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A VARIATIONAL PROBLEM FOR COUPLES OF FUNCTIONS
AND MULTIFUNCTIONS WITH INTERACTION BETWEEN LEAVES

EMmILIO ACERBI', GIANLUCA CRIPPA! AND DOMENICO Muccrt!

Abstract. We discuss a variational problem defined on couples of functions that are constrained to take
values into the 2-dimensional unit sphere. The energy functional contains, besides standard Dirichlet
energies, a non-local interaction term that depends on the distance between the gradients of the two
functions. Different gradients are preferred or penalized in this model, in dependence of the sign of the
interaction term. In this paper we study the lower semicontinuity and the coercivity of the energy and
we find an explicit representation formula for the relaxed energy. Moreover, we discuss the behavior of
the energy in the case when we consider multifunctions with two leaves rather than couples of functions.
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1. INTRODUCTION

The Dirichlet energy

In the last decades there has been a growing interest in variational problems for vector valued mappings
with geometric constraints, as e.g. for mappings defined between smooth manifolds isometrically embedded in
Euclidean spaces. The most studied one is perhaps the minimization problem of the Dirichlet energy

1

D(u) := 5 /B" | Du(x)|? dz (1.1)

for maps u : B" — R3, where B" is the unit ball in R", that are constrained to take values into the unit sphere
S? of R3. The problem is naturally set in the Sobolev class

wh2(B",s?) :={ue W"?(B",R?) : |u(z)| =1 forae z€B"}. (1.2)

In the physical model n = 3, the above problem is related to the theory of liguid crystals [7], Vol. II,
Section 5.1. Namely, the function w represents the direction of the symmetry axis of the rod-like molecules
of the liquid crystal, and the minimization of the Dirichlet integral D(u) forces the molecules to organize
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themselves in such a way that their symmetry axes are as aligned as possible, compatibly with the assigned
boundary conditions.

It is well known that during the process of relaxation in W2(B" S?) the functional D(u) may produce
energy concentration. In dimension n = 2, this corresponds to the so called bubbling-off of spheres: the energy
concentrates in a quantized way around points, compare [10]. As a consequence, geometric invariants such as
the degree of mappings from B? into S? may not be preserved by the sequential weak W1 2-convergence.

Moreover, in the physical model n = 3, the weak W1 2-limits of sequences of smooth maps u;, from B? into
S? with equibounded Dirichlet energies, sup, D(uy) < oo, may in general be Sobolev maps u € W2(B3,S?)
with point singularities that are positioned in correspondence with “holes” in the graph of u, as e.g. for the
map u(x) := x/|z|, see Example 3.1. On the other hand, Brezis-Coron-Lieb showed in the relevant paper [3]
that energy minimizing maps @ in W1?(B3,§?) have isolated singular points a; of degree 1, and near such
points a; we have

r—a

u(r) ~+R ——
() ~ R

where R is a rotation in S2.

Cartesian currents

The theory of Cartesian currents, introduced by Giaquinta-Modica-Soucek in 1989, and extensively studied
in the monograph [7], has revealed to be a satisfactory approach to deal with geometric problems such as the
liquid crystal energy, especially in higher dimension n.

The naive idea is to look at a map u in WH2(B" S?) as a current G, carried by its graph. The Dirichlet
energy is extended to the class of integer multiplicity rectifiable currents in R,,(B™ x S?) that naturally arise
as weak limits of sequences of graphs G, of smooth maps uy, : B" — S? with equibounded Dirichlet energies.
The weak limit currents describe the energy concentration phenomenon, and preserve geometric invariants as
the degree.

A natural setting is therefore the class cart®!(B™ xS?) of Cartesian currents, see Definition 3.2 below. Roughly
speaking, a current 7" in cart®!(B" x S?) is given by the sum of a graph G, for some uy € W2(B",§?), and
a vertical current of the type Lt x [S?], where Lt is an integer multiplicity rectifiable current of codimension 2
in B" (that is, a sum of signed unit Dirac masses in the 2-dimensional case, and of oriented lines in the
physically relevant 3-dimensional case). Again very roughly speaking, this Ly closes the holes created by the
relevant singularities, i.e. those with nonzero degree. Being the weak limit of smooth graphs, the current T
has no boundary inside B"™ x S?. This yields that in higher dimension n > 3 the current Ly “encloses” the
codimension 3 singularities of the map wup: if n = 3 and urp(z) = «/|z|, then Ly may be given by (the current
integration of 1-forms in B over) an oriented rectifiable arc with initial point at the boundary B? and final
point at the origin of B3, see Example 3.5.

The Dirichlet energy functional 7'+ D(T) is well defined and lower semicontinuous in the class cart?*(B™ x
S?), and it extends the Dirichlet integral of mappings in the sense that D(T) = D(u) if T = G,,. Moreover,
a strong density property of smooth maps holds. This approach allows to describe in a satisfactory way the
relazed Dirichlet energy of maps in Wh2(B™ §?).

All the above generalizes to the case when B™ is replaced by a sufficiently regular open set {2 C R". For
a quick review of these results the reader is addressed to Section 3; for more details we refer to [7,9], and for
various physical aspects of the theory of liquid crystal we suggest [14].

Energy of couples of functions

In this paper we are interested in a related variational problem. Instead of considering just one function, we
assume that the behavior of our material is characterized by two relevant azes, thus we shall deal with couples
(u,v) of Wh2-maps defined on the unit ball B"” of R" (with n > 2), and with values in S?, the unit 2-sphere
in R3. This could model for instance the behavior of a mixture of two liquid crystals put in the same region.



1180 E. ACERBI ET AL.

The energy we want to study consists of two terms. The first one takes into account the Dirichlet energies
of the functions u and v, and can physically be seen as the non-interacting part: some energy is required in
order to deviate from a parallel alignment for each of the two axes, separately. The second term encodes the
interaction between the directions of the two axes: we assume that interactions between the directions happen
only up to a certain distance r (which, as we are in the case of the unit ball, will always be understood to be a
positive number not exceeding 2, the diameter of the ball) and depend on the difference between the gradients
of the directions. Thus we are led to consider energies of the form

E(u,v) = %/ |Du(x)\2dx+%/ |Du(z)|? da
n BTL

" i | 5 (Dut@) - Detw) + £ (De(z) - Du(w)] dyde

B (z)

with u,v : B® — S2. Here and in the sequel, fA = ﬁ / , denotes the averaged integral and

B.(x) := B,(z) N B", xeB", r>0, (1.3)

where B,.() is the closed ball in R" of radius r centered at z.
In this paper we confine ourselves to the model case where f(A) = v|A|? for some v € R. The energy we will
investigate is thus

1 1
&y (u,v) = 5/3 |Du(x)\2dx+§/B |Du(z)|* dz

(1.4)
1 [ 5 (1Du@) = Do) + 1Dv(e) ~ Dulw)) dyd.

B" JB,(z)
Notice that, depending on the sign of the coefficient v in the interaction term, different gradients of the axes
directions may be either preferred or disfavored in this model.

In the sequel we shall discuss the following relaxation of the energy (1.4) on couples of functions in
Wh2(B", §?%):

:S':(u,v) = inf{ligninf&,(uk,vk) | {uw}, {vx} C C>(B",§?), up — u, vy — v weakly in WH2 3.
— 00
(1.5)
We observe that one might assume that the interaction depends also on the difference between the directions
of the axes, i.e., it contains terms as

v [ @ @l oy [ S () o) + @) ) v

However, this kind of interaction term is continuous with respect to the weak W'2-convergence in both entries,
so it is preserved in the process of relaxation, without giving rise to any new term.

Energy of multifunctions

A further natural question regards the possibility of interchanging the two axes v and v starting from which
we compute the interaction energy. Assume that at every point 2 € B™ we only know the set {u(z),v(x)}, but
not which of the unit vectors in such set “comes from «” and which one “comes from v”. We would like to
consider an energy whose form is based on (1.4), but depending only on the set {u(x),v(x)}.

A suitable setting is that of multifunctions with two values. We identify different couples (u,v) and (u,v)
of Sobolev functions in W?(B?,S?) provided that the set of points x in the domain B? such that the sets
{u(x),v(x)} and {u(z),v(x)} are different has measure zero.
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Due to the presence of the non-local interaction term, it turns out that the energy &, (u,v) may depend on
the chosen representative of the equivalence class. An explicit example of such phenomenon is constructed in
Section 9. We thus define the energy &, [u,v] of the multifunction [u,v] through an additional minimization
procedure, that is

E,[u,v] ;== inf{&(w,v) | (w,v) ~ (u,v)}. (1.6)

Further related models

An interesting related energy would be the one with pointwise interaction, instead of short-range interaction.
Passing formally to the limit as r — 0 in (1.4), the pointwise interaction turns out to be expressed by the energy
functional

1 2 1 2 2
QW@O:EAMMM@Mdx+§AMMM@de+TéJDM@—J%@Mdw (1.7)

Although some of our results could be obtained also for this energy, the main trouble in dealing with the
functional 52 is due to the strong difficulties in showing its lower semicontinuity (remember that v may be
negative). The coercivity of SS will be briefly addressed in Remark 5.4.

We remark that another physically interesting analysis, which we do not carry out in this paper, would involve
the study of a functional with rigid interaction, e.g. when considering the energy

1 1
—/ wmmﬁm+—/ D)2 de
2 /5 2 /5

under a constraint on the angle between the two physical axes, for instance an orthogonality relation
u(z) -v(x) =0 for a.e. x € B™.

Extensions to maps with values into manifolds

Our results extend in a straightforward way to the class of Sobolev functions W2(B™ )), where ) is any
smooth oriented compact manifold isometrically embedded in some Euclidean space. In fact, since the Dirichlet
energy D(T) is lower semicontinuous in the class of Cartesian currents cart®!(B™ x ))), we only have to require
that the target manifold satisfies the hypothesis of the density theorem in [8], see also [9], Chapter 5. Of course,
the relaxed energy of the functional (1.4) would have a more complicate structure, as for the relaxed Dirichlet
energy of maps in W12(B", ), see [9], Section 5.6, but its representation formula is obtained arguing exactly
as in the model case J) = S?. For this reason we omit any further detail, and we only remark that the new
lower semicontinuity and coercivity thresholds 74(r) and 7.(r) are the same as those we have obtained, for any
choice of the target manifold ) as above, and only depend on the radius r and possibly on the dimension n of
the domain. We may also consider a general domain (2 in place of B™, and in such general case the results will
also depend on the curvature and shape parameters of the domain (2 itself.

Plan of the paper

In Section 2 we present some explicit computations in the 3-dimensional case, underlining the effect of the
relaxation of the energy. In Section 3 we review some classical facts from the theory of Cartesian currents,
focusing in particular on the theory related to the Dirichlet integral and its relaxation to the class of Cartesian
currents cart®!(B™ x S?). Starting with Section 4 we begin our analysis of the energy &, (u,v). We introduce
the natural extension &, (71,7%) of the functional to couples of currents in cart®!(B™ x §?) and study its
lower semicontinuity properties. We obtain the existence of a semicontinuity threshold 7,(r) < 0 such that
the functional is lower semicontinuous (along couples of sequences of currents with equibounded Dirichlet
energies) for every 7 > 7,(r). In Section 5 we study the coercivity of the energy, obtaining the existence of
a coercivity threshold ~.(r) < 0 such that for every v > ~.(r) there exists a constant C' = C(~,r) > 0 such that
&y (u,v) > C (D(u)+D(v)). In Section 6 we finally show a representation formula for the relaxed energy together
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with some approximation and density results. Section 7 is devoted to some comments on the 2-dimensional case
and to some examples showing the lack of sharpness of the lower semicontinuity and coercivity thresholds.
Section 8 introduces the notion of multifunction and the related expression for the energy; we also show a
relaxation formula for such energy. The final Section 9 shows through an example the dependence of the energy
on the particular representative in the equivalence class defining the multifunction, thus motivating the definition
of the energy of multifunctions given in the previous section.

2. INTRODUCTORY EXAMPLES

In this first section we collect some examples and we perform some explicit computations in particular cases,
in order to introduce the reader to the topics presented in the rest of the paper. We illustrate in particular
the effect of the relaxation of the energy functional, both in the case of couples of functions and in the case of
multifunctions. We construct these examples in the (physically relevant) 3-dimensional setting.

The relaxed energy

We first comment on the effect of the relaxation procedure on the expression of the energy &, (u,v) (recall
the definition of the relaxed energy a(u,v) given in (1.5)). Later in this paper we shall detect the lower
semicontinuity and coercivity thresholds v(r) and v.(r), and for v grater than both thresholds we will prove
in Theorem 6.1 that o

& (u,0) = &,(u,0) + Gy (u,v).

The relaxation process originates a non-negative gap G, (u, v), explicitly given by the minimization formula

Go(u0) == inf {7,(L,) +7, (L) }. (2.1)

us v

In (2.1), the infimum is computed among all possible curves L, and L, which separately close the singularities
of u and v, or more precisely such that both Gy, + L, x [S?] and G, + L, x [S?] are Cartesian currents.

The functional 1, (L) is given by (1 + ) times the length (with multiplicity) of L plus an extra term which
depends on the local interaction. If L is a curve with multiplicity one, we have

H(LNB,(@)

L) =GO +y [ ==

where, we recall, Er(w) is given by (1.3). As an example, if L is a segment whose distance from the boundary
of B? is greater than 2r, then
T,(L) = (1+27)HY(L),

whereas in general (see the computation in (6.3)) we have
10 = [ (144 k@) M @),
L

where the weight 0 < k, < 2, which will be defined in (5.1), takes value 1 if ||z|| < 1 — 2r. We remark that
max{ys(r),v.(r)} > —1/3, so in any case T, will be positive.
In the following two examples we compute explicitly the value of the gap G, (u,v) in some special cases.

Example 2.1. Let 0 < a < 1 and let u} and u; be the functions from B? into S? defined by

(z1, 22,23 — a)
(21,22, 23 — a)|’

(x1, 22, —x3 — a) .

+
u €Tr) .=
« (@) (1,22, 25 — )|

ug (x) ==
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Each uf belongs to W2(B3,S?), and is smooth outside the point P := (0,0, 4a), where it has one point
singularity of degree +1: indeed, u, is the projection from (0,0,a) whereas u, is the zz-symmetric of the
projection from (0,0, —a).

Assume that both a and r are very small. In the case a = 0, the gap (2.1) is estimated by

Gy (ug ,ug) > 2(1 +27)(1 — 2r)

because each of Luoi has to connect the origin to the boundary of the ball. Analogously, in the case a > 0 small,
namely 2a < 1 — 27, we have

G (uf uf) > 21+ 27)(1 — 2r —a).

Example 2.2. Notice that the functions uF considered in the previous example agree on the plane x3 = 0, as

_ Xr1,T2,—Q
Uy (21,%2,0) = ug (21,22,0) = W
) )

Hence we may define another couple of functions (u},u, ) in W12(B3,S?) which will have different topological
properties: set

or, equivalently,

vy (@, o3| —a)

U, (r) == = Uy (T1,X2, |T3
iy () o= T L0 ).
“ |(z1, 22, —|z3] — a)| e

Notice that for @ > 0 the function @, is smooth and the function u; has two point singularities at P of
degree +1, respectively, whereas for a = 0 both the functions ﬂg have one point singularity at the origin of
degree zero.

In the case a = 0, for the function ﬂg we may choose Lag = Lag =0, so that

Gy (g, g ) =0

and therefore
E’Y(ug_’ uo_) = 57(713’ uo_)

Analogously, in the case 2a < 1 — 2r, we take L;- =0, and as L+ we may choose the segment joining P
and P, , so that
G,(af,ul) =0+ (1+2v)2a.

The case of multifunctions

As explained in the Introduction, when dealing with multifunctions we shall identify different couples (u,v)
and (u, ) of Sobolev functions in W12(B3,S?) provided that the set of points z in the domain B? such that
the sets {u(x),v(z)} and {u(x),v(x)} are different has measure zero. The energy of a multifunction is defined
by the expression (1.6). A natural convergence is attached to equivalence classes of couples (see Def. 8.3), and
we are interested in finding an explicit formula for the relaxed functional of the energy (1.6) with respect to the
topology induced by such a convergence (see the definition in formula (8.5)).
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However, we are not able to find an explicit formula for (8.5). As a consequence, we argue in a different way,
that is suggested by a relaxation result for equivalence classes of currents (Prop. 8.6) and we shall introduce
in (8.12) a suitable relaxed energy E,[u,v]. Again for v > min{~,(r),v.(r)}, we shall obtain that

By (u,v) = inf [6,(.9) + G,(i.9)) (22)

where the infimum is taken among all (u, v) equivalent to (u,v), and the non-negative functional G, is defined
exactly as in (2.1).

Example 2.3. Going back to Examples 2.1 and 2.2, it is immediate to realize that the couple (u},u,) is
equivalent to (u],u; ) according to the equivalence relation we have just defined. Moreover, the pull-back of
a point y € S? by the maps uF is an open line segment L* (a,y) with an end point in P and the other in
the boundary of B*, and L~ (a,y) is obtained from L7 (a,y) by reflection with respect to the plane x3 = 0.
This yields that the equivalence class [u}, u; ] contains only two (unordered) couples of representatives, namely

(uf,uy) and (uf,u, ). In particular, we have
Eyfug,ug ] =min{&, (ug,ug), & (g, 1)}

Example 2.4. We see that, in Example 2.3, the choice of the representative (u},u,) is favorable in the
formula (2.2) for the relaxed energy. More precisely, we choose 0 < a < 1/4 and 0 < r < 1/4 — a, so that the
difference between the gap terms is uniformly estimated by

Gy (ug s ug) = Gy (g, Uig) = 1+ 2y.

Moreover, both the energies &, (u},u, ) and &, (u},u, ) converge as r — 0 to the pointwise interaction energy
EY(uf,uy), see (1.7). Therefore, we find 0 < r, < 1/4 — a such that for every radius 0 < r < r, we also have

1+ 2y
2

[y (ud s ug) = & (g, g )] <

This clearly gives
- S+ + - + 4y 1+2y
gv(uavua)+g7(ua 7ua) < E’Y(ua 7ua)+g’y(ua’ua) - T
and finally that .
E.y[ﬂ;f,ﬂ;] = Sv(ﬂ;',ﬂ;) + Q,y(ﬂ;f,ﬂ;f) = E.Y(ﬂ;f,ﬂ;) +2(1+2y)a.

3. CARTESIAN CURRENTS AND DIRICHLET ENERGY

Let n > 2. In the sequel we shall denote by 7 : B” x R?> — B™ and 7 : B" x R?® — R? the orthogonal
projections onto the first and second factor. Moreover, H* denotes the k-dimensional Hausdorff measure. We
refer to [4] and [12] for the general notation on Geometric Measure Theory.

Currents carried by graphs

Following [7] (see also [9]) if u : B — §? is a smooth map, the n-current G,, is defined by the integration of
compactly supported smooth n-forms w in B™ x S? over the naturally oriented n-manifold given by the graph G,
of u, i.e.,

Gy(w) := / w, w e D" (B" x SQ) .
Writing explicitly the action of w on G, in terms of the pull-back via the graph map (Id > u)(x) = (x, u(x)),
the above definition extends to the more general class of Sobolev maps in W2(B™ S§?) (defined in (1.2)). It
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turns out that for every u € Wh2(B™,S?), the current G, is an integer multiplicity (say i.m.) rectifiable current
in R, (B" x S?), the action on forms being given in a weak sense by

Gu(w) = /n(ld > ) w Ywe D" (B" x §?). (3.1)

This time, the n-rectifiable graph G, is the subset of B™ x S? given by the points (z, u(x)), where z is a Lebesgue
point of both u and Du and u(x) is the Lebesgue value of w.
Moreover, by the area formula the H™-measure of G, agrees with the area:

Alu, B") = / Jn(1d 54 ) da = H™ (G, (3.2)
where J,,(Id > u) is the n-dimensional Jacobian of the mapping Id < w.
Since moreover u takes values into S?, the parallelogram inequality yields
Jo(Id<u) < ¢, (1 4+ |Dul?)
for some dimensional constant ¢,, > 0. Therefore, by the area formula, G, has finite mass
M(G,) = / Jp(Id < u)dr < cn/ (14 |Dul?)dz < oo
n B"L
and the mass M(G,,) agrees with the area A(u, B"), see (3.2).
Boundary

If u € WH2(B",S?) is smooth, by Stokes’ theorem the current G, has null boundary inside B™ x S, as for
every compactly supported smooth (n — 1)-form w in B" x S?

0G,(w) = Gy(dw) = / dw = / w=0.
w G

In dimension n = 2, thanks to Schoen-Uhlenbeck density theorem [11], one obtains that the null-boundary
condition

0G, (W) = Gu(dw) =0  VYwe D" HB" xS§? (3.3)

is always satisfied for every u € W12(B?,S?). Also, if n > 3, condition (3.3) holds true if e.g. u € Wh™(B", §?),
or if u is Lipschitz continuous. However, in general (3.3) is violated in W12(B" S?), as the following example
shows.

Example 3.1. If n = 3 and u(z) := x/|z|, we have v € W12(B3,S?) but

G, = —6y x [$?] on D*(B?® x §%),
where dg is the unit Dirac mass at the origin, compare [7], Vol. I, Section 3.2.2.
Cartesian currents

We now introduce the class of Cartesian currents that will be relevant in our analysis.

Definition 3.2. The class of Cartesian currents cart>'(B™ x S?) is given by all the i.m. rectifiable currents
T € Ry (B"™ x $?) with finite mass, M(T) < oo, with null boundary in B" x S2,

0T (w) :==T(dw) =0 Ywe D" HB" x §?), (3.4)

that can be decomposed as
T = Gup + Ly x [$?] (3.5)

for some i.m. rectifiable current Lt € R,,_2(B™) and some Sobolev map ur € W?(B",S?).
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Notice that the mass of a current 7" in cart®!(B™ x S?) on the cylinder B x S?, where B C B"™ is any Borel
set, is given by

M (TL B x SQ) :/ Jp(Id >t up)de +4r M(Lr L B) < cc. (3.6)
B
We also recall that the weak convergence Ty, — T in the class of currents in D,,(B" x S?) is defined in the

dual sense by
Ti(w) — T'(w) Yw e D(B™ x §?),

and that the mass is lower semicontinuous with respect to the weak convergence. Finally, observe that the null
boundary condition (3.4) is preserved by the weak convergence.

As a consequence, by Federer-Fleming’s closure theorem [5], the weak limit points of sequences of currents G,
carried by the graph of smooth maps uy : B" — S? with equibounded Dirichlet energies, sup, D(ux) < oo,
belong to the class cart?!(B" x §?).

Remark 3.3. Notice that if G, — T as currents, then u; weakly converges in W12 to the Sobolev map ur
corresponding to T' € cart®*(B™ x S?). Moreover, in dimension n > 3, since in general ur does not satisfy the
null-boundary condition (3.3), the corresponding current Ly € R,,_2(B") in the decomposition (3.5) is non
zero and has a boundary with possibly infinite mass, M((0Lr) L B") < +o0.

For future use, in dimension n > 3, for any u € W2(B",S?) we denote by
T, = {T € cart>' (B" x §*) |ur = uin (3.5)} (3.7)
the class of Cartesian currents with corresponding W'2-function equal to .

Remark 3.4. Using the argument in [1] and the density result from [2], it turns out that the class 7, is
non-empty for every u € W12(B" S?), compare also [9], Section 5.6. Moreover, for a current T' € 7, the
null-boundary condition (3.4) can be equivalently written as (0Ly)L B™ = —P(u), where P(u) € D,,_3(B") is
a suitable (n — 3)-current that describes the relevant singularities of w.

Example 3.5. If n =3 and T € 7, with u(z) = x/|z|, see Example 3.1, we have that P(u) = —dy. Therefore,
we deduce that Ly is any l-current in Rq(B?) satisfying (OLr)L B3 = 4.

The Dirichlet energy on currents

According to (3.6), for any Borel set B C B™ denote by
D(T, B x S?) := D(ur, B) + 47 M(L7 L B) (3.8)

the Dirichlet energy of a current T in cart?! (B” X SQ) in B x S?, where we have set
1
D(u, B) := 5/ |Du|? dz, ue wh? (B",SZ) ;
B

for simplicity we introduce the notation
D(T) :=D (T,B" x S*) = D(ur) + 47 M(Lr).

We next consider the parametric polyconvex l.s.c. ewtension F : R3 x A,R"™3 — [0, +00] of the Dirichlet
integrand for mappings from B" into S?, as defined in [7], Vol. II, Section 1.2.4, Proposition 12, see also [9],
Section 4.9. It turns out that for every Borel set B C B"

D(T, B x S%) :/

F(7(2),T(2)) dIT|(2) (3.9)
BxS§?
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where T is the Radon-Nikodym derivative of T' with respect to the mass density |||, so that
—
T(w):/ <T,w> d|T| VYweD" (B"xS?).
B x§?

This implies that the functional T +— D(T) is lower semicontinuous with respect to the weak convergence in
D, (B"™ x S?) along sequences of currents in cart®!(B" x §?).

The following property of future use can be obtained by using arguments similar to the ones after Definition 3
in [7], Vol. I1, Section 1.2.4, see also [9], Section 4.8.

Lemma 3.6. Let F : R3 x A,R"*3 — [0, +00] be the parametric polyconvex lLs.c. extension of the Dirichlet
integrand as above. Then for every non-negative lower semicontinuous function a : B™ — [0, +00) the functional

e —
T [ aw@)F (7)) A7)
B xS?

is lower semicontinuous with respect to the weak convergence in D, (B™ x S?) along sequences of currents in
cart>!(B" x §?).
Remark 3.7. We shall use the standard notation Iz for the characteristic function of a subset B C B", i.e. we
set

Iy () 1if z€B 3.10)

BN 0if ¢ B. (8.

Applying Lemma 3.6 to the particular case where a(x) = Ip(z) for some open set B in B™ we deduce the lower
semicontinuity of 7'+ D(T, B x §?).

The following closure property holds, see [6]:

Proposition 3.8. The class cart®!(B" x S?) is sequentially weakly closed in D,,(B™ x S?) along sequences with
equibounded Dirichlet energies, sup, D(T)) < 0o, and contains the weak limits of sequences of graphs of smooth
maps in WH2(B",S?) with equibounded Dirichlet integrals, sup, D(ux) < oo.

We finally recall the following strong density result, proved by Giaquinta-Modica-Souc¢ek in 1989, in the cases
n =2 and n = 3, see Sections 4.1.2 and 4.2.5 in [7], Vol. II, and in [8] in higher dimension n > 4, see also [9],
Chapter 5.

Theorem 3.9. For every T € cart®>'(B™ x S?), there ewists a sequence {ur} C C*(B",S?) of smooth maps
such that G, — T weakly in D,,(B™ x S?) and D(uy) — D(T), as k — oo.

The relaxed Dirichlet energy
Consider the relaxed energy of maps u € W12(B", S?)

D(u) := inf {likminfD(uk) | {u} c C>* (B",S?), up — u weakly in W2 (B”,R3)} .

Using Theorem 3.9 and the lower semicontinuity of the Dirichlet energy 7' +— D(T') in cart®!(B"™ x S?), one
obtains the following representation formula, first proved in [13] for higher dimension n > 4:

Proposition 3.10. Let n > 3. For every u € W12(B",S?) the relazed energy ﬁ(u) is finite and there holds

D(u) = inf{D(T) | T € T,,}.
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Remark 3.11. We deduce that the gap between the energy and the relaxed energy amounts to the area
of S? times 47 M(L,), where L, € R, _2(B") is mass minimizing among all the i.m. rectifiable (n — 2)-
currents L in B™ such that (OL)L B™ = P(u). (This means that L, is the integral minimal connection of the
current P(u) in D,,_3(B™) of the singularity of u, see also Rem. 3.4). Finally, in the case of dimension n = 2,
by Schoen-Uhlenbeck density theorem one clearly has

D(u) =D(u)  Vue W"? (B*S?).
4. A LOWER SEMICONTINUOUS FUNCTIONAL ON CURRENTS

In order to properly extend the energy (1.4) to couples of Cartesian currents, we preliminarily rewrite it as

Ev(u,v) == (147) (D(u) + D(v)) + ’y(@(u) + 45(11)) — (C’(u, v) 4+ C(v, u))7 (4.1)

where D(u) and D(v) are the standard Dirichlet integrals (see (1.1)), the non-local term is
1
d(w) ::/ ﬁ —|Dw(y)|?* dy dz (4.2)
n J B, (z) 2
and the continuous term (such terminology comes from Step 1 in the proof of Thm. 4.2) is

C(wy,we) = /B'" ]éT(m) (Dwy (x) @ Dws(y)) dy de, (4.3)

where A e B := trace (A BT), for (3 x n)-matrices 4, B.
Now, let T, T» be Cartesian currents in cart®!(B™ x S?) and according to Definition 3.2 write

T, =Gy, +Li x[S?*], i=1,2,
so that u; = ur, € WH2(B",S?) and L; = L, € R,—2(B™). For every v € R we introduce the energy functional
5W(T1,T2) = 5~/(u1,’LL2) + 4m (1 + ’Y) (M(Ll) + M(Lz)) + 47y (Q(Lﬁ + Q(Lz)), (4.4)

and we notice that &,(T%,T1) = £,(Th1,T»). In (4.4), according to (4.2), we have set

W(L) = /

Recalling (4.1) and the expression of the extension of the Dirichlet energy to currents in (3.8), and compar-
ing (4.5) with (4.2), we see that the functional &, (T4, T>) in (4.4) is the natural extension to couples of currents
in cart®! of the functional &, (u1,uz2) defined in (4.1).

The goal of this section is to show the lower semicontinuity of the functional £, (71, T5) with respect to weak
convergence in D, (B™ x S?) along sequences with equibounded Dirichlet energy. We are able to achieve this for
any ~y greater than a threshold 7, (r) < 0 given by

—1 ~
Br(a:)’ M (Ll_Br(ac)) de, L€ Ru_o(B). (4.5)

where
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Remark 4.1. From simple geometric arguments we find that
o) |B < |Be(@)| < IBl, 27" <) <172,

These estimates depend on the choice {2 = B™ but only the constants change in the case of a Lipschitz set
2 C R, yielding 0 < a(£2) < ¢(r) < 1. In particular v5(r) depends on {2 and r in the general case.

The main result of this section is the following theorem, in which we prove lower semicontinuity for the
functional £, (17, T5) in the case when v > ~(r).

Theorem 4.2. For every v > ~,(r) the functional E,(T1,T>) defined in (4.4) is lower semicontinuous along
couples of sequences of currents in cart®>!(B™ x S?) with equibounded Dirichlet energies.

Remark 4.3. Notice that v4(r) < 0: the strategy of our proof in the case v,(r) < < 0 is different from the
one in the case v > 0. Some remarks on the lack of sharpness of this threshold will be made in Section 7.

In the course of the proof of Theorem 4.2 we will need the following technical lemma.

Lemma 4.4. Let r > 0 and L C B™ be such that H"2(L) < oo. Then there exists a set C C B™ with
L"(C) =0 such that
H"2(dB,(x0) N L) =0

for all xy € B™\ C; in the case n > 3, C is at most countable.

Proof. The case n = 2 is trivial: C' consists of a finite number of circles, so we just treat the case n > 3. An
easy geometrical remark we use in the proof is the following: if x, y, z are three distinct points in R™ with n > 3
then

H? (0By(z) N OB, (y) N 9B,(z)) = 0. (4.8)

This is obvious if the three are aligned; if not, project on the 2-plane through the centers the intersection
0By (z) N 0B, (y) and the intersection 0B, (y) N IB,(z). In the worst case these will be nonparallel segments
which intersect in a point, thus 0B, () N IB,(y) N dB,(z) is contained in an (n — 2)-plane, but the intersection
of OB, (x) with any such plane has zero (n — 2)-dimensional measure.

Thus, it is impossible that for any given x,y, z we have

H"?(L N OB, (z) N 0B, (y) N 9B, (2)) > 0.

We do not have to take care of three overlapping intersections of balls with L. Now we deal with two overlapping
intersections: set

Cy={zeR":JyeR": H" *(LNIB.(x) NIB.(y)) > 0},

and call
Fo={M CL:H"*(M)>0,3z,y € Cy: M =LNIB,(x)NIB,(y)}

the set of intersections. For any M € Fs, the centers z,y such that M = L N 0B, (x) N IB,(y) are unique
by (4.8). Moreover, again by (4.8), if M, M’ € F» are distinct then
H2(M N M) =0,

so the sets in F; are essentially disjoint, have positive H"~2 measure and are contained in L which has finite "2
measure and therefore F» is at most countable, and so is Cy by the 1-1 relationship between sets M and
centers x, y.
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We now shave off L all the sets 0B, (z) with x in Cs; remark we are not only subtracting the sets in 3 but

maybe some larger chunks:
Ly=1L\ ( U 8Br(w)> :

zeCy

Set
Cy={zeR":H"? (L1 NIB.(z)) >0},

and call
Fi={M CLy:H"*(M)>0,3r€Cy: M= Ly NIB,(x)}.

We remark that if z € Cy then x ¢ Cy by the definition of L. Also, if € Cy then
H"2(0B,(x) N (L\ L1)) =0
because otherwise x € Cy. Finally, if z,y € Cy then
H"?(L1 N OB, (z) NOB,(y)) =0
and again both F; and C; are at most countable. But if x ¢ C; U Cy then H" 2 (aB,«(x) N L) =0. O

Proof of Theorem 4.2. The proof will be divided into three steps.

Step 1. The continuous term. We first observe that the term (4.3) may be written in components as
n 3 ] )
C(u,v) = Z Z / ﬁ Dv’ (x) Div? (y) dy dex.
i=1 j=17/B" / Br(z)

If Dv, — Dv weakly in L?, for any 4, j the sequence

Vi(z) = ][ Dyl (y) dy

B, (x)

is thus bounded in L*° and converges pointwise, so that we get the strong convergence
Vie(z) — ][~ Divi (y) dy strongly in L?.
B, (x)

We then deduce that for any sequences {uy}, {vr} € WH2(B",S?) such that up, — w and v — v weakly in
Wh2(B™ R3), we have
klim C(ug,vr) = C(u,v) Vu,v € Wh?(B",S?).
—00

Step 2. The case v > 0. According to the notation from the previous section, we have

E(T1, Tz) = (1 +7) (D(T1) + D(T2)) = (Clur, u2) + Cluz,u1)) +7 (P(T1) + H(T2)), (4.9)

B(T) = /B

We know that the first term in the right hand side of (4.9) is lower semicontinuous (for any v > —1), and
the second one has been dealt with in Step 1, since the weak convergence T, — T, equipped with condition
supy, D(T}) < oo, implies the weak W'-2-convergence ur, — ur. As for the third term, if {T}} C cart®!(B" x S?)

where

Br(x)]*1 D (T, B, (z) x SQ> da. (4.10)
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and T, — T € cart>}(B" x S?) weakly in D, (B" x S?), by Remark 3.7 and Lemma 4.4, the functional
T +— D(T, B,(z) x S?) is lower semicontinuous for £L"-a.e. z € B". Therefore, by Fatou’s lemma, we have

®(T)

IN

~ ~1 ~
/ lim inf ’Br(x)’ D (Tk, B, (x) x SQ> dz
Bn k—oo

-1
lim inf ‘
k—o0 Bn

and the theorem follows for any v > 0.
Step 3. The case v < 0. On account of Step 1 and (4.9), it suffices to show that the functional

Fy(T):=(14+~)DT)+~2(T) (4.11)

IN

B, (x)

D (Tk, B, (z) x 82) do = lim inf &(T}.),

is weakly lower semicontinuous in cart®!(B™ x §?).
To this purpose, we observe that for any T € cart?!(B" x S?) we have

F(T) = /B (H_V D(T) + ‘f ‘ D (T, B, (z) x S2>) da. (4.12)

|B"| B, (2)

Therefore, setting

using (3.9) we have

where, for zg € B",
fTa0) = [ an(m@) F (7). T E) dIT)C)

and F : R3 x A,R""3 — [0, +00] is the parametric polyconvex Ls.c. extension of the Dirichlet integrand.

By Fatou’s lemma, it suffices to show that T — f, (T, x) is non negative and lower semicontinuous with
respect to T for a.e. xg € B™. To this aim, we apply Lemma 3.6. We need to check that, for a.e. z¢, the function
az, is non negative and lower semicontinuous. On account of (4.7), we have

. gl
B"™| inf ag.(z) =1 _
|B”] ©EB" w0 (@) Tt c(r)rn
so that az,(z) > 0 for all z, g € B™ if and only if v > ~,(r), where 74(r) is given by (4.6). Finally, Lemma 4.4
implies that, for a.e. xo, in the formula for f,(T,z¢) we may restrict the integration to the complement of
0By (z9), so that without loss of generality one may consider in the definition of a,, the interior of B, (x¢),
which implies the lower semicontinuity of a,,. O

5. A COERCIVITY PROPERTY OF THE FUNCTIONAL

In this section we discuss the coercivity property of the functional &, (u,v) given by formula (4.1). We define
for every y € B"

o (y) = / ﬁx)’}l&(y)(x) dz = /Br(y) ﬁdx (5.1)

and set

K(r):= yseué)n kr(y). (5.2)

Under such notation, the main theorem of this section is the following.
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Theorem 5.1. Let

1
’YC(T) T (1 + \/m)ga

where K(r) is given by (5.2). Then for every v > ~.(r) there exists a constant C' = C(vy,r) > 0, only depending
on vy and r, such that for every u,v € WH2(B" S?) we have

&, (u,v) > C (D(u) + D(v)).

Moreover, C(v,r) > 1 if v >0, and for v.(r) <~y <0

Clr) = 144 (14 VED)

Before entering in the proof of such theorem, we prove a simple lemma involving the quantity K (r) defined
n (5.2).

Lemma 5.2. For every non-negative function f € L*(B™) we have

/n][ y)dydz < K(r) f(z)da. (5.3)

Proof. We have

/w]{;(m dydx_/n Iy ’Bl(x)’HB () (y) dy da

Bn
R e
/n][ y)dyde = . f @)k, (z) dx

and we obtain the assertion. O

so that

Remark 5.3. We give an estimate for k,. Recalling the definition (4.7) of ¢(r) and the estimate in Remark 4.1,
for every y € B™ we have

b= [ e des o [ e
B |Br(a)| o) B 1Bl elr)
and analogously

1 1
kr(y):/iér(y) mdx>/ o 1B ‘dx>c()

() < koy) < % (5.4)

This implies in particular the following estimate on the constant K (r):

so that

L

K(r) < c(r).
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This estimate is not optimal, though, because the balls such that |B,(z)| ~ ¢(r) | B,(z)| are those with ||z|| ~ 1,
whereas the function
loll = [l do
= Br(y)
5 1B (@)

is decreasing at 1, i.e., the supremum in (5.2) is attained for any y with ||y|| = p for some 1 —r < p < 1.
This monotonicity property can be shown by noticing that (from simple geometric arguments) there exists
0 < a(r) < 1 with the property that, for every y € S~ ! and every a(r) < A < 1, the strict inclusion
B.(w) G Br(y) holds.

One may also consider the fact that if one replaces K (r) with c¢(r)~! in (5.3), passing to the limit as r — 0T in

/n ]{B . y)dyde < (—) f(m) dx

and noticing that ¢(r) — 1/2, we would obtain the silly estimate
fl@)dax <2 f(z)dx

Bn Bn

Proof of Theorem 5.1. Using (1.4), the assertion trivially follows for v > 0. Moreover, writing for every n > 0
|Du(a) — Du(y)” = ~[n Du(z) + 1" Du(y)|* + (* + 1) |Du(z)* + (n~? + 1) [ Do(y)[?,
and a similar formula with u and v interchanged, by (1.4) we find that
2&,(u,v) = (1+v(n*+1)) / (|Du(z)[* + |Dv(z)|?) dz
BTL
[ (nDute) 7 Do)y Do)+ D)) dy
" JB.(x
v [ (Dl D)) aya (55)

n JB,(z

By Lemma 5.2 we thus obtain that if v < 0

26,0,0) 2 [+ (0 + )+ KO 7 +1)] [ (1Du@) + Do) do

The function 77 — ((n* + 1)+ K(r) (7% 4+ 1)) attains its minimum for n = K(r)'/*

(1+/K(r))?, so for v.(r) <y <0
28,(u.0) > 1491+ VEG)'] [ (Du(@) + Do) do

, and the minimum value is

and the assertion follows. O

In the general case of a regular open set, Theorem 5.1 still holds, with the same statement, and the defini-
tion (5.2) of the constant K (r) needs only a slight change: just replace B™ with the new set (if the set has sharp
outward cusps, it may well happen that K (r) = +00).

Remark 5.4. By Remark 5.3, the threshold ~.(r) in our coercivity theorem is estimated by

1

Ye(r) <A(r) == —m7
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and Y(r) — — (1 + \/5) Pasr— 07T, since ¢(r) — 1/2. However, the optimal threshold of the coercivity property

for the functional with pointwise interaction (i.e., when r = 0) is —1/4, whereas — (1 + \/5)_2 > —1/4. Indeed,
for every G, H € R3*"

1+ 4y
2

1+ 4y

1 1
§\G\2+§\H|2+7\G—H\2: |G|2+T|H\2—’V|G+H|2>

which gives immediately the coercivity for any v > —1/4.

6. A REPRESENTATION RESULT FOR THE RELAXED ENERGY

In this section we prove a representation formula for the relaxed energy (1.5).
We first observe that, from an immediate computation, for every v € R we can find an absolute constant

C = C(r,7,n) such that for every u,v € WH?(B",S?) we have
1€ (u,v)] < C (D(u) +D(v)).
Therefore, recalling Proposition 3.10, we deduce that for every v € R
E(u,v) < +oo  Yu,ve W2 (B, S?). (6.1)
Recalling the notation in (3.5), (3.7), and (4.5), we obtain:
Theorem 6.1. Let n > 2 and let v > max{vs(r),v.(r)}. Then for every u,v € W12(B",S?) we have

& (u,v) = &, (u,v) + 4 inf{(l +9) (M(Lz,) + M(L,)) + 7 (#(Lp,) + #(Lp,)) | T1 € T, Ts € 7} (6.2)

The “non-local” term ¥ (L) can be more explicitly expressed, using the notation in (5.1), as

v [ #@‘ ([ o015, mape?ee w) a

— na(y)d(H”’Ql_[,) (y)/n

1
— I3, () (@) dz (6.3)
Br(w)‘ B, (v)

B
- /L 0(y) ke (y) AH" 2 (y),

where 6 is the multiplicity of the current L and £ = {z : 6(z) # 0}.

We recall (see Rem. 3.11) that the relaxed Dirichlet energy is computed by considering the “optimal” integral
connection of the singular set of u. The presence of the term W(L) suggests that for v # 0, the infimum in (6.2)
in general may be strictly lower than the value

(147) (M(Ly) +M(Ly)) + 7 (F(Lu) +¥(Ly))
where, for w = u, v, the current L,, € R,,—2(B™) is an integral minimal connections of P(w).

Approximation and density results

In the proof of the upper bound in Theorem 6.1, we shall make use of an approximation result for the
functional
Fy(T) = (1+7)D(T) +v9(T)

already introduced in (4.11) during the proof of Theorem 4.2.
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Theorem 6.2. Let v € R. For every T € cart>!(B"™ x S?), there erists a sequence of smooth maps {uy} C
C>(B"™,S?) such that Gy, — T weakly in D, (B"™ x S?) as k — oo and

lim 7, (G, ) = F-(T).

k—oo

Proof. Write
T:GuT +LT X HSQ]]

as in (3.5), and let {uy} be the smooth approximating sequence given by Theorem 3.9, so that

Gy, =T and lim D(ug) =D(T). (6.4)

k—oo

Recalling the definition of ¢(T') in (4.10) we have

Fy(Guy) = / fy(ug,x)dz  for every k,
BTL

where
1+~

fv(uk,l'o) = 9

| Duy|? dz + 2 ][ | Duy,|? da.
B 2 /B, (x0)

We now apply Lemma 4.4 with L given by the set of points with positive multiplicity of the current Lp €
Rn—2(B™) in (3.8), obtaining by (6.4) that

klim D (uk, Er(xo)) =D (T, ET(CEO) X SQ) for L™-a.e. zg € B". (6.5)

Using (4.7), the approximating functions uy, also satisfy the estimate

1 1
(ko o) < < |1;;"|7 " g” e(r) T”) Dlw) Vo & B (66)

Therefore, recalling (4.12), combining (6.4), (6.5) and (6.6), and applying the dominate convergence theorem,
we get

Fo(Guy) = / (1;7 D(uy) + ﬁ D (uk,é,«(:c)» dz

. Bn<1+7D(T)+ i D(T,Er(x)xgz))dxzﬂ(T),

which concludes the proof. O
We now observe that from (4.9) we have
E(T, To) = Fo(T1) + Fr(Ta) — v(C(ur, uz) + Clug, ur)).

Thus, recalling the continuity of the last term proved in the first step of the proof of Theorem 4.2, as an
immediate consequence of Theorem 6.2 we obtain:

Corollary 6.3. Let v € R. Let Ty, T € cart®(B"™ x S?), and write

T; = Guy, + L1, x [S] i=1,2.
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Then there exist two sequences of smooth maps {ui} C C°°(B",S?), i = 1,2, such that Gui — Ti weakly in
Dn(B" x $?) as k — oo, fori=1,2, and
lim €, (ul,u) = £,(T1, T)
=& (ur,un) + 47 (1 +7) (M(L7,) + M(Ly,)) +4n~ (¢(Lr,) +¥(L1,)).
We are now in the position of showing the relaxation formula provided by Theorem 6.1.

Proof of Theorem 6.1. We prove separately the lower bound and the upper bound for :‘;(u, v) in (6.2), for any
u,v € Wh2(B", S?).
Step 1. Lower bound. On account of (6.1), we can find two sequences {ux}, {vy} C C°°(B",S?) such that

up — u, vy — v  weakly in WhH? and sup &, (ug, vg) < +00. (6.7)
k
By Theorem 5.1 we have that sup; (D(ux) + D(vg)) < co. Therefore, by Proposition 3.8, possibly passing to a

(not relabelled) subsequence, we have that limy &, (ug,v;) = liminfy &, (ug,vx) and G,, — T1 and G,, — T
weakly in D, (B™ x S?) for some Cartesian currents Ty, Ty € cart®!(B™ x §?). We write

T; = Guy, + L1, x [S] i=1,2. (6.8)
By the weak convergence (6.7), it turns out that up, = w and up, = v, thus
& (ur, ur,) = & (u,v). (6.9)

Moreover, by Theorem 4.2 we have
E(Th,Tr) < likm inf &, (uk, vi).

From (6.9) and (4.4) this implies
Ey(u,v) +4m (14 7) (M(Lz,) + M(L1,)) 4+ 47y (¥ (L1,) + ¥ (L1,)) < likm inf &, (ug, vg).

The lower bound for E’:(u, v) in (6.2) follows by taking the infimum on both sides.

Step 2. Upper bound. We consider any couple of Cartesian currents 77,75 € cart®*(B"™ x S?) such that
Ty € T, and Ty € T,. Taking two sequences {u}, {vi} C C°(B",S?) as in Corollary 6.3, we deduce

& (u,v) < lim &, (uk, vk) = € (v, v) + 4m (1 +7) (M(L1,) + M(Lz,)) + dmy (U (L) + (L))

The upper bound for a(u, v) in (6.2) follows by taking the infimum on the right hand side. O

Positivity of the relaxed functional
From Theorem 5.1 and Proposition 3.10 we immediately deduce the following result.

Corollary 6.4. Let v > v.(r). Then for every u,v € WH2(B"™,S?) we have
& (u,v) = € (D(u) + D(v)) ,

where C = C(vy,r) > 0 is given by Theorem 5.1.

Notice that this result is significant for the values of v such that the energy £, is coercive but not lower
semicontinuous: indeed, in these cases the explicit expression of the relaxed functional given in Theorem 6.1 is
missing. This happens e.g. for every r > 0 very small. In fact, from the analysis of the behavior of the thresholds
~s(r) and 7.(r) we can find a radius rg € (0,2), depending on n, for which

Ye(r) < vs(r) for every r such that 0 <1 < rg.
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7. ADDITIONAL REMARKS AND LACK OF OPTIMALITY OF THE THRESHOLDS

In this section we first specialize the previous results to the two-dimensional case. Moreover, we construct
explicit examples illustrating that the energy £, may be not lower semicontinuous or not coercive for suitably
chosen values of 7. We also comment on the lack of optimality of the thresholds 7,(r) and ~.(r).

The two-dimensional case

Assume n = 2, and let T € cart®!(B? x S?), so that by (3.5) we have

T=Gup + Ly x[S*],  up e W(B*S?), Lr=) 0id, (7.1)

for some m € N, 0; € Z, and a; € B2, where §, is the unit Dirac mass at the point a. We may assume that each
o; # 0 and that the points a; are distinct. We thus have

m
D(T) = D(ur) + 4t M(Ly), ~ M(Lz) =Y _|oil
and for every Borel set B C B?
D(T, B x S?) = D(ur, B) + 4t M(Ly_B),  M(LrL B) = Zwa

As a consequence, for the functional (4.5) we compute

vin = [ = Em]am (Be@) aa
B, (2)| iz
= Z |Uz|/ ‘ 1( (ai)) do = g |oi| kr(ai),

B,
where k,-(y) has been defined in (5.1). According to (6.2), this yields that

(1+7)M(Lg) +y¥(Lr) = Z|oz| (147 (1 + ke (a:)))- (7.2)
i=1

In particular, for v < 0 we have by (5.2)
1 +7)M(Ly) +~v¥(Ly) > (1+~y(1+K(r Z Ak

Therefore,

1
> = 1+~)M(L W(Lr) >0 VT € cart® (B* x §?).
"R (I+7)M(Lr) +~¥(Lr) > cart™" ( )
On the other hand, recalling that there exists a radius p = p(r,n) between 1 —r and 1 such that the supremum
K(r) in (5.2) is attained for any y with ||y|| = p, and taking a current with just one singular point a; chosen so
that k,(a1) = K(r), we get the converse arrow, thus
1

> - 1 MI(L U(Lr) > T 21 (g2 « §2) .
V= 1+ K(r) — (1+~)M(Ly) +7%(Lr) >0 VT € cart>" (B* x S?)
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Since our coercivity threshold ~.(r) satisfies

1

Ye(r) > _T[((’F)’

using Schoen-Uhlenbeck density theorem [11] and Remark 3.11 we deduce that Theorem 6.1 and Corollary 6.4
reduce as follows.

Proposition 7.1. Let n = 2. If v > max{7s(r),7.(r)}, then for every (u,v) € W12(B? x S?) we have

&y (u,v) = &y (u,v).
If we just assume v > v.(r), then for every (u,v) € WH2(B? x S?) we have
&, (u,v) > C (D(u) + D(v)),
where C = C(vy,r) > 0 is given by Theorem 5.1.

An example about the lower semicontinuity

We give an example in dimension n = 2 showing that the lower semicontinuity property of Theorem 4.2 fails

to hold if .
TS TIERG)

To this purpose, let T' € cart®!(B? x §?) as in (7.1), where the function ur = P € S? is constant and the
points a; are distinct. Since D(ur) = 0, the functional ¢(7T') defined in (4.10) reduces to

&(T) = 4r¥(Ly).

Recalling (4.11) we thus get
Fo(T) =4 ((1+ ) M(Lr) +v¥(L7))

so that by (7.2) we have
m
Fo(T) =4x > o] (147 (1 + kr(ai))). (7.3)
i=1
Assume now that o; = £1. By (7.3) we have

Fy(T)=4mm (1 +~(1+ f(T, r))

where the average f(T,r) is a positive number which depends on the position of the points a; in B2, and by (5.4)
lies between ¢(r) and 1/¢(r); in particular it also satisfies

HTor) < K(r).

Now, for r small we have f(7,r) = 1 if all the points a; are not too close to the boundary, namely if
la;] < 1 —2r. On the other hand, choosing the points a; € B? in such a way that ||a;|| = p(r,2), we have
kr(a;) = K(r) and hence

Fy(T)=4rm (1+~v(1+ K(r))).
Set
Ty =Ty, =T} = Gp,
the graph of the constant P € S?, and

T} =G+ (0,0 —6,) X [$*],



A VARIATIONAL PROBLEM WITH INTERACTION BETWEEN LEAVES 1199

where the points a,f are distinct, have the same distance from the boundary and converge to the origin, so that
the singularities cancel out and T’ ;} — Gp = Ti. A counterexample to lower semicontinuity will be obtained if
we show that

Fo(Tr) > lim inf 7, (Ty) - (7.4)

But F, (T1) = 0, whereas for h sufficiently large we have [|aif|| < 1 — 27, thus k,(aj") = 1 and
Fo(Ty) = 87 (1+2y) < 0= F, (1)

as soon as v < —1/2. To get a sharper estimate, it is enough to change the choice of the singular points: the
couple aj should satisfy [ai|| = p(r,2) and converge to a point, so that

Fy(Th) =8 (L+~v(1+ K(r))) <0=F,(T1)

as soon as )
- - . 7.5
TS TIRRD (75)
Since the semicontinuity threshold ~s(r) in (4.6) satisfies vs(r) — 0~ as 7 — 07, this suggests that ~s(r)
should be far from being optimal, for r small.

Coercivity and radius of interaction

The estimate in Theorem 5.1 is quite rough: indeed the absolute constant of (5.2) does not distinguish between
“good” balls B, well within B", and balls close to the boundary. If the support of f is far (i.e. at a distance
greater than 2r) from dB™ then (5.3) trivially becomes

[ f = [ swa,
" J B, (x) Bn

thus K (r) is only needed at points near the boundary. On the other hand, due to the nonlocality of the problem
a global constant seems to be the main way to control the double integrals with a single integral. Indeed
in (5.5) one discards, without getting any coercivity benefit, the averages of |nDu(x) + n~*Duv(y)|*> and of
[nDv(x) +n~tDu(y)|?, and it is impossible that both vanish everywhere.

We now construct an example with loss of coercivity for v satisfying (7.5), which is (strictly) less than our
coercivity threshold ~.(r).

Let n =2 and let up = P and vy = Q be constant maps, P, Q € S%. We claim that for every positive integer
m € Nt we can find two sequences {uy}, {vr} of smooth functions from B? into S? such that uy — up and
v, — vg weakly in W2, with sup;, (D(ug) + D(uy)) < oo, and

Sv(uk,vk)§87rm(1+7(1+K(7”)))+% Vk.

Therefore, if (1+~ (14 K(r))) <0, i.e., if (7.5) holds, the claim gives that the relaxed functional (1.5) satisfies

€ (up, vg) = —oo.

To prove the claim, we set
Ty = Gp +m(6at —(5&;) X [[82]],

where we choose in an optimal position the points of mass concentration, in such a way that kr(a%) = K(r).
Therefore, compare (4.11), if a;f # a, , arguing as above we find that

Fy(Th) =8rm (1+v (14 K(r))).
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Moreover, we may choose the points af so that |az—a,ﬂ — 0 as h — oo. This clearly yields that T}, — G'p weakly
in Dy (B? xS?), as a cancellation occurs when passing to the limit. By Theorem 6.2, for every h we find a sequence
of smooth maps {uf} C C*(B?,S?) such that G,n — Tj, weakly in Dy(B? x §?) and Fy(Gur) — Fy(Th) as
k — oco. Setting v!' = @, and arguing as for the proof of Corollary 6.3, a diagonal argument yields the claim.
8. ENERGY OF MULTIFUNCTIONS
In this section we describe an approach to our problem within the setting of multifunctions.
Multifunctions

We first introduce an equivalence relation on couples of Sobolev functions.

Definition 8.1. For any given couples (u, v) and (%, ?) of functions in W1:2(B™ S?), we say that (u,v) ~ (u,v) if

£ ({o e B | {u(@), v(@)} # {a(@),5(@)} } ) = 0.
This equivalence relation can be written in terms of currents carried by the graphs as
(u,v) ~ (1,0) <= (Gy + Gy)(w) = (Gz + Gz)(w) Vwe D" (B" x §?). (8.1)
The characterization in (8.1) follows from the equality in (3.1), splitting the integral on the sets
A:={z e B"|u(x) =1u(x)}, B:=B"\ A

and noticing that (from the locality of the gradient operator in the space of Sobolev maps) we have Du = Du and
Dv = Dv L™-a.e. on A, whereas we have Du = Dv and Dv = Du L"-a.e. on B. In particular, if (u,v) ~ (u, )
we have that

[ (olout@) + o vta) do = [ (ol i) + ol 7)) da (32)

for every test function ¢ = ¢(z,y) € C°(B™ x R?).

Definition 8.2. We denote by MyW12(B™, S?) the set of equivalence classes [u, v] of couples (u, v) of functions
in W12(B", S?) under the equivalence relation given by Definition 8.1.

We are led by (8.2) to consider the following weak convergence:

Definition 8.3. We say that [ug,vx] — [u,v] weakly in MaW 1?2 if

lim (go(w,uk(x)) + go(x,vk(x))) dz = / (cp(:r,u(:r)) + go(w,v(x))) dz (8.3)

k—oo Jpn n
for every p € C°(B™ x R?).

In particular, if uy, — u and vy — v strongly in L{. (B™), we have [uy, vi] — [u, v] weakly in MoW 2. We also

explicitly notice that if ux — u and vy — v weakly in Wh2(B",R?), then [uy, vi] — [u, v] weakly in MoW 12,
In terms of graphs, the convergence just introduced corresponds to the weak convergence

khm (Gup + G )(p(z,y) dz) = (Gu + Gu)(p(z, y) dz) Ve O (Bn X RS) )

i.e., to the dual convergence on currents restricted to horizontal test n-forms ¢(x,y) dz.
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Energy of multifunctions

As will be shown by the example in Section 9, the energy &, (u, v) may depend on the choice of the representa-
tive in the equivalence class [u, v]. We therefore define the energy &, [u, v] of an element [u, v] in MoWH2(B™,S?)
through an additional minimization procedure, that is

E,[u,v] := inf{&,(w,v) | (w,V) ~ (u,v)}. (8.4)
One may then consider the following relaxed energy on the class MyW12(B", S?)

E,[u,v] = inf{likminf E Jug,vr] | {w}, {og} € C(B",S?),  [ug,vx] — [u,v] weakly in Mng’z}.

(8.5)
More precisely, E.[u,v] is the lower semicontinuous envelope of the non-negative functional defined on
MoWt2(B",S?) by

,7] {Ev [w, ] if [w, D] is smooth 56)

+00 otherwise

where [u,?] is said to be smooth if there exists a representative (u,v) € [, ?] such that u,v € C>°(B",S?).

However, we do not know whether for u,v € C*°(B",S?) we have E,[u,v] = &,(u,v), as in principle it may
happen that there exists a couple of non-smooth W2-functions (@, v) € [u,v] such that &, (u,v) < &, (u,v). For
this reason, it is difficult to find an explicit formula for (8.5). We argue in a different way, that is suggested by
a relaxation result for equivalence classes of currents.

Equivalence classes of currents
We first introduce an equivalence relation on couples of Cartesian currents.

Definition 8.4. For any given couples (S,T) and (S, T) of currents in cart®!(B™ x S2), we say that (S,T) ~
(5,T) if
(S +T)(w) = (§+ T) (W) YweD"(B"xS?).

We also denote by Ma cart®!(B™ x §?) the corresponding set of equivalence classes [S,T]. Moreover, we say
that [Sk, Tx] — [S, T] weakly in M cart?! if

(Sk+Tr)(w) = (S+T)(w) Ywe D" (B" x §?).

Notice that if we denote by ur € W1H2(B",S?) the Sobolev function corresponding to a current T €
cart®(B" x S?), then we have:

(ii) [k, Th] — [S,T] in Macart®>! = [ug,,un] — [us,ur] in MaWh2,

We then define the energy of an element [S, T] € M cart®!(B" x §?) as
B[S, T) == inf{&, (§, f) | (§ T) ~ (S, T)}. (8.7)

It turns out that the infimum in the above definition is attained:

Proposition 8.5. If v > max{7s(r),V.(r)}, for every [S,T] € My cart>'(B"™ x §?) we have

E.[S,T] = min {57 (§ T) | (§, 'T“) ~ (S, T)}.
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Proof. Clearly E,[S,T] < co. Let {(Sk,Tk)} be a minimizing sequence with (S, T)) ~ (S,T). By coercivity
we have sup,, (D(Sk) + D(T, k)) < o0. Therefore, by closure-compactness, possibly passing to a subsequence we
deduce that Sy — S and Ty — T in D, (B"™ x S?) to some S,T € cart®>!(B" x §?), with (S,T) ~ (S,T). B
lower semicontinuity, we thus have
E,(S,T) < likm inf &, (Sk, Tx) = E5[S, T1,
s
that proves the claim. O

The corresponding relaxed energy on the class My cart?!(B" x S?) is then defined by

EL[S,T] := inf{likminny[Guk,Gvk] | {un}, {op} C CX(B™,S2),  [Guys Goy] — [, T] weakly in M, Cartz,l}_
8

The following equality holds:
Proposition 8.6. If v > max{v,(r),7.(r)}, for every [S,T] € My cart®>*(B" x S?) we have

E,[8,T] = E,[8,T).

Proof. We prove separately the lower and the upper bound.

Step 1. Lower bound. We can assume without loss of generality that E; [S,T] < o0, otherwise the lower bound
is trivial. Let {(ug, vx)} be a sequence of couples of smooth functions in C*°(B",S?) such that [Gy, , Gy, ] — [, T]
in M cart®!, with supy, E,[Gu,, Gy,] < oo. By Proposition 8.5, we have E,[Gy,, Gy, ] = & +(Sk, Tk) for some
(Sk,Tk) € [Guy, Gu,]- As in the proof of Proposition 8.5, possibly passing to a subsequence Sk —~Sand T, =T
in D,,(B™ x §?) to some S, T € cart>!(B" x S?). By lower semicontinuity, we thus have

E,[S,T| <&,(5,T) < likm inf &, (Sk, T) = likm inf B, [Gu,, Gu,]- (8.9)

Since (G, + Gvk) = |
that E,[S,T] = E,[S
E,[S,T] > E,[S,T].
Step 2. Upper bound. By Proposition 8.5, we can find (5, T) ~ (S.T) such that E,[S,T] = 57(:67, 7). B
Corollary 6.3, we let ug, vy € C*°(B",S?) such that [Gy,, Gy, ] — [§ T] in M; cart>! and E(Guyy, Gyy) —
£,(S,T). Again by Proposition 8.5 we have E 1 [Guy, Go] = € (Sk, Tx) for some (S, T}) € [Gu,,Gy,], and
possibly passing to a subsequence Sy =~ Sand T, = T in D, (B™ x S?) to some S,T € cart>!(B" x S?). By
lower semicontinuity this yields

Ty) — (S +T) weakly in D,,(B™ x S?), we deduce that (S,T) € [S,T] and hence
is, together with inequality gives the lower bound for the relaxed energy
Thi h h li 8.9), gi he 1 bound for th laxed

(Sk +
7).

&/(S.T) <liminf &, (5, Th) < lim &, (Guy, Gu,) = & (S.7). (8.10)
Since (Sk, Tg) ~ (Guy, G, ) we have (S,T) ~ (S,T) ~ (S, T). This implies, recalling the choice of (S,T), that
& (8.7) = B[S, 7] < &,(5.T). (8.11)

Combining (8.10) and (8.11) we get

lim inf B, G, , G, ] = lim inf €, (skfk) = lim &(Guy, Gu,) = B [S.7],

k—oo

where the first equality is due to the choice of (§k,1~“k) Up to an extraction of a subsequence this gives
E,[Guy, Gy, — E,[5,T), and by the fact that [Gy,,G.,] — [S,T] we obtain the upper bound for the re-

laxed energy EV,Y[S, T| < E,[S,T]. O
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Relaxed energy of multifunctions

Motivated by Proposition 8.6, we are led to introduce on the class MoW12(B™, S?) the relaxed energy

E,[u,v] = inf{likminny[Guk,Gvk] | {u), {ury € C®(B™,S?),  [ug,v] = [u,v] weakly in MpW'?
—00

(8.12)
i.e., the lower semicontinuous envelope of the non-negative functional on MyW2(B" S?)

3,75] — {Ev [w, 0] if [w, D] is smooth (8.13)

“+o0 otherwise
where [, 7] is smooth in the sense of (8.6) and for any such smooth class [@, ] we have set
E;[ﬂ,ﬂ = E,[Gy,G,] for some u,v € C*(B",S?) such that (u,v) ~ (4, 7).

The following formula for the relaxed energy (8.12) holds:

Theorem 8.7. Let n > 2 and let v > max{7ys(r),v.(r)}. Then the relaxed energy (8.12) is always finite and
for every [u,v] € MaW12(B™, S?) we have

EJu,v] = inf{EW[S, T||S€Ti TeT, aveWH(B",S?), (4,7) ~ (u,v)}. (8.14)

As a consequence, using property i) after Definition 8.4, by the definitions (4.4) and (8.7) we immediately
obtain the following explicit formula for the relaxed energy of multifunctions.

Corollary 8.8. For every [u,v] € MoW12(B™ S?) we have

B fu,v] = inf{&,(ﬂ, D) + 47 ((1+7) (M(Ls) + M(Lz)) +~ (¥(Ls) + (L))
|SeTs, TeTs, U, o€ WH2(B",S?), (4,7) ~ (u,v)}.

Proof of Theorem 8.7. The finiteness of the relaxed energy E;[u, v] is a consequence of the arguments in Sec-
tion 6. We prove separately the lower bound and the upper bound in equality (8.14).

Step 1. Lower bound. Let {(ug,vr)} be a sequence of couples of smooth functions in C*°(B",S?) such that
[ug, vk] = [u,v] in MoW b2 with supy, E,[Gu,, Gy,] < 0o. Arguing as in Proposition 8.6, we can assume that
E[Guyy Goy ] = E4(Sk, Ty,) for some (Si, Ty) € [Guy, Gu, ] such that Sy — S and T, — T in D,(B" x §?) to
some S, T € cart?*(B" x S?). The lower semicontinuity implies that

E,[S.T) < &,(S,T) < liminf € (S, Ti) = lim inf B, G, Gy ] (8.15)

Moreover, the weak convergence [Si,Tk] — [S,T] in Mycart®>!(B" x S?) implies the weak convergence
[us,,ur,] — [us,ur] in MoW?12(B™, §?). But since [us,,ur,] = [uk,vr] we deduce that (ug,ur) ~ (u,v).
Together with (8.15) this proves the inequality “>" in (8.14).

Step 2. Upper bound. Consider u,0 € W12(B" §?) such that (u,?) ~ (u,v) and let S € 7Tz and T € T.
By Proposition 8.5, we have E,[S,T] =& (§ T) for some couple of currents S, T € cart>!(B™ x S2) such that
(S,T) ~ (S, T). By Corollary 6.3, we take two  sequences {uy}, {vi} C C(B", S$?) such that [G., , Gv,] = [S,T]
weakly in My cart®! and &, (G, , G, ) — &,(S,T). Arguing as in Proposition 8.6, we write again - [G., , Gy, ] =
&, (Sk, T,) for some (Sk,Tk) [Gu,, Gy, such that [Sk, Tx] — [S,T] in M, cart2 1(B" x §?) with

EL[S.T] < &,(8,T) < liminf B, Gy, Gu,) < lim &,(Guy, Guy) = &, (§ :F) = B,[S,T]. (8.16)
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Since [Gu, s Gu.] = [Sk, Tk, we have (S,T) ~ (S,T) ~ (S, T). This implies that (8.16) is a chain of equalities,
and in particular
likm inf B, (G, ,Gv,| = E,[S,T). (8.17)

Moreover, by the choice of S and T', we also have

(U§, UT) ~ (uS’uT) = (ﬂ, ﬂ) ~ (U,U),
that also gives
[ukavk} = [usk’uTk] - [U§a uT] = [u,v]
weakly in MaW 2, This, together with (8.17), yields the inequality “<” in (8.14). O

9. COUPLES OF FUNCTIONS VERSUS MULTIFUNCTIONS

This final section is devoted to a simple example showing the difference between the two viewpoints, couples
of functions versus multifunctions: this implies in particular that the value of &, (u,v) depends on the choice of
the representative in the equivalence class [u, v]. This motivates the definition of &, [u,v] given in (8.4).

The starting point is to remark that the union of the graphs of the functions (from R to R)

up(x) = 2™ | vo(x) =~

may be reobtained with the two functions @g(x) = |z| and vp(x) = 0, and that the argument of the interaction
integral in (1.4), near the point z = 0, is always 1 when applied to the couple (ug,vp), and is sometimes zero
and sometimes 4 (due to the square) when applied to (ug,vp): thus depending on the sign of v either choice as
a representative in the equivalence class may be more favorable than the other.

This does not instantly apply to our setting of functions from a ball to a sphere, but we show how to reproduce
the same behavior. Define the Sobolev functions in W2(B™ §?)

(sinzy,cosxy,0) if 1 >0 (0,1,0) ifz; >0
u(z) = . v(z) = . .
(0,1,0) if x1 <0, (—sinzy,cosxy,0) if 21 <0
where @ = (z1,2) € B", 2/ = (x2,...,2,), and
u(z) = (sin |z1],cos x1,0), v(x):=(0,1,0),

so that (u,v) ~ (u,v), see Definition 8.1, and remark that |Du(xz) — Dv(y)| is identically equal to 1, whereas
|Du(x) — Dv(y)| < 2 everywhere. Since

1 1 1 1
—/ |Du(x)\2dm+—/ D)2 de = —/ \Dﬂ(a:)|2dac—|——/ D)2 da,
. . 2 /s 2 /5

we need only compare the values at (u,v) and (u,?) of the last integral in (1.4), namely we consider

o
Ar: 0 J B 2

(IDu(z) = Du(y)|* + |Dv(w) — Du(y)|*) dy da
/][ % (IDi(z) — DE(y)[? + | D(x) — Di(y)[?) dy da
-/ { [5 (1Du(w) ~ ey + |De(z) ~ Du)) - 1| dy e

B" J B, (x)
= /n ][~ (|Du(z) — Du(y)* — 1) dydz

B™ J B,
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where in the second-last equality we exploited the peculiar symmetry of the couples (u, v) and (v, u) with respect
to the transformation (x1,2’) — (—x1,2’), and in the last one the fact that all functions only depend on 1,
and we have denoted by D; the derivative with respect to x;. We will find a simple estimate as r — 0, thus
from now on we suppose r small enough for all our geometrical considerations to hold true. For |z1| > r the
integrand function vanishes on B,.(z) and we have

A= [ f (D) - Dr)P - 1) dyda,
A, JB,(x)
where we set A, = {x € B": —r < 21 < r}. Now define
Cr={zc A |[(xa,...,2pn)|| <1—2r}

a cylinder such that Er(aj) is just B,.(z) whenever z € C,.. Since the volume of A, \ C, is of order 7? and the
integrand function is bounded (say, by 5) we may write

/ ][ (|Dyu(z) — Dyo(y)> — 1) dy da.

Duuo(x) = (1,0,0) if 2y > 0 Dyvoly) = (0,0,0) ify; >0
B PO (21,0,0) if 1 < 0

Now set

and remark that if x € C, we have

Dyu(x) = Dyuo(z) + O(r) and Dyv(y) = Divo(y) +O(r) Yy € By(x),

/ ][ (1Dvo(x) = Do) = 1) dyae = 0() + [ f S dyda

as the volume of C,. is of the order of . We write down the values taken by this last integrand:

thus

0 ifz;>0,y1>0 or z1<0, y1 <0
ng(x,y) =<¢3 ifx; >0, y1 <0
—1 ifx1 <0, y; >0.

Thus (computing the integral of the function 7 on the half sphere z7 > 0)

2
2wy T

2
1dzdy = O(r? —_
W™ e )+ (n+ Dwn
{zeCr|x1>0} {yeBr(z)|y1<0}

A =0(?) +

This proves in particular that A, > 0 for all » suitably small: thus, since
Ey(u,v) — E4(w,0) = vA,,

we deduce for r small
v>0 = &(uv) <& (u,v)

v<0 = &(u,v) <& (u,).
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Since moreover u(z) = v(x) if and only if z; = 0, by Definition 8.2 it is possible to check that the equivalence
class [u,v] € MaWhH2(B™,§?) has only two couples of representatives. We have thus obtained that for r small
the energy (8.4) of such an equivalence class satisfies

E(w,0)ify>0

E =
wle vl &y (u,v) if v < 0.

Finally, since all the currents G,, carried by the graphs of the functions w = w, v, %, v in our example satisfy
the null-boundary condition (3.3), hence belong to the class cart?!(B™ x §?), by Theorem 8.7 we conclude that
for v > max{7ys(r),7.(r)} the relaxed energy (8.12) always satisfies

(1]

— E(w,0)ify>0
Bl =By =
L (u,v) if v < 0.
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