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A BELLMAN APPROACH FOR TWO-DOMAINS OPTIMAL CONTROL
PROBLEMS IN R *

G. BARLES!, A. Briant! AND E. CHASSEIGNE!

Abstract. This article is the starting point of a series of works whose aim is the study of deterministic
control problems where the dynamic and the running cost can be completely different in two (or
more) complementary domains of the space RY. As a consequence, the dynamic and running cost
present discontinuities at the boundary of these domains and this is the main difficulty of this type of
problems. We address these questions by using a Bellman approach: our aim is to investigate how to
define properly the value function(s), to deduce what is (are) the right Bellman Equation(s) associated
to this problem (in particular what are the conditions on the set where the dynamic and running
cost are discontinuous) and to study the uniqueness properties for this Bellman equation. In this
work, we provide rather complete answers to these questions in the case of a simple geometry, namely
when we only consider two different domains which are half spaces: we properly define the control
problem, identify the different conditions on the hyperplane where the dynamic and the running cost
are discontinuous and discuss the uniqueness properties of the Bellman problem by either providing
explicitly the minimal and maximal solution or by giving explicit conditions to have uniqueness.
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1. INTRODUCTION

In this paper, we consider infinite horizon control problems where we have different dynamics and running
costs in the half-spaces 27 := {z € RY : 2y >0} and 2 = {z € RY : 2y < 0}.

On each domain §2; (i = 1,2), we have a controlled dynamic given by b; : 2; x A; — RY, where A; is the
compact metric space where the control takes its values and a running cost l; : £2; x A; — R. We assume that
these dynamics and running costs satisfy standard assumptions: the functions b;(-, a;),l;(+, ;) are continuous
and uniformly bounded and the b;(-, ;) are equi-Lipschitz continuous. To simplify the exposure, we also suppose
that the system is controllable on both sides.
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The first difficulty is to define the controlled dynamic and in particular for trajectories which may stay for
a while on the hyperplane H := 2,N0 = {ac eRN . xy = 0}. To do so, we follow the pioneering work of
Filippov [17] and use the approach through differential inclusions. As a consequence, we see that in particular
there exist trajectories which stay on H at least for a while. Such trajectories are build through a dynamic of
the form

by (w, (Qn, g, 1)) i= pby (2, a1) + (1 — p)ba(z, a2),

for x € H, with o € [0,1], o € A; and by (x, (o1, a2, 1)) - en = 0 where ey := (0,---,0,1). We denote by Ag(x)
the set of such controls a := (a1, g, ). The associated cost is

l'H(l‘,CL) = lH(xv (041,042, :u)) = /.Lll(.%‘, 041) + (1 - M)lz(l‘,ag).

Once this is done, we can define value-functions and look for the natural Bellman problem(s) which are satisfied
by these value functions. Actually we are going to define two value functions, we come back on this point
later on.

It is well-known that, for classical infinite horizon problems, i.e. here in {2y and (25, the equations can be

written as
Hy(z,u,Du) =0 in 2, (1.1)
Hy(z,u, Du) =0 in (2, .

where Hi, Hy are the classical Hamiltonians

Hi(w,u,p) := sup {—bi(w,q;) -p+Iu—1l;i(z,a;)}, (1.2)
i €EA;

where A > 0 is the actualization factor. From viscosity solutions’ theory, it is natural to think that we have to
complement these equations by

min{ Hy(z, u, Du), Hy(z,u, Du)} <0 on H, (1.3)

max{H;(x,u, Du), Hy(z,u, Du)} >0 on H. (1.4)

This is actually true since the two value functions we introduce naturally satisfy such inequalities. Note that,
for the sake of simplicity, we always say a sub and supersolution of (1.1)—(1.4), while it has to be understood
that both verify (1.1) in {2; and (2, but a subsolution only satisfies (1.3) on H while a supersolution only
satisfies (1.4) on H.

The main interesting questions are then:

1) Does problem (1.1)—(1.4) have a unique solution?

2) Do the value functions satisfy other properties on H?

3) Do these extra properties allow to characterize each of the value function either as the unique solution of a
Bellman problem or at least as the minimal supersolution or the maximal subsolution of them?

Our results give complete answers to the above questions.

Concerning question 1), the answer is no in general. We do not have uniqueness for the problem (1.1)—(1.4)
but we can identify the maximal subsolution (and solution) and the minimal supersolution (and solution)
of (1.1)—(1.4): they are value functions of suitable control problems which we are going to define now. The
difference between the two is related to the possibility of accepting or rejecting some strategies on H. To be
more precise, we call singular a dynamic by (z,a) on H (i.e. such that by (x,a) ey = 0) when by (z,a1)-eny > 0
and ba(x,a2) - ey < 0 while the non-singular (or regular) ones are those for which the b;(z,a;) - ex have
the opposite (may be non strict) signs. Then, the minimal solution U~ is obtained when allowing all kind
of controlled strategies (with singular and regular dynamics) while the maximal solution UT is obtained by
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forbidding singular dynamics. The uniqueness problem comes from the fact that, in some sense, the singular
strategies are not encoded in the equations (1.1)—(1.4), while it is the case for the regular ones.

For question 2), the answer is the following: if we allow any kind of controlled strategies, both the regular
and the singular ones, the associated value function, namely U™, also satisfies the inequality

Hyp(z,u,Dyu) <0 onH, (1.5)
ou ou

R r—
r€H,u€R,p € RVN=L Hp(x,u,p’) is given by

where Dyu := ( > is the gradient of u with respect to the H-variables x1,--- ,x,_1 and, for

sup {—bx(z,a)- (p',0) + Au — ly(z,a)}.
Ao()

We emphasize the fact that this viscosity inequality is actually a RY~! viscosity inequality (meaning that we
are considering maximum points relatively to  and not to R™); it reflects the suboptimality of the controlled
trajectories which stay on H. This inequality makes a difference between U™ and U™ since U™ satisfies the same
inequality but with Ag(z) being replaced by Aj™®(x) consisting in elements of Ag(z) satisfying by (z, 1) -en <0
and ba(z, a0) - ey > 0.

For Question 3), (1.5) also makes a difference since there exists a unique solution of (1.1)-(1.5). In other
words, the uniqueness gap for (1.1)—(1.4) just comes from the fact that a subsolution of (1.1)—(1.4) does not
necessarily satisfy (1.5) and this is due to the difficulty to take into account (at the equation level) some singular
strategies. We illustrate this fact by an explicit example in dimension 1.

Besides of the answers to these three questions, we provide the complete structure of solutions in 1-D and
we also study the convergence of natural approximations.

We end by remarking that there are rather few articles on the same topic, at least if we insist on having such
a structure with a general discontinuous dynamic. A pioneering work is the one of Dupuis [16] that considers
a similar method to construct a numerical method for a calculus of variation problem with discontinuous
integrand. The work of Bressan and Hong [11] goes in the same direction by studying an optimal control
problem on stratified domains. Problems with a discontinuous running cost were addressed by either Garavello
and Soravia [18,19], or Camilli and Siconolfi [12] (even in an L*>°-framework) and Soravia [27]. To the best of
our knowledge, all the uniqueness results use a special structure of the discontinuities as in [14, 15,20] or an
hyperbolic approach as in [3,13]. We finally remark that problems on network (see [2,24,26]) share the same
kind of difficulties.

The paper is organized as follows: in Section 2, we show how to define the dynamic and cost of the control
problem in a proper way, we introduce two different value functions (U~ and U%) and, in Theorem 2.5, we show
that they are solutions of (1.1)—(1.4). In addition, we prove that U~ satisfies the subsolution inequality (1.5)
while U™ satisfies a less restrictive inequality, associated to the Hamiltonian involving only regular controls
HZ’® < Hp. Section 3 is devoted to study the properties of any sub and supersolution of (1.3)—(1.5) and, in
particular, the additional inequalities that they satisfy on H (inequalities which are connected to Hr or Hp*®).
In Section 4, we use these properties to provide a comparison result for (1.1)—(1.5) (Thm. 4.1); one of the main
consequences of this result is that U~ is the minimal supersolution and solution of (1.1)—(1.4), while U™ is the
maximal subsolution and solution of (1.1)—(1.4) (¢f. Cor. 4.4). In Section 5, we study in details the case of the
dimension 1 by providing the complete structure of the solutions, together with examples of different behaviors.
Finally Section 6 is devoted to examine the effect of several approximations (Filippov and vanishing viscosity).

2. A CONTROL PROBLEM

The aim of this section is to give a sense to infinite horizon control problems which have different dynamic
and cost in 1 = {z € RY : a2y > 0} and in 2 :={z € RN : 2x < 0}. Of course, the difficulty is to
understand how to define the problem on H := £2; N 25 = {ac eRN . gy = O}.
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We first describe the assumptions on the dynamic and cost in each 2; (i =1,2). On (2;, the sets of controls

are denoted by A;, the system is driven by a dynamic b; and the cost is given by ;.
Our main assumptions are the following

[HO] For i = 1,2, A; is a compact metric space and b; : RY x 4; — R is a continuous bounded function.
Moreover there exists L; € R such that, for any z,y € RV and o; € A;

[H1] For i = 1,2, the function /; : RY x A; — R¥ is a continuous, bounded function.

[H2] For each z € RV the sets {(b;(z,;),li(7,;)) : oy € A;}, (i = 1,2), are closed and convex. Moreover
there is a 6 > 0 such that for any i = 1,2 and z € RV,

B(0,0) C Bi(x) :={bi(z, ) : a; € A;}. (2.1)

Assumptions [HO], [H1] are the classical hypotheses used in infinite horizon control problems. We have strength-
ened them in [H2] in order to keep concentrated in the main issues of the problem. Indeed, the first part of
assumption [H2] avoids the use of relaxed controls, while the second part is a controllability assumption which
will lead us to Lipschitz continuous value functions. In a forthcoming work, we are going to weaken [H2] by
assuming only some kind of controlability in the normal direction: this weaker assumption is inspired from [§]
where it is used to obtain comparison results for discontinuous sub and super-solutions of exit time-Dirichlet
problems without assuming the “cone’s condition” of Soner [25]. In our framework, H plays a similar role as
the boundary of the domain in exit time problems since one of the main question is how the trajectories of the
dynamics reach H and how the value function behaves on H. In [27], Soravia uses a transversality condition
which looks like the “cone’s condition” of Soner [25] to prove comparison results while [H2] or its weaker version
are more related to the Barles—Perthame approach [8] (See also [5]).

In order to define the optimal control problem in all RY, we first have to define the dynamic and therefore
we are led to consider an ordinary differential equation with discontinuous right-hand side. This kind of ode has
been treated for the first time in the pioneering work of Filippov [17]. We are going to define the trajectories
of our optimal control problem by using the approach through differential inclusions which is rather convenient
here. This approach has been introduced in [28] (see also [1]) and has become now classical. To do so in a more
general setting, and since the controllability condition (2.1) plays no role in the definition of the dynamic, we
are going to use assumption [H2],. which is [H2] without (2.1).

Our trajectories Xz, (-) = (Xa0,1, X202, - - - » Xao,v) (+) are Lipschitz continuous functions which are solutions
of the following differential inclusion

Xoy(t) € B(X4 (1)) for a.e. te(0,400); Xg(0) =0 (2.2)
where
By (x) if zn >0,
B(zx) = Bs(x) if xn <0,
@(31(1') U Bg(x)) if zy =0,

the notation ¢o(E) referring to the convex closure of the set E C RY. We point out that if the definition of B(z)
is natural if either zxy > 0 or zy < 0, it is dictated by the assumptions to obtain the existence of a solution
to (2.2) for xn = 0.
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In the sequel, we use the set A := A; x Ag x [0, 1] where the control function really takes values and we set
A = L>(0,+00; A). We have the following

Theorem 2.1. Assume [HO|, [H1] and [H2],.. Then

(i)  For each xg € RN, there exists a Lipschitz function X, : [0, 00— RY which is a solution of the differential
inclusion (2.2).
(ii) For each solution Xu,(-) of (2.2), there exists a control a(-) = (a1(-), a2(-), u(+)) € A such that

X (1) = b1 (X (1), al(t))]l{Xmo(t)e(h} + b2 (X (1), a2(t))]l{Xmo(t)eQQ}
(2.3)
+ by (X (8), a(t))l{Xmo(t)eH} for a.e. te R,

(where 1 A(-) stands for the indicator function of the set A).
(i) Ifen = (0,---,0,1), then

by (Xao(t),a(t)) -en =0 ae. on { X, n(t) = 0}.

Proof. This result follows from two classical results in [1].

Step 1. Since the set-valued map B is upper semi-continuous with convex compact images, thanks to [1],
Theorem 10.1.3, we have that, for each 7o € RY, there exists an absolutely continuous solution X, (-), of the
differential inclusion (2.2), i.e.

Xz (1) € B(X4, (1)) for a.e. t€(0,00); Xu0(0) = xo.

Note that the solution is defined in all R* and Lipschitz continuous, thanks to the boundedness of B. This first
step justifies the definition of B for zy = 0.

Step 2. The next step consists in applying Filippov’s Lemma (c¢f. [1], Thm. 8.2.10). To do so, we define the
map g : Rt x A — RY as follows

b1 (Xxo(t),al) if Xzo,N(t) >0
g(t,a) = by (Xxo (t),ag) if Xzo,N(t) <0
bH (Xzo(t),a) lf XxO,N(t) = 0,
where a = (a1, g, ). We point out that we use here the general definition of by, without assuming that

bH(Xxo(t),a) -ey = 0.

We claim that ¢ is a Caratheodory map. Indeed, it is first clear that, for fixed ¢, the function a — g(¢,a) is
continuous. Then, to check that g is measurable with respect to its first argument we fix a € A, an open set
O c RN and evaluate

9, 1(0)={t>0:9(t,a)n0O #0}

that we split into three components, the first one being
9N O)N{t: Xy n(t) <O} ={t>0:b1(Xz(t),a1) €O} N{t: Xy n(t) <0}

Since the function ¢ — by (Xy,(t), @1) is continuous, this set is the intersection of open sets, hence it is open
and therefore measurable. The same argument works for the other components, namely {¢: X, v (t) < 0} and
{t: X, n(t) = 0} which finishes the claim.

The function ¢ — Xxo (t) is measurable and, for any ¢, the differential inclusion implies that

Xﬂfo (t) € g(ta A)7
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therefore, by Filippov’s Lemma, there exists a measurable map a(-) = (a1, a9, u)(:) € A such that (2.3) is
fulfilled. In particular, by the definition of g, we have for a.e. t € RS

b1 (X (8), a1 (1)) it X, n(t)>0
Ko (1) = { b2 (X (1), a2()) it Xu,n(t) <0 (2.4)

b (X (1), a(t)) if  Xgon(t)=0.
Step 3. The proof of (ii¢) is an immediate consequence of Stampacchia’s Theorem (cf. for example [21]
D. Gilbarg and N.S Trudinger) since, if y(t) := (X4, (¢))~, then §(¢) = 0 a.e. on the set {y(t) = 0}. O

It is worth remarking that, in Theorem 2.1, a solution X, (-) can be associated to several controls a(+); indeed
in (2.3) or (2.4) the associated control is not necessarily unique. To set properly the control problem, without
showing that (2.4) has a solution for any a(-), we introduce the set 7., of admissible controlled trajectories
starting from the initial datum xq

Too = {(X ) € Lip(R*; RY) x A such that (2.3) is fulfilled and X,,(0) = =}
and we set
=t Xoy() e}, &= {t: Xoy() €D}, Enim{t: Xolt) €M),
We finally define the set of regular controlled trajectories
o8 = {(X ) € T, such that, for almost all ¢ € Ex, by (Xa, (), a(t)) is regular}.

Recall that, we call smgular a dynamic by (z,a) on H with a = (a1,a9, ) when by(z,aq) - ey > 0 and
ba(z,2) - eny < 0, while the non-singular (or regular) ones are those for which the b;(z, ;) - ey have the
opposite (may be non strict) signs.

The cost functional. Our aim is to minimize an infinite horizon cost functional such that we respectively
pay [; if the trajectory is in §2;, i = 1,2 and [y if it is on H.

More precisely, the cost associated to (X, (+),a) € T, is

—+oo
J(z0; (Xpy,a)) ::/ U( Xy (), a)e™Mdt
0
where the Lagrangian is given by

K(Xﬂfo (t)v CL) =h (Xﬂfo (t)’ al(t))]151 (t) + 1o (Xxo (t)’ Q2 (t))]lgz (t) +In (Xxo (t)’ a(t))]lfn (t)
The value functions. For each initial data xg, we define the following two value functions

U (z9) := inf . J(xo; (Xgy,a)) (2.5)

201@) €Tz
Ut (z) := inf J(xo; ( Xz, a)). 2.6
(o) o B e (w05 (X, @) (2.6)
The first key result is the Dynamic Programming Principle.

Theorem 2.2. Assume [HO|, [H1] and [H2]. Let U™, U™ be the value functions defined in (2.5) and (2.6),
respectively. For each initial data xo, and each time 7 > 0, we have

U (x0) = inf {/OT 0( X0 (1), a)e”‘tdt +e MU (X, (T))} (2.7)

(Xag,a)€Tx,

T(z0) = in ’ . a)e M e MU (X, (T . .
U (ay) i {/ O(Xey (1), a)e Nt + e TU* (X ))} (2.8)

(Xogoa) ETISE

Proof. The proof is standard, so we skip it. O
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Because of our assumption [H2] on by, by, it follows that B(0,8) C B(z) for any x € RY. Hence the system
is controllable, which means, roughly speaking, that the set of admissible controls is rich enough to avoid
“forbidden directions” in any point of RV,

The most important consequence of this is that both value functions U~ and U™ are Lipschitz continuous.

Theorem 2.3. Assume [HO|, [H1] and [H2]. Then, the value functions U~ and U™ are bounded, Lipschitz
continuous functions from RN into R.

Proof. Since the proof is the same for U~ and U™, we denote by U a function which can be either U™ or U™T.
We first notice that, if M is a large enough constant such that ||l1||ec, ||l2]|cc < M (recall that Iy, s are bounded),
we have

M
U < S

for any z € RV,
therefore U is bounded.
Next let ,y € RN and set K := %ﬂ. We are going to prove that

U(z) < U(y) + Klz —yl.

Of course, if this inequality is true for any z,y € RY, it implies the Lipschitz continuity of U.

To prove it, we assume that x # y (otherwise the inequality is obvious) and we set e := |Z:§|~ By [H2], since

B(0,6) C B(z) for any z € RY it follows that de € B(z) for any z € RY and the trajectory

X, (t) :=x + de - t,

is a solution of the differential inclusion with X, (0) = 2 and X, (7) = y with 7 = |xgy|~

By the Dynamic Programming Principle

Ul) < /O (X))o Mt + e TU(y),

and estimating the cost £(X,(t),a) by M, we obtain
U(z) = U(y) < M7+ (1= e™7)|[U]|.

Finally,

2M
Ul) = Uly) < M7+ 27][U]|e = = g

and the proof is complete. O

The Hamilton—Jacobi—-Bellman equation. In order to describe what is happening on the hyperplane H,
we shall introduce two “tangential Hamiltonians” defined on ‘H, namely Hp, H'® : H x R x RV~ — R. We
introduce some notations to be clear on how they are defined: the points of H will be identified indifferently
by 2/ € RN~! or by 2z = (2/,0) € RN. Now, for the gradient variable we use the decomposition p = (py, pn)
and, when dealing with a function u, we shall also use the notation Dyu for the (N — 1) first components of

the gradient, i.e.,
ou ou ou
Dyui= [ — ... 2% d Du=(Dyu, —)-
e <8J;1’ ’ 8xn_1> an “ ( [ 89&1\7)

Note that, for the sake of consistency of notations, we also denote by Dyu the gradient of a function u which
is only defined on R¥~1. Then, for any (z,u,px) € H x R x RV~! we set

Hr(z,u,py) := ju(p){ — by(x,a) - (pr,0) + Au — Iy (2, a) } (2.9)
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where Ag(z) := {a = (a1, a2, p) € A: by(,a) - ey =0} and

H’;“eg(xvuapﬂ) = Ai};;q() ) { - b'H('Tv a) . (p'?'lvo) + Au — l?—[(l‘,a)} (210)
o & (x

where Ay®(z) == {a = (a1, a2, 1) € Ao(x) ; bi(z, 1) - en <0 and by(z,2) - eny > 0}.
The definition of viscosity sub and super-solutions for Hr an Hy® have to be understood on H, as follows:

Definition 2.4. A bounded usc function v : H — R is a viscosity subsolution of
Hp(z,u,Dyu) =0 onH
if, for any ¢ € C1(RV~1) and any maximum point z{, of 2’ — u(z’) — ¢(z’), one has

Hr (20, (x5), Dno(x)) <0,
with zg = (2, 0).

A similar definition holds for Hj®, for supersolutions and solutions. Of course, if u is defined in a bigger set
containing H (typicallyRN ), we have to use u|y in this definition, a notation that we shall sometimes omit
when not necessary.

We first prove that both the value functions U~ and U™T are viscosity solutions of the Hamilton—Jacobi-
Bellman problem (1.1)—(1.4), while they fulfill different inequalities on the hyperplane H.

Theorem 2.5. Assume [HO], [H1] and [H2]. The value functions U~ and U™ are both viscosity solutions of
the Hamilton—Jacobi-Bellman problem

Hiy(x,u, Du) =0 in (4
Hy(x,u, Du) =0 in (29 511
min { Hy (z,w, Du), Ho(x,u, Du)} <0 on H (2.11)
max { Hy (z,u, Du), Ha(x,u, Du)} >0 on H
Moreover, ' — U~ (a’,0) verifies
Hp(z,u, Dyu) <0 on H, (2.12)
while ' — U™t (a’,0) satisfies
H® (x,u, Dyu) <0 on H. (2.13)

Remark 2.6. Once it is proved that U™ is a viscosity solution of (1.1)—(1.4), then (2.13) follows directly from
Theorem 3.1, which concerns all subsolutions of (1.1)—(1.4). However we give below a direct proof for U™ .

Proof. We start by proving that U~ and U™ are both viscosity supersolutions of (2.11). Let U = U" or U~.
We consider ¢ € C'(RY) and 2y € RY such that U — ¢ has a local minimum at z¢, that is, for some r > 0 we
have

U(zg) — ¢p(zo) < U(z) — ¢(x) if | — x| < 7.

We assume that this min is zero for simplicity, i.e. U(xg) = ¢(z0).

If 29 € £21 (or {23), we can always find a time 7 small enough so that | X, () — zo| < r and X, (t) € £
(or £23), for 0 < t < 7. Therefore the proof in this case is classical and we do not detail it. (See [4,5]).

Now assume that xg € H and 7 is small enough so that | X,,(t) — z¢| < r. By the Dynamic Programming
Principle we have

U(xo) = inf {ATE(XIO(t),a(t))eAtdt+eATU(XxO(T))} ’ (214)

(Xmo ,a)
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where the inf is taken over 7, or 7°¢ according to whether U = U~ or U*. Thus

(Xzo Lo

(o) > inf ){ /0 (X (8), alt)) e Mt + e $(Xa, (T))} . (2.15)

We use the expansion

O (1) = 00(e0) + [ {11 (X 6) aa(5) - DOXa 511, ()
b, (5), 02(5)) - DO, (5)) e, (5
b bre(X2y (5). a(s)) - DO(Xay (5)) L (5
— Ay (5)) p e ds.

(2.16)

Using that 1g, + 1g, + Lg,, = 1 for the (—A¢)-term, we rewrite (2.15) with three contributions (for simplicity,
we drop the ’s’-dependence in the integrands and use the inversion sup/inf)

0< sup /OT { ( - ll(Xacoa al) - bl(Xxoval) ’ D¢(X$o) + /\(b(Xﬂﬁo))]lfl (3)

(Xmova)

+ (= lo(Xaq, 02) = ba(Xag,02) - DY(Xiry) + A0(Xag) ) 1 (5)
+ ( —11(Xao, @) = b3e(Xao, @) - DO(Xuo) + AQS(XZEO)) Ly (s)} e ds.

Since the Hamiltonians are defined as supremum of the various quantities that appear in the integrand, we
deduce that necessarily

o< s | {H (Xm(s), ¢<Xxo<s>>,D¢<Xxo<s>>) e, (5

(Xmo ,a)

T (X$o<s>,¢<xwo (), DO(X <s>>) e, (5)

+ HY <Xzo (8), #(Xup(5)), Drp( Xz, (5))) le,, (s)} o—As ds,

where Hy = Hp if U =U" and Hy = Hp® if U= U". Next, we use that Hy, Ha, H} < max(Hy, Hy) together
with 1g, + 1g, + 1g,, = 1 so that we arrive at

1 T
0< ( sup : ;/ max(Hy, Ha)(Xzy(8), 9(Xao (5)), DO( Xz (5))) e ds. (2.17)
Xag,a 0
Because of the regularity of ¢ and the continuity of the Hamiltonians we have that

maX(Hh HQ) (XIO (S)a ¢(XIO (8)), D¢(XIO (5))) = maX(Hla HQ) (1'07 ¢($0), D¢(x0)) + 0(1)

where o(1) denotes a quantity which tends to 0 as s — 0, uniformly with respect to the control. Therefore the
sup in (2.17) can be wiped out and sending 7 — 0, we obtain

max(Hl, HQ) (1’0, ng(xO), ng(x())) Z 0

which means in the viscosity sense that the supersolution condition is verified on H.
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Now we prove the subsolutions inequalities. We consider ¢ € C1(RY) and xy € RY such that U — ¢ has a
local maximum at zq, that is, for some r > 0 we have

U(zo) — ¢(z0) > U(z) — ¢(x) if |z — x| <.

Again, we assume that this max is zero for simplicity.

Here also, if g € {21 (or (%), we can always find a time 7 small enough so that |X,,(t) — 0| < r and
Xz (t) € 021 (or £29) for 0 < t < 7. In this case the proof is classical (see [4,5]). So, assume that xg € H, 7 is
small enough so that | X, (t) — x| < r for ¢t < 7. By the Dynamic Programming Principle we have

Ul(xg) = (Xiifﬂ) {/OTE(XID(t),a(t))e)‘tdt + e MU(Xy, (’T))} , (2.18)
thus -
P(xo) < ( Xiiff,a) { /O (X g (t),a(t)) e Mdt + e ¢( Xy, (T))} : (2.19)

We distinguish now 5 sub-cases. Notice that since the inf is taken on 7./s® for U™, the third possibility below
does not occur in this case.

Case 1. Let a3,a2 € A be any constant control such that by(xzg, 1) - exy > 0 and ba(zg, ) - ey > 0. Then
there exists a time 7 such that the controlled trajectory (X,,,a) lives in 2y, for all s €]0, 7]. Therefore, by the
inequality (2.19), the expansion (2.16) and classical arguments (dividing by 7 and letting 7 — 0), we obtain

—b1($0, al) . qu(x()) — ll(xo, al) + )\Qf)(l’o) <0. (220)

Case 2. Let a1, a0 € A be any constant control such that by (zg, 1) - eny < 0 and ba(zg, a2) - ey < 0. By the
same argument as in case 1) we obtain

—bg(l‘o, 042) . D¢(£0) — lz(l‘o, 042) + )\(b(l‘o) <0. (2.21)

Case 3. Let a1, € A be any constant control such that by(zo,a1) - ey > 0 and ba(xo, a2) - ey < 0 (we can
allow here also the case of one of the two to be zero). There exists then a trajectory (Xz,,a) € 7Ty, such that
Xzo(8) € H for a small time 7. Indeed, if y € H is close to xg and u = p(y) is defined as follows
_b2(ya 042) "EN
n(y) :

(01(y, 1) — ba(y, a2)) -en’

we consider the solution of @(s) = p(z(s))b1 (z(s), a1) + (1 — p(x(s)))ba(x(s), a2), x(0) = xo. By the regularity
of by and by (and thus of u(y)) the Cauchy-Lipschitz Theorem applies and it is easy to check that, by the
definition of pu, this trajectory lives in H in the interval [0, 7], for 7 small enough. Moreover, by the signs of
b1 (o, 1) -en and ba (2o, a2)-en, we have 0 < p(x(s)) < 1 and therefore, z(+) is a controlled trajectory associated
to a = (a1, ag, p(x(+))) on [0, 7]. By inequality (2.19), the expansion (2.16) and classical arguments, we obtain

—bH(xo, a) . qu(x()) — lH(ZL’o, (1) + )\gzﬁ(xo) <0. (222)

Case 4. Let a1, a2 € A be any constant controls such that by (zg, 1) -eny < 0 and ba(zp, a2) - en > 0 (here also
we can allow the case of one of the two to be zero). By the same argument as in case 3) we obtain that (2.22)
holds.

Case 5. Let a1, a2 € A be any constant control such that by (2o, 1) - exy = 0 and ba(xg, ) - ey = 0. By the
controllability assumption [H2], there exist o], a3 such that by (2, ;) = —den and ba(zo, a3 ) = dey (6 > 0
given by [H2]). For 0 < 7,7’ < 1, by the convexity assumption in [H2], we can find af and «ag such that
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bi(xo,af) = nbi(zo,a7) + (1 — n)bi(xo, 1) and ba(zo, g ) = n'ba(wo, g ) + (1 — 1 )ba(z0, 2), respectively.
Therefore by(zg,al) - ey = —nd < 0 and ba(xg, ) - ey = 1'd > 0, and, by arguing as in case 4), we obtain

again that (2.22) holds with a = (a7, agl,/j(n,n/)) where

—by(xg, 03 ) - ey 7

(b1 (z0,al) — ba(zo, ) -eny  N+N"

i(n,n') =

for all 0 < n,n" < 1. By construction, by (zg,a]) — b1(zo, 1) and ba(zo, agl) — ba(x0,2) as n,n" — 0 and, on
the other hand, given some 0 < p < 1, we can let 1,7’ tend to 0 in such a way that fi(n,n’) — p. Then, (2.22)
holds for any 0 < u < 1 by letting 1,1’ — 0 in a suitable way, recalling also the continuity of b; and bs.

By remarking that Cases 3, 4 and 5 imply that either —by(xo, 1) - Dp(xo) — 11 (o, 1) + Ap(xo) < 0 or
—ba(zg, a2) - De(xg) — la(xo, az) + Ad(z0) < 0, and that we classified all the possible constant controls we can
conclude that

min(Hy, Hz)(zo, ¢(z0), D(z0)) < 0

and the proof of (2.11) is complete.

Let us now prove that U~ verifies (2.12). We consider then ¢ € CY(RY~1) and z¢ = (z{,0) € H such that
' — U~ (2/,0) — ¢(2’) has a local maximum at z(. We assume that this max is zero for simplicity and we
extend the test function as follows: ¢(z/,zx) = ¢(2') which is a C*(RY) function, independent of the N-th
variable. Notice that D¢ (z) = (Dy¢(z'),0).

If (X,,,a) is a controlled trajectory such that X, (t) € H for ¢ € [0, 7] for some 7 > 0, we have for 0 < 7 < 7,
by the Dynamic Programming Principle

U~ (z0) < /O ’ (X g (t),a(t)) e Mdt + e AU (Xy, (1)),

which implies
&(x0) < / (X0 (£), alt))e Mt + e G(X oy (7).
0

The proof follows the same arguments as before in the proof of U~ being a subsolution of (2.11) for the
Cases 3, 4 and 5 (for which we have indeed X, (t) € H for ¢ € [0,7] for some 7 > 0). In other words, since we
are considering only the controls in Ag(xg), we do not have controls fulfilling Cases 1 and 2. Therefore, all the
possible controls in Ay (zg) are considered for which we obtain (2.22). Thus,

iu? : { = by(w0,a) - Dd(wo) — Ing(wo,a) + Ap(x0)} <0,
acAp(xo

that we interpret as follows:

Hy (0, ¢(x0), Dno(x0)) = eiulg : { = br(xo, a) - (Drop(ap),0) — Ix (o, a) + Ag(xp) } <O,

hence (2.12) holds. In order to prove that U™ verifies (2.13) we argue exactly as before remarking that we do
not have to consider Cases 1, 2 and 3. O

In what follows, we are going to consider control problems set in either 2y or {25 (or their closure). For the
sake of clarity we use the following notation. If zo € (2, (i = 1,2) and a;(-) € L>*(R*; A;), we will denote
by Y, (-) the solution of the following ode

Y, (s) = bi(Y, (), i), Yy, (0) = wo. (2.23)

Our next result is a (little bit unusual) supersolution property which is satisfied by Ut on H.
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Theorem 2.7. Assume [HO], [H1] and [H2]. Let ¢ € CY(RN1) and suppose that x is a minimum point of
2’ — Ut (2/,0) — ¢(2’). Then we have either

A) There existn >0, i =1 or2 and a control a;(-) such that, if xo := (2(,0), Y} (s) € £2; for all s €]0,1] and

U (o) > / "LV (1), a0 Nt + U (Y (n))e (2.24)

or
B) it holds
Hy® (20, U (20), Dro(ap)) > 0. (2.25)

We skip the proof of this result to reduce the length of our paper since it is similar to the proof of Theorem 3.3.

3. PROPERTIES OF VISCOSITY SUB AND SUPERSOLUTIONS

In this section we describe the properties fulfilled by the sub and supersolutions of system (1.1)—(1.4). We are
going to consider only bounded sub and supersolutions, a natural class according to Section 2. Because of [H2],
the subsolutions are automatically Lipschitz continuous since the Hamiltonians are coercive but, a priori, the
supersolutions may be only lower semicontinuous.

We first prove that any subsolution of (1.1)—(1.4) is a viscosity subsolution of H7*® = 0 on the hyperplane H.

Theorem 3.1. Assume [HO|, [H1] and [H2]. If u : RN — R is a bounded, Lipschitz continuous subsolution
of (1.1)~(1.4), then u is a subsolution of (2.13).

Proof. Let ¢(-) be a C*-function on RV ~! and z{, a maximum point of ' — u(2’,0) — ¢(2’), our aim is then to
prove that, for any a € Ay™®(zo) where o = (), 0), we have

—by(z0,a) - (Dpp(xy),0) — lg(w0, a) + Au(zo) < 0. (3.1)
We first remark that it is sufficient to prove this inequality for the elements a of Ay™®(z¢) such that
b1(1’0,a1) ey <0, bg(xo,ag) -ey >0 and (Mbl(xo,al) + (1 — ,U,)bg(l'o,ag)) -ey = 0. (32)

Indeed, the case of non-strict inequalities can be recovered thanks to assumptions [HO]-[H2], with the same
argument as in the proof of Theorem 2.5, (2.13)-Case 5.

We fix now any triple (a1, ag, ) such that (3.2) is fulfilled and, as usual, we define the function ¢(z’, zy) :=
¢(x') for which Do(zo) = (Dyp(a'),0).

For 0 < € < 1, we consider the function

2= u(@) = o(e) —nen = = |o — a0l = (@) (@) (3:3)

where the constant 7 € R is chosen as follows: we consider the solution 77 € R of
—bi(z0, 1) - (Dd(0) + Ten) — i (o, 1) + Au(zo) = 0.

Such a solution exists because of property (3.2) on by (zo, 1) and we choose 1 > 7. Therefore
—b1(zo, 1) - (Dgg(xo) +nen) — l1(zo, 1) + Mu(zo) > 0.

By standard arguments, the function u — . has a local maximum z. in RY and z. — z as ¢ — 0. We want first
to show that for € > 0 small enough (the other parameters being fixed for the moment), x. necessarily belongs
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to {2 due to the penalization. So, assume on the contrary that x. € £21. Since u is a subsolution of (1.1)—(1.4),
we have
Hy (xea ’IL(.TE), Dws(xe)) <0,

which implies

—by (e, 01) - De(x2) — Li(2ey00) + Mu(ze) < 0. (3.4)
But Dy (z:) = D(/S(acg) +nen + 2(1‘;#(31\] + 2(zc — o) and therefore

(xE)N
€2

—bi(ze, 1) - De(ae) = —bi (e, a1) - (D(0) + men) — 2 bi(ze, 1) - en + 0:(1),

where o.(1) is a quantity going to zero as e — 0, the other parameters being fixed. But, because again of
property (3.2) and the fact that z. € £2; which implies (z.)n > 0, we have

(ws)N

-2 €2

b1(w€,a1) ey > 0.

Finally, recalling the continuity of by, ll,gg and u, we deduce that
_bl(l'sval) : D'(/)E(-TE) - ll(l'sa al) + )\u(l‘g) >

—by (0, 1) - (Dgg(xo) +nen) — l1(zo, 1) + Au(zo) + 0-(1).

Our choice of 1 implies that Inequality (3.4) cannot hold for ¢ small enough, and therefore z. € £25.
In the same way, if z. € H, we have

min(Hy (2., u(x.), D (z:)), Ha (e, u(x:), Dpe(z2))) <0 (3.5)
but the above proof shows that, for ¢ small enough,
Hl(xea ’LL(.’EE), Dws(xe)) > Oa

and therefore
HQ('TEa ’U/(-Tg), DwE('Tt')) S 0

In particular, this implies
—ba(ze, 2) - DY (x:) — la(we, a2) + Mo (z:) < 0. (3.6)

Now z. € 25 which implies (z.)y < 0 and invoking again property (3.2), we have

(ze)

-2 52

sz(%,m) ceny >0,
since ba(ze, 1) - ey > 0 for £ small enough. This yields

—by(x0, ) - (DP(20) + nen) — la(xo, a1) + Au(zg) 4+ 0-(1) < 0.

In this inequality, we first let € tend to 0 and then 7 tend to 7.
In order to conclude, we use the value of 77, namely

—bi (0, 1) - Dp(x0) — i (2o, 1) + Nu(wo)
bi(zo, 1) - en

n= )
and an easy computation on the inequality
—ba (20, a2) - (Dp(20) + fen) — la(wo, @) + Au(zo) < 0,

provides the desired inequality. O
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Now we prove two properties verified by sub and supersolutions in the domains (2;, that will be important
to obtain the uniqueness results.

Lemma 3.2. Assume [HO0|, [H1] and [H2]. Letv : RN — R be a lsc supersolution of (1.1)~(1.4), andu : RY — R
be a Lipschitz continuous subsolution of (1.1)—(1.4). Then, if xo € £2;, we have for allt >0

[ rtA0; ) ) ]

v(xg) > aii(I})fOi /0 LY.L (s), ai(s))e”*ds + v(Y, (£ A 0;))e= AN | (3.7)
and ) ;
. (s ; Y ; ZA(tA8:)

u(wo) < ailgl)fei /O (Y (s), ai(s))e ™ ds + u(Yy (¢t A 0;))e N0 | (3.8)

where Y;O is the solution of the ode (2.23) and the infima are taken on all stopping time 0; such that Y;O (0,) e H
and T; < 0; < T; where 7; is the exit time of the trajectory Yafo from £2; and 7; is the one from §2;.

Proof. For x = u or v, we consider the exit time-Dirichlet problems

wy + Hi(z,w, Dw) =0 in 2; x (0,+00)
w(z,0) = x(x) on 02 (3.9)
w(z, t) = x(x) on 082; x (0,400).

The proofs of (3.7) and (3.8) are slightly different. Property (3.7) directly follows from the results of Blanc [9,10]
since v is a supersolution of (3.9) (with x = v) while the right hand-side is the formula for the minimal
supersolution (and solution) of this problem. It is worth pointing out that (i) we do not need relaxed controls
because of Assumption [H2] since, in our case, relaxed controls coincide with usual L* controls and (ii) the
results in [9, 10] are obtained in bounded domains but they can easily be extended to unbounded domains.
For (3.8), the right-hand side of the inequality is a supersolution of (3.9) (with y = ) while u is a subsolution.
The comparison in §2; of these sub and supersolution follows from the result in Barles and Perthame [7] (see
also [5]) because u is (Lipschitz) continuous. The continuity of u is a key point in the comparison property. O

We prove now a property fulfilled by a supersolution v of (1.1)-(1.4) which highlights the alternative between,
roughly speaking: (i) there exist an optimal strategy consisting in entering one of the sets {21 /{2; (i7) the optimal
strategies consist in staying on H for a while.

Theorem 3.3. Assume [HO|, [H1] and [H2]. Let v : RY — R be a Isc supersolution of (1.1)~(1.4). Let ¢ €
CHRN=Y) and zf, be a minimum point of ' — v(x’,0) — ¢(z'). Then, either

A) there exist 1 > 0, i = 1 or 2 and a sequence xy, € 2; — x¢ = (v),0) such that v(xk) — v(xo) and, for
each k, there exists a control o (-) such that the corresponding trajectory Y, (s) € £2; for all s € [0,n] and

olan) > / "L (1), @ ()Nt + oY (e (3.10)

or

B) it holds
HT($0,U($O),DH¢(1'6)) Z 0. (311)

Proof. We are going to prove that, if A) does not hold, then we have B). To do so, we first remark that,
changing ¢(z') in ¢(z') — |2/ — x|, we can assume that x{ is a strict local minimum point of v(z’,0) — ¢(a').
We then define the function ¢(2/, zx) := ¢(2') in order to have D¢ (o) = (D p(xf),0).
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For £ > 0 which is devoted to tend to 0, we consider the function

2
~ x
U(.’El,.’EN) - ¢($/,.’EN) - 5xN + €_12V

where § € R will be chosen below. By standard arguments, this function achieves its minimum near zy and, any
sequence of such minimum points z. converges to zo = (x(,0).

15¢ case. Let us first suppose that, for all 6 € R, the minimum is attained at a point x. of the hyperplane H.
Thus, because xz(, is a strict local minimum point of v(a’,0) — ¢(z’), then 2° = (z{,0) = z¢ and, since v is a
supersolution of (2.11), we have

©(6) := max{H; (o, v(20), D1 (xy) + den), Ha (o, v(x0), Dyd(xp) + den)} >0 (3.12)

for any § € R. Notice that, for the sake of simplicity of notations, we have written Dy () + den instead of
(Dré (), ).
The function ¢(-) defined in such a way is convex and coercive (since Hy, Hy are convex and coercive) and,
if § is a minimum point of ¢, we have 0 € dp(J).
By a classical result (see the book of Rockafellar [23]), since ¢ is expressed in terms of supremum of quantities
like
—b1($0, al) . (D}“ﬁ)(l’é) -+ 56]\{) + )\’U(ZL'()) — l1(£L’0,0[1),

—ba(wo, az) - (Dyo(xg) + den) + Mv(xg) — la(wo, a2),

then any element of the subdifferential of ¢, is a convex combination of the gradients of such functions (namely
—b1(zg, 1) - en and —ba(zg, a2) - en) for the ay, o such that

©(8) = —bi(zo, 1) - (Duop(ap) + den) + Av(xo) — l1(zo, 1),

(,0((5) = —bg(l’o,ag) . (DH¢($6) + (561\[) + )\U(xo) — lg(l’o,ag),

i.e. for the aq, ag for which the maximum is achieved. -
Taking [H2] into account and looking at the meaning of these properties at the point J, we see that it can be
reduced to: there exists a p € [0, 1] such that

0 = p(br(zo, 1) - en) + (1 — p)(ba(z0, a2) - en), and
0 S @(5) :,u{ — b1(1’0,a1) . (DH¢($6) + 561\[) + )\U(xo) — ll(xo,al)}
+ (1 — /J){ — bg(xo, ag) . (DH¢($6) + 56]\{) + )\’U(iL’o) — ZQ(.T0,0[Q)}.

Inequality (3.11) easily follows.

2nd case. As a consequence of the arguments which are used in Case 1, we see that, if ©(6) > 0 where, as
above, d is a global minimum point of ¢, we are done. Hence we may assume ¢(9) < 0.

We consider the function X

e (z) = (]3(96) +orN — i—g

and denote by z. a minimum point of v — ..

Since ¢(0) < 0, z. cannot be on H. Therefore we can apply Lemma 3.2 which gives, for any ¢ > 0

tAO;
v(xe) > i(n)fg [/ Li(Y] (s), ci(s))e”*ds + v(Y, (t A 0;))e N0 | (3.13)
ai(+),0; 0

where we denote by Y} (-) the solution of the ode (2.23) starting from . at time 0.
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Because of [H2], the infimum in (3.13), say for ¢t = 1, is attained for some a5(-) and 65 > 0, namely
ne; 4 .
o(z.) > / LY (s), a2 (s))e > ds + o(Y2 (1 A 02))e M) | (3.14)
0

Moreover, recalling that we are assuming that A) does not hold, we have that 65 — 0 as ¢ — 0.
But using that x. is a local minimum point of v(z) — 1-(x) we deduce that, for € small enough

0; . , . .
02 [ LV () as(s))e ™ ds+ (¥ ()N = 1)+ (Y2 (6)) - v (o). (3.15)
0
Next we remark that, since by definition (Y, (65))n = 0, we can drop the quadratic term in ¢.. Indeed

(VLD @R

g2 g2 =
Therefore, inequality (3.15) becomes
A , , .
0> / LYz (s), 05 (s))e ™ ds + v(Yy_(65)) (e 1) (3.16)
0
05 , _ ,

+ / [DH¢(Y;E () +0- eN} b (V) (s),05(s)) ds, (3.17)

0

thus

o< | N { (Y (), aZ(s))e ™ — [DW(Y;;(s)) 5 eN] - m(Y;E(s),af(s))}ds

—o(Yg (65)(e M —1) <

i

< | " {100,000 = [ Do (o) +5 - ex| - b(¥ (1,00 fas

ascA

— (Y7 (69)) (e%f - 1) . (3.18)
If we divide now by ¢ and let ¢ tend to 0, we obtain by usual arguments

0< sua{—li(wo,ai) — (Dyp(zh) + 0 - en) - bi(wo, i)} + Av(wo)
;€

= H;(wo,v(x0), Dnop(x) + 6 - en),

which is a contradiction, so that the proof is complete. O

4. A UNIQUENESS RESULT.

Theorem 4.1. Assume [HO|, [H1] and [H2]. Let u be a bounded, Lipschitz continuous subsolution of (1.1)—(1.5)
and v be a bounded, Isc supersolution of (1.1)~(1.4). Then u < v in RV,

Proof. In order to justify our strategy of proof, we point out that the usual “doubling of variables” method, which
is very classical in viscosity solutions’ theory, cannot work here since if we look at a maximum of u(z)—v(y)—-- -,
then x and y can be in two different part of the domain (either 2, or 2) and we would face two completely
different and therefore useless inequalities. Therefore we have to look at a maximum of u(x) — v(z) and to do
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so, we have to (i) regularize u to make it C! at least in the z1,---,xx_; variables and (ii) manage to turn
around the difficulty of the non-compact domain.
The regularization of u relies on (almost) standard arguments. We use a sequence of mollifiers (p.). defined
on RV~ as follows
1 e
pe(T) = SN—,IP (g) )
where

peC™® (RN_l) ,/ p(y)dy = 1, and supp{p} = Brn-1(0,1).

RN-1

Next we consider the function u. defined in R by

ue(z) = /}RN?1 u(x’ — e, xn)pe(e)de.

A key result is the

Lemma 4.2. There exists a function m : (0, +00) — (0,400) with m(0+) = 0 such that the function u. —m(e)
is a wviscosity subsolution of (1.1)—(1.5).

We skip the proof of this result which relies on standard arguments: see the book of P.L Lions [22] or Barles
& Jakobsen [6]. It is worth pointing out that it is completely standard for (1.5) which is an equation set in
RN=1 a little bit less classical for (1.1). We use in a crucial way the fact that u is Lipschitz continuous, as a
consequence of the controlability assumption [H2] (which implies that Hq, Ha, Hy are coercive Hamiltonians).
Of course, m(e) is a quantity which controls the error terms through the Au-term.

Next we have the

Lemma 4.3. For M large enough, the function ¢(x) := —|x|?> — M is a viscosity subsolution of (1.1)—(1.5).
Again the proof is easy since the assumptions [HO]-[H2] implies that for H = H;, Ho, Hy we have
H(z,t,p) < Cilp| + At + Ca.

Therefore we just have to estimate C1|2z| + A\(—|z|*> — M) + C3 and the conclusion follows easily by using the
Cauchy—Schwarz inequality for the first term.

Using these lemmas, the proof of the result is easy: for 0 < 1 < 1, close to 1, we set u. , = p(u. —m(e))+(1—
p). Notice that, by the convexity properties of Hy, Ho, Hr, u.,, is still a subsolution of (1.1)—(1.5). Moreover
Uz, (x) — —00 as |z] — +o0.

Therefore we may consider M. ,, := maxgn~ (uc, ,(z) — v(x)) which is achieved at some point 7 € RY and we
argue by contradiction assuming that M. , > 0.

We first remark that, necessarily, € H. Otherwise, we introduce the function u. ,(z) —v(x) — |z — |? which
has a strict maximum at T and we double the variables, i.e. we consider, for 0 < § < 1,

_ 2
(ac,y) = us,u(l') - U(y) - % - ‘-T — i“2.

Applying readily the classical arguments and remarking that the maximum points of this function converge
to (Z, ), we would be led to the conclusion that u. ,(Z) < v(Z) and therefore M, , < 0. A contradiction.

Since ¢ € H, we can turn to Theorem 3.3. We point out that wu. , is C' with respect to the x1, -, Tn_1
variables and therefore u. , is both a test-function for the v-inequality and it satisfies the subsolution inequality
in the classical sense. Either we are in the B) case, Hr (%, v(Z), Dxu. (%)) > 0, and we conclude with a classical
comparison result that u. ,(Z) < v(Z) since

HT('ivu&M('i)vDHu&M(f)) < 0.
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Or we are in the case A). Therefore, for any k, we have at

) > [ UV 0, k@)t oV, )
0
and ;
e o) < [V (), 0Ot 4 e (V3 (n)e ™,
where the last inequality is a consequerfce of Lemma 3.2. Subtracting these inequalities gives
Ue (1) = v(ak) < (ueW(Yy, (1) = 0(Yg, (0))e™ ™ < Me e,

and letting k£ tends to +oo yields
M, < Me,ue#\n’

a contradiction which proves that M. , < 0.
This means that u. , < v in RY and we conclude by letting first z tend to 1 and then ¢ tend to 0. O

Corollary 4.4. Assume [HO], [H1] and [H2].

(i) U~ is the minimal supersolution and solution of (1.1)~(1.4).
(i) UT is the mazimal subsolution and solution of (1.1)—(1.4).

(iit) There exists a unique solution of (1.1)=(1.5) and for this problem, any subsolution is below any supersolution
(Strong Comparison Result).

This corollary can be read in the following way: unfortunately, we do not have a Strong Comparison Result
for (1.1)—(1.4) but we can identify the minimal supersolution (and solution) and the maximal subsolution (and
solution). But if we add the subsolution condition (1.5), then we recover the full Strong Comparison Result. In
Section 5, explicit 1-D examples show that this result is optimal and we give also sufficient conditions in 1-D
which ensure that that (1.1)—(1.4) and (1.1)—(1.5) are equivalent.

Proof. The proof is very short since we have just to apply Theorem 4.1 for most of the cases.

The result (i) is an immediate consequence of the fact that U™, is a subsolution of (1.1)—(1.5) , while, for (iii),
the result is exactly Theorem 4.1.

To prove (ii) we aim to use the same arguments as in the proof of Theorem 4.1 with Hamiltonian Hy being
replaced by Hp®.

Let u be any bounded Lipschitz continuous subsolution of (1.1)-(1.4). By the above regularization, we can
suppose that it is a C' function on R¥~!. Let Z be a maximum point of « — U on RY, and observe that,
as above, we can assume that & € H. We observe now that the function U™ fulfills Theorem 2.7 at point Z,
mimimum of the function 2’ — U™ (2’,0) — u(2’,0). (Note that this is the analogue of Thm. 3.3). Therefore, we
have case A) or case B).

If we are in case B), it holds

H*8(z, U™ (z), Dyu(z)) >0,
therefore, the conclusion easily follows observing that by Theorem 3.1, u fulfills in the classical sense
H® (%, u(Z), Dyu(z)) < 0.

If we are in case A), there exist 7 > 0, i = 1 or 2 and a control «;(-) such that, Y:(s) € £2; for all s €]0,7] and
" , .
UH@) 2 [ L0, ast)e e+ U (Vi m)e ™,
0

Therefore the conclusion follows by applying (3.8) in Lemma 3.2, noticing that, since u is Lipschitz continuous,
this property can be extended to points of {2; (and not only to points of (2;). O
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Remark 4.5. The last part of the proof of Corollary 4.4 clearly emphasizes the uniqueness problem
with (1.1)—(1.4): either, on H, we allow the singular strategies

(ub1(zy00) + (1 — pba(z,a2)) -en =0, bi(z,a1) - eny >0, ba(z,a2) -eny <0,

and, since they are not encoded in (1.1)—(1.4), we have to add (1.5) to get the uniqueness. Or we do not allow
them (or they are not optimal) and we obtain the uniqueness. In any case, the choice of the inequality Hy (to
be imposed) or H;® (consequence of (1.1)—(1.4)) makes the difference.

5. THE 1-D CASE

In this section we go a little bit further by providing a complete classification of the value functions U~
and U™. Moreover, we derive explicit examples highlighting the different strategie that we call “state con-
straints”, “push-push” and “pull-pull” strategies, and the non-uniqueness phenomenon.

5.1. Structure of solutions

In order to describe the structure of solutions, we introduce the state constraint solutions Ugcp in £2¢
and Ugce in 25 which are defined, for i = 1,2 in the following way

+oo )

USCi(lL’O) ;= inf |:/ Zi(szO (S),ai(s))e—ksds} ’
Sci 0

where Agc; is the set of controls a;(-) for which Y} (s) € 2; for any s > 0. Note that by the classical results

in [25], Usc; are solutions of H; = 0 on (2; and H; > 0 on §2; (see also [4]).

We also denote by
1

== min 1100, 1) + (1 — 1)l2(0, ) ¢,
A (01 ,00) €A (0) {Ml( 1)+ ( w)la( 2)}

u2¢(0)

which is the solution of Hp(x,u, Dyu) = 0 on H = {0} in this particular case. Similarly, uy;*(0) is the same
quantity when the min is taken over the regular controls, A;®(0).

Theorem 5.1. Assume [HO], [H1] and [H2]. The following holds U~(0) = min {us(0), Usc1(0), Usc2(0)}.
Therefore we have:

(i) if the min is given by up(0), then U~ is the unique solution of the Dirichlet problems

Hy(z,w,Dw) =0 in d Hy(z,w, Dw) =0 in (2
w(0) = ux(0) w(0) = u(0)

(it) if the min is given by Usc1(0), then U™ = Ugey in 21, and in {2 il is the unique solution of the Dirichlet
problem Hy = 0 with boundary value U~ (0) = Ugcq(0);

(it) if the min is given by Usc2(0), then U~ = Ugca in (22, and in {21 it is the unique solution of the Dirichlet
problem Hy = 0, with boundary value U~ (0) = Ugc2(0).

Similarly, U*(0) = min {u3;%(0), Usc1(0), Usc2(0)} and the value of the min identifies U as above, among

the three possibilities.

Concerning uniqueness, a direct consequence is the following:

Corollary 5.2. Assume [HO|, [H1] and [H2] and one of the following condition holds: (i) u(0) = u3,*(0); (i)
uy(0) > min {Ugc1(0), Usc2(0) }. Then U™ = U™ : there is a unique solution of the problem.

Theorem 5.1 follows from the conjunction of several results. We begin with the following proposition
concerning supersolutions.
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Proposition 5.3. Assume [HO|, [H1] and [H2]. Let v be a bounded, lsc supersolution of (1.1)—~(1.4). Then
v(0) > min {ux(0), Usc1(0), Usc2(0)} = U~ (0).

Before proving this proposition, we go back to the solution introduced in Lemma 3.2 which is considered here
for xg €

tAO1
v(z0) > w—(20,) == i(n)fe [ / (Y, (s), a1 (s))e ™ ds + v(Y,, (A 01))e A (5.1)
a1(-),01 0

where we recall that leo is the solution of the ode (2.23) with ¢ = 1 and the infimum is taken on all stopping
times #; such that leo (61) =0 and 71 < 6y <7y where 7y is the exit time of the trajectory Yzlo from (27 and 7
is the one from (2.

We again point out that we do not need relaxed controls in the expression of w_ because of Assumption [H2]
since in our case, relaxed controls coincide with usual L°° controls. Using this remark, we notice that, for
any xo # 0 and ¢ > 0, the above infimum for w_ is achieved for some control a;(-) and some stopping time
0 < #; < +o0, namely

tAG, _
w_(zp,t) = /0 L (Y. (s),a1(s))e ds + v(Y, (A 0,))e NN, (5.2)

Zo

A priori, &1 (-) and 0; depend on g and ¢ but we drop most of the time this dependence for the sake of simplicity
of notations.
The following lemma holds

Lemma 5.4. Either v(zo) > Usci(zo) or, for t large enough, the above defined control ai(-) and stopping
time 01 can be chosen as being t-independent, 0, being finite. Moreover the associated trajectory YI10(~) 18
decreasing.

Proof. We assume that v(zp) < Usci(xo); the aim of the proof is to show that the second case is true.

We first remark that, necessarily, this implies that the stopping time #; (which a priori depends on ¢ at this
stage of the proof) remains uniformly bounded as t — +o00. Otherwise, at least up to some subsequence, we can
pass to the limit in (5.2), using the compactness of controlled trajectories® and we get, by standard arguments,
that

+oo
limsup w— (zg,t) > inf {/ ll(Yxlo(s),oq (5))e=** ds] = Ugci (o) > v(xo),
t—+oo Asci 0
which contradicts (5.1).
Therefore we may assume that 6; remains bounded and take ¢ large enough so that t A §; = #;. Then

01 _
w- ) = [ R (61, () s+ ol (0)e

inf
051(-),91

01
/ Mm@nmmekm+mmwmemy

the last equality being a consequence of the optimality of the control a;(-) and the stopping time ;. For this
infinite horizon, exit time control problem, there exists an optimal control and a stopping time that we still
denote by a;(+) and 67 (which are obviously independent of t).

2We recall again that we do not need relaxed controls because of Assumption [H2].
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Moreover, pick any 0 < 5 < 6, by the Dynamic Programming Principle for w_

w_(zg,t) = inf

ai(+),01 o

(t—3)N0 _
/0 (Y, (), an1(s))e ™ ds + w_ (Y, ((t — 5) A 6),t — 5)e (=900

< /5 ll(Yxlo(s), ai(s))e *ds + w,(Yg}0 (5),t — 5)e 5.
0

We deduce from this property that

- 01 _ _
w_ (Y} (5),t —5)e = [ (Y, (s), (5))e**ds + o(Y,, (61))e A0,

zo
Therefore w_ (Y, (5),t — §) is independent of ¢ as well and we drop this dependence by just writing w_ (Y, (5))
for 0 <5< él.

If s — Y} (s) is not monotone on [0,6;], there exists 0 < 51 < so < 61 such that V! (s1) = Y;} (s2). By the
above property, we have

w_ (Y] (s1))e ™ = / "LV (5), @ (s))e o ds + w (Y (s2))e .

S1

Using the fact that Y,! (s1) = Y} (s2) and the Dynamic Programming Principle which can be written as

w-annt) = [ B () ar(s)e s+ w- (1] ()

this means that, iterating the loop, from s; to s2, we have an optimal control defined for all s > 0. More precisely
we introduce the control

ai(s) if0<s < s9,
ai(s—(s2—s1)) if sy <s< s+ (s2—51),
ai(s) =

a1(s —k(sa —s1)) if so+k(sa—s1)<s<sa+ (k+1)(s2— s1).

Arguing by induction, it is easy to show that the associated trajectory }N/Ilo remains in {27 for all s > 0, that
Yy, (s2 4 (k+1)(s2 = s1)) = Y7, (s1) = Yy, (s2) and

sa+(k+1)(s2—s1) _ B
w-(eo.t) = [ BT (5), 1 (s))e ™5 ds + w (T (sa))e A2 —s0),
0
Letting k — 400 gives w_(zo,t) > Usc1(zp) but the definition of w_ implies that it is in fact an equality.
Now if the trajectory is monotone, there are two possibilities: increasing or decreasing. We remark that if
S leo (s) is increasing in £21, then ) is necessarily +o0o and lim; .o w_ (z0,t) = Usci (o). The only remaining
possibility is that the trajectory is decreasing, which ends the proof. O

Now we can proceed with the Proof of Proposition 5.3.

Proof of Proposition 5.3. We first examine the case when v(0) < liminf,_ov(z) and apply Theorem 3.3. We
first remark that, if A) holds for some 1 > 0 then it is also true for any 77 < 1, by the Dynamic Programming
Principle. Therefore we can assume that 7 is as small as we want.

Then the property v(0) < liminf, o v(z) implies that, in (3.10), necessarily 2, = 0 and Y; () = 0 if 7 is
small enough. A simple computation then yields Av(0) > inf,, 1;(0, ;) > Aup(0).
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On the contrary, if B) holds, we know that, for any test function, the minimum is attained at = 0, which
implies directly
Hrp(0,0(0), D (0)) = A(v(0) — un(0)) > 0.

Hence, in both cases, v(0) > u(0) which implies the result.

Since v is lsc, we may now assume in the rest of the proof that v(0) = liminf, ,ov(x) = lim,, o v(xk).
The alternative of Theorem 3.3 can also be applied. In case B), we have exactly as above: v(0) > uy(0) >
min {ux(0), Usc1(0), Usc2(0) }.

It remains to treat case A). For simplicity we assume that, for any k, xx > 0, that is we always have i = 1
and we use Lemma 5.4: up to the extraction of subsequences, the following holds

(i) either, for any z, we have v(zy) > Ugcr(zg) and we conclude by letting x; — 0, which gives directly
v(0) > Ugc1(0), since Ugey is a continuous function thanks to assumptions [H1] and [H2];

(ii) or for any xy, the associated trajectory Y, is decreasing. In this case we notice that 0 <Y, (61) < ) and
pass to the limit in the expression

61 _
v(x) > w_(zg,t) = /0 L(Y,, (s),an(s))eds + v(Y,) (1) ",
which yields
01 _
v(0) > / 11(0,@1(s))e”**ds + v(0)e 1.
0

Iterating the estimate as above we obtain that v(0) > Ugc1(0).
Of course, if the sequence zy, lies in {25, we obtain in each case that v(0) > Ugcz2(0). Combining all the cases
above, we get indeed
v(0) > min {’LLH(O), Usc1(0), Usca (0)}

It remains to proove that this min is actually U~ (0). First, by comparison in §2; we get U™ (z) < Ugc;(x),
i = 1,2. Moreover, (2.12) gives U™ (0) < ux/(0) so that we obtain U~ (0) < min {uy(0), Usc1(0), Usc2(0)}.
Then, since U™ is a supersolution, we can use the reverse inequality for v = U~ and conclude that equality
holds. O
Concerning subsolutions, we have

Proposition 5.5. Assume [HO|, [H1] and [H2]. Let u be a bounded, usc subsolution of (1.1)~(1.4). Then
’LL(O) < min {u;_lzg(()), USC1(0)7 USCQ(O)} =U" (0)

Proof. We first show the inequality on the left. Notice first that by (2.13), u(0) < U*(0) < u3*(0). Also, by
classical comparison arguments, it is clear that in 2, u(x) < Ugci(z), and the same in {25 with Ugcs. Hence
the inequality indeed holds. Notice that U™ (0) itself also satisfies the inequality on the left.

Now, for the equality on the right the argument is similar to the one we used for the supersolutions. Alternative
B) of Theorem 2.7 translates directly into U (0) > u3%(0). In the other case, we use Lemma 5.4 and conclude
as above that UT(0) > Ugc(0). Hence U (0) > min {u;3(0), Usc1(0), Usc2(0) }, and combining with the first
part of this proof we get equality. O

We then turn to the proof of Theorem 5.1.

Proof. We consider the case of U™, the argument being the same for UT. The first part of the Theorem has
been proved in Proposition 5.3. Then, we solve separately the Dirichlet problems in {27 and (25, putting the

value of the min as boundary condition at = 0. We get a solution uy in £2; U {25 which satisfies u4(0) = U~ (0).
Hence, by uniqueness for the Dirichlet problem in each (2;, we end up with uy = U~. O
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5.2. State constraint strategies

We consider dynamics which are given by
Xoo(t) = a1(t) in 21, Xgo(t) =as(t) in £,

where aq(+), as(+) € L™ (07 +oo; [—1, 1}) are the controls. We are thus in the case where the dynamic reduces to
bi(x, ;) = «;: the control is actually the velocity of the trajectory. Then we consider the following costs

Lhiz,a1)=1—a +e 1l in 21, l(r,az) =1+ as +e Il in 0.

In this case, it is rather obvious that the best strategy for xg > 0 consists in choosing a; = 1, which yields a
state constraint solution. To be more precise, let us first consider

Ay (0) = Mmin {,u(2 —a1)+ (1= )24 o) pog + (1 — p)ag = 0}.
y Q1,02
Using the compatibility condition, we can compute the minimum which is atteind for (i, a1, a2) = (1/2,1,—1)
and gives uy (0) = 1/A.
Now, we can compute the state constraint solution Uygcy: for zg > 0 we have
+oo

Uusci(xo) = (jn(f) (1 —a1+ e,xwo(t)> e dt
1) Jo

+oo
= / e Xeo(t) g~ A 4t
0

+oo
= / e Tt e A gt
0

e~ "o

1+

Indeed, the inf is clearly obtained for the choice ar; = 1 which implies that X, (¢t) = xo + t. Hence Uygci(0) =
1/(1+A) < 1/X = up(0) for any XA > 0. For symmetry reasons, we have also Ugca(z) = Ugci(—2) for z < 0.
Then Corollary 5.2 implies uniqueness, so that we conclude that for any = € R,

ef‘x‘

U () =U"(2) = oY

For x > 0 we can also compute the Hamiltonian associated:

e = s [~ = (a4 t)

a1 €[—1;1]
= sup { —ai(p— 1)} +Au—1—e¢ I
a1 €[—1;1]

=|p—1|+ u—elol 1,

and a direct computation shows that U~ is indeed a solution of the HJB equation H; = 0 in (2. Of course a
similar calculus can be done in 25 which gives Ha(z,u,p) = [p+ 1| + Au — e 1l — 1, for z < 0.

5.3. “Push-push” strategies

We now provide an example where the state constraint solutions are not necessarily the best ones. Consider

Xeo(t) = ai(t) in 21, Xg(t)=ao(t) in (2,
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where a1 (), a2(-) € L (0, +00; [—1,1]) are the controls and the following costs
ll(x,al):1+a1 in Ql, lg(l’,ag):l—ag in {2,

Considering the quantity min {u(0), Usc1(0), Usc2(0)}, it is clear that

Nar(0) = min {p(L+a1) + (1= p)(1 = @) : pas + (1= pag = 0} =0,
which is attained for the choice (u, a1, az) = (1/2,—1,+1). This corresponds to a “push-push” strategy, while
the state constraint solutions cannot reach the min. Indeed,

+oo
Usci (o) = alfl(f)/o (14 a1 (t) e Madt

+oo .
= 1nf / (1 + Xxo (t)) e_>\t dt

ai(+) Jo
+o0 +oo

1
— inf - - —At - —At
(;fl(')()\+|:)( o(t)e }0 + A ; X (t)e dt)

> — —xp

which implies Ugcq (0) > 1/ > 0, which is attained for oy = 0 for 29 = 0 (the computation is similar for Ugca).

Actually, we can compute explicitly U~. We first remark that since ; > 0, we have U™ > 0 and U~ > 0.
For « € (21, we choose the control (u, a1, a2) = (1/2,—1,41) for t > 0. Of course, u and «y are not relevant
before the first hitting time 7(x) = |z|. This strategy consists in reaching H = {x = 0} as fast as possible, then
to stay in ‘H using a “push-push” strategy. With this particular choice,

+oo

U (2) < /Om(l + oy (t)) e M dt + / I (2(t), a(t)) e Mdt =0,

so that U~ (x) < 0. Hence we deduce that U~ = 0, since the computation for < 0 is similar. Of course this is
an obvious solution of the associated HJB equation which reads in this case (for x > 0)

lug + 1] + Au = 1.

Since the regular strategies give us U™ (z) = 0 and U™ () > 0 the non singular strategies cannot be better here,
reg

therefore us(0) = u3;*(0), which implies that uniqueness holds — see Corollary 5.2: Ut = U~ = 0 is actually
the unique solution of (1.1).

5.4. Non-uniqueness and “pull-pull strategies”
Next we consider the “converse situation”, with the same dynamics but now with the costs
hz,on) =1—a+ x| in 21, la(z,a2) =1+ as+|z| in 29,

where a1 (+), a2(+) € L> (0, +00; [—1,1]). Of course, in this example the running cost is not bounded because of
the |z|-term but a slight modification would give a similar result. We keep it as it is to make simple computations.
We have first

Ay (0) = min {u(l —a1+[0)+ (1 —p) (1 4+as+|0]): pag + (1 — pag = 0} =0,

M0, 02

which is attained this time for the “pull-pull” strategy (i, a1, @2) = (1/2,1, —1).
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Notice that if now we consider only the regular trajectories, the “pull-pull” strategies are forbidden. In this
case, the restrictions oy < 0, ag > 0 imply

p(l—o1) + (1 —p)(l+az) =1—po + (1 - pag = 1.

Hence we obtain u;®(0) = 1/, which is attained for oy = az = 0.

We compute now the state constraint solutions

+oo
USCl(l'O) = lnf)/ (1 — Oq(t) + Xxo(t)>€>\t dt
0

al(-

+oo

1 +oo e—)xt 1 +oo |
Sy / ca)e M+ | X | 41 / X (£) e dt
A ai() | Jo —A A Jo

0

l+zg . 1 oo v
= f ——1 t dit 5.
3 *%{(A ) [ e

For instance, if A\ = 1 we get the simple solution Ugcy(x) = @ + 1. More generally, if A > 1, the best strategy
consists in choosing a; = 1 and the computation gives

Usci(z) = ; + %
For symmetry reasons (or a direct calculation) we have Ugca(x) = Ugci(—x) for 2 <0.
If 0 < A < 1 then we compute as follows, using the hitting time 7(zg) and the “pull-pull” strategy for
t> T(xo)
+o00
Usci(xg) = inf <1 — Xy (t) + Xy (t))e)‘t dt
0

ai()

1 . 7 (o)
oo ey [ e el

1 7(zo)
= —+ 2+ inf (1—)\)/ X, (t)e Mdty .
)\ a1(~) 0
So, the best strategy here consists in choosing ay = —1 to reach {x = 0} as fast as possible, then to stay there

for later times. This gives 7(z¢) = x¢ and

1 =0
Usci(zo) = 3 +x0+ (1 — /\)/ (zo —t) e Mdt
0
xg+ 1 1—-X
TN T (1

Hence Ugci(0) = 1/A%2 > 0 for A > 1, and Ugc1(0) = 1/A > 0 for A < 1. Here also, by symmetry we have
Usca(z) = Ugei(—x) for 2 <0, so in any case, the “pull-pull” strategy is the best

min {UH(O), USCl(O), Usce (O)} = uH(O) = 0.

— e”“”o) .

Then if we set

u (l‘) L USCl(.T) if > 0,
s T Uscz(l‘) if £ <0,

by Theorem 5.1 we have a subsolution (and actually a solution) in R. But of course this solution does not satisfy
the condition

Uy (0) < min {UH (0)7 USCl(0)7 Usc2 (0)}
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Notice however that for any A > 0 we always have u;(0) < u3*(0), so that
Uy (0) = min {u;_lzg(()), USCI (0), USCQ (0)} = [IJr (0)
Hence by uniqueness in §2; and {2, we conclude that uy = U™.

In order to prove non-uniqueness let us compute explicitly the minimal solution U~. For > 0 we have,
denoting by 7(x¢) the exit time for the trajectory starting from z

(o)
U (z9) = inf)/ (1 —ay(t) + Xz, (t)) e Mdt
0

041(~

o ., fl—e M) g /TW Y
_ 20 £ E— t de¢
)\+01f1(.){ /\ +()\ ) i ai(t)e ,

where we are using here the “pull-pull” strategy on H = {a = 0} which keeps the trajectory at = 0 for a null
cost after 7(zo).

If A < 1, the optimal control is obtained for &« = —1 which minimizes at the same time 7(z¢) and the integral
multiplied by (1/X — 1). For instance, for A = 1 we get

xo
U_(l‘o):l‘o—l-/ e_tdtzl—l—xo—e_% <Uﬁ(x0):x0—|—1.
0

Of course the solution is symmetric for zg < 0. In the case A < 1, the explicit solution can be computed the
same way with o = —1 which gives

_ x| 2x-1 e
U (x)=¥+ = (1_e Al I).

The related Hamiltonian is computed as follows: for > 0 we have

Hy(z,u,uy) :sup{ — Uy + A\u — (1 — —1—33)}

%
:sup{—a1(ux—1)}+)\u—x—1
%

=|ugy — 1|+ u—2x — 1.

It can be checked that for all A < 1, U~ is indeed the solution of H; = 0 with U~ (0) = 0. Finally, since
U~ < U™, uniqueness fails in this situation.

6. APPROXIMATIONS, CONVERGENCE

Since Problem (1.1)—(1.4) does not have a unique solution, the convergence of approximation schemes is not
clear in general: indeed some approximations may convergence to U™, some others to UT and we may even
have convergence to other solutions. We will consider below two different cases. The first one is the case of
Filippov’s approximations; since it intuitively corresponds to a relaxation (where, roughly speaking, a larger
set of controls is used), the answer is rather clear: we have convergence to the minimal solution U~. On the
contrary, we have no general answer for the vanishing viscosity method since we have no simple interpretation
which may indicate an approximation from above or below and therefore a convergence to either U~ or Ut
(see however our conjecture below).
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6.1. Filippov’s approximation

A natural approximation of the above problem consists in introducing a continuous, increasing function ¢ :
R — R such that
lim ¢(s) =0 and lim ¢(s) =1,

S— —00 s——+o00

and to study the behavior of the solution u, : RV — R of
ve(xn)Hi (2, ue, Dus) + (1 — pe(zn))Ha (2, ue, Du.) =0 in RV, (6.1)

where pe(zn) == p(xn/e).

Contrary to the vanishing viscosity approach (see below), this method keeps record on what is happening on
the hyperplane by “spreading” it and tracks the controls that fulfill the compatibility condition between the
two vector fields by (x, aq) and ba(x, a2). Hence, even the singular strategies are taken into account in the limit
so that we obtain U™,

Theorem 6.1. Assume [HO], [H1] and [H2]. There exists a unique Lipschitz continuous solution u. of (6.1).
Moreover, as ¢ — 0, u. — U~ locally uniformly in RN .

Proof. The first part of the theorem is clear since the Hamiltonian of equation (6.1) is coercive: by standard
arguments, it is straightforward to obtain the existence and uniqueness of the u.’s and to prove that they are
equibounded and equi-Lipschitz continuous.

Applying Ascoli’s Theorem, we may assume that the sequence (u. ). converges locally uniformly to a bounded,
Lipschitz continuous function u and it is also easy to show that w satisfies (1.1)—(1.4).

In order to conclude, we just have to show that u is also a subsolution of (1.5). Indeed, if this is true, the
result follows from Corollary 4.4 (iii).

Let ¢ = ¢(y’) be a smooth function and let 2’ be a strict local maximum point of u(y’,0) — ¢(y’). We have
to prove

Hr(z,u(z), Dné(z')) <0,

where z = (2/,0), i.e.
—br(,0) - Duo (') + Mu(w) — In(x,a) <0,

for any a = (a1, ag, ) € Ag(z) for which (uby(z,aq) + (1 — p)ba(z, a2)) -en = 0.
Since ¢ is a continuous, increasing function, there exists s € R such that ¢(s) = u. We introduce the function

By standard arguments, this function achieves a local maximum at a point z. close to x and when ¢ — 0, we
have

! (o) —-s| — 0.
€ €
2 T
Moreover, using that u. is Lipschitz continuous, the derivative of this term dy := — (M — s) is bounded.
€ €

Now we write the viscosity subsolution inequality

‘Pe((xs)N)Hl(-Tea us(xs)a D'H@b(x/g) + dNeN) + (1 - @6(($5)N))H2(-T57u5(-735)a D'H@b(l'/g) + dNeN) <0,

and we notice that, on one hand,
e ((ze)n) = @(s) + o(1),

and, on the other hand, the H; terms are bounded since the gradients are bounded.
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This yields
o(s)Hi(we, ue(we), Do (al) + dnen) + (1 — ¢(s)) Ha (e, ue(ze), Dng(al) + dven) < o(1),

and, using the form of the H;’s

@(3) (=bi(ze, 1) - (Dpo(al) + dyen) + Auc(ze) — (22, 01))
+ (1= ¢(s)) (—b2(we, a) - (Dyg(al) +dyen) + Aue(re) — la(ze, a2)) < o(1).

Because of the choice of s and since a = (aq, ag, ) € Ap(x), this inequality is nothing but

—(pbs(ze, 01) + (1 = p)ba(w, 02)) - Dpp(ae) + Mue(we) — (pla(we, 01) + (1 = p)l2 (@, @2)) < o(1).
And the conclusion follows by letting e tends to O. O

6.2. Vanishing viscosity approximation

In this section, we show that the vanishing viscosity approximation may converge to UT by coming back
to the example of Section 5.4 where non-uniqueness happens because of some singular (“pull-pull”) strategies
which give a lower cost. Such strategies are rather instable and it is natural to think that, if we add a brownian
perturbation, the trajectories will naturally tend to go away from x = 0. From the pde viewpoint, this instability
is reflected in the fact that the vanishing viscosity method does not give U~ in the limit, but UT. More precisely
we have

Proposition 6.2. Let us assume that we are in the framework of Section 5.4 and, for any € > 0, consider the
solution ue of the following problem

—eu! + H(z,us,ul) =0 in R, (6.2)
where H = Hy in 21 and Hs in 5. Then, as e — 0, the sequence (u.). converges locally uniformly to UT in R.

Before proceeding with the proof, let us precise that by a solution u., we mean a distributional solution
Ue € T/Vlf)’coo (R). In particular, the possible discontinuity of H when crossing H is not a problem in the integrated

version of the equation: for any ¢ € C}(R),

s/ulgw/-k/H(xg,ug,u’E)@:O.
R R

This explains why we will recover in the limit only the strategies already encoded in the equations in 21 and (25,
and not the singular ones.

Lemma 6.3. For any € > 0, there exist a unique solution of (6.2) u. in Wi;(R) for any r > 1, which has a
at most linear growth.

Proof. The proof follows classical methods and we are just going to sketch it. For more details, we refer the
reader to the book of P.Li Lions [22] where similar results are obtained. The easiest way to prove the existence
of u. is by using first a Filippov-type approximation: in this way, the nonlinearity becomes continuous w.r.t. all
variables and, since Hy, Ho are Lipschitz continuous (therefore at most linear in p), one easily builds a solution
which is in VVIZCT(R) for all » > 1 and which grows at most linearly. We point out that a (uniform in ¢) linear
growth can be obtained by remarking that, for K > 0 large enough, +K (|z|> + 1)!/2 are respectively sub and
supersolutions of (6.2). O
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Proof of Proposition 6.2. We notice first that the solution U™ which is computed in Section 5.4 is always convex.
Indeed, this is clear if A > 1 since in this case Ut (z) = |2|/A + 1/)\? and a straightfoward calculus shows that
for A < 1, (UN)"(z) = % + (1 — A)e =l > 0 in the sense of distributions so that

—e(UH)' () + H (2, U (2), (U (2)) = —e(U+) () <0,
Now we consider w := UT — u.. Substracting the inequations, and using the Lipschitz continuity of H(x,u,p)
in p (for all w and a.e. in ), there exists a constant C' > 0 such that
—ew” +dw —Clw'| <0 in R

We first notice that both U and u. grow at most linearly, so does w. If we set w,, := (w — n(|z|> + 1)) for
some small 1 > 0, then w,, is compactly supported and therefore in W1 (R). Moreover, by similar arguments
as in the proof of Lemma 4.3, w,, still satisfies

—ew%’ + Awy, — C’\w;7| <0 in R,

at least if € is small enough.
We consider now a large integer n to be chosen later. By using an approximation of w%”“ by test functions
ok € C(R) (k € N), we can pass to the limit as k — 400 in the weak formulation and get

6(2n+1)/ \w7’7|2w727"+/\/w727"+1wn —C/ |wy, [wz" < 0.
R R R

Using that

1
whlug = (fug ) - (wy ) < (juf Pui) + = (w]+2),

we choose k = 2C//\ and obtain

2C A
<5(2n + 1) — T) A|w%‘2w%n + 5 /Rw%n—i-lwn <0.

Hence if choose n large enough, we get w,, = 0. Passing to the limit as n — 0 we find that w < 0, which means
Ut <u.in R.
Finally we pass to the limit as € — 0 by using the half-relaxed limit method: if
u(x) :=limsup*u.(z) = limsupu(y) and w(x):=liminf*u.(z) = liminf u.(y),

y—x

y—x
e—0

e—0

then 7 is a subsolution of (1.1)-(1.4) and therefore, by Corollary 4.4, w < U™ in R. But, on the other hand,
U™ < u. in R and this gives UT < u < @ in R. Therefore UT = u = % in R which implies the uniform
convergence of u. to UT. O

We notice that the same result holds under the assumptions of Section 5.3, but of course in this case,
U =UH.
6.3. A conjecture

Another approximation can be used through a combination between the “vanishing viscosity method” and
the Filippov’s method to obtain the approximate problem

—0:Aue + (N )Hy(z,ue, Due) + (1 — oo (2n))Ha(x, ue, Due) = 0 in RY, (6.3)

where . is a parameter devoted to tend to zero. Of course, if 6. < €, the expected behavior of u. is as in the
Filippov case, i.e. a convergence to U~ and we think that if §. > ¢, then u. converges to U™ as in the viscous
approximation.
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