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ABSTRACT. – LetX →Y be a tameG-cover of regular arithmetic varieties overZ with G a finite group.
Assuming thatX andY have “tame” reduction we show how to determine theε-constant in the conjectural
functional equation of the Artin–Hasse–Weil functionL(X/Y, V, s) for V a symplectic representation ofG
from a suitably refined equivariant Arakelov–de Rham–Euler characteristic ofX . Our result may be viewed
firstly as a higher dimensional version of the Cassou-Noguès–Taylor characterization of tame symplectic
Artin root numbers in term of rings of integers with their trace form, and secondly as a signed equivariant
version of Bloch’s conductor formula.

 2002 Éditions scientifiques et médicales Elsevier SAS

RÉSUMÉ. – Soit X → Y un revêtement modéré, de groupe finiG, de variétés arithmétiques surZ.
Sous l’hypothèse que la réduction deX et Y est modérée, nous montrons, en utilisant un raffinement
convenable de la caractéristique d’Arakelov–de Rham–Euler deX , comment déterminer la constante
epsilon de l’équation fonctionnelle conjecturale de la fonctionL(X/Y, V, s) d’Artin–Hasse–Weil pour
une représentation symplectiqueV deG. Ce résultat peut être considéré comme la version en dimension
supérieure de la caractérisation des constantes symplectiques d’Artin de Cassou-Noguès et Taylor, et aussi
comme une version équivariante à signes de la formule du conducteur de Bloch.

 2002 Éditions scientifiques et médicales Elsevier SAS

1. Introduction

The theory ofε-constants can be traced back to Gauss’ work on quadratic Gauss sums

τ(χ2) =
p−1∑
a=1

χ2(a)e2πia/p

in which p is an odd prime andχ2 : (Z/pZ)∗ → C∗ is the (unique) quadratic multiplicative
character modp. From the equality

τ(χ2)2 = χ2(−1)p
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one can deduce Gauss’ quadratic reciprocity law (c.f. [29], pp. 77–78). The above formula
determinesτ(χ2) only up to±1. The difficulty in determining epsilon constants without sign
ambiguities appears even in these early examples, where the sign for the quadratic Gauss sum has
very important consequences for the distribution of quadratic residues (c.f. [18] VIII, §6). Gauss
conjectured an exact formula forτ(χ2) in 1801, which he proved in 1805 (c.f. [29], Chapter IV,
§3, [25], p. 73). The study of Gauss sums took on new significance with the discovery that
they occur as constants in the functional equations of Dirichlet L-series. To describe a modern
conjecture descending from this result, supposeX is a projective and flat regular scheme over
Spec(Z) which is an integral model of a smooth projective varietyX of dimensiond overQ.
The Hasse–Weil zeta function ofX is defined in a suitable half plane of convergence by the
infinite product

ζ(X , s) =
∏
x

(
1−N(x)−s

)−1

wherex ranges over the closed points ofX andN(x) is the order of the residue field ofx.
Denote byL(X , s) the zeta function withΓ-factorsL(X,s) = ζ(X,s)Γ(X,s). TheL-function
is conjectured to have an analytic continuation and to satisfy a functional equation

L(X , s) = ε(X )A(X )−sL(X , d+ 1− s)

with ε(X ) andA(X ) (the “ε-constant” and the “conductor”) real numbers which, assuming
certain choices, can be defined independently of any conjectures (see [15]). The formulas in [15]
give expressions for bothε(X ) andA(X ) as products of certain rational numbers, roots of unity
and generalized Gauss sums of the form

τ(χ) =
∑
a∈R∗

χ(a)ψ(a)

in which R is a finite ring andχ (respectivelyψ) is a multiplicative (respectively additive)
character ofR.

The knowledge of the numbersε(X ) andA(X ) is important in many arithmetic applications.
In particular, the sign ofε(X ) influences the order of the zero or pole ofL(X , s) ats= (d+1)/2.
Hence, at least whend is odd, this sign should determine, via the various generalizations of the
Birch and Swinnerton-Dyer conjecture, the parity of the rank of a certain group of algebraic
cycles onX . There is considerable interest in obtaining information aboutε(X ) andA(X ) using
other global invariants of the varietyX . An example of a result of this sort is Bloch’s conjectural
conductor formula [3]; according to this,A(X ) is given as the degree of the localized top Chern
class of the relative differentialsΩ1

X/Z. Bloch’s formula has been proven whend= 1 [3], when
X → Spec(Z) is “tame” (see below, [13] and [1] independently), and when all the fibers of
X → Spec(Z) are divisors with normal crossings [28]. Let us remark here that, as we can also see
directly using the predicted functional equation, determiningA(X ) is equivalent to determining
the squareε(X )2.

In this paper we will study an “equivariant” situation. We will assume thatX supports
an action of a finite groupG; this produces aG-cover π :X → Y := X/G. For any finite
dimensional complex representationV of G with characterψ we can consider the Artin–Hasse–
Weil L-function with Γ-factorsL(Y, ψ, s). This is theL-function of a corresponding “higher
dimensional Artin motive” obtained fromX and V . There is again a conjectural functional
equation

L(Y, ψ, s) = ε(Y, ψ)A(Y, ψ)−sL(Y, ψ̄, d+ 1− s).
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Now assume:
(T1) the action ofG onX is “tame” (for every pointx of X the order of the inertia subgroup

Ix ⊂G is relatively prime to the characteristic of the residue fieldk(x)), and
(T2) both schemesX and Y are regular and “tame” (i.e they are regular and all their

special fibers are divisors with strict normal crossings with multiplicities relatively prime to the
characteristic).

In this paper, we will show how, under these two assumptions, we can determine the
constantsε(Y, ψ) for all symplectic charactersψ of G using theG-equivariant Arakelov–Euler
characteristics of a suitable de Rham complex ofX (see below and also Theorem 8.3). Recall
that aG-representationV is called symplectic whenV supports aG-invariant perfect alternating
bilinear form. WhenG is the trivial group the “smallest” symplectic representation is the direct
sum1⊕ 1 of two copies of the trivial representation. The result is interesting even in this case.
Indeed, thenX = Y and the result specializes to a formula givingε(Y,1 ⊕ 1) = ε(X )2 in
terms of an Arakelov–de Rham–Euler characteristic; one can show that this formula amounts
to Bloch’s conductor formula (see [13]). In [13], Bloch’s formula is shown under the “tameness”
assumption (T2). Therefore, in the current paper we obtain an equivariant generalization of
this result. Let us remark that the constantsε(Y, ψ) depend intrinsically on thel-adic Galois
representations which appear in the étale cohomology of the arithmetic variety. The results of
this paper give one of the first instances where Arakelov theory is involved in determining an
interesting Galois representation invariant of this type. It is particularly striking that our results
enable us to determine the sign ofε(Y, ψ) for symplecticψ.

In [8] and [12], we have shown, under the assumptions (T1-2), that aG-equivariant de Rham–
Euler characteristic can be determined usingε-constants. As we will explain below, our current
results can be viewed as providing a “converse” of the main theorems of these papers. The
main result of [8,12], generalizes “Fröhlich’s conjecture” (shown in [36]) on the Galois module
structure of the rings of integersON in a tame extensionN/K of number fields with group
G = Gal(N/K) to higher dimensional schemes overZ. Fröhlich’s conjecture explains how
one can determine the stable isomorphism class ofON as aZ[G]-module from the signs of
the constantsε(Spec(OK), ψ), ψ symplectic. In this zero-dimensional case, the “converse”
is provided by Fröhlich’s hermitian conjecture (shown by Cassou-Noguès and Taylor in [6]).
Roughly speaking, this shows that theZ[G]-moduleON , together with the additional structure
provided by the hermitian pairing of the trace form, can be used to determine the symplectic
ε-constants. A main observation of the present paper is that instead of using the trace form
we can construct invariants using Arakelov hermitian metrics. From our point of view, the
Cassou-Noguès–Taylor result may be reformulated as follows: they show that theε-constants
of Artin L-functions for symplectic representations ofG can be recovered from the isomorphism
class ofON as a “metrisedZ[G]-module”. Here a metrisedZ[G]-module is aZ[G]-module
M together with aG-invariant metric onC ⊗Z M ; for the ring of integersON , the metric
on C ⊗Z ON is given byz ⊗ a 
→ (

∑
σ |zσ(a)|2)1/2, where the sum extends over the distinct

embeddingsσ :N → C. The theorems in this article provide generalizations of this Cassou-
Noguès–Taylor result to higher dimensions.

Now let us explain in some more detail our results and methods. We first study bounded
complexes of finitely generatedZ[G]-modules whose determinants of cohomology are endowed
with certain metrics; we call such complexesmetrised complexes. The alternating sum
of the terms of the complex yields an Euler characteristic of the complex inG0(Z[G]),
the Grothendieck group of finitely generatedZ[G]-modules; furthermore, if the complex is
perfect, in the sense that all the terms of the complex are projective, then one can form a
projective Euler characteristic in the finer Grothendieck groupK0(Z[G]) of finitely generated
projectiveZ[G]-modules. Our initial aim is to construct an arithmetic class (or “Arakelov–
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Euler characteristic”) for each bounded perfect metrised complex, which will take values in a
metrised version of the projective classgroup ofZ[G]; we will denote this “arithmetic” classgroup
byA(Z[G]).

Our interest lies in arithmetic classes which are obtained as follows: LetX be a regular
scheme which is projective and flat overSpec(Z). We suppose thatX supports an action by
a finite groupG which is tame (assumption (T1)); we choose aG-invariant Kähler metrich on
the tangent bundle of the associated complex manifoldX (C). We are then able to construct
an Arakelov–Euler characteristic for any hermitianG-bundle (F , j) on X by endowing the
equivariant determinant of cohomology ofRΓ(X ,F) with equivariant Quillen metricsjQ,φ for
each irreducible characterφ of G. This construction can then be extended to give an Arakelov–
Euler characteristic inA(Z[G]) for a bounded complex of hermitianG-bundles. In particular,
by applying this construction to a suitable complex obtained by resolving the de Rham complex
of X , we obtain the equivariant de Rham Arakelov–Euler characteristic

d(X ) := χ
(
RΓ(X , λ•Ω1

X/Z),∧•hDQ
)
∈A(Z[G])

(see the beginning of Section 8). Our main result shows that the de Rham Arakelov–Euler char-
acteristicd(X ) ∈ A(Z[G]), together with the arithmetic ramification classAR(X ) ∈ A(Z[G])
(see 8.2), completely determines all the constantsε(Y, ψ), ψ a symplectic character ofG. To
explain how this is achieved, observe that by its definition (see 3.2),A(Z[G]) has a “Fröhlich
description”; this allows us to describe elements inA(Z[G]) by giving suitable homomorphisms
from the group ofQ̄-valued charactersRG of G. In Section 4 we show that, by restricting to the
subgroupRs

G ⊂RG of virtual symplectic characters ofG, we obtain an image ofA(Z[G]) in the
so-called tame symplectic arithmetic classgroupAs

T (Z[G]). For a ∈ A(Z[G]), we will denote
by as ∈As

T (Z[G]) this restriction. We also show thatAs
T (Z[G]) contains a subgroupR(Z[G]),

called the group of rational classes, which supports a natural isomorphism

θ :R(Z[G])→HomGal

(
Rs
G,Q

×).
Our main result then is (Theorem 8.3):

THEOREM. – Assume(T1) and (T2). The elementds(X )−1 · ARs(X ) of As
T (Z[G]) is a

rational class and for any symplectic characterψ

ε(Y, ψ) = θ
(
d
s(X )−1 ·ARs(X )

)
(ψ).

This result can be thought of as a “converse” to the main Theorems of [8] and [12]; there the
class of the de Rham–Euler characteristic inK0(Z[G]) is shown to be determined byε-factors.
Let us point out that the arithmetic ramification classAR(X ) is modelled on the “ramification
class”R(X/Y) of [8]. It only depends on the branch locus of the coverX → Y ; under our
assumptions this branch locus is contained in a finite set of fibers ofY → Spec(Z). In the zero-
dimensional caseX = SpecON , Y = SpecOK , the arithmetic ramification class is trivial and
the Theorem amounts to the result of Cassou-Noguès–Taylor as reformulated above.

This article is structured as follows: in Section 2 we define our notation and present a
number of preliminary results. Then, in Section 3, we define the arithmetic classes for suitable
boundedZ[G]-complexes and establish a number of their basic properties. The construction of
the arithmetic class is a rather delicate matter, since we wish to produce an invariant which
reflects the fact that the terms in the complex are projective, whilst the metrics are only defined
on the determinants of cohomology. The main point here is to show that our notion of arithmetic
class is invariant under quasi-isomorphisms which preserve metrics in an appropriate sense.
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The formation of arithmetic classes may also be seen to be closely related to the refined Euler
characteristics with values in relative K-groups introduced by D. Burns in [4] and [5].

Our arithmetic classes take values in the arithmetic classgroupA(Z[G]). This group contains
a considerable amount of information, and in practice it is often convenient to work with
various image groups of this classgroup; the image groups which we require are presented in
Section 4.

In Section 5 we consider an arithmetic varietyX which carries a tame action by a finite
groupG and we define an arithmetic class for a hermitianG-bundle onX which supports a
set of metrics on the equivariant determinant of cohomology; we then carry out a number of
calculations in the case whenX is the spectrum of a ring of integers. These will allow us to
reinterprate the above mentioned results of Cassou-Noguès–Taylor.

In Section 6 we fix a choice of Kähler metrich on the tangent bundle ofX (C). For a complex
(G•, h•) of hermitianG-bundles onX , we use the equivariant Quillen metrics on the equivariant
determinants of hypercohomology (see [2]) to construct an arithmetic classχ(RΓG•, hQ•); we
call this class the Arakelov–Euler characteristic of(G•, h•). We then briefly detail the functorial
properties of such Euler characteristics and calculate such Euler characteristics whenX has
dimension one.

In Section 7 we introduce the logarithmic de Rham complex ofX ; this is an important
technical tool in the proof of the main Theorem. We also obtain an interesting intermediate
result. LetS denote a finite set of primes which includes those primes whereX has non-smooth
reduction and we letΩ1

X/Z(logX red
S / logS) denote the sheaf of degree one relative logarithmic

differentials ofX with respect to the morphism(X ,X red
S )→ (Spec(Z), S) of schemes with

log-structures. Assuming (T2) this sheaf is locally free. The logarithmic de Rham complex
Ω•

X/Z(logX red
S / logS) is the complex

OX →Ω1
X/Z

(
logX red

S / logS
)
→ · · ·→Ωd

X/Z

(
logX red

S / logS
)
;

we view each term as carrying the hermitian metric given by the corresponding exterior power
of hD. In Theorem 7.1 we completely describe the imagecs(X ) of the logarithmic de Rham–
Arakelov–Euler characteristicc(X ) = χ(RΓ(X ,Ω•

X/Z(logX red
S / logS)),∧•hDQ) in the tame

symplectic arithmetic classgroupAs
T (Z[G]) in terms of the constantsε0(Y, ψ) (variants of

ε(Y, ψ), see [15] or Section 7). This is done by separating the calculation to characters of degree0
and to characters which are multiples of the trivial character (corresponding to theG-fixed part).
The case of degree0 characters is reduced to the results of Cassou-Noguès–Taylor in the zero-
dimensional case after using the moving techniques of [12] and T. Saito’s formulas for tame
ε0-constants. In particular, we obtain (a special case of Theorem 7.1):

THEOREM. – Assume(T1) and (T2). The elementcs(X ) ofAs
T (Z[G]) is a rational class and

for any virtual symplectic characterψ of degree zeroε0(Y, ψ) = θ(cs(X )−1)(ψ).

Finally, the calculation of theG-fixed part (Theorems 7.8 and 7.9) is obtained from the fact
that the analytic torsion of the de Rham complex is zero [32] using various considerations of
“metrized” duality.

In Section 8, we consider the de Rham–Arakelov–Euler characteristicd(X ) associated to the
(regular) differentials ofX/Z, and we show how this arithmetic class determines the symplectic
ε-constants ofX . This is obtained by combining the result for the logarithmic de Rham complex
of X with a calculation on the fibers ofX → Spec(Z) overS as in [12].

We would like to thank the referee and the editor for helpful comments which helped us
improve the presentation. The third author wishes to express his gratitude to Christophe Soulé
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for helpful conversations and exchanges of letters concerning the work presented in the latter
part of this article.

2. Preliminary results

2.1. Hermitian complexes

Let R denote a commutative ring which is endowed with a fixed embedding into the field of
complex numbersC; in applicationsR will be eitherZ, R orC. We consider bounded (cochain)
complexesK• of finitely generated leftR[G]-modules

K• : · · · →Ki d
i
K→Ki+1 → · · ·

so that the boundary mapsdiK are allR[G]-maps. Thus theith cohomology group, denoted
Hi =Hi(K•), is anR[G]-module. Recall that the complexK• is calledperfectif in addition all
the modulesKi areR[G]-projective.

DEFINITION 2.1. – Letx 
→ x̄ denote the complex conjugation automorphism ofC; we
extend complex conjugation to an involution of the complex group algebraC[G] by the
rule

∑
agg =

∑
agg

−1. An elementx ∈ C[G] is called symmetricif x̄ = x. A hermitian
R[G]-complexis a pair (K•, k•) whereK• is anR[G]-complex, as above, and where each
Ki

C =C
⊗

RK
i is endowed with a non-degenerate positive-definiteG-invariant hermitian form

ki :Ki
C ×Ki

C →C.

Thus, in particular, eachki is left C-linear andki(x, y) = ki(y, x). The metric associated toki

is defined by‖x‖i =
√
ki(x,x) for x ∈Ki

C, whereki(x,x)� 0 becauseki is a positive definite
hermitian form.

Equivalently (as per p. 164 in [17]) we may work with theC[G]-valued hermitian forms

k̂i :Ki
C ×Ki

C →C[G]

given by the rule that forx, y ∈Ki
C

k̂i(x, y) =
∑
g∈G

ki(x, gy)g.

Thus k̂i is C[G]-left linear and is reflexive in the sense thatk̂i(x, y) = k̂i(y, x). Conversely,
givenk̂i, we may of course recoupki by reading off the coefficient of1G in C[G].

Example2.2. – The moduleC[G] carries the so-calledstandard positive G-invariant
hermitian form

µ :C[G]×C[G]→C

given by the ruleµ(
∑

xgg,
∑

yhh) =
∑

xg ȳg. Then the associatedC[G]-valued hermitian
form µ̂

µ̂ :C[G]×C[G]→C[G]

is the so-called multiplication form̂µ(x, y) = x · ȳ.

4e SÉRIE– TOME 35 – 2002 –N◦ 3
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2.2. Metrised complexes

Let G again denote a finite group, let̂G denote the set of irreducible complex characters
of G, and once and for all for eachφ ∈ Ĝ we letW =Wφ denote the simple2-sidedC[G]-
ideal with characterφ(1)φ̄, whereφ̄ is the contragredient character ofφ. For a finitely generated
C[G]-moduleM we defineMφ = (M ⊗CW )G, whereG acts diagonally and on the left of each
term; more generally, for a bounded complexP • of finitely generatedC[G]-modules, we put
Hi =Hi(P •) and we write

P •
φ = (P

• ⊗C W )G and Hi
φ =

(
Hi ⊗C W

)G
.

We then construct the complex lines

det
(
P •
φ

)
=⊗i

(
∧topP i

φ

)(−1)i

and det
(
H•
φ

)
=⊗i

(
∧topHi

φ

)(−1)i

where for a complex vector spaceV of dimensiond, ∧topV denotes∧dV and where for
a complex lineL we write L−1 for the dual lineHom(L,C). Note also that here and in
the sequel for two finite dimensional vector spacesVi of dimensiondi we normalise the
standard isomorphism∧d1d2(V1 ⊗ V2)∼= ∧d1d2(V2 ⊗ V1) by multiplying by(−1)d1d2 , in order
to avoid subsequent sign complications. We refer to the set of linesdet(H•

φ) as theequivariant
determinants of cohomologyof P •. From Theorem 2 in [27] we have a canonical isomorphism

ξφ : det(P •
φ )∼= det(H•

φ).(1)

For ease of computation we use the above definition ofP •
φ ; however, alternatively one can

also work with the isotypical componentsWP •, as shown in the following lemma. Here and
in further applications we shall often need the renormalised formν :C[G]× C[G]→ C of the
hermitian formµ of (2.2) given by

ν(x, y) = |G| · µ(x, y) for x, y ∈C[G].

LEMMA 2.3. – For a C[G] moduleV with a G-invariant metric‖ − ‖, the natural iso-
morphism

α : (V ⊗C W )G ∼=WV

given byα(
∑

i vi ⊗ wi) =
∑

i w̄ivi is an isometry, where both terms carry the natural metrics
induced byν and‖−‖; that is to sayWV carries the metric given by the restriction of‖−‖, and
(V ⊗C W )G carries the metric given by the restriction of the tensor metric associated to‖−‖
andν onV ⊗C[G].

Proof. –Let ‖ − ‖1 respectively‖ − ‖2 denote the given metric on(V ⊗C W )G respectively
WV . If e= |G|−1 ·

∑
g φ(g)g is the central idempotent associated toW , then forx ∈WV , we

haveα−1(x) = |G|−1 ·
∑

g∈G gx⊗ ge and so

α−1(x) =
1

|G|2
∑

g,h∈G
gx⊗ gφ(h)h=

1
|G|2

∑
g,h∈G

ghh−1φ(h)x⊗ gh

=
1
|G|

∑
f∈G

f ēx⊗ f =
1
|G|

∑
f∈G

fx⊗ f.

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



314 T. CHINBURG, G. PAPPAS AND M.J. TAYLOR

Thus sinceν(f, f) = |G|

∥∥α−1(x)
∥∥2

1
=

1
|G|
∑
g

‖x‖2
2 = ‖x‖2

2. ✷

DEFINITION 2.4. – LetR again denote a subring ofC. A metrisedR[G]-complexis a pair
(P •, p•), whereP • is a bounded complex of finitely generated (not necessarily projective)
R[G]-modules and thepφ are a set of metrics given by positive definite hermitian forms on
the complex linesdet(H•

φ), one for eachφ ∈ Ĝ.

Example2.5. – A hermitian complex(K•, k•) affords a metrised complex in the following
way: endow(Ki ⊗C W )G with the form induced byki on Ki and by the restriction of the
standard form onW , which is given by the restriction ofν. The alternating tensor product of the
top exterior products of these forms is then a positive definite hermitian form on the complex line
det(K•

φ) and so induces a positive definite hermitian form on the complex linedet(H•
φ) via (1).

3. Arithmetic classes

3.1. The arithmetic classgroup

In this sub-section we shall define the arithmetic classgroup in which our arithmetic classes
take their values.

The notation is that of [9] and so we recall it only briefly:RG denotes the group of complex
characters ofG; Q is the algebraic closure ofQ in C, so that we have the inclusion mapQ ↪→C.
We setΩ=Gal(Q/Q); Jf is the group of finite ideles inQ, that is to say the direct limit of the
finite idele groups of all algebraic number fieldsE in Q.

Let Ẑ =
∏

pZp denote the ring of integral finite ideles ofZ. For x ∈ ẐG×, the element
Det(x) ∈HomΩ(RG, Jf ) is defined by the rule that for a representationT with characterψ

Det(x)(ψ) = det
(
T (x)

)
;

the group of all such homomorphisms is denoted

Det
(
ẐG×)⊆HomΩ(RG, Jf).

More generally, forn > 1 we can form the groupDet(GLn(ẐG)); as each group ringZp[G] is
semi-local we have the equalityDet(GLn(ẐG)) = Det(ẐG×) (see 1.2.6 in [37]).

For ann × n invertible matrixA with coefficients inC[G], |Det(A)| ∈ Hom(RG,R>0) is
defined by the rule ∣∣Det(A)∣∣(ψ) = ∣∣Det(A)(ψ)∣∣.

LEMMA 3.1. – Extending the involutionx 
→ x̄ on C[G] to matrices overC[G] by
transposition, forψ ∈RG ∣∣Det(A )∣∣(ψ) = ∣∣Det(A)∣∣(ψ).

Replacing the rinĝZ by Q, in the same way we construct

Det
(
Q[G]×

)
⊆HomΩ

(
RG,Q

×)
.
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The product of the natural mapsQ
× → Jf and| − | :Q× →R>0 yields an injection

∆:Det
(
Q[G]×

)
→HomΩ(RG, Jf )×Hom(RG,R>0).

DEFINITION 3.2. – Thearithmetic classgroupA(Z[G]) is defined to be the quotient group

A(Z[G]) =
(
HomΩ(RG, Jf)×Hom(RG,R>0)

(Det(Ẑ[G]×)× 1) Im(∆)

)
.(2)

Remarks. – (1) Note that, in the case whenG= {1}, A(Z) coincides with the usual Arakelov
divisor class group ofSpec(Z) (see 7.7 for further details).

(2) As indicated in the Introduction, there are two crucial differences between this arithmetic
classgroup and the hermitian classgroup of Fröhlich (see II.5 in [17]): firstly, we work with
positive definite complex hermitian forms; secondly, as a consequence of this, we are able to
work in a uniform manner with all characters ofG.

3.2. The arithmetic class of a complex

Let (P •, p•) be a perfect metrisedZ[G]-complex; that is to sayP • is a bounded metrised
complex all of whose terms are finitely generated projective (and therefore locally free)
Z[G]-modules. For eachi, suppose thatdi is the rank ofP i as aZ[G]-module, and choose
bases{aij}, respectively{αijp } of

Q⊗ P i =
∑
j

Q[G] · aij , respectively Zp ⊗ P i =
∑
j

Zp[G] ·αijp

overQ[G] respectivelyZp[G]. As both{aij} and{αijp } areQp[G]-bases ofQp ⊗ P i, we can
find λip ∈ GLdi(Qp[G]) such that(aij)j = λip(α

ij
p )j , where(aij)j denotes the column vector

with jth entryaij .
Fora ∈Q⊗ P i we put

r(a) =
∑

ga⊗ g ∈ P i ⊗Q[G].(3)

Note that forh ∈G

r(ha) = r(a)
(
1⊗ h−1

)
(4)

and forw ∈W , the action ofr(a) on1⊗w is defined to be

r(a)(1⊗w) =
∑
g

ga⊗ gw ∈
(
P i ⊗W

)G
.(5)

For eachφ ∈ Ĝ we choose an orthonormal basis{wφ,k} of W =Wφ with respect to the standard
form ν on C[G], then the{r(aij)(1 ⊗ wφ,k)} form a C-basis of(P i ⊗W )G. By (4) and by
linearity we have that forη =

∑
h∈G ηhh ∈Q[G]

r(ηa)(1⊗w) =
∑
h,g

ηhgha⊗ gw = r(a)(1⊗ η̄w).(6)
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In the sequel for giveni we shall write
∧
r(ai)(1⊗wφ) for the wedge product

∧
j,k

(
r
(
aij
)
(1⊗wφ,k)

)
∈ det

(
P i ⊗W

)G
.

We again adopt the notation of Section 2.2 and let(P •, p•) be a perfect metrisedZ[G]-complex;
recall from (1) that for eachφ ∈ Ĝ we have an isomorphism

ξφ : det(P •
φ )∼= det(H•

φ).

DEFINITION 3.3. – With the above notation and hypothesesχ(P •, p•), the arithmetic class
of (P •, p•), is defined to be that class inA(Z[G]) represented by the homomorphism onRG

which maps eachφ ∈ Ĝ to the value inJf ×R>0

∏
p

(∏
i

Det
(
λip
)
(φ)(−1)i

)
× pφ

(
ξφ

(
⊗i

(∧
r
(
ai
)
(1⊗wφ)

)(−1)i)) 1
φ(1)

.

In the sequel we shall refer to the first coordinate as thefinite coordinate and the second
coordinate as thearchimedeancoordinate. In order to verify that this class is well-defined, we
now show that it is independent of choices:

(i) If {α̃ijp } is a further set ofZp[G]-bases for theZp⊗P i, then we can findzip ∈GLdi(Zp[G])
such that (

α̃ijp
)
j
= zip

(
αijp
)
j

and so thep-componentof the finite coordinate of the homomorphism representing the class only
changes by ∏

i

Det
(
zip
)(−1)i

∈Det
(
Zp[G]×

)
.

(ii) If {ãij} is a further set ofQ[G]-bases for theQ⊗ P i, then we can findηi ∈GLdi(Q[G])
such that (

ãij
)
j
= ηi

(
aij
)
j
.

Now for each pairi, j, we have the equalitỹaij =
∑

l η
i
jla

il and so by (6) we get

r
(
ãij
)
(1⊗wφ,k) =

∑
l

r
(
ail
)(
1⊗ η̄ijlwφ,k

)
;

hence ∧
r
(
ãi
)
(1⊗wφ) = Det

(
η̄i
)
(φ̄)φ(1)

∧
r
(
ai
)
(1⊗wφ).

As the ηijl have rational coefficientsDet(η̄i)(φ̄) = Det(ηi)(φ), and so the homomorphism
representing the class only changes by the homomorphism which mapsφ to

∏
i

Det
(
ηi
)
(φ)(−1)i ×

∏
i

∣∣Det(ηi)(φ)(−1)i ∣∣;
and again this comes from an element of the denominator of (2).
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(iii) If {w̃φ,k} is a further orthonormal basis ofW , then the wedge product
∧
r(ai)(1⊗ w̃φ)

differs from
∧
r(ai)(1 ⊗ wφ) by a power of the determinant of a unitary base-change, which

therefore has absolute value1.
The following two properties of arithmetic classes follow readily from the definition.

LEMMA 3.4. – Let (P •, p•), (Q•, q•) be perfect metrisedZ[G]-complexes and endow the
complexP • ⊕Q• with metricspφ ⊗ qφ on the equivariant determinants of cohomology via the
identification

det
(
H•(P •

φ ⊕Q•
φ)
)
=det

(
H•(P •

φ )
)
⊗ det

(
H•(Q•

φ)
)
.

Then

χ(P • ⊕Q•, p• ⊗ q•) = χ(P •, p•)χ(Q•, q•).

Proof. –This follows on choosing bases forP • andQ• and then using these bases to form a
basis ofP • ⊕Q•. ✷

Recall that| − | denotes the standard metric onC.

LEMMA 3.5. – If P • is an acyclic perfect metrisedZ[G]-complex and if we endow each
complex linedet(H•(P •

φ )) = det({0}) =C with the metric| − |, thenχ(P •, | − |•) = 1.

Proof. –As P • is acyclic and its terms are projective, it is isomorphic to a complex

· · · →W i−1 ⊕W i →W i ⊕W i+1 → · · ·

where theW i are all projective and where the boundary maps are projection to the second factor.
Using bases of theW i to form bases of theP i, together with the standard properties ofdet, we
see that the products in 3.3 all telescope to1. ✷

LEMMA 3.6. – If p• and q• are two sets of metrics on the equivariant determinants
of cohomology ofP •, then for eachφ ∈ Ĝ, pφ = α(φ)φ(1)qφ for a unique positive real
numberα(φ). The classχ(P •, p•)χ(P •, q•)−1 in A(Z[G]) is represented by the homomorphism
which maps eachφ∈ Ĝ to the value1× α(φ).

Proof. –This follows immediately from (3.3). ✷
3.3. Invariance under quasi-isomorphism

Let (C•, c•) and(D•, d•) denote bounded (not necessarily perfect) metrisedZ[G]-complexes
and suppose that there is aZ[G]-cochain mapα :C• → D•. Recall thatα is called aquasi-
isomorphismif it induces an isomorphism on the cohomology of the complexes. Theorem 2
in [27] implies that ifα is a quasi-isomorphism, then it induces natural isomorphisms

det
(
H(αφ)

)
: det

(
H•(C•

φ)
)∼= det(H•(D•

φ)
)

so that the following square commutes:

det(C•
φ) det(D•

φ)

det
(
H•(C•

φ)
)

det
(
H•(D•

φ)
)
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where the top horizontal map isdet(αφ) and where the vertical isomorphisms areξC,φ andξD,φ

of (1).

DEFINITION 3.7. – A quasi-isomorphismα :C• →D• is called ametric quasi-isomorphism
from (C•, c•) to (D•, d•) if cφ = dφ ◦ det(H(αφ)) for eachφ∈ Ĝ.

The following result is an immediate consequence of the definitions:

LEMMA 3.8. – Suppose again thatα :C• → D• is a quasi-isomorphic cochain map and
that metricsdφ are given on thedet(H•(D•

φ)). Then there is a unique set of metricscφ on
det(H•(C•

φ)) such thatα : (C•, c•) → (D•, d•) is a metric quasi-isomorphism; we call the
metricsc• the metrics on the equivariant determinants of cohomology induced fromd• via α.
If β :C• → D• is a further quasi-isomorphic cochain map and ifHi(α) = Hi(β) for all i,
thendet(H(αφ)) = det(H(βφ)) for all φ ∈ Ĝ and soα andβ induce the same metrics on the
equivariant determinant of cohomology ofC•.

The main result of this sub-section is

DEFINITION-THEOREM 3.9. – With the above notation and hypotheses, let

α : (C•, c•)→ (D•, d•)

be a metric quasi-isomorphism and suppose further that we can find perfect metrised
Z[G]-complexes(P •, p•), respectively(Q•, q•) which support metric quasi-isomorphisms
f : (P •, p•)→ (C•, c•), respectivelyg : (Q•, q•)→ (D•, d•). Thenχ(P •, p•) = χ(Q•, q•).

In particular: for a metrisedZ[G]-complex(C•, c•) with the property thatC• is quasi-
isomorphic to a perfect complexP •, we letp• denote the metrics on the equivariant determinant
of cohomology ofP • induced byc•; then we can unambiguously define the arithmetic class of
(C•, c•) to be the classχ(P •, p•); this class depends only on(C•, c•) and not on the particular
choice of perfect complexP •. Thus with this definition we have the equality

χ(C•, c•) = χ(D•, d•).

Before proving the theorem we first need some preliminary results.

LEMMA 3.10. – Given maps ofZ[G]-complexesM• ϕ→ L• π←N• with π a surjective quasi-
isomorphism and withM• perfect, there exists aZ[G]-cochain mapψ :M• → N• such that
π ◦ ψ = ϕ.

Proof. –See VI.8.17 in [31]. ✷
COROLLARY 3.11. – If 0 → A• α→ B• β→ C• → 0 is an exact sequence of perfect

Z[G]-complexes and ifA• is acyclic, then there exists a cochain mapi :C• → B• which is a
section ofβ.

Proof. –Apply the above lemma toC• =C• β←B•. ✷
Proof of theorem. –First we choose an acyclic perfect complexL• and a mapλ :L• → D•

such thatλ ⊕ g is surjective. We then endow the equivariant determinants of the cohomology
of L• with the trivial metricsl• as per Lemma 3.5. Then by 3.4 and 3.5

χ(L• ⊕Q•, l•q•) = χ(Q•, q•).

Thus, without loss of generality, we may now assume thatg is surjective.

4e SÉRIE– TOME 35 – 2002 –N◦ 3



ε-CONSTANTS AND EQUIVARIANT ARAKELOV–EULER CHARACTERISTICS 319

Consider the diagram

P • f→ C• α→D• g←Q•.

By Lemma 3.10 we can find aZ[G]-mapβ :P • →Q• such thatα ◦ f = g ◦ β. As f, g andα are
all quasi-isomorphisms,β is also a quasi-isomorphism.

As previously, by adding an acyclic complex with trivial metrics(L•, l•) to (P •, p•), setting
P ′• = L• ⊕P • andp′• = l•p•, we obtain a surjective quasi-isomorphismβ′ :P ′• →Q• and

χ(P ′ •, p′•) = χ(P ′•, l•p•) = χ(P •, p•).

We let f ′ :P ′ • → C• denote the composition off with the natural projection map. Then in
general of course it will not be true thatα ◦ f ′ = g ◦ β′; however, asL• is acyclic, we do know
thatα ◦ f ′ andg ◦ β′ agree on cohomology, i.e.Hi(α ◦ f ′) = Hi(g ◦ β′) for all i.

In order to complete the proof of Theorem 3.9, we apply Corollary 3.11 to choose a section
γ :Q• → P ′• of β′. Again as per Lemma 3.5 we endow the equivariant determinants of
cohomology ofkerβ′ with the trivial metrics•; as per Lemma 3.4 we endowP ′ • with the
metric q̃• given bys•.γ∗q•. Then

χ(P ′ •, q̃•) = χ(kerβ′, s•)χ(γQ•, γ∗q•) = χ(γQ•, γ∗q•) = χ(Q•, q•).

However, as the metricsq•, on the equivariant determinants of the cohomology ofQ•, are
induced fromd• via H(g), the metricsq̃• are the transport toP ′• of the metricsd• via
H(g ◦ β′) = H(α ◦ f ′). Thusp′• andq̃• are both transports of thed• viaH(g ◦ β′) =H(α ◦ f ′),
and so by Lemma 3.8 they are equal. Therefore we have shown

χ(P •, p•) = χ(P ′ •, p′•) = χ(P ′•, q̃•) = χ(Q•, q•)

which is the desired result.✷

4. Arithmetic classgroups

4.1. Symplectic arithmetic classes

The arithmetic classgroupA(Z[G]) carries a great deal of information. In consequence, it is
often advantageous in practice to work with various image groups. The most important of these
is thesymplecticarithmetic classgroup.

Recall that by the Hasse–Schilling norm theorem

Det
(
Q[G]×

)
=Hom+

Ω

(
RG,Q

×)
(7)

where the right-hand expression denotes Galois equivariant homomorphisms whose values
onRs

G, the group of virtual symplectic characters, are all totally positive. By analogy with the
map∆ of Section 3.1, we again have a diagonal map

∆s :Hom+
Ω

(
Rs
G,Q

×)→HomΩ

(
Rs
G, Jf

)
×Hom

(
Rs
G,R>0

)
where∆s(f) = f × |f |= f × f .
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DEFINITION 4.1. – The group ofsymplectic arithmetic classesAs(Z[G]) is defined to be the
quotient group

As(Z[G]) =
HomΩ(Rs

G, Jf)×Hom(Rs
G,R>0)

Im∆s · (Dets(Ẑ[G]×)× 1)

where Dets(Ẑ[G]×) denotes the restriction ofDet(Ẑ[G]×) to Rs
G. In general, given a

homomorphismf onRG, we shall writefs for the restriction off to Rs
G. Clearly, restriction

fromRG toRs
G induces a homomorphism

ρ :A(Z[G])→As(Z[G]).

4.2. Torsion classes

LetK0T(Z[G]) denote the Grothendieck group of finite, cohomologically trivialZ[G]-modules
and let K0T(Zp[G]) denote the Grothendieck group of finite, cohomologically trivial
Zp[G]-modules. Thus the decomposition of a finite module into itsp-primary parts induces the
direct sum decomposition

K0T(Z[G]) =⊕pK0T(Zp[G]).

We writeK0(Fp[G]) for the Grothendieck group of finitely generated projectiveFp[G]-modules;
since each such module may be considered as a finite, cohomologically trivialZp[G]-module, we
have a natural map

K0(Fp[G])→K0T(Zp[G]).

From Chapter 1, Theorem 3.3 in [37] recall that there is the Fröhlich isomorphism

K0T(Z[G])∼=
HomΩ(RG, Jf)

Det(Ẑ[G]×)
;

thus there is a natural mapν :K0T(Z[G]) → A(Z[G]), induced byf 
→ f × 1 for f ∈
HomΩ(RG, Jf ).

In order that our invariants agree with the standard invariants in Arakelov theory, our
convention here is that of I.3.2 in [37]: namely, ifM = Zp[G]/αZp[G] is a Zp-torsion
Zp[G]-module, then the class ofM in K0T(Z[G]) is represented byDet(α); this then is the
inverse of the description given in 4.4 in [7]. It will be important in the sequel to keep this in
mind when performing various torsion calculations in Sections 7 and 8.

4.3. Tame arithmetic classes

Although we shall ultimately always be interested in forming arithmetic classes over the
integral group ringZ[G], in carrying out calculations it will often be advantageous to work with
more general group rings, where we allow tame coefficients. With this in mind, we letT denote
the maximal abelian tame extension ofQ in Q and we set

Dets
(
ÔT [G]×

)
= lim

 L
Dets

(
ÔL[G]×

)

where the direct limit extends over all finite extensionsL of Q in T and whereÔL is the ring of
integral adeleŝZ⊗OL.
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In arithmetic calculations we shall often need to work with thetame symplectic arithmetic
classgroupdefined as

As
T (Z[G]) =

(Dets(ÔT [G]×) ·HomΩ(Rs
G, Jf))×Hom(Rs

G,R>0)

Im(∆s) · (Dets(ÔT [G]×)× 1)
.(8)

Inclusion then induces a surjective homomorphism

η :As(Z[G])→As
T (Z[G]).

For a perfect metrisedZ[G]-complex(P •, p•), we writeχs(P •, p•) for the image ofχ(P •, p•) in
As
T (Z[G]).

4.4. Rational classes

Rational classes are ubiquitous in arithmetic applications. The subgroup ofrational symplectic
arithmetic classesis defined to be the subgroup ofAs

T (Z[G]) generated byHomΩ(Rs
G,Q

×)×1,
that is to say

Rs(Z[G]) =
(HomΩ(Rs

G,Q
×) ·Dets(ÔT [G]×)× 1) · Im(∆s)

(Dets(ÔT [G]×)× 1) · Im(∆s)
.

The natural mapQ
×
↪→ Jf induces a map

θ′ : Im
(
∆s
)
·
(
HomΩ

(
Rs
G, Jf

)
× 1
)
→HomΩ

(
Rs
G, Jf

)
which is defined as follows: considerh ∈ Im(∆s) · (HomΩ(Rs

G, Jf )× 1) and lethf respectively
h∞ denote the finite respectively archimedean component ofh. Thenh∞ determines a unique
elementh′∞ of Im(∆s); we defineθ′(h) = hfh

′−1
∞ . Clearly θ′ vanishes onIm(∆s) and so

induces a homomorphism

θ :Rs(Z[G])→ HomΩ(Rs
G,Q

×)Dets(ÔT [G]×)

Dets(ÔT [G]×)
.

From [6] (see also Corollary 3 to Theorem 17 in [17]) we know that

HomΩ

(
Rs
G,Q

×)∩Dets(ÔT [G]×
)
= {1}(9)

and so by (9) we see thatθ may be written as an isomorphism

θ :Rs(Z[G])→HomΩ

(
Rs
G,Q

×).
4.5. Passage to degree zero

In this sub-section we describe a useful procedure for changing arithmetic classes by passage
to characters of degree zero. In practice this will allow us to disregard various free classes
which arise in our calculations. For an abelian groupA and for f ∈ Hom(RG,A), we write
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f̃ ∈Hom(RG,A) for the homomorphism defined by the rulẽf(χ) = f(χ−χ(1)1G), where1G
denotes the trivial character ofG. Note that forz ∈ Zp[G]×

D̃et(z) = Det
(
zd−1

)
whered=Det(z)(1G),

and so ˜Det(Zp[G]×)⊂Det(Zp[G]×); similarly Ĩm(∆)⊂ Im(∆). Thus for a classc ∈A(Z[G]),
represented by a homomorphismf under (2), we can unambiguously define a new classc̃,
depending only onc, to be that class represented by the homomorphismf̃ .

The mapc 
→ c̃ can be interpreted in the following fashion in terms ofG-fixed points together
with the induction map

Ind :A(Z)→A(Z[G])

given in terms of character maps byInd(f)(ψ) = f(Res{1}G ψ) = f(ψ(1).1{1}) for ψ ∈RG.

LEMMA 4.2. – With the notation of Section3.2, let c = χ(P •, p•) ∈ A(Z[G]) and letc0 be
the class inA(Z) of (P •G, p1), whereP •G denotes the complex obtained fromP • by taking
G-fixed points and wherep1 denotes the metric on the determinant of the cohomology ofP •G,
obtained by identifyingP •G

C with the isotypic component of theP •
C for the trivial character ofG.

There is then an equalitỹc= c · Ind(c0)−1 in A(Z[G]).

Proof. –Let Σ =
∑

g∈G g. As each term ofP • is projective,P •G = ΣP •. We adopt the
notation of Section 3.2 and assume thatf is the representative character map for the class
c= χ(P •, p•) obtained by using local bases{αijp },{aij}. Then we leth denote the representative
for the classc0 = χ(P •G, p1) obtained by using local bases{Σαijp },{Σaij}. To prove the lemma
it will then suffice to show thatf(1G) = h(1{1}).

We start by considering the non-archimedean coordinates. With the notation of Section 3.2
we have(aij)j = λip(α

ij
p )j , and so(Σaij)j = e · λip(Σαijp )j wheree=Σ/|G| is the idempotent

associated to the trivial character ofG. Sincedet(eλip) = Det(λ
i
p)(1G), we conclude that the

non-archimedean coordinates off andh are equal.
To conclude we consider the archimedean coordinates. Ase respectively1 is a basis element

of length 1 for the trivial isotypic component ofC[G] respectivelyC with respect toνG
respectivelyν1 (see 2.3 for the definition ofν), then as in Section 3.2 we see that the archimedean
coordinate off(1G) respectivelyh(1{1}) is obtained by evaluatingp1 on the wedge product∧
αG(rG(aij ⊗ e))(−1)i

respectively
∧
α1(Σaij ⊗ 1)(−1)i

(see 2.3 to recall the definition ofα).
Since

αG
(
rG(aij ⊗ e)

)
= αG

(
Σaij ⊗ e

)
=Σaij = α1

(
Σaij ⊗ 1

)
it follows that the archimedean coordinates off(1G) andh(1{1}) are also equal. ✷

5. Arithmetic applications

5.1. Preliminary results

Let X as given in the introduction: Thus we suppose thatX is a projective scheme
over Spec(Z) with structure morphismf :X → Spec(Z). Suppose further thatX is flat over
Spec(Z) with equidimensional fibres of dimensiond and that the generic fibre ofX is smooth.
For the sake of brevity, in the sequel we shall refer toX simply as an arithmetic variety. Suppose
further thatX is endowed with an action(X ,G) by a given finite groupG. SinceX is projective,
the quotient schemeY = X/G is defined and we denote the quotient morphism byπ :X → Y .
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Throughout this section we suppose thatX andY satisfy hypotheses (T1) and (T2). Since,
by (T1),G acts tamely onX , we note that by the valuative criterion for properness it follows
thatG must act freely on the generic fiberXQ (see 1.2.4(d) in [8]). Letb denote the branch locus
on Y of the coverX/Y which is then contained in a finite set of fibers ofY → Spec(Z). By
hypothesis (T2) we know that the branch locusb is a Cartier divisor onY with strictly normal
crossings. We now consider the construction of arithmetic classes for complexes of sheaves onX .
For a detailed account of the formation of Euler characteristics (without metrics) associated to a
tame action, the reader is referred to [11]. LetF• denote a bounded complex of coherentG-X
sheaves. Consider aG-stable open affine coverU of X and take the chain complexC• which
is the associated simple complex to the double complexC•(U ,F•). There is an isomorphism in
the derived category betweenC• andRΓ(X ,F•) which induces isomorphisms

det
(
H•(RΓ(X ,F•)

)
φ

)∼= det(H•(C•)φ
)

for all φ ∈ Ĝ,

and from Theorem 2.7 in [7] we know that the terms inC• may be taken to be cohomologically
trivial G-modules.

LEMMA 5.1. – For C• as above, there is a perfectZ[G]-complexP • with a quasi-
isomorphismγ :P • →C•.

Proof. –For full details we refer to the proof of Theorem 1.1 in [7]; so we shall now briefly
only sketch the proof for the reader’s convenience. From Lemma III.12.3 in [23] we may
construct a quasi-isomorphismγ1 :P •

1 → C• where the complexP •
1 is a bounded complex of

finitely generatedZ[G]-modules all of whose terms except the initial term,PN
1 say, are free

Z[G]-modules. Since the mapping cylinder ofγ1 is acyclic with all terms, except possiblyPN
1 ,

being cohomologically trivialZ[G]-modules, we therefore deduce thatPN
1 is a cohomologically

trivial Z[G]-module, and it may therefore be written as the quotient of two projective
Z[G]-modules; replacingPN

1 by this perfect complex of length2 providesP • andγ. ✷
DEFINITION 5.2. – Suppose now that we are given metricshφ on thedet(H•(RΓ(X ,F•))φ)

for all φ ∈ Ĝ. These metrics then induce metricspφ on det(H•(P •
φ )) and by Theorem 3.9 we

know that the arithmetic classχ(P •, p•) is independent of choices; we denote this class

χ
(
RΓ(X ,F•), h•

)
and the image of this class in the symplectic arithmetic classgroupAs(Z[G]) will be denoted
χs(RΓ(X ,F•), h•).

The following results describe some basic properties of such arithmetic classes. The first two
results follow immediately from 3.4 and 3.6.

PROPOSITION 5.3. – Let F•, G• be bounded complexes of coherentG-X sheaves; let h•,
respectivelyg• be metrics on the equivariant determinants of cohomology ofRΓ(X ,F•),
respectivelyRΓ(X ,G•). Then

χ
(
RΓ(X ,F• ⊕G•), h•g•

)
= χ
(
RΓ(X ,F•), h•

)
· χ
(
RΓ(X ,G•), g•

)
.

PROPOSITION 5.4. – Letj• denote a further set of metrics on the equivariant determinants of
cohomology ofRΓ(X ,F•) and suppose that for eachφ ∈ Ĝ, hφ = α(φ)φ(1)jφ for α(φ) ∈R>0.
Then the hermitian class

χ
(
RΓ(X ,F•), h

)
· χ
(
RΓ(X ,F•), j

)−1
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is represented by the homomorphism which maps eachφ ∈ Ĝ to

ϕ 
−→ 1× α(φ).

PROPOSITION 5.5. – If 0→F →G →H→ 0 is an exact sequence of coherentG-X sheaves
with metricsf•, g•, h•, on their equivariant determinants of cohomology, with the property that
fφ ⊗ hφ = gφ under the isomorphisms

det
(
H•(F)φ

)
⊗ det

(
H•(H)φ

)∼= det(H•(G)φ
)

for eachφ ∈ Ĝ, then there is an equality of arithmetic classes

χ
(
RΓ(X ,F), f•

)
· χ
(
RΓ(X ,H), h•

)
= χ
(
RΓ(X ,G), g•

)
.

Proof. –LetU denote aG-stable affine cover ofX . Then we get the associated exact sequence
of Cech complexes

0→C•(U ,F)→C•(U ,G)→C•(U ,H)→ 0.

For brevity we putC•
1 = C•(U ,F), C•

2 = C•(U ,G), C•
3 = C•(U ,H). As mentioned at the start

of this section, since theG-action is tame, we can then find perfectZ[G]-complexes with
surjective quasi-isomorphisms

P • ′
2

γ→ C•
2 , P •

3 →C•
3 .

We assert that we can construct a commutative diagram in which the vertical maps are all
surjective quasi-isomorphisms and in which theP •

i are perfectZ[G]-complexes:

0 C•(U ,F) C•(U ,G) C•(U ,H) 0

0 P •
1 P •

2 P •
3 0

The result will then follow on taking bases for theP i
j for j = 1,3 and using these to form bases

of theP i
2 .

We now briefly sketch the construction ofP •
1 andP •

2 . By 3.10 we can find a cochain mapβ
such that the following diagram commutes:

C•
2 C•

3

P •′

2

β

γ

P •
3

By adding a free acyclic complex toP •′
2 we may assume thatβ is surjective; this then implies

thatkerβ is a perfect complex, and so the restriction ofγ to kerβ provides a quasi-isomorphism
to C•

1 . By adding a free acyclic complex tokerβ we obtain a surjective quasi-isomorphism
ontoC•

1 , and the resulting complex is denoted byP •
1 . ✷

PROPOSITION 5.6. – Suppose that theG-X sheafF is fibral, that is to say it is supported
over a finite set of primesS in Spec(Z). Then the equivariant determinants of cohomology all
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identify with the trivial complex lineC, which we endow with the standard metric| − | and

χ
(
RΓ(X ,F), | − |•

)
= ν ◦ fT∗ (F)

wherefT∗ denotes the composition of

⊕
p∈S

K0(G,Xp)
⊕fp∗→

⊕
p∈S

K0(Fp[G])→K0T(Z[G]).

Here the first map is induced by the structure mapsfp :Xp → Spec(Fp) for p ∈ S (see
Theorem1.1 in [7]), and the second map is as described in Section4.2.

Proof. –This follows at once from the definition ofχ(RΓ(X ,F), |− |•) and from Section 4.2.
(Note that this, in part, justifies the choice of convention in Section 4.2.)✷
5.2. Rings of integers

The remainder of this article is devoted to the study of images of arithmetic classes in various
arithmetic situations. In this sub-section we shall consider the case whereX is the spectrum of
a ring of integers; thus in this sub-section we consider the caseX = Spec(ON ) for a ring of
integersON of a number fieldN which is at most tamely ramified over a number fieldK , with
N/K Galois andG=Gal(N/K).

Our main result here is Theorem 5.9, which is closely related to the work of Fröhlich in
Chapter VI of [17] and to the proof of the Second Fröhlich Conjecture in [6].

Suppose thata is aG-stableON -ideal and letF = ã be the associatedG-X sheaf viewed as a
complex concentrated in degree zero. AsX is affine

Hi(X ,F) =
{

a if i= 0,
{0} if i > 0.

We endowaC = C ⊗Z a = C ⊗Q N with the G-invariant positive definiteHecke form
h :C⊗Q N ×C⊗Q N →C which is defined by the rule

h(λ⊗m,ν ⊗ n) =
1
|G|λῡ

∑
σ

σ(m)σ(n)

where the sum extends over the embeddingsσ :N →C. Thus, as in (2.5),h determines metrics
on thedet((C⊗Q N)φ) for φ ∈ Ĝ; we denote this set of metrics bydeth•.

Remark. – We refer to the formh as the Hecke form since this form was introduced by Hecke
in his proof of the functional equation for L-functions; see for instance 9.3 in [24].

We writeµK for theG-invariant positive hermitian form onC⊗Q K[G] given by the rule

µK

(∑
g

xgg,
∑
h

yhh

)
=

1
|G|
∑
ρ

∑
g,h

δg,hρ(xg)ρ(yh)

where the first right-hand sum extends over all embeddingsρ of K into C. Again as per (2.5)
µK induces metricsdetµK,φ on thedet((C⊗Q K[G])φ) for eachφ ∈ Ĝ; we denote this set of
metrics bydetµK•, ordetµ• whenK is clear from the context.
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In the sequel, sinceX = Spec(ON ) is affine, for brevity we shall writeχ(a,deth•) in place of
χ(RΓ(X ,a),deth•) etc. The following result is an equivariant version of the usual discriminant-
index theorem:

PROPOSITION 5.7. – The following equality holds inA(Z[G])

χ(ON ,deth•) · χ(a,deth•)−1 = ν(ON/a)

whereν is the map on torsion classes of Section4.2.

Proof. –This follows from Propositions 5.5 and 5.6 applied to the exact sequence

0→ a →ON →ON/a→ 0. ✷
DEFINITION 5.8. – For a given prime idealp of OK , letfp denote the residue class extension

degree ofp in K/Q, denote byIp the inertia group of a chosen prime ideal ofON abovep; and
let up denote the augmentation character ofIp (that is to say the regular character minus the
trivial character). Define

Pfp(ON ) :Rs
G → (−p)Z by the rulePfp(ON )(ψ) =

∏
p|p
(−p)

1
2 fp(ψ,IndG

Ip
up)

for ψ ∈Rs
G, where(, ) denotes the standard inner product onRG. Note that(

ψ, IndGIp
up

)
= (ψ |Ip

, up)

is an even integer, sinceψ |Ip
is a symplectic character of the cyclic groupIp and is therefore

a sum of characters of the formθ + θ̄. We then definePf(ON ) to be the idele valued function,
defined on symplectic characters, which isPfp(ON ) at primes overp and which is1 at the
archimedean primes.

Let δK ∈Hom(Rs
G,R>0) be the homomorphism

δK(ψ) = |dK |ψ(1)/2

wheredK is the discriminant ofK/Q.
The main result of this sub-section is the following description of the tame arithmetic classes

χs(ON ,deth•) andχs(OKG,detµK•).

THEOREM 5.9. – (a)The classχs(ON ,deth•) in As
T (Z[G]) is represented by the homo-

morphismε̃s∞(K)
−1Pf(ON )−1 × δK , where, for a symplectic characterψ, ε̃s∞(K)(ψ) is the

archimedean epsilon factorε∞(K,ψ− ψ(1) · 1G) (see Section7);
(b) the classχs(OKG,detµK•) in As

T (Z[G]) is represented by the homomorphism1× δK .

Before proceeding with the proof of the theorem, we first introduce some notation and
establish some preparatory results.

For a prime numberp, let βp be anOK,p[G]-basis ofON,p and letb be aK[G]-basis ofN
(so thatb is a so-called normal basis ofN/K). Recall (see I.4 of [17]) that for a characterψ
of G the resolvent(b | ψ) is defined to be the valueDet(

∑
g∈G g(b)g

−1)(ψ); note that, with the
notation of (3) in Section 3.2,(b | ψ) = Det(r(b))(ψ̄) and so by (4) we have proved the following
particular instance of the Galois action formula for resolvents (cf. Theorem 20A in [16])(

g(b) | ψ
)
= (b | ψ) · det(ψ)(g).(10)
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The local resolvents(αp | ψ) are defined similarly (seeloc. cit.).
SetΩK =Gal(Q/K) and recall that we writeΩ for ΩQ. For anΩ-moduleA, let

NK/Q :HomΩK (RG,A)→HomΩ(RG,A)

denote the co-restriction map of (3.3) in II.3 of [16]; we extend the domain of this map to include
resolvents, which are not in generalΩK -equivariant, as per (3.1) in III.3 in [16].

We now recall thep-adic absolute value function and some related constructions from [9]; for
full details see (3.1) and (3.2) inloc. cit. LetL=Q(ζp). By Lemma 3.1loc. cit.we know that we
can findλ ∈ Lp such thatλp−1 =−p. LetRG(Qp) denote the ring ofQp-characters ofG and

setΩp =Gal(Qp/Qp). Forg ∈Hom(RG(Qp),Q
×
p ) we shall say that‖g‖ is well-definedif for

eachφ ∈RG there is an integernφ such thatg(φ)λnφ is a unit and we define‖g‖ :RG → λZ by
the rule that‖g‖(φ) = λnφ .

Once and for all we fix a field embeddingh :Q → Qp. From II.2.1 in [16],h induces an
isomorphism

h∗ :HomΩL

(
RG, (Q⊗Qp)×

)∼=HomΩLp

(
RG(Qp),Q

×
p

)
.

For f ∈ HomΩL(RG, (Q⊗ Qp)×) define‖f‖= h∗−1(‖h∗f‖); we shall say that‖f‖ is well-
defined when‖h∗f‖ is well-defined.

In the sequel we employ a standard abuse of notation and writeDet(OLp [G]
×) for

h∗(Det(OLp [G]×)).

THEOREM 5.10. – For ψ ∈Rs
G, sign(NK/Q(b | ψ)) = ε∞(K,ψ− ψ(1)1G).

Proof. –This is III.4.9 of [16]. ✷
PROPOSITION 5.11. – We haveNK/Q(βp | −)s · Pfp(ON )−1 ∈ Dets(OT,p[G]×) where we

recall from Section4.2 thatT denotes the maximal abelian tame extension ofQ in Q.

Proof. –Let τ∗ denote the adjusted Galois Gauss sum of (3.9) in [36] (or see IV.1.7. in [16]).
From the discussion following Theorem 2 in [36] we know that we can findzp ∈ Zp[G]× such
that for allφ ∈RG

NK/Q(βp | φ) = Det(zp)(φ)τ∗(φ).

Recall that we have fixed a choice of field embeddingh :Q→ Qp. By Theorem 4 in [9] we
know that‖τ∗p ‖= ‖ε̃0,p‖ is well-defined. Writing

τ∗ = τ ′τ∗p whereτ ′ =
∏
q =p

τ∗q

we get

NK/Q(βp | −) = Det(zp)τ ′τ∗p =Det(zp)τ ′τ∗p ‖τ∗p ‖‖τ∗p ‖−1

and by Theorem 4 inloc. cit.

τ∗p ‖τ∗p ‖ ∈Det
(
OLp [G]

×) and τ ′ ∈Det
(
OT,p[G]×

)
.
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From Theorem 7.4 in [30] we know that each value ofτsp is plus or minus an integral power
of p. Thus for a symplectic characterψ of G,

|τ∗p (ψ)|=N fp(ψ)
1
2 =

∏
p|p

Np
1
2 (ψ,IndG

Ip
up) =±Pfp(ON )(ψ)

whereN fp(ψ) denotes thep-part of the absolute norm of the Artin conductor ofψ. As ‖τ∗sp ‖(ψ)
andPfp(ON )(ψ) are both integral powers of−p, we deduce that‖τ∗sp ‖−1 = Pfp(ON ) as
required. ✷

Proof of Theorem 5.9. –We begin by proving (a). Let{xi} denote aZ-basis ofOK . Then
{xib} respectively{xiβp} is aQ[G]-basis respectively aZp[G]-basis forN respectivelyON,p.
With the previous notation chooseλp ∈ Kp[G] such thatb = λpβp and writexiλp =

∑
j λ

ij
p xj

with λijp ∈Qp[G]. Then

xib= xiλpβp =
∑
j

λijp xjβp

and so the matrix(λijp )ij transforms theQp[G]-basis{xiβp} into the basis{xib}; therefore the
finite coordinate of the representing homomorphism of the arithmetic classχ(ON ,deth•) is

∏
p

Det
(
λijp
)
=
∏
p

NK/Q(λp) =
∏
p

NK/Q(b | −) · NK/Q(βp | −)−1.

To obtain the archimedean coordinate for a chosen irreducible characterφ we have to extend
our notation and choose a positive integernφ such thatdet(φ)nφφ(1) is trivial. We then write
ψ = nφφ(1)φ̄ and set

Wψ =W
nφ

φ

whereWnφ

φ denotes the direct sum ofnφ copies ofWφ. We endowWψ with the hermitian form,
νψ say, given by the orthogonal sum of the hermitian forms on theWφ, and we let{wψ,k} denote
the basis ofWψ derived from the bases{wφ,l} of Wφ. We must now consider the wedge product

∧
i,k

(
xi · r(b)(1⊗wψ,k)

)
=
∧
i

∧
k

(∑
g

xig(b)⊗ gwψk

)
=
∧
i,k

yi(1⊗wψ,k)(11)

whereyi = xi(b | ψ); here we obtain the second equality from the fact that

∧
k

(∑
g

g(b)⊗ gwψk

)
=Det

(
r(b)

)
(ψ̄)
∧
k

wψk = (b | ψ)
∧
k

wψk.

A priori (b | ψ) ∈ C ⊗Q N ; however, becausedet(ψ) = 1, by the Galois action formula (10),
(b | ψ) ∈C⊗Q K . Therefore

∧
i

xi(b | ψ) =NK/Q(b | ψ)
∧
i

xi.

To complete the proof of (a), note first that as the{xi} are fixed byG and as{wψ,k} is an
orthonormal basis for the formνψ ,
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h⊗ νψ(xi ⊗wψ,k, xj ⊗wψ,l) =
1
|G|
∑
σ

σ(xi)σ(xj)δk,l =
∑
ρ

ρ(xi)ρ(xj)δk,l.(12)

In the sequel we shall write(h⊗ νψ)G for the restriction ofh⊗ νψ from (C ⊗Q N) ⊗W to
((C⊗Q N)⊗W )G. Hence the archimedean coordinate of the representing homomorphism of
χ(ON ,deth•) atφ is thenφφ(1)-st root of

det
(
hψ

(∧
i,k

xir(b)(1⊗wψ,k)
))

= det
(
(h⊗ νψ)G

(
xir(b)⊗wψ,k, xjr(b)⊗wψ,l

))1/2
= |NK/Q(b | ψ)|det

(
(h⊗ νψ)G(xi ⊗wψ,k, xj ⊗wψ,l)

)1/2
= |dK |ψ(1)/2

∣∣NK/Q(b | ψ)
∣∣.

Note that the square roots in the above right-hand terms (which are of course taken to be posi-
tive) arise since we are dealing with the metrics which are, of course, given by the square root of
the corresponding positive definite hermitian forms. This then shows that the classχ(ON ,deth•)
is represented by the homomorphism which maps an irreducible characterφ to the value

NK/Q(b | φ)
∏
p

NK/Q(βp | φ)−1 ×
∣∣NK/Q(b | φ)

∣∣ · δK(φ).
We now considerχs(ON ,deth•). Then by Theorem 5.10 this class is represented by the

homomorphism which maps a symplectic characterψ to the value

NK/Q(b | ψ)
∏
p

NK/Q(βp | ψ)−1 × ε̃∞(K,ψ)NK/Q(b | ψ)δK(ψ).

Since (
ψ 
→ ε̃∞(K,ψ) · NK/Q(b | ψ)

)
∈Hom+

Ω

(
Rs
G,Q

×)
,

we conclude that the class is also represented by

ψ 
→ ε̃∞(K,ψ)−1
∏
p

NK/Q(βp | ψ)−1 × δK(ψ)

and the result then follows from 5.11.
The proof for (b) is similar, but considerably easier, because we may replaceb and all theβp

by 1 throughout in the above. Indeed, we see immediately that, with these choices, the finite
coordinate is1. Since

(µK ⊗ νφ)G
(∑

g

xig⊗ gwφ,k,
∑
h

xjh⊗ hwφ,l

)

=
1
|G|
∑
ρ

∑
g,h

ρ(xi)ρ(xj)µ(g, h)ν(gwφ,k, hwφ,l)

= δk,l
∑
ρ

ρ(xi)ρ(xj)

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



330 T. CHINBURG, G. PAPPAS AND M.J. TAYLOR

we have

detµK,φ

(∧
i,k

∑
g

xig⊗ gwφ,k

)
= δK(φ). ✷

6. Equivariant Quillen metrics

6.1. Definition of arithmetic classes

In this section we again consider an arithmetic varietyX with fibral dimensiond andG-action
such that (T1) and (T2) hold. SinceG acts tamely onX , G must act freely on the complexified
generic fibreX := X ×Z C; in the sequel we shall abuse terminology and identifyX with the
complex manifoldX (C) of its complex points. We fix a Kähler metrichTY on Y which is
invariant under complex conjugation. We denote byhX = hTX the Kähler metric onX which
is the pullback ofhTY ; this is then also invariant under complex conjugation. We shall always
adopt the standard normalisation of multiplying the Kähler form dual tohY by (i/2π)d; this will
ensure that theL2-metric is then norm compatible with Serre duality (see 1.4 in [22]). We endow
Ωn
X , the sheaf of regularn-forms onX , with the normalised metric|G|−1 ∧n hDX , denoted for

brevity by∧nhD, to ensure that it agrees with∧nhDY on forms pulled back fromY .
A hermitianG-bundle onX is a pair (F , f), whereF is a locally freeG-X sheaf with

the property that the induced holomorphic vector bundleFC overX supports aG-invariant
hermitian metricf , which is invariant under complex conjugation.

The complex linesdet(H•(RΓ(X ,F)))φ, for φ ∈ Ĝ, carry metricsfL2,φ coming from the
L2-metric of Hodge theory for the Dolbeault resolution. As per Section II in [2], thefL2,φ can
be transformed to equivariant Quillen metricsfQ,φ for φ ∈ Ĝ. One of the main objectives of this
article is the study of the arithmetic classes

χ
(
RΓ(X ,F), fQ•

)
in A(Z[G]).

More generally, we shall also consider a bounded complexG• of hermitianG-bundles onX ,
with gi denoting the hermitian form onGi. Then theg• induce metricsg•Q,φ on the equivariant
determinant of the hypercohomology ofG•, and so the arithmetic class

χ
(
RΓ(X ,G•), g•Q•

)
in A(Z[G])

is defined; explicitly, we may identify the equivariant determinant ofdet(H•(RΓ(X ,G•)))φ with
the product

det
(
H•(RΓ(X ,G•)

))
φ
=
⊗
i

det
(
H•(RΓ(X ,Gi

)))(−1)i

φ

and so

χ
(
RΓ(X ,G•), g•Q•

)
=
∏
i

χ
(
RΓ
(
X ,Gi

)
, giQ•

)(−1)i

.

See Section III of [2] for details. In the sequel we shall writegQ• for the metrics on the equivariant
determinant of hypercohomology induced by the{giQ•}.

6.2. 1-dimensional subschemes

In this sub-section we place ourselves in the situation described in Section 5.1. In particular,
(T1) and (T2) are satisfied. Recall that by hypothesis (T2)b is a divisor with strictly normal
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crossings. Here we consider an irreducible regular connected closed horizontal sub-schemeZ
of X of dimension one; we may therefore writeZ = Spec(ON ) for some ring of integersN ,
whereG acts tamely onN . As previously we putK =NG considerF =OZ and endowF with
the Hecke formh of Section 5.2.

Next we recall the Pfaffian divisor from Section 2 of [9]: for each symplectic characterψ
of G, the Pfaffian divisorPf(X , ψ) is a divisor onY which is supported on the branch locusb.
Let W = π(Z) so thatW is a closed sub-scheme ofY . Throughout this sub-section we shall
suppose thatW meetsb transversely and at smooth points ofb. As we shall see in the next
section, in practice we can often reduce to this situation by means of a moving lemma – subject
to certain base extensions.

From Theorem 5.9 we know thatχs(OZ ,deth•) is represented by the homomorphism
ε̃∞(K)−1Pf(ON )−1 × δK . Let {bi} denote the irreducible components ofb; let ηi denote the
generic point of an irreducible component,Bi say, ofπ−1(bi); let Ii denote the inertia group
of ηi and recall thatui denotes the augmentation character ofIi. From (2.1) in [9] we know that
for ψ ∈Rs

G

Pf(X , ψ) =
1
2

∑
i

(
ψ, IndGIi

ui
)
bi.(13)

A closed pointp of W (abovep, say) is ramified inZ/W if and only if it is a point of intersection
of W and somebi. Since we have assumed thatW intersectsb transversely at smooth points ofb,
Ip is a conjugate ofIi and recall that we denote the residue class degree of the pointp by fp. In
the sequel for such a pointp we writen(p) = i. By (5.8) forψ ∈Rs

G we have

Pfp(Z, ψ) =
∏
p

(−p)
1
2 fp(ψ,IndG

In(p)
un(p))

where the product extends over all points of intersection ofW with the fibre ofb abovep. We
therefore denote the right-hand expression bydeg(W·Pfp(X , ψ)), and we letdeg(W·Pf(X , ψ))
denote the finite idele whosepth component isdeg(W · Pfp(X , ψ)). (Note that almost all
p-components are1 and that the use of−p in place ofp means that of course we are using
degree in a non-standard way.) Writingε̃∞(W) for ε̃∞(K), we have now shown that the class
χs(OZ ,deth•) is represented by the homomorphism

ε̃∞(W)−1 · deg
(
W ·Pf(X )

)−1 × δK .

Since the Dolbeault complex of a point is trivial, the equivariant Quillen metrics associated to
the metricsh• are precisely thedet(h•) (cf. Definitions 2.1 and 2.2 in [2]). So finally we have
now established the main result of this sub-section

THEOREM 6.1. – The symplectic arithmetic classχs(OZ ,dethQ•) is represented by the
homomorphism

ε̃∞(W)−1 deg
(
W ·Pf(X )

)−1 × δK .

6.3. Invariance under passage to degree zero

In this sub-section we establish a number of results concerning the independence, with respect
to the choice of hermitian metric, of arithmetic classes after passage to degree zero by the method
described in Section 4.5. Recall that we denote the complexified generic fibre ofX byX .
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THEOREM 6.2. – Suppose thatF is a hermitianG-bundle onX and let f, f ′ be two
G-invariant hermitian metrics onF . Then there exists a positive real numberc such that for
eachφ∈ Ĝ

fQ,φ = cφ(1)2f ′
Q,φ

and so

χ̃(RΓF , fQ•) = χ̃(RΓF , f ′
Q•).

Proof. –For eachφ ∈ Ĝ, let βφ be the positive real number such thatβφfQ,φ = f ′
Q,φ. We

extendβ toRG by settingβ(φ) = β
1/φ(1)
φ , β(φ+ ψ) = β(φ)β(ψ) etc. In [2], Bismut considers

the central functionσ onG

σ =
∑
φ∈Ĝ

2 log(βφ)φ(1)−1φ;

the Anomaly Formula in Theorem 2.5 of [2] shows thatσ(g) may be evaluated in terms of
integrals over the fixed points ofg. However, sinceG acts freely onX , for eachg ∈G, g  = 1G,
the sub-variety of fixed pointsXg = {x ∈ X(C) | xg = x} is empty. Thus we immediately
deduce thatσ(g) = 0 wheneverg  = 1G. This then shows thatσ is a scalar multiple of the regular
character and the result follows.✷

Next we consider the direct image of a hermitian bundle on a closed sub-scheme of a
regular arithmetic varietyX . The formation of standard (i.e., non-hermitian) Euler characteristics
respects closed immersions; however, this need not be the case for arithmetic classes, as the
associated Quillen metrics may change. The precise variation in the arithmetic classes, that we
wish to consider, was determined in Theorem 0.1 in [2].

We begin by considering aG-equivariant closed immersioni :Z → X of an arithmetic
variety Z which also supports a tame action byG. Let F denote a locally freeG-Z sheaf.
SinceX is regular, we may resolvei∗F by a bounded complexG• of locally free coherent
G-X modules. We then have natural isomorphisms in the derived category ofZ[G]-modules

RΓ(Z,F)∼=RΓ(X , i∗F)∼=RΓ(X ,G•)(14)

and hence, for eachφ∈ Ĝ, we obtain isomorphisms

σφ : detH•(RΓ(X ,G•)
)
φ
∼= detH•(RΓ(Z,F))

φ
.(15)

In order to describe the relevant metrics that we wish to place on these determinants of
cohomology, we need some further notation. LetZ = ZC and letTZ denote the tangent bundle
of Z . We lethTZ denote the restriction ofh to TZ . Let NZ|X denote the normal bundle toZ
in X and lethNZ|X be the metric onNZ|X induced byh. Letf denote a givenG-invariant metric
onF ; we then endow each termGi of G• with aG-invariant hermitian metricgi in such a way
that the metrics{gi} satisfy Bismut’s Condition A with respect tohNZ|X andf .

We now wish to compare the arithmetic classesχ(RΓ(Z,F), fQ•) andχ(RΓ(X ,G•), gQ•).
Let αφ be the unique positive real number such that under the isomorphismσφ of (15)

σ∗
φ(fQ,φ) = αφgQ,φ.

Then by Proposition 5.4 we see that the arithmetic class

χ
(
RΓ(X ,G•), gQ•

)
· χ
(
RΓ(Z,F), fQ•

)−1
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is represented by the homomorphism1 × α−1 ∈ HomΩQ(Rs
G, Jf ) × Hom(Rs

G,R>0) which

maps the characterφ to 1× α
−1/φ(1)
φ (so that of courseα(φ) = α

1/φ(1)
φ ).

THEOREM 6.3. – With the above notation and hypotheses there is a positive real numberb
such that for eachφ ∈ Ĝ, αφ = bφ(1)2 and so

χ̃
(
RΓ(X ,G•), gQ•

)
= χ̃
(
RΓ(Z,F), fQ•

)
.

Proof. –In Theorem 0.1 in [2] Bismut considers the central functionτ

τ =
∑
φ∈Ĝ

2 log(αφ)φ(1)−1φ

and shows thatτ(g) may be evaluated in terms of integrals over the fixed points ofg. As in the
proof of 6.2 we deduce thatτ(g) = 0 wheneverg  = 1G. This then shows thatτ is again a scalar
multiple of the regular character and the result follows.✷

We now interpret the above results in terms of arithmetic classes.

PROPOSITION 6.4. – Let(Fj , fj) for j = 1, . . . , n and(Gk, gk) for k = 1, . . . ,m be hermitian
bundles on closedG-subschemesij :Zj →X , ik :Wk →X such that

∑
j

[ij∗Fj ] =
∑
k

[ik∗Gk] in K0(G,X ).

Then there is an equality of classes inA(Z[G])

∏
j

χ̃
(
RΓ(Zj ,Fj), fj,Q•

)
=
∏
k

χ̃
(
RΓ(Wk,Gk), gk,Q•

)
.

Proof. –We first choose resolutions by locally freeG-X sheaves

A•
j → ij∗Fj , B•

k → ik∗Gk.

From the definition ofK0(G,X ), we can find locally freeG-X sheavesDa,b,Ec,d and an
isomorphism, which we henceforth treat as an equality,⊕

b

D2,b

⊕
d

E1,d

⊕
i

E3,d

⊕
j,a even

Aa
j

⊕
k,bodd

Bb
k

=
⊕
d

E2,d

⊕
b

D1,b

⊕
j

D3,b

⊕
j,aodd

Aa
j

⊕
k,b even

Bb
k(16)

where theG-X sheavesDa,b, Ec,d fit into exact sequences

0→E1,d →E2,d →E3,d → 0

0→D1,b →D2,b →D3,b → 0.

We then endow the sheavesE3,d andD3,b with arbitraryG-invariant metricsξ3,d and η3,b;
we then chooseG-invariant metricsξ1,d, ξ2,d, η1,b, η2,b on E1,d,E2,d,D1,b,D2,b satisfying
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Condition A as above, so that by Theorem 6.3:

χ̃(RΓD1,b, ξ1,d,Q) · χ̃(RΓD3,b, ξ3,d,Q) = χ̃(RΓD2,b, ξ2,d,Q) etc.

We then endow the sheavesAa
j ,Bb

k with G-invariant metricsαaj , β
b
k satisfying Condition A, so

that by Theorem 6.3

χ̃(RΓA•
j , αj,Q•) = χ̃

(
RΓ(ij∗Fj), fj,Q•

)
etc.

The desired equality then follows from (16) and Theorem 6.2.✷
7. Logarithmic differentials

In this section we consider the Arakelov–Euler characteristic associated to the logarithmic de
Rham complex of an arithmetic varietyX with fibral dimensiond. We begin by relating this
class to an arithmetic class associated to the top Chern class of the logarithmic differentials ofX .
After allowing for various innocuous base field extensions, we shall use the moving techniques
of [12] to express this top Chern class as a difference of two horizontal1-cycles together with a
relatively innocuous fibral term. We shall then be able to use the results of Section 5.2 to show
that the arithmetic class associated to the logarithmic de Rham complex ofX has the remarkable
property of characterising symplecticε0-constants ofX .

Recall that in § 6.A we have fixed a Kähler metrichX on the tangent bundle ofX = X (C)
and metrics∧•hD on∧•ΩX .

In this section we again suppose thatX andY satisfy hypotheses (T1) and (T2). LetS denote
a finite set of prime numbers which contains all the primes which support the branch locus,
together with all primesp where the fibreYp fails to be smooth. We putS′ = S ∪ {∞}.

Let χ(YQ) = χ(Y(C)) denote the Euler characteristic of the generic fibre ofY . Note that in
all casesd · χ(YQ) is an even integer, so that we may defineξS :RG →Q× by the rule

ξS(φ) =
∏
p∈S

pφ(1)·d·χ(YQ)/2.

Let Ω1
Y/Z(logYred

S / logS) denote the sheaf of degree one relative logarithmic differentials

with respect to the morphism(Y,Yred
S ) → (Spec(Z), S) of schemes with log-structures

(see [26]). Under our hypotheses (T1) and (T2)Ω1
Y/Z(logYred

S / logS) is a locally freeY-sheaf
of rankd, and furthermore the coverX/Y is log-étale, so that

Ω1
X/Z

(
logX red

S / logS
)
= π∗Ω1

Y/Z
(
logYred

S / logS
)
.(17)

The main goal of this section is the study of the arithmetic class (see Section 6.1)

c= χ
(
RΓ
(
∧•Ω1

X/Z

(
logX red

S / logS
)
,∧•hDQ

))
=

d∏
i=0

χ
(
RΓ
(
∧iΩ1

X/Z

(
logX red

S / logS
)
,∧ihDQ

))(−1)i

.

To explain our main result we need to introduce some notation onε0-constants. For a
more detailed account see Section 4 in [9] and Section 2 and Section 5 in [8]. For a given
prime numberp, we choose a prime numberl = lp which is different fromp and we
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fix a field embeddingQl → C; then, following the procedure of Section 8 in [15], each
of the étale cohomology groupsHi

ét(X × Q̄p,Ql) for 0 � i � 2d, affords a continuous
complex representation of the local Weil–Deligne group. Thus, after choosing both an additive
characterψp of Qp and a Haar measuredxp of Qp, for each complex characterθ of G the
complex numberε0,p(Y, θ,ψp, dxp, lp) is defined. (For a representationV of G with characterθ
this term was denotedεp,0(X ⊗G V,ψp, dxp, l) in 2.4 of [8].) Setting

ε̃0,p(Y, θ,ψp, dxp, lp) = ε0,p
(
Y, θ− θ(1) · 1, ψp, dxp, lp

)
,

by Corollary 1 to Theorem 1 in [9] we know that whenθ is symplectic,ε̃0,p(Y, θ,ψp, dxp, lp)
is a non-zero rational number, which is independent of choices, andθ 
→ ε̃0,p(Y, θ) defines an
element

ε̃s0,p(Y) ∈HomΩ

(
Rs
G,Q

×).
In the case whereX is the spectrum of a ring of integersON of a number fieldN andK =NG,
we shall writeε0,p(K) for ε0,p(Y).

Analogously, for the Archimedean prime∞ of Q, Deligne provides a definition forε∞(Y)
and from 5.5.2 and 5.4.1 in [8] we recall that

ε̃s∞(Y) ∈HomΩ

(
Rs
G,±1

)
.

Forφ ∈Rs
G almost allε̃s0,v(Y, φ) are equal to1; the global̃ε0-constant ofφ is

ε̃s0(Y, φ) =
∏
v

ε̃s0,v(Y, φ)

and we define

εs0,S(Y, φ) = ε̃s0(Y, φ)
∏
v∈S′

ε0,v
(
Y, φ(1)

)
.

The main result of this section is (we always assume that hypotheses (T1) and (T2) are satisfied):

THEOREM 7.1. – The arithmetic classcs lies in the group of rational classesRs(Z[G]) and

θ(cs) = ξsS · εs0,S(Y)−1.

By way of preparation for the proof of Theorem 7.1, we shall initially work with an arbitrary
locally freeY-sheafE ; only towards the end of the section shall we need to specialise to the case
whereE =Ω1

Y/Z(logYred
S / logS). Throughout this section we adopt the notation and hypotheses

of [12]. For i � 0 let ci(E) = γi(E − rk(E)) which lies inF iK0(Y), the ith component of the
Grothendieckγ-filtration. We defineci(E) to be the class

ci(E)≡ ci(E) mod F i+1K0(Y).

LEMMA 7.2. – Let E be as above, letL denote an arbitrary line bundle onY and suppose
that n0 is a given negative integer. Then there exist an integern1 � n0 and integersln for
n1 � n� n0, which depend only onrk(E), such that for alli� 0

ci(E)≡
n0∑

n=n1

lnc
i
(
E ⊗Ln

)
mod F i+1K0(Y).(18)
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Proof. –This is Lemma 5.3 in [12] withL replaced byL−1. ✷
DEFINITION 7.3. – Let m be a given positive integer. We shall call a finite Galois

extensionM of Q harmless form, if M/Q is non-ramified atS and if the extension degree
[M :Q] is congruent to1 modm.

Remark. – From Lemma 9.1.2 in [8] we know that we can construct harmless form extensions
whose residue class fields overS are arbitrarily large.

If m is a positive integer and ifM is harmless form, let e : Spec(OM )→ Spec(Z) be the
structure morphism, writeY ′ for the base extensionY ×Z ON , andE ′ for the pullback ofE
to Y ′.

Suppose now that an integerm is given and thatE has rankd; for an integern we put
E(n) = E ⊗OY(n). From 5.1 in [12] we know that we can find a negative integern0 with the
following property: letn1 be an integer chosen as in Lemma 7.2 with respect to the negative
integern0; then for eachn, n1 � n � n0, there is an open subsetUn of Spec(Z), which
containsS, an extensionM which is harmless form, and a (possibly non-effective)1-cycle
D′

n on Y ′ whose irreducible components are horizontal and meetb transversely and at points
which are smooth points of bothD′

n andb, such that

cd
(
E ′(n)

)∣∣
Un
= [OD′

n×Un ] + Tn in K0(Y ′ ×Un)

whereTn is supported on closed points. With the notation of Lemma 7.2, we setU =
⋂n0

n=n1
Un,

so that for alln, n1 � n� n0 we have

cd
(
E ′(n)

)∣∣
U
= [OD′

n×U ] + Tn|U in K0(Y ′ ×U).

Pushing forward bye and using the fact thatOM is free overZ, we get

[M :Q] · cd
(
E(n)

)∣∣
U
= [Oe∗D′

n×U ] + e∗(Tn|U ) in K0(Y ×U).(19)

In the sequel we work with a chosen such extensionM . We write π̂∗D′
n for the normalisation

of π∗D′
n and we endow bothe∗π∗D′

n ande∗π̂∗D′
n with the Hecke formhn of Section 6.2; we

denote their arithmetic classes byχ(e∗π∗D′
n,dethn•) andχ̃(e∗π̂∗D′

n,dethn•). Proposition 5.7,
together with Lemma 7.4 below, shows that the two resulting classes coincide after passage to
degree zero

χ̃
(
e∗π

∗D′
n,dethn•

)
= χ̃
(
e∗π̂∗D′

n,dethn•
)
.(20)

LEMMA 7.4. – Suppose thatF is a coherentY-sheaf which is supported on a single primep
and suppose: either thatp /∈ S; or that, if p ∈ S, thenF is supported over a finite number of
points ofY . Thenfp∗(π∗F) is a free class inK0(Fp[G]).

Proof. –Let h :Y → Spec(Z) denote the structure morphism ofY and suppose first thatF
is the coherentY-sheaf given by the structure sheaf of a closed point ofY . As f∗ = h∗π∗ and
π∗π

∗F =F ⊗OY π∗OX in G0(G,Y), the result follows readily from the normal basis theorem.
Suppose now thatp /∈ S. For ap-regular elementg ∈ G, g  = 1, X g

p = ∅, sinceG acts freely
away fromS. Thus by the Lefschetz–Riemann–Roch theorem, we know that the Brauer trace
of g onfp∗(F) is zero; hence we may conclude thatfp∗(F) is a free class. ✷

Recall that̃c denotes the arithmetic class obtained fromc by passage to degree zero, as per
Section 4.5. As an intermediate step towards proving Theorem 7.1, we first show that the result
holds in degree zero:
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THEOREM 7.5. – The arithmetic class̃cs lies in the group of rational classesRs(Z[G]) and

θ(̃cs) = ε̃s0(Y)−1.

Proof. –We apply the above work where we now takeE =Ω1
Y/Z(logYred

S / logS) and where

we taken0 sufficiently small and negative to guarantee thatED(−n) has a regular section for all
n� n0. Recall thatπ∗E is endowed with the metrichD, the dual of the Kähler metric; we endow
π∗OY(n) with a chosenG-invariant metricνn.

By 7.2 together with 7.4 and Proposition 6.4, we know that

χ̃
(
RΓ(∧•π∗E), (∧•hD)Q

)
=

n1∏
n=n0

χ̃
(
RΓ
(
∧•π∗E(n)

)
,
(
∧•hD ⊗ νn

)
Q

)ln
.(21)

Let Wn denote the closed one dimensional sub-scheme ofY cut out by the regular section
of ED(−n) and putZn = π∗Wn; so that we have the Koszul quasi-isomorphism

∧•E(n)→OWn .

By 6.4 we know that

χ̃
(
RΓ
(
∧•π∗E(n)

)
,
(
∧•hD ⊗ νn

)
Q

)
= χ̃(RΓOZn , jn)(22)

wherejn denotes the Hecke metric onOZn . Next observe that[∧•π∗E(n)] = (−1)dcd(π∗E(n)),
and also by 7.4 we know that̃χ(e∗π∗Tn, π

∗| − |) = 0; hence by Proposition 6.4, together with
(19)–(22), we may conclude that

n0∏
n=n1

χ̃(RΓOZn , jn)
ln[M :Q] =

n0∏
n=n1

χ̃
(
e∗π

∗D′
n,dethn•

)(−1)dln

=
n0∏

n=n1

χ̃
(
e∗π̂∗D′

n,dethn•
)(−1)dln

.(23)

Let C = (−1)dcd(E) and consider the restriction ofC to an irreducible componentbi of b overp;
in this way we obtain a punctual virtual sheaf whose length we denote byni. If, for ψ ∈ Rs

G,
we havePfp(X , ψ) =

∑
i qibi (see (13)), then we may definedeg(C · Pf(X ))(ψ) ∈ Jf to be

the idele whose component at primes overp is (−p)Σiqini . We then use this construction to
define the symplectic arithmetic classh ∈As

T (Z[G]) to be that class which is represented by the
homomorphism (

ε̃s∞(Y) · deg
(
C ·Pf(X )

))
× 1.

In fact, from Theorem 1 in [9], we know thath is a rational class and that moreover

θ(h) = ε̃s∞(Y)
∏
p<∞

ε̃s0,p(Y) = ε̃s0(Y).(24)

By Theorems 5.9 and 6.1, the left-hand arithmetic class in (23) above is represented by the
character function given on characters of degree zero by
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n0∏
n=n1

(
ε̃s∞
(
π̂∗D′

n

)
deg
(
π̂∗D′

n ·Pf(X ′)
))−(−1)dln × 1

=
n0∏

n=n1

(
ε̃s∞
(
e∗π

∗D′
n

)
deg
(
e∗π

∗D′
n ·Pf(X )

))−(−1)dln × 1.(25)

By (18) and (19) together with Theorem 5.5.2 in [8] we know that

n0∏
n=n1

ε̃s∞
(
e∗π

∗D′
n

)ln = ε̃s∞(Y)[M :Q].

Again by (18) and (19)

n0∏
n=n1

(
deg
(
e∗π

∗D′
n ·Pf(X )

))ln = deg((−1)dC ·Pf(X )
)[M :Q]

.(26)

By (21)–(23) we know that

χ̃
(
RΓ
(
∧•π∗E

)
,
(
∧•hD

)
Q

)[M :Q] =
n0∏

n=n1

χ̃
(
e∗π

∗D̂′
n,dethn•

)(−1)dln

and by the above work the right-hand class is represented by the same homomorphism as
h−[M :Q]. Thus, by varyingM , we see that

χ̃
(
RΓ(∧•π∗E),

(
∧•hD

)
Q

)
= h−1

and so by (24)

θ
(
χ̃
(
RΓ(∧•π∗E),

(
∧•hD

)
Q

))
= ε̃s0(Y)−1. ✷

Before embarking on the proof of Theorem 7.1, we first need a number of preliminary results.

LEMMA 7.6. – (a)For a coherentG-X sheafF there is a quasi-isomorphism of complexes
of abelian groups

(RΓF)G ∼=RΓ
(
FG
)
.

(b) If (F , f) is a hermitianG-bundle onX , then there is an equality inA(Z[G])

χ
(
(RΓF)G, fQ,1

)
= χ
(
RΓ
(
FG
)
,
(
fG
)
Q

)
.

Proof. –Part (a) follows at once on expressingRΓF andRΓ(FG) in terms of Cech complexes
for a given affine cover ofY (which pulls back to an affine cover ofX , sinceX/Y is finite) and
then takingG-invariants of the first complex. Part (b) is then immediate sincefQ,1 (the Quillen
metric for the trivial character) is constructed by forming the Quillen metric associated to the
restriction off to the trivial isotypical component ofFC, namely(FC)G. See II.a in [2] for
further details. ✷

Next we note the following elementary result from 3.2:
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LEMMA 7.7. – WhenG is the trivial group, then there is an isomorphismγ :A(Z)→ R>0,
(which coincides with the degree map on p.162of [34]). Furthermore, if a classe ∈A(Z) has
γ(e)2 ∈Q>0, then the symplectic classes is a rational class andθ(es) = γ(e)2.

Proof. –For a rational finite idelej ∈ JQ,f we write c(j) for the positive rational number
which generates the fractionalZ-ideal given by the content ofj. The first part of the lemma
then follows from 3.2 on noting that the map fromJQ,f × R>0 → R>0 given by mapping
(j, r) 
−→ c(j)r−1 has kernel(Ẑ× × 1) ·∆(Q×). To show the second part of the lemma we first
note that the classe is represented by1× γ(e)−1; and that the symplectic characters of the trivial
group are the even multiples of the trivial character. It therefore follows thates is represented by
1× γ(e)−2, which has the same class inAs

T (Z) asγ(e)2 × 1. ✷
We denote byYred

S the disjoint union of the reduced fibres ofY overp ∈ S. LetYi, for i ∈ I,
denote the irreducible components ofYred

S , so that

Yred
S =

⋃
i∈I

Yi.

Let pi denote the prime which supportsYi and letχc(Y∗
i ) denote theM-adic Euler characteristic

with compact supports ofY∗
i =Yi −

⋃
j =iYj , the non-singular part ofYi.

Thanks to Theorem 7.5, in order to prove Theorem 7.1, we need only show that, with the
notation of 4.2,cs0 is a rational class and that

θ(cs0) = ξS(2 · 1G)
∏
v∈S′

ε0,v(Y,2 · 1G)−1.

Therefore, by 7.7, it will suffice to show that

γ(c0)2 = ξS(2 · 1G)
∏
v∈S′

ε0,v(Y,2 · 1G)−1 ∈Q>0.

From (17), we know that for all non-negativej

(
π∗

j∧
Ω1

X/Z

(
logX red

S / logS
))G

=
j∧
Ω1

Y/Z
(
logYred

S / logS
)

hence

c0 =
d∏

j=0

χ
(
RΓ∧j Ω1

Y/Z
(
logYred

S / logS
)
,∧jhDQ,1

)(−1)j

which we write more succinctly as

c0 = χ
(
RΓ∧• Ω1

Y/Z
(
logYred

S / logS
)
,∧•hDQ,1

)
.

We therefore see that it is enough to show the following two results (always under hypothe-
ses (T1) and (T2)):

THEOREM 7.8. –

γ ◦ χ
(
RΓ∧• Ω1

Y/Z
(
logYred

S / logS
)
,∧•jDQ,1

)2 =∏
i∈I

p
−(mi−1)χc(Y∗

i )
i

for any Kähler metricj on the complex tangent bundleTY .
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Remark1. – In fact this result can also easily be proved using the arithmetic Riemann–Roch
Theorem of Gillet and Soulé; this alternative approach to the calculation of Arakelov–Euler
characteristics is explored in [13]; here, however, we shall provide a direct proof, which is due to
Bismut and which was shown to us by C. Soulé.

Remark2. – Note that the theorem shows that the lefthand Arakelov–Euler characteristic is
in fact independent of the chosen Kähler metrich. In the proof of the theorem we shall see that
the fact that the metric on the determinant of cohomology is independent of choices comes down
to two key-points: firstly, by a theorem of Ray–Singer the analytic torsion associated to the full
de Rham complex is zero for any Kähler metrich; secondly theL2-metric associated toh is
compatible with Serre duality, which is of course independent of choices.

THEOREM 7.9. –

ε0,S(Y,2 · 1G) = ξS(2 · 1G)
∏
i∈I

p
(mi−1)χc(Y∗

i )
i ∈Q>0.

We begin by proving Theorem 7.9. For a placev of Q we calculate theε0,v-constants with
respect to the standard Haar measuresdxv of Zv and with respect to the Tate–Iwasawa additive
characterψv of Qv (see [35] pp. 316–319).

We first consider the case of a finite primep. From Theorem 2 in [33] we know that

ε0,p
(
2 · 1G,Y, ψp ◦ p−1, p dxp

)
=±

∏
pi=p

p(mi−1)χ∗
c (Yi).

Thus by the standard transformation formulae forε-constants (see 5.3 and 5.4 in [15])

ε0,p(2 · 1G,Y, ψp, dxp) =±σ2(p)
∏
pi=p

p
(mi−1)χ∗

c (Yi)
i

whereσ denotes the determinant of the motive ofX ⊗G V and whereV denotes the trivial
representation ofG. From Proposition 2.2.1.a, c in [8] we know thatσ2(p) = pdχ(YQ) sincep
corresponds to a geometric Frobenius in [15, p. 523].

Next, we consider the archimedean primev =∞. From Lemma 5.1.1 in [8], we know that
ε0,∞(2 · 1G,Y,−ψ∞, dx∞) =±1.

To show thatε0,S(Y,2 · 1G) is positive, note that from (2.2) in 2.4 of [8] we know that in all
cases

sign
(
ε0,v(Y,2 · 1G)

)
= det(σ)(−1v).

Thus by global reciprocity1 =
∏

v∈S′ det(σ)(−1v) and so we have indeed now shown that
ε0,S(Y,2 · 1G) is a positive rational number.

Prior to proving Theorem 7.8, we note that we have:

LEMMA 7.10. – WritingωY/Z for the canonical sheaf ofY/Z, there is a natural isomorphism
between∧dΩ1

Y/Z(logYred
S / logS) andωY/Z(Yred

S −YS).

Proof. –Recall that{Yi}i∈I denote the irreducible components of the disjoint union of the
special fibresYred

S . From Proposition 3.1 in [13] we know that the natural morphism

ω :ΩY/Z →Ω1
Y/Z
(
logYred

S / logS
)
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has the same kernel and cokernel as the natural map

a :
⊕
p∈S

OY/pOY →
⊕
i∈I

OYi .

The result then follows on taking determinants, sinceωY/Z ∼= detΩY/Z. ✷
Proof of Theorem 7.8. –For brevity we regard the isomorphic degree mapγ of 7.7 as an

identification and we again putE =Ω1
Y/Z(logYred

S / logS).
For0� n� d, the Duality Theorem in III. 11 of [23] gives a quasi-isomorphism of complexes

RΓ
(
HomOY

(
∧nE , ωY/Z[d]

))∼=RHomZ

(
RΓ
(
∧nE

)
,Z
)
.

Because we have normalised the Kähler form as in Section 6.1, the associatedL2-norm is
compatible with Serre duality (see 1.4 of [22]), and so the induced isomorphisms on complex
cohomology are isometries when the complex cohomology groups are endowed with their
L2-metrics. Thus we see that

χL2

(
RΓ
(
HomOY

(
∧nE , ωY/Z[d]

)))
= χL2

(
RHomZ

(
RΓ∧n E ,Z

))
= χL2

(
RΓ∧n E

)−1
,(27)

where for brevity we writeχL2(RΓ ∧n E) in place ofχ(RΓ∧n E ,‖ ‖L2).
Next we observe that by Lemma 7.10, we know that

HomOY

(
∧nE , ωY/Z

(
Yred
p −Yp

))∼= ∧d−nE .

Thus we obtain a quasi-isomorphism

RΓ
(
∧d−nE

)∼=RΓ(HomOY

(
∧nE , ωY/Z

(
Yred
S −YS

)))
and again the induced isomorphisms on complex cohomology are isometries with respect to their
L2-metrics. Thus we can write the numberχL2(RΓ(∧•E))2 as:

d∏
n=0

[
χL2

(
RΓ
(
∧nE

))(−1)n

· χL2

(
RΓ
(
HomOY

(
∧nE , ωY/Z

(
Yred
S −YS

))))(−1)d−n]
.

But this latter product can be rewritten asΠ1 · Π2 whereΠ1 respectivelyΠ2 is the first,
respectively second of the following expressions:

d∏
n=0

[
χL2

(
RΓ
(
∧nE

))(−1)n

· χL2

(
RΓ
(
HomOY

(
∧nE , ωY/Z[d]

)))(−1)n]

d∏
n=0

[
χL2

(
RΓ
(
HomOY

(
∧nE , ωY/Z

)))−1

· χL2

(
RΓ
(
HomOY

(
∧nE , ωY/Z

(
Yred
S −YS

))))](−1)d+n
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and we note that (27) implies thatΠ1 = 1. Hence we may conclude thatχL2(RΓ∧• E)2 is equal
toΠ2. In order to evaluateΠ2 we consider the exact sequences

0→ ωY/Z
(
Yred
S −YS

)
→ ωY/Z

(
Yred
S

)
→ ωY/Z

(
Yred
S

)∣∣
YS

→ 0,

0→ ωY/Z → ωY/Z
(
Yred
S

)
→ ωY/Z

(
Yred
S

)∣∣
Yred

S

→ 0,

and we apply the exact functorHomOY (∧nE ,−) to get exact sequences

0→HomOY

(
∧nE , ωY/Z

(
Yred
S −YS

))
→HomOY

(
∧nE , ωY/Z

(
Yred
S

))
→HomOY

(
∧nE , ωY/Z

(
Yred
S

)∣∣
YS

)
→ 0

and

0→HomOY

(
∧nE , ωY/Z

)
→HomOY

(
∧nE , ωY/Z

(
Yred
S

))
→HomOY

(
∧nE , ωY/Z

(
Yred
S

)∣∣
Yred

S

)
→ 0.

Recall thath denotes the structure maph :Y → Spec(Z), mi denotes the multiplicity of the
componentYi in YS and, as previously, for eachi we letpi denote the prime which supportsYi.
For brevity we shall writeHomOY (∧•E , ωY/Z) for

∑
n(−1)nHomOY (∧nE , ωY/Z) etc. It then

follows from the above and from 5.5 and 5.6 thatΠ2 is equal to

ν ◦ hS∗
(
HomOY

(
∧•E , ωY/Z

(
Yred
S

)∣∣
Yred

S

)
−HomOY

(
∧•E , ωY/Z

(
Yred
S

)∣∣
YS

))
=
∏
i∈I

p
−(mi−1)(−1)d(cd(E)·Yi)
i .

However, from 3.7 in [13] (or see 5.1 in [9]), we know that

(−1)dcd(E) · Yi = χc(Y∗
i )

and so we have now shown

χL2(RΓ∧• E)2 =
∏
i∈I

p
−(mi−1)χc(Y∗

i )
i .

Finally we need to allow for the fact that in the above we have used theL2-metric instead of
the given Quillen metric. From the very definition of the Quillen metric, we know that

logχ
(
RΓ∧n E ,∧njD

)
= logχL2(RΓ ∧n E) + τ

(
∧nΩY ,∧njD

)
whereτ(∧nΩY ,∧njD) denotes the analytic torsion associated to∧nΩY with respect to the
metric∧njD. But Theorem 3.1 in [32] shows that∑

n

(−1)nτ
(
∧nΩY ,∧njD

)
= 0(28)

and so we have now shown

χ
(
RΓ ∧• E ,∧•jD

)2 =∏
i∈I

p
−(mi−1)χc(Y∗

i )
i .

This then completes the proof of Theorem 7.8.✷
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Observe that Theorems 7.8 and 7.9 show that

γ ◦χ
(
RΓ
(
∧•Ω1

Y/Z
(
logYred

S / logS
))
,∧•jDQ

)2 = ξS(2)ε0,S(Y,2)−1.

We conclude this section by showing that the right hand factorξS(2) in the above can be removed
by twisting the sheafΩ1

Y/Z(logYred
S / logS) byOY(−YS).

THEOREM 7.11. –

γ ◦ χ
(
RΓ
(
∧•Ω1

Y/Z
(
logYred

S / logS
)
(−YS)

)
,∧•jDQ

)2 = ε0,S(Y,2 · 1G)−1.

Proof. –Since for eachi� 0

∧i
(
Ω1

Y/Z
(
logYred

S / logS
)
(−YS)

)
= ∧iΩ1

Y/Z
(
logYred

S / logS
)
⊗OY(−iYS)

we obtain an exact sequence of complexes of sheaves

0→∧•(Ω1
Y/Z
(
logYred

S / logS
)
(−YS)

)
→∧•Ω1

Y/Z
(
logYred

S / logS
)
→G• → 0

where for0� i� d

Gi = ∧iΩ1
Y/Z
(
logYred

S / logS
)∣∣
iYS

and so by (5.5), (5.6) and the equality displayed prior to (7.11)

γ ◦χ
(
RΓ
(
∧•Ω1

Y/Z
(
logYred

S / logS
)
(−YS)

)
,∧•jDQ

)2
= ξS(2 · 1G) · ε0,S(Y,2 · 1G)−1 · χ

(
ν(G•)

)−2

and for0� i� d

χ
(
ν
(
Gi
))2 =∏

p∈S
p2f∗(Gi) =

∏
p∈S

p
2iχ(Ωi

YQ
)

sinceΩ1
Y/Z(logYred

S / logS)Q =Ω1
YQ

. However, by Serre duality we know that

(−1)d−iχ
(
Ωd−i

YQ

)
= (−1)iχ

(
Ωi

YQ

)
and so we see that

d∑
i=0

(−1)ii · χ
(
Ωi

YQ

)
=

d∑
i=0

(−1)d−ii · χ
(
Ωd−i

YQ

)
=

d∑
i=0

(−1)i(d− i) · χ
(
Ωi

YQ

)

hence
d∑

i=0

(−1)i2i · χ
(
Ωi

YQ

)
= d · χ(YQ),

which therefore shows that∏
i

χ
(
ν
(
Gi
))2(−1)i

=
∏
p∈S

p
2i(−1)iχ(Ωi

YQ
) =
∏
p∈S

pdχ(YQ) = ξS(2 · 1G)

as required. ✷
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8. Differentials

In this the final section of the article we suppose thatX ,Y again satisfy (T1) and (T2) and we
construct arithmetic classes associated to the sheaf of (regular) differentialsΩ1

X/Z. SinceΩ1
X/Z

is not in general locally free overOX , we resolve it by locally freeG-X sheaves as follows: we
choose aG-equivariant embeddingi :X → P of X into a projective bundleP overSpec(Z).
The sheaf of differentialsΩ1

X/Z then has a resolution by locally freeG-X sheaves

0→N∗ → P
π→Ω1

X/Z → 0(29)

whereP = i∗Ω1
P/Z, and whereN∗ denotes the conormal bundle associated to the regular

embeddingi. LetF• denote the length two complex

F• :N∗ → P

where the termP is deemed to have degree zero. Thus we may viewπ as inducing a quasi-
isomorphism of complexes, which we abusively also denoteπ,

π :F• →Ω1
X/Z.

Here we further abuse notation and writeΩ1
X/Z for the complex which isΩ1

X/Z in degree zero
and which is zero elsewhere.

For j � 0, recall that we have the Dold–Puppe exterior power functors
∧j defined on

bounded complexes of locally freeG-X sheaves and which take quasi-isomorphisms to quasi-
isomorphisms. (See [14] for an account of these functors which is particularly well-suited to their
use in this paper.)

We then endow the equivariant determinant of cohomology of the complex∧j(F•) with the
metricsφj• induced, via∧j(πC), from the∧jhDQ• on the determinants of cohomology ofΩj

X/C;
we then define arithmetic classes

χ
(
RΓλjΩ1

X/Z,∧jhDQ
)
:= χ

(
RΓ∧j (F•), φj

)
,(30)

χ
(
RΓλ•Ω1

X/Z,∧•hDQ
)
:=

d∏
j=0

χ
(
RΓλjΩX/Z,∧jhDQ

)(−1)j

.(31)

Note that here the use of the symbolsλj is entirely symbolic; however, it is important to
observe that the lefthand classes are independent of the chosen embeddingi :X →P : indeed,
for a further embeddingi′, with the obvious notation,∧j(F ′•) is quasi-isomorphic to∧j(F•);
furthermore their metrics on the determinant of cohomology match under the corresponding
quasi-isomorphism; hence by 3.9 the arithmetic classes coincide.

The equivariant Arakelov–Euler characteristicχ(RΓλ•Ω1
X/Z,∧•hDQ) is the principal object of

study in this section. Our aim here is to relate it to the epsilon constantε(Y), whose definition we
now briefly recall. LetAQ denote the ring of rational adeles; letψ =

∏
v ψv denote a non-trivial

additive character ofAQ/Q; let dx denote the Haar measure onAQ/Q such that
∫
AQ/Q

dx= 1
and letdx=

∏
v dxv be a factorisation ofdx into local Haar measuresdxv with the property that∫

Zv
dxv = 1 for almost allv. Recall from 3.1.1 in [8] that forθ ∈RG,

εv(Y, θ,ψv, dxv, lv) = ε0,v(Y, θ,ψv, dxv, lv)ε(Yv , θ).
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Here if v <∞ then ε(Yv, θ) is the epsilon constant associated to the special fibreYv and if
v =∞ then we takeε(Yv, θ) = 1. We then set

ε(Y,θ) =
∏
v

εv(Yv, θ,ψv, dxv, lv).

Note that in this product almost all terms are1 and moreover this product is independent of
choices of additive character and Haar measure. Thus in the lefthand term we shall abuse notation
and henceforth we shall not overtly mention the choices of auxiliary primeslv.

For future reference we now need to gather together some standard results on fibral epsilon
constants.

For this we require a minor variant on the notation introduced prior to Theorem 5.10. As pre-
viously, given a prime numberp we fix a field embeddingh :Q→Qp, we put(Q)p =Q⊗Qp

and we letJf → (Q)×p denote the map given by projection to thepth coordinate; given

x ∈ Jf , we shall writexp for thep-component ofx in (Q)×p . Let | − |p :Q
×
p → pQ denote the

p-adic absolute value which is normalised so that|p|p = p−1. We shall use the terminology of
Definition 5.6 in [7] and forf ∈HomΩ(RG, (Q)×p ) we say that|f |p is well-definedif |h∗(f)|p
takes values inpZ; in this case it follows that|h∗(f)|p respectsΩp-action and we then write

|f |p = h∗−1|h∗f |p.

THEOREM 8.1. – For each prime numberp, |ε(Yp)|p and |ε(bp)|p are well-defined. Writing
Up for the open sub-schemeYp − bp, we haveε(Yp) = ε(Up)ε(bp) and

ε(Up)p
∣∣ε(Up)

∣∣
p
∈Det

(
Zp[G]×

)
and for a prime numberq  = p

ε(Up)q ∈Det
(
Zq[G]×

)
.

Proof. –See [7] 5.7, 5.13 and 5.12.✷
In order to make precise the fundamental relationship betweenχ(RΓλ•Ω1

X/Z,∧•hDQ•) and
ε(Y), we now need to introduce thearithmetic ramification class, which may be viewed as an
arithmetic counterpart of the ramification class occurring in Theorem 1.1 in [12].

DEFINITION 8.2. – LetAR(X ) ∈ A(Z[G]) be the arithmetic class which is represented by
the idele valued character functionβ, given by the rule thatβ has trivial archimedean coordinate
and at a finite primeq

βq = ε(b)
∣∣ε(bq)∣∣q

wherebq denotes the union of the components ofb which are supported byq.

We are now in a position to be able to state the main result of this article:

THEOREM 8.3. – Let d be the arithmetic classχ(RΓλ•Ω1
X/Z,∧•hDQ). Thends ·ARs(X )−1

is a rational class and

θ
(
ds ·ARs(X )−1

)
= εs(Y)−1.

As a first step towards the proof of this theorem, we use results from [13] to show that it will
suffice to establish the corresponding result after passage to degree zero:
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THEOREM 8.4. – The class̃ds · ÃR
s
(X ) is a rational class and

θ
(
d̃
s · ÃR

s
(X )−1

)
= ε̃s(Y)−1.

We begin by showing that Theorem 8.4 implies Theorem 8.3; we then conclude the article by
establishing Theorem 8.4.

Suppose then that Theorem 8.4 holds. From Section 4.5, with the notation of 4.2, we know
that

d= d̃ · Ind(d0).

By 5.7 in [7] we know thatε(bp,1G) is ± an integral power ofp; hence we see thatβ and β̃

represent the same class inA(Z[G]) and sõAR
s
(X ) = ARs(X ).

THEOREM 8.5. – ds0 is a rational class andθ(ds0) = ε(Y,2 · 1G)−1.

Proof. –We endowP andN∗ in (29) with G-invariant hermitian metrics and denote the
resulting hermitian bundles bŷP andN̂∗. We then letη1 denote the Bott–Chern class associated
to the exact sequence (29), whereΩ1

Y is endowed with the hermitian metrichD, and we put
Ω̂ = P̂ − N̂∗ + η1 in the arithmetic Grothendieck group̂K0(Y) (see for instance II, Section 6
in [20]); we recallloc. cit. that K̂0(Y) has a natural structure of aλ-ring and we writef̂∗ for
the push forward map from̂K0(Y) to K̂0(Spec(Z)). BecauseY is regular, we know that̂K0(Y)
is naturally isomorphic tôK′

0(Y) the Grothendieck group of coherent hermitian sheaves (see
Lemma 13 in [21]). Thus we also have a natural map from the Grothendieck group of torsion
Y-sheaves supported onS, denoted̂KS

0 (Y), to K̂0(Y). Recall thatK̂S
0 (Y) is a module over the

Grothendieck group of locally freeY-sheaveŝK0(Y).
In Theorem 1.3 of [13], with slightly different notation, it is shown that

d∑
i=0

γ ◦ χ ◦ f̂∗
(
(−1)iλiΩ̂

)
=
∣∣ε(Y,1G)∣∣−1

whereas the class that we now wish to study is

γ ◦ χ
(
RΓλ•Ω1

Y/Z,∧•hDQ,1

)
=

d∑
i=0

γ ◦ χ ◦ f̂∗
(
(−1)i(λi(P̂ − N̂∗) + η

(i)
2 )
)
,

where theith exterior power∧iΩY =Ωi
Y carries the hermitian metric∧ihD, the terms of∧iF•

C

carry the metrics coming from̂P and N̂∗, and whereη(i)
2 is the Bott–Chern class associated

to the exact sequence of hermitian bundles∧iF̂C

•
→ ∧iΩ̂Y . As our first step in proving the

theorem, we will show that in̂K0(Y)

λi(P̂ − N̂∗) + η
(i)
2 = λi(P̂ − N̂∗ + η1)(32)

which will then imply that

γ ◦ χ
(
RΓλ•Ω1

Y/Z,∧•hDQ,1

)
=
∣∣ε(Y,1G)∣∣−1

.(33)
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Let us remark here that this last equality can also be shown by using Theorem 7.8 and a local
calculation. From Lemma 7.10 we know that there is an exact sequence

0→K ⊕N∗ → P → Ω1
Y/Z
(
logYred

S / logS
)
→ C → 0

whereK andC are explicitly determined torsionOY -modules supported onS. Thus for each
i, 0� i� d, we have an equality in̂K′

0(Y)

λi(P̂ − N̂∗ − K̂ + η1) = λi
(
Ω̂1

Y/Z
(
logYred

S / logS
)
− Ĉ

)
which we can rewrite as

λi(Ω̂) + T
(i)
1 = λi

(
Ω̂1

Y/Z
(
logYred

S / logS
))
+ T

(i)
2

whereT (i)
1 andT (i)

2 are the following torsion classes

T
(i)
1 =

∑
a+b=i, b>0

λa(P −N∗)λb(−K),

T
(i)
2 =

∑
a+b=i, b>0

λa
(
Ω̂1

Y/Z
(
logYred

S / logS
))
λb(−C).

Next we consider the quasi-isomorphism of the Dold–Puppe exterior powers (whereP and
Ω1

Y/Z(logYred
S / logS) are both deemed to have degree zero)

∧i(K• ⊕N∗ → P )∼=
i∧(
Ω1

Y/Z
(
logYred

S / logS
)
→C•)

and whereK• and C• denote locally free resolutions ofK and C. Hence filtering the
complex

∧i(K•⊕N∗ → P ), by terms
∧a(N∗ → P )⊗

∧i−a(K•[1]), and filtering the complex∧i(Ω1
Y/Z(logYred

S / logS)→ C•) by terms
∧a(Ω1

Y/Z(logYred
S / logS)) ⊗ ∧i−a(C•[−1]) (see

p. 26 in [34]), we obtain an equality in̂K′
0(Y)

T
(i)
1 + λi(P̂ − N̂∗) + η

(i)
2 = λi

(
Ω̂1

Y/Z
(
logYred

S / logS
))
+ T

(i)
2

which now establishes (32).
Now eachε(Yp,1G) is a rational number and so by Theorem 7.9,ε(Y,2 · 1G) ∈ Q>0. Thus

by Lemma 7.7 we see that if we can show

d0 = χ
(
RΓλ•Ω1

Y/Z,∧•hDQ,1

)
(34)

then it will follow thatd0 is a rational class and that

θ(ds0) = ε(Y,2 · 1G)−1.

With the notation of 7.6 above and by the very definition ofd0 (see 4.2),

d0 = χ
(
RΓλ•(F•)G,∧•hDQ,1

)
.
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Thus we are now required to show that for eachj, 0 � j � d, the natural map∧j(F•G) to
(∧jF•)G is a quasi-isomorphism. To see this it will suffice to show the result after passing to a
flat neighbourhood of each closed point ofy of Y . Writing X ′ →Y ′ for the resulting base change
to such a neighbourhood, we letx′ respectivelyy′ denote a closed point ofX ′ respectively
Y ′ abovey. From Theorem A.1 and Lemma A.2 in [8], we know that, for a suitable choice
of neighbourhood,X ′ contains(G : Ix′) disjoint irreducible components which are permuted
transitively byG and where the component which containsx′ has stabiliserIx′ , the inertia group
of x′. If B1, . . . ,Bq are the distinct irreducible components of the inverse imageπ−1(b) which
contain the image ofx′ onX , then

Ix′ = I1 ⊕ · · · ⊕ Iq

whereIi denotes the inertia group of the generic point ofBi; moreover, eachIi carries a faithful
abelian characterφi given by the action ofIi on the cotangent space of the generic point ofBi. To
be somewhat more precise, there are integersn1, . . . , nd+1 coprime to the residual characteristic
of y so that, after base extension by a suitable affine flat neighbourhoodSpec(R), the connected
open neighbourhoodV of X ′ =X ×Y Spec(R) containingx′ is the spectrum of

R[U1, . . . ,Ud+1]
(Un1

1 − a1, . . . ,U
nd+1
d+1 − ad+1)

.

Herea1, . . . , ad+1 form a system of regular parameters ofY ′; moreover there are integersmi

for 1 � i � d+ 1 with eachmi coprime to the residual characteristic,p say, ofy, and with the
property thatam1

1 . . . a
md+1
d+1 = p. Here, after reordering if necessary, the charactersφi are given

by the action ofIi onUi. It now follows thatΩ1
V/R sits in an exact sequence

0→K• →Ω1
V/R → 0

with

K• :OV dr→
d+1⊕
i=1

OV dUi

and wherer = am1
1 . . . a

md+1
d+1 − p. In the sequel for brevity we shall writeK• = L → E.

Since the restrictionF•|V is quasi-isomorphic toK• we are now reduced to showing that
∧m(K•I) + (∧mK•)I for all m � 0 and forI = Ix′ . This now follows easily since we know
(see for instance Section 3 in [14]) that the complex∧mK• is constituted entirely of terms which
are tensor products of modules of the form∧nL times either one or no terms of the form∧nE;
the result then follows becauseL ∼= OV , asI-modules, and because, for any non-negativen,
∧n(EI)∼= (∧nE)I (using the fact that theφi come from the distinct components in a direct sum
decomposition). ✷

Proof of Theorem 8.4. –We write X red
S =

⊔
p∈S X red

p , let iredS :X red
S → X denote the

associated closed embedding and we letUS denote the complement ofX red
S in X .

Composing the quasi-isomorphismπ :F• +Ω1
X/Z with the natural homomorphism

ω :Ω1
X/Z →Ω1

X/Z

(
logX red

S / logS
)
,

which is an isomorphism overUS , we get a chain map

π′ :F• →Ω1
X/Z

(
logX red

S / logS
)
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which is a surjective quasi-isomorphism overUS . Hence fori� 0 we obtain maps

∧iπ′ :∧iF• →∧iΩ1
X/Z

(
logX red

S / logS
)

which are surjective quasi-isomorphisms overUS . Let

A•
i = ker(∧iπ′) and B•

i = coker(∧iπ′)

so thatB•
i and the cohomology sheavesHj(A•

i ) of the complexA•
i are all supported entirely

overS. Let I denote the ideal sheaf ofOX associated to the closed subschemeX red
S ; we then

write [Hj(A•
i )] for the finite sum

∑
n�0

(
InHj(A•

i )/I
n+1Hj(A•

i )
)

in G0(G,X red
S ) and put

[
H•(A•

i )
]
=
∑
j

(−1)j
[
Hj(A•

i )
]
∈G0

(
G,X red

S

)
.

We endow the equivariant determinants of cohomology ofA•
i and B•

i with the trivial
metricsτ•. Then from 6.4 and 5.6 we know that

χ̃
(
RΓ ∧i F•,∧ihD

)
· χ̃
(
RΓ∧i Ω1

X/Z

(
logX red

S / logS
)
,∧ihD

)−1

= χ̃(RΓA•
i , τ•) · χ̃(RΓB•

i , τ•)
−1

= ˜ν ◦ f red
S∗
([
H•(A•

i )
]
−
[
H•(B•

i )
])
.(35)

Since the classF = (−1)d
∑

i(−1)i([H•(A•
i )]− [H•(B•

i )]) in G0(G,X red
S ) has the property

that its image inG0(G,X ) = K0(G,X )

iredS∗ F = (−1)d
∑
i

(−1)i
(
[∧iF•]−

[
∧iΩ1

X/Z

(
logX red

S / logS
)])

= cd(ΩX/Z)− cd
(
Ω1

X/Z

(
logX red

S / logS
))

(36)

we may takeF =
⊕

p∈S Fp to be the classF in 6(a) of [12].

DEFINITION 8.6. – For eachi ∈ I we setXi = π−1(Yi); thusXi is a smooth projective
variety overFpi of dimensiond which carries a tameG-action. More generally for each non-
empty subsetJ of I we define

YJ =
⋂
j∈J

Yj , XJ =
⋂
j∈J

Xj

so that eachXJ is either empty or is a smooth projective variety of dimensiond + 1 − |J |.
AgainXJ carries a tameG-action and the branch locus of the coverXJ /YJ is a divisor with
strict normal crossings. LetIp denote the subset of thosei ∈ I such thatpi = p. ForJ ⊂ Ip we
write fJ for the structure mapfJ :XJ → Spec(Fp) and as per 6.b in [12] we set

Ψp(XJ /YJ ) = (−1)d−|J |fJ∗
(
cd−|J |(ΩXJ /Fp

)
)

in K0(Fp[G]),
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Ψp =
∑

φ =J⊂I
(−1)|J |+1Ψp(XJ /YJ )

and

Ψ=
⊕
p∈S

Ψp ∈
⊕
p∈S

K0(Fp[G]).

THEOREM 8.7. – (a) The classesfp∗Fp and (−1)dΨp differ by the class of a free
Fp[G]-module inK0(Fp[G]), and so

ν̃(fp∗Fp) = ν̃(Ψp)(−1)d

.

(b) The class̃ν(Ψp) is represented by the idele valued character homomorphismδp

δ(θ)v =
{
|εp(Yp, θ̄)|p if v = p;
1 if v  = p.

Proof. –This is the content of (A) and (B) in 6(b) of [12], but note that, as explained in
Section 4.2, we adopt the opposite convention on the representative of a class inK0T(Z[G])
to that used in [12]. ✷

We are now in a position to complete the proof of Theorem 8.4. From (35), (36) and part (a)
of Theorem 8.7 we know that

d̃ · c̃−1 = ν̃
(
iS∗(F )

)(−1)d

= ν̃(Ψ)

and by part (b) of Theorem 8.7 we know thatν̃(Ψ) is represented by the finite idele valued
homomorphism on charactersδ =

∏
p δp. From Theorem 7.5 we know thatc̃ is a rational class

and thatθ(̃cs) = ε̃s0(Y)−1; it therefore follows that̃ds is represented by the character function
with trivial Archimedean coordinate and whose finite coordinate is

ε̃0
s(Y)−1

[∏
p∈S

∣∣ε̃s(Yp)
∣∣
p
ε̃s(Yp)ε̃s(Yp)−1

]
.

Therefore, to complete the proof of Theorem 8.4, we are now reduced to showing:

PROPOSITION 8.8. – The character function
∏

p∈S |ε(Yp)|pε(Yp) represents the arithmetic
ramification classAR(X ).

Proof. –For f, g ∈ HomΩ(RG, Jf ) we write f ∼ g if f and g represent the same class
in A(Z[G]). From 8.2 we need to show that

∏
p∈S

∣∣ε(Yp)
∣∣
p
ε(Yp)∼

∏
p∈S

ε(bp)
∣∣ε(bp)∣∣p.(37)

With the notation of 8.1 we know that for each primep ∈ S,∣∣ε(Yp)
∣∣
p
ε(Yp) =

∣∣ε(Yp)
∣∣
p

(
ε(Yp)p ×

∏
q =p

ε(Yp)q

)

=
∣∣ε(Up)

∣∣
p
ε(Up)p

∣∣ε(bp)∣∣pε(bp)p ×∏
q =p

ε(Up)qε(bp)q.
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But from Theorem 8.1 we know|ε(Up)|pε(Up)p ∼ 1 andε(Up)q ∼ 1 wheneverq  = p. This then
establishes (37), as required.✷
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