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RESUME

Dans cette Note, nous considérons I'équation eikonale en une dimension d’espace décrivant
le mouvement d'interfaces avec une vitesse non signée. Nous prouvons un résultat
d’existence globale de solutions de viscosité discontinues dans un sens faible en considérant
des données initiales BV.

© 2014 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version francaise abrégée

Dans cette Note, nous considérons I'équation eikonale unidimensionnelle, donnée par :
{ du(x,t) =c(x,0)|[du(x,t)| dansR x (0, T)
u(x,0) =up(x) dans R,

avec les hypothéses :

(1)

(H1) ug € L®@R)NBV(R)
(Hz) ceLl®(Rx (0,T))NL>((0,T); BV(R)),

ol BV(R) est I'espace des fonctions L}OC(R) a variations bornées.

L'objet de cette Note est d’établir un résultat d’existence globale en temps d’une solution de viscosité discontinue de (1)
dans un sens assez faible, en supposant les hypothéses (H{) et (H>).

Notre idée principale était, tout d’abord, de régulariser la vitesse et la donnée initiale (par convolutions classiques, comme
dans (5)), en considérant, pour tout € > 0, le probléme suivant :
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{ dlte (X, t) = ce(x, 1) |dxtie (x, 1)|  dans R x (0, T) @)

Ue(X,0) = ug,e(x) dans R.

Ensuite, par le principe du maximum, nous avons obtenu une estimation L>° permettant de déduire que les semi-limites
relaxées au sens de Barles et Perthame [5], notées par :

A, )= limsup uc(y,s), uxt)= liminf uc(y,s), 3)
€—0 e—>0
(¥,8)— (x,t) ¥.9)—>x,t)
sont, respectivement, sous- et sur-solutions de viscosité discontinues de (1).
De plus, grace a une estimation dans BV uniforme en € sur u, et la propriété de propagation a vitesse finie de I'équation,

nous avons montré que i et u sont égales presque partout en espace, uniformément en temps. Ce qui conduit au résultat
suivant.

Théoréme 0.1 (Existence globale). Soit T > 0, sous les hypothéses (H1) et (H3), nous avons :
i) il existe une unique solution de viscosité Lipschitz ue du probléme (2). De plus, les semi-limites relaxées u et u sont, respective-
ment, sous- et sur-solutions de viscosité discontinues du probléme (1);
ii) quitte a extraire une sous-suite, la fonction u. converge, quand € tend vers 0, vers une fonction
uel®(R x (0,T)) NL¥((0, T); BV(R)) N C([0, T); L, (R))
vérifiant les estimations

lull e ®x 0,1y < lltollLe(Rr)
(., t)|BV(R) < |uolpvr), pour presque toutt € [0, T)

JuG,6)—u(,s) HLI(R) < (llclizoo®x 0,1y ltolBv)) It — sI,  pour touts,t € [0, T)
et I'égalité suivante
u(-,t)y=u(,t)=u(-,t), saufsurunensembledénombrable dans R, pour toutt [0, T).
Ici, | - |pv(r) désigne la semi-norme associée a la variation totale. Nous renvoyons a [2, Def. 3.1], pour la définition des
solutions de viscosité discontinues classiques. Par ailleurs, nous signalons que la solution construite dans le Théoréme 0.1ii)

est une solution de viscosité discontinue, mais dans un sens assez faible, vu qu’elle vérifie qu'une égalité presque partout
en espace entre il et u.

1. Introduction and main result

In this Note, we are interested in the one-dimensional eikonal equation given, for all T > 0, by
[ du(x, t) =c(x, 0)|dux, t)| inRx(0,T)
u(x,0) =ug(x) inR,

with the following assumptions on the initial data and the velocity

(1)

(H1) ugp€L®@®)NBV(R)
(H2) ceL®(Rx (0,T))NL>®((0,T); BV(R)),

where, BV(R) is the space of L}OC(R) functions with bounded variations.

The goal is here to establish a global existence result of discontinuous viscosity solutions to (1) in a weak sense, assuming
(H1) and (H3).

Let us remark that Eq. (1) can be seen as the “level-set approach” equation associated with the propagation of the front
I7 :={x:u(x,t) =0} with a normal velocity c(x, t) (see Barles et al. [6]).

Our work was motivated by the dynamics of linear defects in crystals called dislocations, where the velocity is non-local
and can change sign (see for instance [2] and [7]). In this framework, we can write

C(Xa t) :CO('7t)*u('7t)(X)’ (4)

where x denotes the convolution in space and cg(x, t) is a kernel that depends only on the physical properties of the crystal.
For this problem, there are only few known existence and uniqueness results. In the case when the velocity is non-negative,
global existence and uniqueness results were first obtained by Alvarez et al. [1] and then by Barles et al. [4] using different
arguments. The general case, with unsigned velocity, has been studied first by Alvarez et al. in [2], yielding a short-time
existence and uniqueness result. Then, the global existence of some weak solutions was obtained by Barles et al. in [7], in
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the framework of the L!-viscosity solutions theory. Let us mention that the problem describing the dynamics of dislocation
is initially considered in 2D; nevertheless, in a particular geometry, it can be reduced to a 1D problem.

The idea behind our result is first to regularize the velocity ¢ and the initial data (by classical convolutions). This leads
us to consider, for every 0 < € < 1, the following equation:

! dtte (X, £) = Ce (X, O)]dxue (x, )] inR x (0, T) @)
Ue(x,0) =ug,e(X) inR,
where

Upe(X) =ug*pl(X) and ce(x,t) =Cx p2(x,t) VxR, teR, (5)

with the function ¢ is an extension in R? of the function ¢ by 0 and p!, p? are the standard mollifiers. Afterwards, by
the maximum principle, we obtain an L® uniform estimate, which implies that the relaxed semi-limits ¢ and u defined by
(3) are, respectively, sub- and super-solutions of (1). Moreover, using a BV uniform bound and the finite speed propagation
property of the equation, it is possible to show that &t and u are equal almost everywhere in space, uniformly in time. Now,
we give our main result.

Theorem 1.1 (Global existence result). Suppose that assumptions (Hy) and (H>) are satisfied. Then, we have:

i) there exists a unique Lipschitz continuous viscosity solution u. to (2). Moreover, the half relaxed semi-limits u and u defined by
(3) are, respectively, discontinuous viscosity sub- and super-solutions of (1);

ii) up to extract a subsequence, the function u converges, as € goes to zero, to a function

uel®(Rx (0,T)) NL>®((0, T); BV(R)) N C([0, T); Ly (R))
satisfying, for all T > 0, the following estimates

lullzee®x(0,1)) < llttollLoo(r)
|uc., t)|BV(R) < |uolpv(r), foralmostallte[0,T) (6)

[uC. ) —u(,s) ||L1(R) < (lclloe®x 0,1y luolBvm) ) It — |, foralls,t €[0, T)

and the following equality

u(-,t)y=u(-,t)=u(,t), exceptatmostonacountablesetinR, forallte[0,T). (7)

Here, | - |pv(®r) denotes the semi-norm associated with the total variation. We refer the reader to [2, Def. 3.1], for the
definition of the classical discontinuous viscosity solutions. Furthermore, we note that, the solution constructed in Theo-
rem 1.1ii) is a discontinuous viscosity solution, but in some weak sense, since it verifies only an almost everywhere equality
in space between u and u.

2. Proof of Theorem 1.1

We divide this section into three subsections. In the first one, we study the regularized problem (2). In the second one,
we show the existence of the sub- and super-solutions of (1) and finally, in the last, we prove the point ii) of Theorem 1.1.

2.1. Existence and uniqueness for the regularized problem

Firstly, after regularizing the initial data and the velocity by classical convolutions and using the result of Ley [8], we
prove that Eq. (2) has a unique Lipschitz continuous viscosity solution. Moreover, by the maximum principle, we can show
the following L*° uniform estimate:

luellzoe®x(0,1)) < lluollL=(Rr) (8)

and the finite speed propagation property, given by:

Ue(y,h) <ue(x,t+h) < sup ue(y,h), (9)

n
|y —x|=tllcellLoo ®x(0,T)) [y—x|=tllcell oo R (0,T))

for all (x,t) e R x [0, T —h).
Then, differentiating (2), we can see formally that, if we assume that u¢ is a smooth enough function tending to 0, when
|x] — 400, we have:

d
a/|3xue|dX:/Sgn(axue)(axue)tdxz/Sgn(axue)ax(ce|axue|) dX:/BX(Ceaxue)dXZOo
R R R R
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Integrating over (0, t), the above equation, we get the following BV estimate:
| xtte . O 1 gy < Iuolavery forallt € [0, T]. (10)

Note that the proof of this BV estimate can be justified rigorously. To do this, it is sufficient to regularize Eq. (2) by adding
the viscosity term nafx(axue), for n > 0, and also the absolute value function by using a smooth function B5(-) = /(:)2 + 82,
for § > 0; then, repeating the same procedure as before, we obtain the desired estimate, by passing to the limit, when
§—0and n— 0.

Furthermore, the fact that u. satisfies the equation in (2) almost everywhere, we get the following estimate:

lozue(, t) ”L’(]R) < llcllzo®x 0,1y ltolpvw) forallt e [0, T]. (11)
2.2. Sub- and super-solutions
First, thanks, to the L° uniform bound on u. and on c¢, we deduce, by the stability result of discontinuous viscosity
solutions (see [3, Th. 4.1]) that u (resp. u) is a sub-solution (resp. is a super-solution) to
ol =c*(x,t)|0xu|, inR x (0, T) (resp. of 9ru = ¢ (%, t)|0xu|, in R x (0, T)),

where ¢* and c, are, respectively, the upper and the lower semi-continuous envelopes of c.
Then, since we have

u(x,0) = nEToo Ue, (Xey, te,),

where (€, Xe,, te,) = (0,x,0) when n — 400, from (9) with h =0 and using the classical properties of the mollifiers, we
can see that, for every « > 0, there exists ny > 0, such that, for all n > n,, we have:

Ue, (Xe,, te,) < sup uo(2).
|z—x| a2+ |Icll oo rx(0,T)))

Passing to the limit n — +o0 and then o — 0, we obtain: u(x,0) < (up)*(x). Similarly, we can also get u(x, 0) > (ug)«(x),
which gives sense to the initial data and proves that u and u are, respectively, discontinuous viscosity sub- and super-
solutions to (1).

2.3. Convergence and existence of weak solution

From estimate (10) and using Simon’s Lemma [9, Corollary 4] with the following compactness embedding BV o (R) <
L}OC(R), we deduce that, up to extract a subsequence, (u¢)e converges strongly in C([0, T); L}OC(R)) to a function u satisfying
(6). Furthermore, since the function u(-,t) € L°°(R) N BV (R), we know that it coincides with a right-continuous function
almost everywhere in R. Therefore, we will choose among the Llloc limits a right-continuous function in R.

Now, we give the proof of (7). For the sake of clarity of the presentation, we present it in two steps.

Step 1 (Local estimates with right and left continuous functions). First of all, let T > 0 and h > 0, by the definition of u, for all
t €[0, T) such that t + h < T, we have:

— _ . h
B t+h = lm ue, (Xep te,).

where (€, Xe,,. th ) — (0, x,t +h), when m — +oc.
Then, thanks to the properties of BV(R) functions and using the LllOc strong convergence of (ue,(:,t))e,, we can show
that, for all a > 0, 0 < h < §, there exist a subsequence ue,(-,t) and a positive constant n ., such that, for all n > n’g’[, we

have:
Ue,(y,t) <2h+ul(y +h,t) —u’(y —h,t), Vye[—a,al, (12)

where u'(-,t) and u?(-,t) are two bounded, right-continuous and non-decreasing functions (with respect to x) satisfying,
for all t € [0, T), u(-, t) =ul(-, t) — u2(-, t).

From (9) and (12), by passing to the limit n — 400, we obtain that, for all T > 0, for all h > 0 such that h < 2“7 with
Ve =2(llcllte®x o, 1)) + 1D and t +h < T,

A%, t+h) <2h+u' X+ hye, t) —u2(x— hy,t), forallxe [—g g} (13)

Similarly, we get:

—2h+u'(x —hye, t) —u?(x+ hye, t) <u(x, t +h). (14)
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Since u'(-,t) and u?(-,t) are bounded and non-decreasing functions on R, we know that the right and the left limits of
these functions exist at every point x € R. Then, from (13) and (14), we deduce that, for all T > 0, x € —%, %]. te[0,T)

and « > 0, there exists h?, ;, such that, for all 0 <h <h?, ;, we have:

dx,t+h) <a+ulx ) —uf(xt) and —o+u x0)—uixt) <ut+h), (15)

where u}(-, t) and u?(-, t) (resp. u,l (-,t) and u,2(~, t)) denote the right-continuous functions (resp. the left-continuous func-
tions) defined from the right limits (resp. the left limits) of the functions u!(-, t) and u?(-, t).

Step 2 (Link between u and u). Let f_lgt.T, the constant defined above, satisfy (15). We construct a finite covering of [0, %] as
follows: v

. T .
o o o i o o o o : o
| [te T8+ ha,r;fi,T] 2 [O, —2] with 7o =0and 7,5, | =7, + ha,r:fl.,T fori=1,---,N¥ —1.

0<i<Ng
Due to the fact that R = UaeQ[*%» %], from (15), we show that, for all x e R, t € [0, g] and for every positive constant
o € Q, there exist two indices aqgeQ and 0 < j < N"‘O, such that:

ix, 1) <a+ul(x, L) — uf(x, o) and —u(x,7)<a —u] (%, o)) +uf(x, o i) (16)

Moreover, by the properties of non-decreasing functions, we know that, for all positive constants «,a € Q and 0 <i < N§,
the functions u! (-, t%), u} (-, T&) (resp. u2(-, t2), u? (-, t%,)) coincide with u'(-, %) (resp. u?(-, t%,)), except on a countable
set on R, denoted Dg‘i. Now, if we define the countable set

p=J U bi:

a,acQO0<i<NY
thanks to (16), we can deduce that, for all rational numbers o > 0, x ¢ D and 7 € [0, %]
0=<u(x1)—ux71) <20

Finally, passing to the limit &« — 0 and replacing T by 2T, we get the following equality:

u(-, t)=u(,t) exceptatmoston acountablesetinR, forall T [0, T]. (17)

This, joint to the following inequality u < u < u, implies (7).
3. Remarks and conclusion

Note that, as a direct consequence of our main result, we can prove a global existence result of a classical discontin-
uous viscosity solution to (1), in the case of non-decreasing initial data. This is due to the fact that, the eikonal equation
becomes a transport equation in this particular case. Note also that, applying our result, we can show a similar result in
the framework of the dislocation dynamics, where the velocity satisfies (4). Let us finally mention that the existence result
of a sub- and super-solution, mentioned in Theorem 1.1i), remains valid also in higher dimensions because it uses only the
L* bound. However, the BV estimate and therefore the equality (7) are valid only in dimension 1, since they require some
techniques and properties that are specific to this dimension.

References

[1] O. Alvarez, P. Cardaliaguet, R. Monneau, Existence and uniqueness for dislocation dynamics with nonnegative velocity, Interfaces Free Bound. 7 (2005)
415-434.

[2] O. Alvarez, P. Hoch, Y. Le Bouar, R. Monneau, Dislocation dynamics: short-time existence and uniqueness of the solution, Arch. Ration. Mech. Anal. 181
(2006) 449-504.

[3] G. Barles, Solutions de viscosité des équations de Hamilton-Jacobi, Mathématiques et Applications (Berlin) (Mathematics & Applications), vol. 17,
Springer-Verlag, Paris, 1994.

[4] G. Barles, O. Ley, Nonlocal first-order Hamilton-Jacobi equations modelling dislocations dynamics, Commun. Partial Differ. Equ. 31 (2006) 1191-1208.

[5] G. Barles, B. Perthame, Comparison principle for Dirichlet-type Hamilton-Jacobi equations and singular perturbations of degenerated elliptic equations,
Appl. Math. Optim. 21 (1990) 21-44.

[6] G. Barles, H.M. Soner, P.E. Souganidis, Front propagation and phase field theory, SIAM ]. Control Optim. 31 (1993) 439-496.

[7] G. Barles, P. Cardaliaguet, O. Ley, R. Monneau, Global existence results and uniqueness for dislocation equations, SIAM J. Math. Anal. 40 (2008) 44-69.

[8] O. Ley, Lower bound gradient estimates for first-order Hamilton-Jacobi equations and applications to the regularity of propagation fronts, Adv. Differ.
Equ. 6 (2001) 547-576.

[9] J. Simon, Compacts sets in the space LP(0, T; B), Ann. Mat. Pura Appl. (4) 146 (1987) 65-96.


http://refhub.elsevier.com/S1631-073X(14)00291-X/bib41434Ds1
http://refhub.elsevier.com/S1631-073X(14)00291-X/bib41434Ds1
http://refhub.elsevier.com/S1631-073X(14)00291-X/bib41484C4D31s1
http://refhub.elsevier.com/S1631-073X(14)00291-X/bib41484C4D31s1
http://refhub.elsevier.com/S1631-073X(14)00291-X/bib426172s1
http://refhub.elsevier.com/S1631-073X(14)00291-X/bib426172s1
http://refhub.elsevier.com/S1631-073X(14)00291-X/bib42614C6Fs1
http://refhub.elsevier.com/S1631-073X(14)00291-X/bib6261722D70657231s1
http://refhub.elsevier.com/S1631-073X(14)00291-X/bib6261722D70657231s1
http://refhub.elsevier.com/S1631-073X(14)00291-X/bib425353s1
http://refhub.elsevier.com/S1631-073X(14)00291-X/bib42434C4Ds1
http://refhub.elsevier.com/S1631-073X(14)00291-X/bib4C657931s1
http://refhub.elsevier.com/S1631-073X(14)00291-X/bib4C657931s1
http://refhub.elsevier.com/S1631-073X(14)00291-X/bib73696D6F6Es1

	Existence result for a one-dimensional eikonal equation
	Version française abrégée
	1 Introduction and main result
	2 Proof of Theorem 1.1
	2.1 Existence and uniqueness for the regularized problem
	2.2 Sub- and super-solutions
	2.3 Convergence and existence of weak solution

	3 Remarks and conclusion
	References


