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RESUME

Nous démontrons un théoréme limite central pour les sommes de Riesz-Raikov complexes.
En application de nos méthodes, nous établissons aussi des résultats de discrépance pour
les progressions géométriques complexes.

© 2015 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Let I=Z[v—1], K=Q[v/—1], and D = {z € C| %z, 3z €[0, 1)}. We denote by s the Lebesgue measure on C. Let f be a
locally square integrable real valued function on C satisfying

fe+v=T)=fe+1) = f@), /f(Z)/L(dZ)=0, /fz(Z)u(dz) o (1)
D D

We denote the Fourier series of f by Y, T(n)exp(Zn\/—l N(nz)). For a positive integer d, we put fy(z) =
Y et In|<d f(n)exp(Qr+/—1NR(Mz)) and R(f,d) = | f — fqll2. We assume the condition

R(f,d)=0((logd)"'"¢) forsome & > 0. (2)
It is known that a function f of bounded variation in the sense of Hardy-Krause satisfies the condition ]T(n)! =0 ((|9’in| Vv

1~1(3n| v 1)71) (cf. Zaremba [16]), which implies R(f,d) = 0(d~') and (2).

Theorem 1. Assume that a real valued function f on C satisfies (1) and (2), and that 6 € C satisfies |6| > 1. Regarding >_ f(6%2) asa
random variable on the probability space (D, Bp, i), we have:

N

1 k 2

— 0*z) — N(O, 0, f)). 3
mk§:1jf( 2) 2> N©,0%@. f)) 3)
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Here the limiting variance o%(8, f) is given by

a’®,f)= / FP@ud2, or @, f)= f f2<z>u(dz)+22 / F0*2) f(q"2) nida), 4)

k=1p

depending on whether 6" ¢ K (r =1, 2, ...) holds or not. In the second case, p and q € 1 are relatively irreducible and satisfy 6" = p/q,
where r is the minimal positive integer satisfying 6" € K. In this case, 628, f) = 0 holds if and only if there exists a function g
satisfying (1) and

f(2)=g(p2) — g(q2). (5)

For real Riesz-Raikov sums Zf(ekx) with 6 > 1 and x € [0, 1), the results were proved by Kac [8], Petit [14], and [4].
The complex case with 6 €I was studied by Leonov [10] and Conze, Le Borgne and Roger [3].

We can also derive metric discrepancy results for complex geometric progressions {#¥z} with |6| > 1. Relating results
for real 6 are proved in [5]. Denote (z) = Nz — [Nz] + (3z — |S3z))v/—TeD.For0<a<da <1and 0<b <b’ <1, denote
1g.0b1(2) = l[a,af)+ﬂ [b,b’)(<z>) — (@’ —a)(b'—b) and

1 N
Dy{z} = sup =D Taa by @]
a,a’,b,b’:0<a<a’<1,0<b<b’<1 N k=1

Theorem 2. For any 6 € C with |6| > 1, we have the law of the iterated logarithm:

——  NDy{6¥ ”
lim 072} =Xy = sup 00,140 py) M-ae.z. (6)

7 ¥,
N—oo \/2Nloglog N a,a’,b,b’:0<a<a’<1,0<b<b’'<1

Especially when 6" ¢ K for allr € N, we have Xy = %
1. Preliminary

Put I* =I\ {0} and I" ={pel|3p>0}U{pel|3Ip=0,9%p>0}. Let uo be the probability measure on C given by

po(d2) = (Si;‘t’;‘z)z(sm“z) w(dz). There exists a Co > 0 such that

1p u(dz2) = (Co/2)po(dz)  (z€©C) (7)
Note that f.exp(27v/—1R(W2)) po(dz) = (1 —w|Rw)* (1 - 71|‘3w|)+, and it equals to zero if |w| > 1/2. Hence we have

N 2
’ f (Z f(9"z)> 140(d2)
C

k=1

N
<Y > [FmFm1qaek +me'| <1/2).

k,=1n,mel*

For ¢ € C, denote by ¢(¢) the n €1 such that ¢ +n| < 1/2 if it exists, and put ¢(¢{) = oo if such n does not exist. Put
F(00) =0. Suppose that | <k and |i6% + m6!| < 1/2 for some n and m e I*. Then [A0%~! + | < 1/2, and hence m =

. . 2 -~ -~ -
@(@6*1). Hence (7) implies | (X0 F(0%2))" (d2)| < Co Ypey Soboy Yner [ F ) F@@o* )| if ne b = (ne 1 | 0" <
[n| < |6|"*1} then |61 < |iig*—!| and |6 t*—1=1 < |p(6* ). By Yonery = Yo ang, we see that

-~ - - 172 =N 1/2
Yo [fmfem )| < Z(Z|f(n)|2> (Z!f«o(ﬁe"*’))lz) <D R(fLIOIMR, [0 T,
h

x h h h
nel nelg nelj

since n > (k) is injective on I} N {n € I | p(AO* ") # 0o}. Hence we have:

N 2
’f(wa"z)) ((dz) <COZZZR<f IIMR(f, 161" 1><coN(ZR(f 01" 1) : (8)
p k=1

k=1 I=1 h=0
By (|9z| v 1)(|3z] v 1) > |z|/+/2, for any w € C, we have | /psw eXP(27V/—1%R(111.2)) u(d2)| <4/(R@mr) v 1)(I@mr) v 1) <
4./2/In)|. Hence we have the following two lemmas for a trigonometric polynomial h(z) = anx;lmfd cn exXpm v/ —1N(n2)).

h(12) 1(d2)| = @v/2/12D) Lerguy<aenl/Inl = O (1/12]).
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Lemma 1.2. Suppose that a sequence {iy} of complex numbers satisfies the modulus Hadamard gap condition |Agy1/M] > Q > 1.
Then there exists a constant Cq depending only on Q, such that

N M+l 4 4
/(max > h(kkz)) M(dz)gcQ( > |cn|> N?
o k=M1 nel:[n|<d

Proof. By applying the triangle inequality for an L*-norm, we see that it is sufficient to prove for h(z) = cosQr N (jz) + Vi-
By dividing into subsequences, we see that it is sufficient to prove under the condition Q > 3. In this case, {cos(2m R (jirz) +
¥j)}k forms a multiplicative system under the measure o, and the above inequality with respect to measure g is already
proved as a combination of the main lemma of Komlés-Révész [9] and of the Erdds-Steckin result [13]. Thanks to (7), we
can conclude the proof. O

Lemma 1.3. There exists a positive constant Cy 4 such that ok + mo!| > ngd|9k/\l|f01’ any k,l € N, n, m € I* with |n|, |m| <d and
gk +mo! 0.
Proof. Assume k > I. Because of lim;_, |76 + m| = oo, Dmn= inf{|i0] + | | j > 0, [i0 + m| # 0} is positive. Hence

[A6% +mo'| > Dy 416" provided that the left-hand side is not zero. O

We denote [.g(2) iir(dz) = limr_, o #I[—T,T]+«/jl[fT,T] g(2) u(dz) if the limit exists. Now we verify (9) and (10)
below. Since they are clear when 6" ¢ K (r =1, 2, ...) we consider the other case. Note that |fD f(p*2) f(¢*2) ,u(dz)| =
> e FA@Y F1®M] < R(f, lg)R(S, 1p[¥), which is summable in k. Hence,

%0, fo) — 0%, f) (d—> o0). 9)

For a trigonometric polynomial h satisfying (1) and A € C*, we have fch(®kz)h(A2)MR(dz) =0 if ® ¢ K, and
Jch((P/Q)A2)h(Az) pr(dz) = [ h(P2)h(Q2) j(dz) if P, Q eI*. Hence we have:

M+N 2 )
/ ( > h(e"z>) pur(d2) =N / h(2)* p(dz) +2) (N~ 1In)* / h(p'2)h(q'2) 11(d2).
c k=M+1 D 1=1 D

By noting that fD h(p'z)h(q'z) ;u(dz) = 0 for large I and that 0 < N — (N —Ir)* <Ir, we have:

M+N 2
/( > h(9k2)> wr(dz) = No2(0,h) + 0(1). (10)
¢ k=M+1

2. Coboundary

When 6" = p/q €1, we may assume g =1. Put TI(p,q) ={w el |ptw, ¢fw} when q#1, I(p.H)={wel|ptw},
and TI(p, )" =TI(p,q) NI*. We have 02(0, f) =3 [F M2+ 23001 Y e Somerx £ () f(m)1(@pk + mgk = 0), and by
the derivation of (9) we see that this series is absolutely convergent. If we write n = p°g‘'w and m = p“g*w’ by using s, t,
u,v=0,1,2,...,and w, w € Il(p, q), we have:

oo | I 2 o) 2
o*0.H=2 Y DD FETw| @#D, o*6.H=2 Y D fEw| @=1
well(p,q)t 1=0"s=0 well(p, 1)t s=0

If 02(0, f) =0 and q # 1, then 2220?(5561*5W) =0for[=0,1,2,... and w € I1(p,¢)", and hence for w € I1(p, q). Put
EP TS w) ==Y 5o F(BIgH I w) = 352, F (g~ w), where we use by convention f(n) =0 for n ¢ I Thanks to
the Schwarz inequality, we have

[ elNe e

(X xx

well(p,q) I=0 s=0

oo

2012 o 00 o0 1/2
> FE G w) ) < Z( ) ZZ\T@S“”&**J'MIZ) ,
j=0 j=0 *well(p.q) I=0 s=0
which implies (3" er(p.q) 2ico Z;’ioﬁ(ﬁsql_sw)f) < ZT}:OR(f,\pH) < 00. Hence {8()}ner € €2 and g(z) =
> nerx £ exp(2+/—1R(Aiz)) € L2. We can verify (5) by comparing the Fourier coefficients.

If 02@,f) =0 and q = 1, then Z;’iof(ﬁsw) =0 for w e II(p,1). By putting g(p°w) = —ijof(ﬁjw) =
Y20 FT@E+1*iw), we see {8(n)} € £2 and g(z) = Y &) exp(2m /=19 (712)) € L2

1/2
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3. Almost sure invariance principle

We follow the method of Aistleitner [1], which originated from the works of Berkes [2] and Philipp [15].

Proposition 3. Let h be a trigonometric polynomial satisfying (1). By enlarging the probability space, we can define a standard Gaussian
i.id. {Z;} such that Y31 h(#%2) = Yy no2(o.p) Zk + O(N24/250) g5,

Proof. If %(9, h) =0, then h can be expressed as (5) and the sum is a telescoping sum. Thus we have Z}{Vﬂ h©*z) = 0(1)
and the above conclusion is clear. We assume that o2(6, h) > 0.

Divide N into consecutive blocks A}, A1, Al, Aj,... with #A; = |1+ 9logp,i] and #A; =i. Put i~ = minA; and
i* =max A;. We see 9logy i <*A/ =i~ —(i—1)* —1and |§" /00D"|>°.

Denote p(i) = [log, 4|6 |]. Let F; be a o-field on D generated by intervals J; j; =f{ze D | j27P® < %z < (j +
12-P0 2= <37 < (j/ +1)27PD} (j, j' =0, ..., 2°D —1). Note 4]0 | < 2D <2i49!"| and put Ti(z) = Y ke h(6*z),
Yi = E(T; | ;) — E(T; | Fi—1). Clearly {Y;, ;} forms a martingale difference sequence, i.e., E(Y; | Fi—1) = 0. We show:

Vi = Tilloo=0G"), Y} =T} lo=0G"2). Y} —T{lleo=0(1), EY}=0(?), (11)
where the implied constants are depending only on h.

Let ke Aj and z e J = J; j.j. We have |h(6*z) — E(h(6% -) | Fi)| = }ﬁ f](h(ekz) —h(©*¢)) p(dg)| < max;ey [h(0*z) —
h©*¢)| = 0(16¥127PD) = 0(16%|/16'" |i*) = O (™). It implies T; — E(T; | i) = 0(i"3). On | = J;_1 j.; we have E(h(6%-) |
Filq) = ﬁf]h(ekz)u(dz). Changing the variable for 2°0~Dz = ¢ and by applying Lemma 1.1, we have E(h(6* -) |
Fic1) = [p o hO27PED) u(de) = 024D /10%) = 02G — 1D*9=17 /61 ) = 0(i7%). Hence E(T; | Fi_1) = 0G~%).
By combining these we have the first estimate of (11). By ||Tillco = O(i), we have |Yi|lcc = O(i). By ||Tl.2 - Yi2||oo <

ITi — YilloolI Ti + Yillco, we have the second. The third is proved similarly. The third and Lemma 1.2 implies the fourth.
Put vi = [ TH(2) g (dz), Iy = SM AL pu=YM vi,and vy =M, E(Y? | Fi—1). We show

By =020, Wiy +0UyD),  Bu~0* O, Wi, Vi — Bulleo = 0(1). (12)

The first and the second is clear from (10), and we show the third. Express Tl.2 — v; as a linear combination of

exp(2/—1 R((76* + m6')z)) where |n|, |m| <d and k, | € A;. Since 76X + m6' £ 0 in this expression, we see by

Lemma 1.3 that [A6% + m6'| > Cy 416" |. Changing the variable for 2°(~Vz = ¢, and by applying Lemma 1.1, we have

E(T2 =i | Fic1) = [y, (T2 7PV —vip(de) = 02200 /107 ) = 0(1/i%) and || 1L, E(T? | Fim1) — Bulloo = O (D).
By (11), we have || Zf\il E(T,.2 | Fic1) = Vmlloo = O(1).
We use the following version of Strassen’s theorem.

Theorem 4. (See Monrad-Philipp [12].) Suppose that a square-integrable martingale difference sequence {Y;, F;} satisfies Vy; =

Zf‘i] E(Yl.2 | Fi1) = oo as.and ) ooy E(Yizl{y_zw(v_)}/W(Vi)) < 0o for some non-decreasing function { with ¥ (x) — oo (x —
i= i

00) such that ¥ (x)(logx)% /x is non-increasing for some o > 50. If there exists a uniformly distributed random variable U that is

independent of {Yy}, there exists a standard normal i.id. {Z;} such that }";_; Yilyy,<ty = Y i<, Zi +0(t2(y () /0)'/*°), as.

Put v (x) = x*/°. By V; > Ci%, we see E(Yizl{y_zzw(vi)}/lﬁ(vi)) < EY}/¥(Ci%)? = 0(i~%/%) is summable in i. Let us take
a constant Cq satisfying ||V — Bmlloo < Co. By Bm+1 — Bu = v — oo, we see Vi < By + Co < Bm+1 — Co < Vmy1. By

putting t = By + Co, Theorem 4 implies 3"V, Y; = D i<py+Co Zi +o(ﬁ,}/,24/250), a.s. By (11), the left-hand side can be replaced

by Z:\il T;.

Put Aj, = Ay U...U Al By Lemma 12, we have E(I”° maxicay Yhen, wah@ <)) = 0(M=6/%) and
E(l,\_,,z/5 maXjcar ZkeA;\’”:kflh(ek . ))4 = 0((logM)2M~%/). Since these are summable in M, by Beppo-Levi lemma, we
have maxieay, Ygea,xeh(6*2) = o(yy’) and maxieay, Yrear k<1 h(0*2) = o(})%). Therefore, we have Y N, h(6kz) =
Yicpurco Zi + O(N24/250) a5 for N € Al U Ay. By By + Co = 0@ Wiy + 0y, (A} U Ay) < 2M, M* =
Iy + 0 (Mlog M), we see |y + Co —a2(0,h)N| < KMlogM for some K > 0. Hence

P( max oozi— Y oz z«/4KMlogM)§2P(|N0,1|z\/4logM)§4M_2‘
NEA;VIUAM

i<Bm+Co i<o2(0,h)N
Since it is summable in M, we see MaXyear Uay | Zicpyco Zi = Li<o?@,mn Zi| < VAKMIlogM = o(})%) for large M, as.
By these, we have the conclusion. O
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4. The central limit theorem and the metric discrepancy results

By Proposition 3, we see that the law of ﬁ Z,’(Vzl f4(6%z) converges weakly to N(0,52(6, f1)). By (9) and (8), we can

take d such that |62(8, fy) — 02(8, f)| < & and fn(ﬁ SNL(f - fd)(e"z))zu(dz) < ¢ for N > 1. By combining these, we
can prove (3). By Proposition 3, we have

N
Zh(@"z) =0(0,h) p-ae.z (13)

— 1
lim —
N—oo /2N loglog N =1

for any trigonometric polynomial h satisfying (1). To prove (6), we use the following result. The one-dimensional version is
proved in [5-7]. The following version can be proved in the same way as [11].

Proposition 4.1. Let {A;} be a sequence of complex numbers satisfying the gap condition |Ayy1/Ax| > Q > 1. Then for any dense
countable set S C [0, 1), we have

N
—  NDp{Axz — 1 ~

lim M: sup lim lim ——— E 1g.0pp.d(Ak2)| ae. z.
N—oo /2NloglogN  a.a.bbeS:0<a<a’'<1,0<b<b’'<1d—>0cN—00 /2N loglog N =
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