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RESUME

La quasi-subordination est un concept sous-jacent de la théorie des fonctions complexes.
Cest un sujet intéressant, qui unifie les concepts de subordination et de majoration.
Il n'y a pas eu de travaux dans ce domaine au cours des trois derniéres décennies, a
part, peut-étre, un article récent (Haji Mohd and Darus, Fekete-Szego problems for quasi-
subordination classes, Abstr. Appl. Anal. 2012 (2012) 192956, 14 p.) [8]. Exploitant cet
article, nous donnons une estimation avec les transformations racine k® pour certaines
classes de fonctions analytiques univalentes, utilisant la quasi-subordination. Les auteurs
forment le voeu que cet article ravive l'intérét pour ce concept et encourage, dans un
proche avenir, d’autres chercheurs a le considérer en théorie des fonctions complexes.
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1. Introduction

Let A denote the class of all analytic function f(z) of the form

f@=2+) a.2" (11)

n=2

in the open disk A ={z:|z| < 1} normalized by f(0) =0 and f’(0) =1 and S be the subclass of A consisting of univalent
functions in A. Let ¢(z) be an analytic function with positive real part on A with ¢(0) =1, ¢’(0) > 0 which maps the unit
disk A onto the region starlike with respect to 1, which is symmetric with respect to x-axis. The bounds for the coefficients
give information about the geometric properties of these functions. For example, the bound for the second coefficient |ay|
of normalized univalent functions readily yields the growth and distortion bounds for univalent functions. The Fekete-Szego
coefficient functional |asz — ,ua%l. also arises naturally in the investigation of the univalency of analytic functions. Several
authors have investigated the Fekete-Szegé functional for functions in various subclasses of univalent and multivalent func-
tions, see related works in Refs. [1], [2], [4], [5], [6] and [11]. A function f(z) is subordinate to a function g(z), written as
f(2) < g(2), provided that there is a function w(z), analytic A, with w(0) =0 such that |w(z)| <1 and f(z) = g[w(z)] for

z € A. In particular, if the function g(z) is univalent in A, then f(z) < g(z) is equivalent to f(0) = g(0) and f(A) C g(A).
/ !/
1
A function f € A is starlike iff Re <Z; ((ZZ)) 4@ < X*2 Ma and Minda [12] have given a unified

f@o 1-z
zf'(2)
f@

) > 0 or equivalently if

treatment of various subclasses consisting of starlike and convex functions for which either one of the quantities or

zf"(z
+ j{’((z)) is subordinate to a more general superordinate function. The unified class S*(¢) introduced by Ma and Minda
!/
[12] consists of functions f € A satisfying M < ¢(2), z€ A and the corresponding class C(¢) of convex functions f € A

f@
zf"(2)

T < ¢(2), ze€ A. Ma and Minda [12] obtained estimates for the first few coefficients and determined

satisfying 1 +

bounds for the associated Fekete-Szegt functional. Many other authors have also investigated the bounds for the Fekete-
Szegd coefficient functional for various classes of S (for example, see the work of [1,2,7]). In [14] Robertson introduced
the concept of quasi-subordination. An analytic function f(z) is quasi-subordinate to an analytic function g(z), in the open
unit disk if there exist analytic functions ¢ and w, with w(0) =0 such that |¢p(2)| <1, |[w(2)| <1 and f(2) = @(2)g[w(2)].
Then we write f(z) <q g(2). If ¢(z) =1, then the quasi-subordination reduces to the subordination. Also, if w(z) =z, then
f(@) =¢(2)g(2), and in this case we say that f(z) is majorized by g(z) and it is written as f(z) << g(z) in A. Hence
it is obvious that quasi-subordination is the generalization of subordination as well as majorization. It is unfortunate that
the concept of quasi-subordination is so for an underlying concept in the area of complex function theory, although it de-
serves much attention as it unifies the concept of both subordination and majorization. There has been no work in this
area for the past three decades, except possibly a recent article published in [8]. Exploiting this article, we provide an es-
timate with k-th root transform for certain classes of analytic univalent functions using quasi-subordination. The authors
sincerely hope that this article will revive and encourage other researchers to work on this quasi-subordination in the near-
future in the area of complex function theory. Further, we refer to [3,10,13] for works related to quasi-subordination. Haji
Mohd and Darus [8] obtained the bounds of |ay| and |asz| for the following three classes defined by quasi-subordination as
follows.

Definition 1.1. Let the class 8;‘(¢>) consist of functions f € A satisfying the quasi-subordination

#f'@)
f@

1< 6@ —1.

Definition 1.2. Let the class Sj(«, ¢) consist of functions f € A satisfying the quasi-subordination

°f'@ 2@

fo i Te@ ol

Definition 1.3. Let the class Mg(c, ¢), o > 0 consist of function f € A satisfying the quasi-subordination

zf'(2) ta (1 . zf"(2)

l _
=975 @

)—1<q¢(z)—1.

Throughout this paper, we assume ¢(z) is an analytic function with ¢ (0) = 1.
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Definition 1.4. Let k be a positive integer. A domain D is said to be k-fold symmetric if a rotation of D about the origin

through an angle 27" carries D to itself. A function f(z) is said to be k-fold symmetric in A if for every z in A

f (e%z) = e%f(z).

In 1916, Gronwall shows that if f(z) is regular and k-fold symmetric in A, then it has a power series expansion of the
form

oo
f @ =b1z+bp1 2 + by 22 - =) by 2 (1.2)
n=0

Conversely, if f(z) is given by the power series (1.2), then f(z) is k-fold symmetric inside the circle of convergence of the
series. For a univalent function f(z) of the form in (1.1), the k-th root transform is defined by

F(z) = [f (z")]”k —z+ ib,mﬂzk”“. (13)
n=1

Let  be the class of analytic functions w, normalized by w(0) = 0, and satisfying the condition |w(z)| < 1. Many authors
have also investigated the bounds for the Fekete-Szegé coefficient functional for various classes [1,2,7]. Let A* denote the
class of all analytic functions f of the form (1.1) such that f~!({0}) N A = {0}, that is the origin is the unique zero of f
in A.
In this paper, we obtain Fekete-Szegd estimates for the function in the classes Sj(¢), Sq (@, ¢) and Mq(et, ¢), if f € A*.
We need the following lemma to prove our results.

Lemma 1.1. (See [9].) If w € Q and w(z) = w1z + w222 +... (z € A), then
|lwy — tw%l < max({1, |t|}
for any complex number t. The result is sharp for the function w(z) = z* or w(z) = z.
In this paper ¢(z) =1+ B1z+ Byz>+--- and ¢(z2) =Co+ C1z+ C222 + (322 +..., B1 € R, By > 0, and |Cy| < 1.
2. Main results

Theorem 2.1. If f € A* given by (1.1) belongs to S[;(¢>) and F is the k-th root transformation of f given by (1.3), then |by41| < i—l,

2
|baks1] < 21—k |:B1 + max !BL 1371 + |le” and for any complex number (v

1 11— 2pu
b2t — b < o [31 +max{31, T“BH |Bz|H.

Proof. Let f € A* belongs to class Sg(#). Then there exist analytic functions ¢ and w with |@(2)| <1, w(0) =0 and
|[w(z)| <1 such that

zf'(2) _

o 1=9p@)[¢(w(2) - 1]. (2.1)
We have

ZJ{((ZZ)) —1=az+ (—a} +2a3)2* + - --
and

9(@D)[¢(wW(2) — 1] = B1Cow1z + [B1C1w1 + Co(Biwz + Bawi)]z> + -+ - (2.2)
Therefore,

ay = B1Cow1q (2.3)
and

1
a3 = 5[Blclwl + B1w2Co + Co(Ba + B3Co)w?1. (2.4)
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For a function f given by (1.1), a computation shows that

1 1 1/k—-1
fEN* =2+ —ap T + | —a3 — = a? |2 4 (2.5)
k k 2\ k2
Upon equating the coefficients of z¢*1 and zZ**! in view of (1.2) and (2.5), we get
1 as 1/k-1 2
b =-—ap, and b =— ——|— |ay“. 2.6
k1 = 1 02 1= 5 ( 2 ) 2 (2.6)

1
—|:B]C]W1 + BiwyCo + BzCoW% +

1
Further, from (2.3), (2.4) and (2.6), one can easily get by = EBlW]CO' and by = T

2,202
BiwiCg

:|. Also, for any complex number ,

1C0

B4
— yw1C1 +wyCo— | —

1-2 B2 C
. R

L

, yields

bak+1 — by =

Using the inequalities |Cy| <1, |wp(2)| <1, we get |bgy1| < %, and

[ 1Co(1_2 )—B—]w12

B4

31C0 Bz 2
S 1—2n) — -=
wy [ X ( W) Bl:|w

|bak1 — by < K {1 + |w

An application of Lemma 1.1 to

B1Co B;
|b2k+] /’Lbk+1|_2 [1+max[1 ‘ (l— B, }]
Since
C B> B1|1—-2 B
B1 R Tl = Bl =2ul B2
k B

we conclude that

1 11— 2u|
|bok41 — Mb%+]| <5k |:B1 +max[B1, TB% + IBZIH-

1 B?
For n =0, we get |byk41| < oK [81 + max {Bl, ’—1 + |B2]| }i| This essentially completes the proof of Theorem 2.1. O
k

Theorem 2.2. If f € A* is given by (1.1) belongs to the class Mq(c, ¢) and F is the k-th root transformation of f given by (1.3), then
B? + |Ba| ”

ki 14+2a)(1-2
a+(1+ Ol)(2 M)‘B%HBzI”.
k(1+ o)

ko + (1 4+ 2w)

B B1,
[1+max{{ 1 K+ o)

B1 1
b <——1|b <
|bry1] < K+ o) [bak+1] < k(1 1 2a)

and for any complex number |4

[baky1 — [81 —|—max{B1,

1
b2 <
“k+1|—2k(1+2a)

Proof. If f € A* belongs to the class Mq(«, ¢), a > 0, then there exist analytic functions ¢ and w with [¢(2)] <1, w(0) =0
and |w(z)| < 1 such that

zf (Z)+a(]+2f (2)

‘1 —
T '@

) —1=9@[¢(w(2) —1]. (2.7)

Then we have

(1 —a)

zf'(2) +a(l+2f (2)

f(@ (2) )— 1=(1+a)az+[—(1+3w)a3 +2(1+2a)azlz> +---. (2.8)
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From (2.2), (2.7) and (2.8), we have
B1Cow1
apy =
1+«

and

1+ 3a)B2C2
as |:B1C1W1 + BywyCo + (BQCO + M) w%} ) (2.10)

~2(1+20) 1 +a)?

From (1.2) and (2.5), equating the coefficients of z*t1 and z2**1, we get

1
bgy1 = X (2.11)

and
as k—1
okt = " <W) a. (212)
B1w1Co

and
k(1 + o)

From (2.9), (2.10), (2.11) and (2.12), we have by =

(1+3a)B2Ciw?

b =
2k+1 (.l +a)2

1
— | Byw1Cq + BywyCo + ByCow?
2,{(14_20[)[1 161 + B1waCo + BoCowy +

_ (+2m)BiCgwi  (1+20)BiCiw]
(1+a)? k(14 a)?
Therefore, for any complex number w,

B] w1Cq + Cod wo + Bz+OtB]C0
k(A2 P TETA B T At a)2

1+ 2a)(1 —2u)B1C0> 2”
5 wit |
k(1 + )

2
bak+1 — by =

Using the inequalities |C,| <1 and |wy(2)| <1, we get |bx1] < ﬁ, and

B1 B> ko + (1 4+ 20) (1 —2w)
botrr — b, | < — L 1+‘w _[___( By | wy2
|bak+1 — mbj 4] < 2k(1+2a){ 2 B, K+ a)? 1| w1

Applying Lemma 1.1 to

o — [_? ~ <ka+(1 +2a)(3 —2u)>31} w2
1 k(1+ o)

I

)

yields

1
_ b2 < -
Hbic| = S A 20

For =0, we have

|b2k+1 [Bl + max [Bl,

ke + (1 +2a)(l _ZM)‘B%HBzI”.
k(1 + )

|:B1 +max{B1,

ko + (1 + 2)
——————~|BI+1Bal ¢ |

1
bojaq| < ———
b2t = e 20 k(1 + a)?

which completes the proof of Theorem 2.2. O

Theorem 2.3. If f € A* given by (1.1) belongs to 83‘ (e, @) and F is the k-th root transformation of f given (1.3) then

B4

. 2.1
Ibrs1] < ESTIR (213)

ko — (1+3
o — (1+3w) B%+|BZ|}i|, (2.14)

[B] +max {Bl’ k(1 + 20)2

1
b <—
1b2te1] = 2k(1 + 3a)

and for any complex number

(2.15)

|bakt1 |:B1 +max{B1,

ke — (1 —2u)(1+3
o — ( M)(—i—a)‘B%Jr'BZ'}]

1
_ b2 < -
Hbjea| = 2k(1 + 3c) k(1 + 20)?
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Proof. If f € A* belongs to class S&"(a, ¢), a > 0, then there exist analytic functions ¢ and w with |p(2)| <1, w(0) =0
and |w(z)| <1 such that

zf'(2) n az’ f"(z)

f@ f@
Further, we have

zf'(2) n az’ [’ (2)

f@ f@

By applying a similar technique as in Theorem 2.1 and Theorem 2.2, one can obtain the inequality (2.13), (2.14) and (2.15)
which essentially proves Theorem 2.3. O

~1=9@[pw) —11.

—1=a(1+2)z+[2(1+3w)as — (1 +2a)adl2 +---.
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