C. R. Acad. Sci. Paris, Ser. 1 353 (2015) 427-431

Contents lists available at ScienceDirect

C. R. Acad. Sci. Paris, Ser. |

www.sciencedirect.com

Mathematical analysis/Complex analysis

On some class of convex functions @C
rossMark

Sur une classe de fonctions convexes

Janusz Sokét?, Mamoru Nunokawa P

a Department of Mathematics, Rzeszow University of Technology, Al. Powstaficow Warszawy 12, 35-959 Rzeszéw, Poland
b University of Gunma, Hoshikuki-cho 798-8, Chuou-Ward, Chiba, 260-0808, Japan

ARTICLE INFO ABSTRACT
Article history: In this paper, we consider the order of starlikeness and strong starlikeness in the class of
Received 2 December 2014 functions f(z) = z+ayz2 + ... analytic in |z| < 1 in the complex plane and satisfying

Accepted after revision 2 March 2015
Available online 18 March 2015

mg{1+2f/’(2)}> zf'(2)

@ f@
© 2015 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

-1 ' , 2zl < 1.
Presented by the Editorial Board

RESUME

Dans cette Note, nous considérons l'ordre d’étoilement et d’étoilement fort pour la classe

de fonctions f(z) = z 4+ axz% + ..., analytiques dans le disque unité {|z| < 1} du plan
complexe et satisfaisant
zf"(z zf'(z
9%:14— f/()}> f()—l’, lz] < 1.
@ f@

© 2015 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

Let A denote the class of functions f of the form:

f@=2+) a7", (11)

n=2

which are analytic in the open unit disk D= {z:z e C and |z| < 1}. By S we denote the class of functions f € A that are
univalent in D. A function f € A is said to be starlike if it maps D onto a starlike domain with respect to the origin. It is
known that it is equivalent to f € A and

E-mail addresses: jsokol@prz.edu.pl (J. Sokét), mamoru_nuno@doctor.nifty.jp (M. Nunokawa).

http://dx.doi.org/10.1016/j.crma.2015.03.002
1631-073X/© 2015 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.


http://dx.doi.org/10.1016/j.crma.2015.03.002
http://www.ScienceDirect.com/
http://www.sciencedirect.com
mailto:jsokol@prz.edu.pl
mailto:mamoru_nuno@doctor.nifty.jp
http://dx.doi.org/10.1016/j.crma.2015.03.002
http://crossmark.crossref.org/dialog/?doi=10.1016/j.crma.2015.03.002&domain=pdf

428 J. Sokét, M. Nunokawa / C. R. Acad. Sci. Paris, Ser. 1 353 (2015) 427-431

zf'(z
Pe { f'(2)
f@
We denote by S* the class of starlike functions.
A set E is said to be convex if and only if it is starlike with respect to each one of its points, that is if and only if the

linear segment joining any two points of E lies entirely in E. A function f € S maps D onto a convex domain E if and only
if

} >0, zeD. (1.2)

zf"(2)
'@
Such a function f is said to be convex in D (or briefly convex) and the class of convex functions we denote by CV

In [2], Goodman distinguished in CV such functions f(z) that have the property that, for every circular arc y contained
in D, with center also in D, the image arc f(y) is a convex arc. He called the family of all such functions uniformly convex
and denoted it by Z/C)V. Goodman'’s idea became the inspiration for introducing new classes of functions. A function f € §*
that has the property that, for every circular arc y contained in D, with center £ also in D, the image arc f(y) is a starlike
arc with respect to f (&) is called by Goodman uniformly starlike. The set of all such functions he denoted by /ST

The classes UCV and UST introduced by Goodman were also investigated by Renning [8-10] and by Ma and Minda
[5,6]. The class family of uniformly convex functions Z/C}V may be defined by

i)‘{e{l—i- }>0, zeD. (1.3)

zf" (2) zf" (2) }
UCy = S:Reil+ , Dt. 1.4
{fe e{ '@ }> Fo | c (4)
This class was considered also in [11,12]. In this paper, we introduce the class
_ , zf"(2) zf'(2)
MN-{feA.iRe{l#— f’(z)}> o l,zeID)}. (1.5)

Hence, Re {1+2zf"(2)/f (2)} >0, ze D, and MN C CV.
Let SS*(B) denote the class of strongly starlike functions of order g

zf'(2)| Bm
@ <—,ze[U], Be(0,1)

2
which was introduced in [13] and [1].
In this paper, we consider the order of strong starlikeness in the class of uniformly convex functions. To prove the main
results, we also need the following generalization of Nunokawa’s lemma [3,4].

SS8*(B) = {f cA: ‘arg

Lemma 1.1. Let p(z) be an analytic function in |z| < 1 of the form

o
P@=1+) ", cn#0,

n=m

with p(z) #0in |z| < 1. If there exists a point zy, |zo| < 1, such that

T
arg(p@)}| < 5 forlz| < |zo]

and

jarg {p(z0)} | = ”2—‘p

for some ¢ > 0, then we have

zop'(20)
p(20) '
where
1
? 2E<a+—> >m whenarg{p(zo)}=H (1.6)
2 a 2
and
1
¢ <-2 <a+—) <—m whenarg{p(z0)} = — =, (17)
2 a 2
where

{p(zo)}V/? = +ia, and a>0.
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2. Main result

At first we look for a such that g(z) = z + az® belongs to the class MA/. Because MN C CV, then |a| < 1/4. The
condition (1.5) becomes

1+4
%e{ +az}>’ az

, zeD. 21
1+ 2az 1+4+az 21

If we denote az=rel®, 0 <r < 1/4, then (2.1) becomes

1+ 6rcoso + 8r2 r
> 9
1+4rcosa+4r2 = /14 2rcosa +r2

The calculations show that (2.2) is not satisfied for r =1/4 and « = 7, hence the class MM\ is a proper subset of the class
of convex functions CV. For 0 <r < 1/4 the left-hand side of (2.2) increases with respect to cos«, while the right-hand side
decreases with respect to cos«. Therefore, if

0<r=<1/4, ld|<m. (2.2)

1— 61+ 8r2 r
> bl
1—ar+42  fA—orgr?

then g(z) =z + az2, |a| <r, belongs to the class MN\/. The calculations in (2.3) yield

0=r=1/4, (2.3)

1-6r4+6rr>0, 0<r<1/4. (24)
It is satisfied for r € [0, (3 — «/§)/6). Therefore, if |a] < (3 — «/§)/6 =0.21..., then g(z) = z+az? belongs to the class MAN..

Theorem 2.1. If f(z) € MN, then we have

‘arg { ZJ{/((ZZ)) H » % (zeD), (2.5)

or f(z) is strongly starlike of order 1/2.

Proof. If we denote p(z) = zf'(z)/ f (z), then the inequality in (1.5) becomes

Re{p@) +20"(2)/p(@)} > Ip(2) — 1| (zeD). (2.6)
If there exists a point zg, |zg| < 1, such that
T
larg{p(2)}| < 1 for |z| < |zo]

and

|larg {p(z0)}| = %

then from Lemma 1.1, we have

z0p'(20)
p(2o0)

—it)2,
where p?(zg) = +ia, a > 0 and

L > (a + %) /2 when arg {p(z0)} = %,

L 2.7
14 5—((14—%)/2 when arg {p(z0)} = — 7. 27)

For the case arg{p(zp)} = w /4, we have
%e {p(z0) + 200 (20)/p(z0) ) = Re | ()2 +it/2| = Vacos(w /4) = /a2, (28)

and



430 J. Sokét, M. Nunokawa / C. R. Acad. Sci. Paris, Ser. 1 353 (2015) 427-431

p(z0) — 1] = ()2 ~ 1|
= |vacos(r /4) — 1+ ivasin(r /4)|
= \/(«/ECOS(ﬂ/4) — 12 + (Vasin(r /4))?

=\/a+1—2Jacos(/4)

=\/a+l—\/ﬁ.

From the evident inequality a/2 <a+1—+/2a, a > 0, and by (2.8) and (2.9), we obtain:

Re {p(20) + z0p"(20)/p(20)} < |p(20) — 1|

which contradicts (2.6). Therefore,

g
larg{p(2)}| < 1 for |z| < 1.

(2.9)

For the case arg{p(zo9)} = —m /4, applying the same method as the one above we will get a contradiction. In this way,

we have proved that f is strongly starlike of order 1/2. O

We say that f is subordinate to F in D, written as f < F, if and only if f(z) = F(w(z)) for some holomorphic function

w such that w(0) =0 and |w(z)| <z for all ze€ D.
Theorem 2.2. If f (z) € MN, then we have

zf'(2) 1
@ <Q(Z)—ﬁ (zeDy,

where

3 6

1-2)2 z 2 1,
g(z)=2(7) <log(1—z)+1—_z)=1——z——z +--- (zeD).

Proof. If we denote p(z) = zf’(z)/f (), then from (1.5) we obtain

zp’(z
Re {p(z) + I’j((z)) } >1p@ 112 Re(l - p(2)} (zeD),
hence
zp’(2) 1
R = D).
e{p(z)—i— 20@) > 3 (zeD)
The inequality (2.13) is equivalent to the following Briot-Boquet differential subordination
zp'(2)
D).
p@) + 250 “1-z (zeD)
Applying Theorem 3.3d, [7, p. 109], we conclude that
1
p(@ <q@2)=

2
2/, (ﬂ_;tlz) tdt
={F12,1;3;2/(z— 1)} .
The calculation yields (2.11). O

Corollary 2.3. If f(z) € MWN, then we have

zf'(2) 1 o 1 B
mei f@ }> gi-1) *° '—m—O.GM..., (zeD)

or MN C S*(ag), where S* () is the class of starlike functions of order c.

(2.10)

(211)

(212)

(213)

(2.14)

(2.15)
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Proof. By Theorem 3.3d, [7, p. 109], the function

1
q2) = ﬁ (zeD) (2.16)

is the univalent solution to the Briot-Boquet differential subordination (2.14). Moreover, by the calculation result [7, p. 106],
we have

lrzrlliq Re{q1(2)} =q1(=1) = ap. (217)
Therefore, by Theorem 2.2 we conclude that MAN C S*(ag). O
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