )B*w37kHH

Flesl |l DI 1Bl
After some calculations, we obtain
HBk_ldjkCH?m = % (cl +V2¢o + 03>2 + % (c5— 01)2 + g (cl — V25 + c3> (\/_a(l 2) 21’3)03)2
L2 ‘C o) ‘ ( Vaal e, 21’3)@3)2 N g ‘ag’?’)af’g)‘ <? +7> _

Hence different decay results can be obtained for system (8.7) according to the values of 3, v and 0.
First if 3,~,0 > 0, then we have

HB,;qukCH?M > C(cf +c3+c3)

for C' > 0, which shows that (1.10) holds and therefore system (8.7) is exponentially stable.
Second if v =0 and (3,8 > 0, we have

. o 2
|‘Bl;1(‘ﬁ’fc”;2 > Lngﬁ’é} <2c% + 4c§ + 2c§ + 4c¢ic3 + min {a,(:’Q), a,(gl’g’)} (40% + 203)

4
©min {ag,s)’ a2 } Cg)
. ‘ 2
2 =0 (0 2)e 4 (1o min o2, ot} )

2
+ (2 — 2¢ 4 2min {ag’m, ag’?’)} > c%),

2
by Young’s inequality with € > 0. We then take ¢ = 1 + min {ag 2) ;1’3)} /2, which implies

o min{af"?, "V} 2 2
2--> D) , 2—2e+2min {a,(gl 2), ,(61’3)} :min{al(cl 2)’041(;’3)} ’
€

if k is large enough. Consequently if k is large enough, we have obtained that

(1,3

B min oc( 2),04 ) 2 E 2
ol > s (Y i (o209 i fof )

. ‘ 2
> Ln{gﬁ"s} min {a,(cl’Q)y a,(cl’g’)} (C% +ci+ C%)v

. o . 12) 1,32 -2
which shows that (1.13) holds with | = 1, since min ¢ o, "™, o, ~ Ak
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We construct the space Vj, like in the previous subsection, i.e. it is the span of (e;, e, ex)i jreq1,..., N}, that
still satisfies (1.5) and (1.6) with 6 = 1.

Consequently, in the first case (8,7, > 0), we can apply Theorem 1.2 and thus the family of systems (1.9)
is uniformly exponentially stable. In the second case (3,9 > 0 and v = 0), we can apply Theorem 1.6 with [ = 2
and thus the family of systems (1.14) is uniformly polynomially stable, in the sense that (8.3) holds.
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