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RESUME

La fonction de partition bien connue p(n), qui compte le nombre de solutions de I'équation
n=a +---+a en entiers 1 <a; <--- < a, a une longue histoire. Nous étudions
dans cette Note une nouvelle fonction de partition. Soit q(n) le nombre de solutions de
I'équation n =[/a; ]+ --- + [/ax] en entiers 1 <a; <--- <ai, ou [x] désigne la partie
entiére de x. Nous montrons que exp(cmz/3 <qn) < exp(czn2/3) pour deux constantes
positives explicites cq et cp.

© 2015 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

Let f(n) be the number of unordered factorizations of a positive integer n as a product of factors > 1. Let
F(x) ={m:m <x,m= f(n) for some n}.

In order to obtain the upper bound of |F(x)|, Balasubramanian and Luca [1] introduced the following function: let q(n) be
the number of solutions of the equation

n=[Jarl+ -+ Val (11)

with integers 1 <a; <--- <ay, where [x] denotes the integral part of x.
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For convenience in the future, we call (1.1) a square-root partition of n and q(n) the square-root partition function.
The well-known partition function p(n), which is the number of solutions of the equation n =a; + --- 4+ a; with integers
1 <a; <--- <ay, has a long research history. We believe that the square-root partition becomes as extensively studied p(n).

Balasubramanian and Luca [1] proved that

1+ Zq(n)zn =1-230-2H7...a=-H"2"1.... (1.2)

n=1

In this note, the following result is proved.

Theorem 1.1. There exist two explicit positive constants ¢ and ¢ such that
exp(c1n??) < q(n) < exp(con®/?)

for all integersn > 1.
Remark 1.2. We may take
1
cp;=3elog2+6e+1, c1= Zcz_z exp(—2c3).

From the proof, it is easy to see that ¢y and cz can be improved.

In [1], it is proved that q(n) < exp(5n%/3). But the proof contains a gap on page 4 of [1]. After our paper was submitted,
Balasubramanian has provided us a corrected proof for q(n) < exp(cn?/3) (private communication). For completeness, we
still include our own proof.

2. Proofs

Lemma 2.1. We have
qm>qn—1+2n+1n>2), qm>n+1)>-1n=>1).

Proof. If n —1=[/ai]+ -+ [\/a] is a square-root partition of n — 1, then n=[/ao]+ [\/a1]1+ -+ [ax] (@ =1)
is a square root partition of n. Since n = [+/b1 ] (n? < by <n? + 2n) are 2n + 1 square root partitions of n that cannot be
obtained from square root partitions of n — 1 in the above way, it follows that q(n) > q(n — 1) +2n + 1 (n > 2). Therefore,
gn)>m+1)%2-1. O

Lemma 2.2. We have % <logx<x—1for0<x<1.

Lemma 2.3. Let 0 < a < 1 and the function h(x) be defined as

2x+ 1)a*

hx) = ] x€e[1,+00).

— aX ’
Then the function h(x) is decreasing on [1, +00).

Proof. We have

X

= Gy

2(1 — a* +loga®) +loga).

It follows from Lemma 2.2 and the fact that 0 < a < 1 that h’(x) < O for all x € [1, +00). Thus the function h(x) is decreasing
on [1,400). O

Let
gD=01-231-"...a-z)2"1...

Lemma 2.4. We have

2z z
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Proof. We have

logg(z) = — Z(Zn + 1 log(1 — 2.

n=1
It follows from Lemma 2.2 that

o0 o0

Y @n+1)2" <logg(z) < Y (2n+1)

n=1 n=1

ZTI
1—2zn

(2.2)

Since

00 . 7
’;nz —m, (23)

the lower bound (2.1) follows from the lower bound (2.2).
Now we prove the upper bound (2.1).
We choose an integer M such that zZM*1 <1 <zM. Then, by Lemma 2.2, we have

log2 log2
<— < .
logz 1-z

By Lemma 2.3 and [2.2-2.4], we have

o n
4
| 2n+1
ogg(z)<n;( nth——
= 2n+1) + 2n+1)
n=1 1-2 n=M+1 1=z
2x1+1)zZ! 1 — n
Mt > @itz
n=M+1
3 o0
<M 46) ne!
-z n=1
<Blog2)—F— 46—~
=PRI T T a2
Z
=3log2+6)— .
(3log2 + )(1_2)2

Proof of Theorem 1.1. The conclusion is trivial for n = 1. So we may assume that n > 2. By (1.2), Lemma 2.4 and Lemma 2.2,
for 0 <z <1, we have

log(q(m)z") < log 2(2) < (3log2 + 6)— 3log2+6
< .
sl =1088l2) = & (1-2)2  z(—logz)?
That is,
3log2+6
logq(n) < 3082+0 —nlogz, 0<z<1.
z(—logz)2
We choose z; = exp(—n~1/3). Then z; > e~! and
3log2+6
logq(n) < —8=1°_ _1logz; = con?’, (2.5)

e~ 1(—logz)?

where c; =3elog2 + 6e + 1.
We will use this upper bound to give a lower bound of logq(n). This is the main augment of the proof.
For 0 <z <1, by Lemma 2.1 and (2.5), we have

n—1 00 00
2@ =1+ qMZ+> q0z <nqn) + ) exp(cok®?)Z".

k=1 k=n k=n
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We choose z; = exp(—2can~1/3). Then
exp(czk2/3)z§/2 =exp(c k>3 —kn~13)) <1, k>n.

Thus, by Lemma 2.1, ¢c; > 6 and e* — 1 > x for x > 0, we have

g(z2) <nqm) + Y 25> =nq(n) + %

k=n

exp(—can?/3)

—exp(—can—1/3)

exp(—c2(n*? —n~'/3))
exp(con—1/3) — 1

=nq(n) + 1

=nq(n) +

1
<nq(n) + €n1/3 exp(—6(n2/3 — n’l/3))

<ng(n) +1 < 2nq(n) < q(m)*.
It follows from Lemmas 2.4 and (2.2) that

1 2 2 1T 2/3
0gq(m) = - logg(zz) = A—25)2 = (logzy)? = <4cz exp( Cz)>n

Remark 2.5. Let t(a) be a real function. Let g, (1) be the number of the equation

n=[t(a)]+[t(a)]+ - +[t(ap] (2.6)

with integers 1 <a; <ap <--- <a. We call (2.6) a T partition of n and q;(n) the t partition function. Similar to the
arguments in this paper with slight changes, for t(a) = a®, where 8 is any fixed real number with 0 < 8 < 1, there exist
two positive constants ¢y = c1(t) and ¢ = c2(7) such that

exp(cin'/ Pty < qr(n) < exp(con'/FHD).
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