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RESUME

Nous généralisons aux groupes de Lie nilpotents les travaux de Caffarelli & Silvestre [1] et
Stinga & Torrea [7] concernant la relation existant entre les puissances fractionnaires de
I'opérateur laplacien et les solutions d’'une équation aux dérivées partielles.

© 2015 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version francaise abrégée

Nous présentons ici une extension au cas des groupes de Lie a croissance polynémiale du volume des relations existant
entre les solutions u(t, x) de '’équation aux dérivées partielles

1-2s
t
et les puissances fractionnaires du laplacien de la donnée initiale ¢. Cette relation est donnée par I'expression

lim t'=253.u(t,x) = —C(s)(—=A)Yp(x) (0 <s<1).

t—07t

8t2u(t, X) + deu(t,x) + Axu(t,x) =0, olis €]0,1[,t > 0, etu(0, x) = ¢(x), avec ¢ € S(R"),

Etudiée tout d’abord par Caffarelli & Silvestre dans [1], cette relation a été généralisée trés rapidement, soit en considérant
différentes familles d’opérateurs, soit en travaillant sur des cadres plus généraux (voir [7], [2], [5], [6] et [3]). Nous adoptons
ici un point de vue intermédiaire en travaillant sur les groupes de Lie nilpotents: en effet, dans ce cadre, il est intéressant
de remarquer qu'il n'existe pas une maniére canonique de définir un opérateur laplacien. Nous considérerons alors une
famille d’opérateurs laplaciens du type J = — Z’]‘-:1 X]Z, ol les champs de vecteurs invariants a gauche (X;)<j<k vérifient
la condition de Hérmander. Pour ce type de laplaciens, nous démontrons dans cette note le théoréme suivant.

E-mail address: diego.chamorro@univ-evry.fr (D. Chamorro).

http://dx.doi.org/10.1016/j.crma.2015.04.007
1631-073X/© 2015 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.


http://dx.doi.org/10.1016/j.crma.2015.04.007
http://www.ScienceDirect.com/
http://www.sciencedirect.com
mailto:diego.chamorro@univ-evry.fr
http://dx.doi.org/10.1016/j.crma.2015.04.007
http://crossmark.crossref.org/dialog/?doi=10.1016/j.crma.2015.04.007&domain=pdf

518 D. Chamorro, O. Jarrin / C. R. Acad. Sci. Paris, Ser. 1 353 (2015) 517-522

Théoréme 0.1. Soit G un groupe de Lie nilpotent et soit ;7 un laplacien qui vérifie la condition de Hormander. Si ¢ € S(G) est une
fonction dans la classe de Schwartz, on consideére I'équation

1-2s
8tzu(t, X) + : dru(t,x) — Ju(t,x) =0, pourx € Gavecs €]0,1[,t > 0 et u(0, x) = @(x).
+00 2 d
- T
Alors la fonction u(t, x) = % / Hfjsga(x)e% s est une solution au sens LP, avec 1 < p < 400, de I'équation ci-dessus.
0

De plus, on a dans LP la relation T3¢ (x) = —C(s) lim;_, o+ t' =2 8u(t, x).
1. Introduction
We are interested in a generalization of the relationship between the solutions u(t, x) of the partial differential equation
(also called extension problem):
1-2s
t
and the fractional powers of the Laplacian of the initial data ¢. This relationship is given by the expression:

Btzu(t,x)—i— deu(t, x) + Axu(t,x) =0withs €10, 1[,t > 0and u(0,x) = ¢(x), ¢ € SR, (1)

lim t'"%8u(t, x) = —C(5)(—A)p(x) (0 <s<1). (2)

t—0t
This formula was first studied by Caffarelli & Silvestre [1] in 2007 and since then this work has been generalized to many
different frameworks (see [7], [2] and [3]). Our aim here is to generalize the relationship between (1) and (2) to the setting
of nilpotent Lie groups and in the framework of LP spaces. In the recent article [2], this relationship is studied in the setting
of the Carnot groups and we want to give here a different point of view that is based on the fact that there is not a unique
way to define a Laplace operator in this framework. Here is an example: the Heisenberg group H is given by R? with the
non-commutative group law x -y = (x1 + y1,% + y2,X3 + y3 + %(xlyz - ylxz)). Associated with this group, we have a
Lie algebra h given by the left-invariant vector fields X; = % — %Xz&, Xy = & + %x1 & and T = % and we have the
identities [X1, Xo] = X1Xo — XpX1 =T, [X;, T] = [T, X;] =0 where i =1, 2. We say that X; and X, form the first layer of
the stratification of the Lie algebra h while T lies in the second layer of the stratification of . Now if we want to build from
these vector fields an equivalent of the Laplace operator in H, we have several choices:

Ti=—X24X3), H=-X}+X24T), or B3=—(X3+X3+T?). 3)

In [2] the Laplacian was built solely from the vector fields of the first layer of the stratification (i.e. [77). In this article we
will study this relationship taking into account other types of Laplace operators.

2. Presentation of the framework and statement of the results

Let G be a connected unimodular Lie group endowed with its Haar measure dx. Denote by g the Lie algebra of G and
consider a family (that will be fixed from now on) of left-invariant vector fields on G

X={X1,..., Xx}, (4)

satisfying the Hérmander condition: the Lie algebra generated by the X; for 1 < j <k is g. We also have at our disposal the
Carnot-Carathéodory metric associated with X, see [8] for a definition. We will denote ||x|| the distance between the origin
e and x and ||y~! - x| the distance between x and y.

For r > 0 and x € G, denote by B(x,r) the open ball with respect to the Carnot-Carathéodory metric centered in x and
of radius r, and by V() the Haar measure of any ball of radius r. When 0 < r < 1, there exists d € N*, ¢; and C; > 0 such
that, for all 0 <r <1, we have ¢r? < V() < C;rd. The integer d is the local dimension of (G, X). When r > 1, we will
assume that G is of polynomial volume growth, i.e. there exist D € N*, ¢y, and Cy > O such that, for all r > 1 we have
Coot? < V() < CoorP. When G has polynomial volume growth, the integer D is called the dimension at infinity of G. Recall
that nilpotent groups have polynomial volume growth and that a strict subclass of the nilpotent groups consists of stratified
Lie groups where d = D. For example, in the case of the Heisenberg group, we have d =D =4.

Once we have fixed the family X, we define the gradient on G by V = (X1,..., X§) and we consider a Laplacian [ on
G defined by
k
==Y %2, (5)
j=1

which is a positive self-adjoint, hypo-elliptic operator since X satisfies Hormander’s condition, see [8]. Its associated heat
operator on ]0, +oo[ x G is given by d; + 7 and we will denote by (H¢);~o the semi-group obtained from the Laplacian 7.
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Using the spectral theory associated with this Laplacian 7, we can define for 0 <s < 1 the operator [7° (see the details in
Section 3).

From now on we will work with a unimodular nilpotent Lie group G with a Haar measure dx and with a family of
left-invariant vector fields X that satisfy the Hérmander condition. Here d and D are the local dimension and the dimension
at infinity respectively and we will fix the Laplace operator 7 given by the formula (5).

Theorem 2.1. Let G be a nilpotent Lie group and let 7 be a Laplace operator. If ¢ € S(G) is a smooth function and if we consider the
following problem

1-—2s

Bfu(t,x)—i— oru(t,x) — Ju(t,x) =0, forx € Gwiths €10, 1[,t > 0 and u(0, x) = @(x). (6)

Then the function u : 10, +oo[ x G —> R given by the formula

, (7)

+
t _L OOH TS _47[2 dz
u(,x)_F(s)/ T px)e e
0

is a LP-solution, with 1 < p < 400, of the extension problem (6). Moreover, we have in a LP-sense the following relationship between
the solution to this problem and the fractional powers of the Laplacian:

T o(x)=—C(s) lim t'~253.u(t, x).
t—0t

3. Some tools and related properties
Since the Laplacian given by (5) is a positive self-adjoint operator, it admits a spectral decomposition of the form
+00
J = / AdE (). This spectral decomposition allows us to define the fractional powers of the Laplacian by the expres-

0
+00

sion J° = / ASdE(A), with 0 < s. This formula is very useful to deduce some properties of the fractional Laplacian like

0
TSNT®2 f1= J552 f whenever these quantities are well defined. But it will also help us to build a family of operators
m(J) associated with a Borel function m.

Proposition 3.1. (See [4].) Let k € N and m € CK(R™), we write lmll k) = supg<r<k.0<x(1 + KM ()|, We define the operator

+00
m(tJ) for t > 0 by the expression m(tJ) = / m(t)) dE()). Then this operator admits a convolution kernel M; and moreover, for

0
o € R and I a multi-index, there exists C > 0 and k € N such that | (1 + || - [D*X'M,() |, < Ce71/2(1+ VOV (VOT VP [ml
with1/p+1/p'=1.

Lemma 3.2. Let 0 < s and 1 < p < 400 then we have the inequalities || 7he| ;1 < Ct~5 and || The|1» < Ct=S[V (D)1~ VP with
1/p+1/p =1.

Proof. For the L! estimate we write
+o0
The(x) = T*(heja * hejp) (%) = CE° / m(ta) dE) | (hep2)(x) = Ct° My % hep (%),
0
where m(1) = ASe*. Then, taking the L!-norm, using Young’s inequality and applying Proposition 3.1, we obtain || 7 he||;1 <
Ct=*|M¢ll 1 llhe 2l = Ct—*|lm|l @) = Ct~°. The LP estimate is similar. O

4. Proof of the main theorem

We follow some of the ideas of [7] and we consider the general case of LP spaces with 1 < p < +o0. Our first task is
to proof that each term of the expressions (6)-(7) is well defined in a LP-sense. With Lemmas 4.1 and 4.2 below, we give
more natural proofs adapted to the setting of nilpotent Lie groups.

Lemma 4.1. Let ¢ € S(G) and t > 0, then the function u(t, x) given by (7) belongs to LP (G).
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Proof. By duality we consider g € LP'(G) and we study the quantity

+ 1
) 1 soa L dr d 1 S a2 dr d
U, ); ) ppypp = e H: T ¢pe T s gax= D) H: T ¢e f 1S gadx
G 0 G 0
+00
—|—/ ! /H J* e ir dr dx
r'(s) vl i |8

G

gdx.

+00
2 dt 1 _2 . dt
:/ F(s) JZ(p*Jthe i - gdx—i—/ m/(p*jshte o -
G G 1

Thus, by Young’s inequality we obtain:

1 +
1 _2 d a s _2 dt
(. : 8)1p 15| = 5 18w /wwnu 1T el e =2+ / Il 1 hello e 3
0

Now we use the estimates given by Lemma 3.2 for the heat kernel:

=gl

1 +o0
s _s _& dt _ -1 2 dt
[(u(t.): g) C/| T2l 2 e & T1-s +C// lellptSIV(WT)] P e T1-s
0 1

LPxLP | — F(S)

N

s s_ -D 4
173 ||Lp o} ]dT+||§0||L1/T e
1

IIgIILp

+0oo
- F(s) (
< m el (1730l + ||<o||u),
and we obtain that the function u(t, x) is in LP(G) for all t > 0. O
Lemma 4.2. u(t, x) belongs to the domain of the operator 7.

Proof. We study the following quantity

Hoyu(t, ) —u(t,-) 1 1 i d i d
pu(t, u(t, /‘ / s _2.drt / s 2 dt
—_ =— | — H e & — | H e & dx
< o g>LP><LP I'(s Y e Tl-s e Tl g
G 0 0
1 U H e TS0 — He TS0\ 2 dr
= —F / / ( ptt P t ) e 4 ot gdx.
G 0
Taking p — 0T we have
Hyu(t,) — u(t, - _2d
lim <M;g> //jHIJS(pe I ]T gdx
p—0F 1Y LPxLP 0 T3

| || : a d

g LP 1 _ﬁ T 1 _ﬁ T
17 Hegl e S5+ [ 175 Hepl e 55
0

||g|| p s s _2 dt
=L ||Jz+1<o||Lp||thf||L1e s
0

+00 d
2
1 _t= ar
+ / @l | T e || e™ 715
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Now, using inequalities stated in Lemma 3.2 for the heat kernel we obtain:

<Hpu(t,‘)_u(t,'). > <C||g||[_P’
1% ' oxrr  T(s)

lim

p—0*t

(175 ¢l +lglr) < +00. D

Proposition 4.3. The function u(t, x) defined by (7) and associated with an initial data ¢ € S(G) satisfies, in the LP-sense, the
equation d2u(t, x) + 5 E du(t, x) — Ju(t,x) =

Proof. Let g € LP' (G), we have:

5 1-2s
ofu(t, )+ deu(t,-) — Ju(t,-); g

LPxLP

+o00
_/1 /Hjs 21 2 AT
NG \a2 T 2t 78
G 0

+o00 ¢

1-2s -1 , teTwm dr

+ — H: T ¢ — | gdx— | Ju(t,-)gdx
G 0 G

+
—/ L /OOH J*S 2 -1-5_l e_f1£ dz dx /ju(t )gdx
- r'(s) W\ T i |8 8 X
G 0 G

At this point, we can perform an integration by parts in the first integral with respect to the variable t to obtain:

2
8tu(t ) — Jult, )g>me F(S)/far H:J°¢) e” i

But, since d; H; f = — 7 H f, we obtain:

Sau(t ) = Ju(t,-); —L/?OOJ(H Js )e,% dt
o ’ ’ngpr/_F(s)G ) S Ii-

=/ju(t, -)gdx—/ju(t, J)gdx=0. O

<62u(t )+ dfsng—/Ju(t, g dx.
G

1—
<8t2u(t, D+ Sgdx— /(Ju)gdx
G

2 1-2s
ofu(t,-) + deu(t,-) — Ju(t,-); g

LPxLP

It remains to prove the last part of our main theorem and this is done with the next proposition.

Proposition 4.4. Let ¢ € S(G) be an initial data of the extension problem (6), let u(t, x) be the function defined by the formula (7),
then in the LP-sense we have the limit lim,_, o+ t'=259,u(t, x) = —C(s) T @ (X).

Proof. For g € L (G) we have:

+00

-1 t2 2s 2

(H*Zsatu(t, Y g)LPpr’ Z/tlfzsatu(t, x)g(x) dx = Fs)/ / HT:]SQD(X)2 e 4r dr g(x)dx.
G G o

Making u = [12' we obtain (tl_zsatu(t, D ) oy = F(S) [ / 2u jsgo(x) du g(x) dx. Now, taking t — 0T, we have:

lim (" 29u(t, ); 8)pp, 1o = O+ F(s)f/ VA q)(x) du g(x)dx

t—0t

“+00

1
SN S e o .
_N9[j¢® /zwﬂw g dx = ﬂﬂfjwmymm. .
G G

0
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Remark 1. Nilpotent Lie groups have some special properties compared to general polynomial volume-growth Lie groups, see
details in [8]. However, all the properties used here for the heat kernel and for the spectral decomposition for a Laplacian
satisfying the Hormander condition remains true in the general setting of polynomial volume-growth Lie groups (see again
the book [8]). Theorem 2.1 is still valid in this general setting, as the proof follows the same lines as those exposed here.
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