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QUANTUM VARIANCE FOR HECKE EIGENFORMS✩

BY WENZHI LUO AND PETER SARNAK

ABSTRACT. – We calculate the quantum variance for the modular surface. This variance, intro
by S. Zelditch, describes the fluctuations of a quantum observable. The resulting quadratic form
compared with the classical variance. The expectation that these two coincide only becomes tr
inserting certain subtle arithmetic factors, specifically the central values of correspondingL-functions. It is
the off-diagonal terms in the analysis that are responsible for the rich arithmetic structure arising fr
diagonalization of the quantum variance.

 2004 Elsevier SAS

RÉSUMÉ. – Nous calculons la variance quantique pour la surface modulaire. Cette variance, int
par S. Zelditch, décrit les fluctuations d’une observable quantique. La forme quadratique ainsi o
est comparée avec la variance classique. On s’attend à ce que toutes les deux coïncident, mais
passe qu’après inclusion de certains facteurs arithmétiques subtils, précisément les valeurs cen
fonctionsL appropriées. Les termes non diagonaux apparaissant dans l’analyse de la diagonalisat
variance quantique sont responsables de la riche structure arithmétique.

 2004 Elsevier SAS

1. Introduction

This is the third paper of the series [23,24] dealing with the equidistribution of ma
automorphic forms onX = Γ\H with Γ = SL(2,Z) andH the upper half plane. We realiz
H asSL(2,R)/SO(2,R) with its hyperbolic metric andY = Γ\SL(2,R) as the unit cotangen
space toX . Functions onX can be thought of asSO(2,R) invariant functions onY and we will
often do so. In this way the Casimir elementω in the universal enveloping algebra ofsl(2,R)
restricts to the Laplace–Beltrami operator∆ when acting on functions onX .

There are two types of automorphic forms which we study. The first are the Maass–
cusp formsφ onX (see [28]). They satisfy

∆φ + λφ = 0, Tnφ = λφ(n)φ,(1)

where forn � 1, Tn is the normalized Hecke operator (see [11]). We normalize these cusp
so that

‖φ‖2
2 =

∫
X

∣∣φ(z)
∣∣2 dxdy

y2
= 1.

If we order theφ’s by their eigenvaluesλ1 � λ2 � · · ·, and correspondinglyφ1, φ2, . . . , we obtain
an orthonormal basis for the cuspidal subspaceL2

cusp(X) of L2(X). It is known (after Selberg
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that these eigenvalues satisfy a Weyl law

∑ area(X) λ
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parts
N(λ) =
λj�λ

1 ∼
4π

λ =
12

,

asλ →∞.
The other automorphic forms which we consider are the holomorphic cusp forms inSk(Γ) of

even integral weightk for Γ (see [30]).Sk(Γ) is a vector space with the Petersson inner prod
Let Hk be the orthonormal basis of Hecke eigenforms forSk(Γ). According to the Riemann
Roch theorem we have

dimSk(Γ) = #Hk ∼ k

12
,

ask →∞.
Our interest is in the distribution of the probability measures onX , µφ = |φ(z)|2 dxdy

y2 for φ in

(1) andµf = yk|f(z)|2 dxdy
y2 for f ∈ Hk, as well as their behavior asλ or k goes to infinity (that

is, in the semi-classic limit).
To explain what to expect, we recall some conjectures (or suggestions) from the phys

literature. The motion by geodesics onX gives rise to a Hamiltonian flowGt onY given by

Γg → Γg

(
et/2 0
0 e−t/2

)
, t ∈R.

This flow preserves normalized Haar measuredg on Y and is ergodic. It has positive entro
as well as all other characteristics of a chaotic Hamiltonian. LetC∞

0 (Y ) denote the space o
smooth functions onY which decay rapidly in the cusp and similarly we define the sp
C∞

0 (X). Thus if ψ ∈ C∞
0 (X) and for anyA > 0 there is a constantC = C(A,ψ) such that

|ψ(z)|� C(A,ψ)y−A for y = �(z) �
√

3/2 and similarly for the derivatives ofψ. Let C∞
0,0(X)

(respectivelyC∞
0,0(Y )) be the subspace ofC∞

0 (X) consisting of functions with mean zero (i.∫
X

ψ(z)dxdy
y2 = 0) and whose zeroth Fourier coefficient

∫ 1

0
ψ(z)dx is zero fory large enough

(depending onψ). ThusC∞
0,0(X) contains the spaceC∞

c,0(X) of smooth functions onX with
compact support and mean zero, as well asC∞

cusp(X), the space of smooth rapidly decayi
functions onX which are cuspidal. The last is spanned by the Hecke–Maass cusp form
known [25] that ifψ ∈ C∞

0,0(Y ), then its fluctuations along a generic orbit of the geodesic

obey a central limit theorem. Precisely1√
T

∫ T

0
ψ(Gt(g))dt become Gaussian with mean0 and

varianceV (ψ) given by the following non-negative Hermitian form onC∞
0,0(Y ):

V (ψ1, ψ2) =

∞∫
−∞

∫
Γ\SL(2,R)

ψ1

(
g

(
et/2 0
0 e−t/2

))
ψ2(g)dg dt.(2)

Thet-integral in (2) converges absolutely in view of the exponential decay of the correlations fo
the flowGt [26]. We call the varianceV (ψ) of the ‘classical observable’ψ, the classical variance
Sinceω commutes with the regular representation, it follows from (2) and integration by
that

V (ωψ1, ψ2) = V (ψ1, ωψ2), and V (Ra1ψ1,Ra2ψ2) = V (ψ1, ψ2),(3)

4e SÉRIE– TOME 37 – 2004 –N◦ 5
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whereR is the regular representation given by

Rg1ψ(Γg) = ψ(Γgg1),

y

ow

f

vables
e
recisely

antum

]

ne
and

a1 =
(

α1 0
0 α−1

1

)
, a2 =

(
α2 0
0 α−1

2

)
.

In particularV is diagonalized by the invariant subspaces for the regular action ofSL(2,R) on
L2

0(Y ). RestrictingV to C∞
0,0(X) we see from (3) that

V (ψ1,∆ψ2) = V (∆ψ1, ψ2).

Thus onC∞
0,0(X), V is diagonalized by the Maass cusp formsφj (and corresponding unitar

Eisenstein series). In Appendix A we compute the eigenvalue ofV onφj , it is given by

V (φj) =
|Γ(1

4 − itj

2 )|4

2π|Γ(1
2 − itj)|2

,(4)

whereλj = 1
4 + t2j .

The eigenvalue problem (1) gives the eigenstates for the quantization of the Hamilton flGt.
Quantization also provides a self-adjoint operatorOp(ψ) on L2(X), for any real valuedψ in
C∞

0 (Y ). In this case a ‘canonical’ quantization is given by Zelditch [32].Op(ψ) is the quantum
observable corresponding to the classical observableψ and 〈Op(ψ)φj , φj〉 gives the value o
this observable in stateφj . Note that ifψ ∈ C∞

0 (X), thenOp(ψ) is simply the multiplication
operator(Op(ψ)h)(z) = ψ(z)h(z) and〈Op(ψ)φj , φj〉= µφj (ψ).

As mentioned before our interest is in the relation between the classical observableψ(Gt(g))
ast →∞ and the quantum observables〈Op(ψ)φj , φj〉 asλj →∞. It is known [32] that their
means agree. Forψ ∈C∞

0 (Y ),

lim
λ→∞

1
N(λ)

∑
λj�λ

〈
Op(ψ)φj , φj

〉
=

∫
Γ\SL(2,R)

ψ(g)dg.(5)

In studying the fluctuations we will assume thatψ ∈ C∞
0,0(Y ). In [6] and [5] it is proposed

that for such classically chaotic Hamiltonians, the variance of the quantum obser
〈Op(ψ)φj , φj〉 corresponds to the classical varianceV (ψ) and that the distribution of thes
numbers becomes Gaussian after normalization by the square root of the variance. More p
the proposed quantum variance is

Sψ(λ) :=
∑

λj�λ

∣∣〈Op(ψ)φj , φj

〉∣∣2 ∼ V (ψ)N(λ)1/2,(6)

asλ →∞.
Zelditch [33] introduced these quantum variance sums in his treatment of the qu

ergodicity for this surface. He established the non-trivial boundSψ(λ) = Oψ(λ/ logλ). In [23]
we showed that forψ ∈ C∞

0,0(X) and anyε > 0, Sψ(λ) = Oψ(λ1/2+ε), and Jakobson [16
extended this bound to allψ ∈C∞

0,0(Y ). The analysis leading to theseO(λ1/2+ε) bounds involves
off-diagonal terms coming from an application of Kuznetsov’s trace formula (see the outli
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772 W. LUO AND P. SARNAK

below). These were handled using the large sieve inequalities of Deshouillers and Iwaniec [3].
In order to get rid of theε and obtain an asymptotic forSψ(λ), one cannot afford to just estimate
these off-diagonal terms. In fact as shown below, these terms contribute to the main term in the

e sums
e for

of the
are
h

enient
arying
t
ics. For
rd
.

Let
n

asymptotics.
As is clear from the later sections of this paper, the analysis of these quantum varianc

is rather delicate. We will follow our strategy in [24], to examine first the quantum varianc
the very similar problem withφj replaced byf ∈ Hk. That is, forψ ∈C∞

0,0(X), set

〈
Op(ψ)f, f

〉
:= µf (ψ) =

∫
X

yk
∣∣f(z)

∣∣2ψ(z)
dxdy

y2
.(7)

The corresponding quantum variance sums are

∑
k�K,2|k

∑
f∈Hk

∣∣µf (ψ)
∣∣2.

Note thatk plays the role of
√

λ. The only difference between our treatment of (7) andSψ(λ)
of (6) is that for the holomorphic case one uses the Petersson formula (see [12]) in place
Kuznetsov formula [21]. This simplifies the analysis especially as far as the special functions
involved. We leave the details of the analysis of the asymptotics ofSψ(λ) to a later paper, thoug
we will record below the leading term in that case for the purpose of comparison.

We can now state the main result of this paper. In view of the Petersson formula it is conv
to consider a weighted version of the quantum variance sums. The weights are mildly v
arithmetic weights given by special values ats = 1 of L-functions. With a little more effor
(see [13]) these weights can be removed, and they have no effect on the final asymptot
f ∈ Hk or φ a Maass–Hecke cusp form, letL(s, f) andL(s,φ) be the corresponding standa
L-functions (finite part), see [14], for example, for a description of theL-functions that we need
The completedL-functionsΛ(s, f) andΛ(s,φ) are entire and satisfy functional equations.
sym2(f) and sym2(φ) be the symmetric square lifts off andφ respectively to cusp forms o
GL3(AQ) (see [7]). The correspondingL-functions, which are Euler products of degree3, are
denoted byL(s,sym2(f)) andL(s,sym2(φ)). Their completedL-functionsΛ(s,sym2(f)) and
Λ(s,sym2(φ)) are entire and satisfy a functional equation relating the values ats and1− s. We
will also have the occasion to use the Rankin–SelbergL-functionsL(s,sym2(f)⊗ φ) of degree
6 and their completionΛ(s,sym2(f) ⊗ φ). The weights in question areL(1,sym2(f)). Being
special values ats = 1, they satisfy the bounds (see [10])

k−ε �ε L
(
1, sym2(f)

)
�ε kε,

for anyε > 0.

THEOREM 1. –Fix u ∈C∞
0 (0,∞).

(A) There is a non-negative Hermitian formBω defined onC∞
0,0(X) such that forψ ∈C∞

0,0(X)
andε > 0, ∑

2|k
u

(
k − 1
K

) ∑
f∈Hk

L
(
1, sym2(f)

)∣∣µf (ψ)
∣∣2

= Bω(ψ)

( ∞∫
0

u(t)dt

)
K + Oε,ψ(K1/2+ε),(8)

asK →∞.
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QUANTUM VARIANCE FOR HECKE EIGENFORMS 773

(B) Bω satisfies the symmetries

Bω(∆ψ1, ψ2) = Bω(ψ1,∆ψ2),

c

e

B)

d

ative
ful
arious
re
ke

l

and forn � 1,

Bω(Tnψ1, ψ2) = Bω(ψ1, Tnψ2).

(C) RestrictingBω to L2
cusp(X), Bω is diagonalized by the orthonormal basis{φj} of Maass–

Hecke cusp forms and the eigenvalues ofBω at φj is π
2 L(1/2, φj).

Remarks. –
(1) A simple approximation argument in (A) allows us to takeu to be the characteristi

function of an interval. Hence asK →∞,

∑
k�K,2|k

∑
f∈Hk

L
(
1, sym2(f)

)∣∣µf (ψ)
∣∣2 ∼ Bω(ψ)K.

Also ∑
k�K,2|k

∑
f∈Hk

L
(
1, sym2(f)

)
∼ ζ2(2)

48
K2.

Thus we obtain the analogue for theµf ’s of the asymptotics ofSψ(λ). As mentioned earlier th
methods of the proof of Theorem 1 apply toSψ(λ) and yield

Sψ(λ) ∼ B(ψ)
√

λ

as λ → ∞. The Hermitian formB on C∞
0,0(X) satisfies the same symmetry relation (

of Theorem 1. The only difference is that the eigenvalue ofB at φj is given by B(φj) =
1
2L(1/2, φj)V (φj). Hence both the formsB andV are diagonalized by theφj ’s and the propose
quantum variance (6) is correct if one inserts the subtle arithmetic factorL(1/2, φj) to the
eigenvalues ofV .

(2) The numbersL(1/2, φj), which are essentially the eigenvalues of the non-neg
Hermitian formBω , must satisfyL(1/2, φj) � 0. This non-obvious fact is quite deep and use
(see [14]). It was first established in [17]. The present eigenvalue proof is interesting from v
points of view. There is a lot of evidence that the zeros of anL-function are spectral in their natu
(see [18]). Here we have the numbersL(1/2, φj), asφj varies over the family of Maass–Hec
eigenforms, being the eigenvalues of a non-negative operator.

(3) It is known [15] that at least50% of the evenφj ’s, i.e. those satisfyingφj(−z̄) = φj(z),
haveL(1/2, φj) �= 0. For the oddφj , L(1/2, φj) = 0 in view of the sign of the functiona
equation ofΛ(1/2, φj), and alsoµf (φj) = 0 since anyf in Hk is real ony = 0 and so
f(−z̄) = f(z). One can show that (see [22])

∑
k�K,2|k

∑
f∈Hk

L2
(
1, sym2(f)

)
∼ ζ(3)ζ5(2)

48 · ζ(6)
K2.

Combining this with Theorem 1 and Cauchy’s inequality, we see that forφ with L(1/2, φ) �= 0,

µf (φ) = Ω(k−1/2)

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



774 W. LUO AND P. SARNAK

ask →∞. This shows that the rate of equidistribution for theµf (ψ)’s in the QUE problem, i.e.
for anyε > 0,

)

ts
mes

l terms.
th sum
es an
n term

in term

ned

t

or

tors
r
which

al
the
art

nd
mbers

e
s for
try).
ial
µf (ψ) = Oε,ψ(k−1/2+ε),

as predicted by Watson’s formula (see below) and the GRH, is essentially sharp.

We end the introduction with an outline of the paper. As in [23] and [24], we establish (A
using the Poincaré seriesPm,h (see Section 2). These form a dense subspace ofC∞

0,0(X), and
they allow us to analyze the quantityµf (Pm,h) in terms of sums over Fourier coefficien
of f . This in turn allows us to exploit the multiplicativity of these coefficients, which co
from the fact thatf is a Hecke eigenform (a crucial ingredient). We then average overHk,
using Petersson’s formula (see Section 2). This introduces diagonal and non-diagona
The off-diagonal terms involve standard Kloosterman sums. Next we execute the smoo
overk using Poisson summation. An application of Lemmas 4.1 and 4.2 from [24] introduc
arithmetic twisting of the Kloosterman sums which become Salié sums. In this way the mai
(asK →∞) is identified and it contains an infinite series of exponential sumsSc(γ) discussed
in Appendix B. These non-diagonal terms appear as part of the rather complicated ma
that is given in Theorem 2 in Section 2. In this form the Hermitian formBω is given in terms of
its values at Poincaré series. In Section 3 we analyzeBω. Using the series expression as obtai
in Theorem 2, we verify directly the symmetry properties (B) of Theorem 1 whenψ1, ψ2 are
Poincaré series. In Section 4 the symmetry is extended toC∞

0,0(X). With this and the fact tha
φj is uniquely determined by the eigenvaluesλj andλj(n), n � 1, we infer easily thatBω is
diagonalized by theφj ’s. In Section 5 we compute the eigenvalues ofBω at φj . To do so we go
back to the original asymptotics in Theorem 1 withψ = φ, an even Maass–Hecke eigenform. F
such aφ we use Watson’s identity [29]

∣∣µf (φ)
∣∣2 =

∣∣∣∣
∫
X

yk
∣∣f(z)

∣∣2φ(z)
dxdy

y2

∣∣∣∣
2

=
Λ(1/2, sym2(f)⊗ φ)Λ(1/2, φ)
Λ(1, sym2(f))2Λ(1, sym2(φ))

.(9)

Thus the quantum variance sum overf boils down, after an analysis of the archimedean fac
on the r.h.s. of (9), to averagingL(1/2, sym2(f)⊗ φ) overf . Using Rankin–Selberg theory fo
GL(3) × GL(2), we can express these values in a suitable series (see Section 5), after
the averaging overf ∈ Hk and over evenk can be carried out. Unlike the case of the generψ
in Theorem 1, in this analysis forφ only the diagonal terms contribute to the main term in
variance sum. This leads to the eigenvalue, i.e.Bω(φ), taking the simple form as stated in p
(C) of Theorem 1.

To conclude the introduction we comment on the proposed Gaussian behavior of eitherµf (φ)
asf varies, orµφj (φ) asj varies, withφ a fixed even Maass–Hecke form. According to (9) a
an analysis of the archimedean factors in (9), this amounts to the distribution of the nu
L(1/2, sym2(f)⊗ φ) asf varies. This family ofL-functions,L(s, sym2(f)⊗ φ) with f ∈ Hk,
k → ∞, is anSO(even) family according to [18]. This is shown in [4] which examines th
distribution of the low-lying zeros for this family (note the signs of the functional equation
this self-dual family are all1, yet the family has an orthogonal rather than symplectic symme
Hence according to the conjectures of Keating andSnaith [19, (77)] the moments of these spec
values should satisfy

48
K2

∑
k�K,2|k

∑
f∈Hk

Lm
(
1/2, sym2(f)⊗ φ

)
∼ (logK2)m(m−1)/2a(m)fSO(even)(m),

4e SÉRIE– TOME 37 – 2004 –N◦ 5
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where

fSO(even)(m) =
2m∏m−1 ,

given

ts.
e

es
j=1 (2j − 1)!!

anda(m) is a product over primes specific to this family, which can be computed for any
m, but for which we don’t have a simple closed formula.

Thus if these conjectures are true, then the distribution of the numbersL(1/2, sym2(f) ⊗ φ)
and hence|µf (φ)|2 is clearly not Gaussian, at least in the sense of convergence of momen

To conclude we point the reader to the recent preprint [20] where a similar anomaly for th
quantum variance is found for the cat map.

2. Poincaré series

We use the same notations as in [24]. Forh(x) ∈ C∞
0 (0,∞), the incomplete Poincaré seri

(m∈ Z,m �= 0) is defined as

Ph,m(z) =
∑

γ∈Γ∞\Γ
h
(
y(γz)

)
e
(
mx(γz)

)
,

where

Γ∞ =
{(

1 n
0 1

)
, n ∈ Z

}
.

A cusp formf ∈ Hk has a Fourier expansion

f(z) =
∑
r�1

af (r)e(rz),

and we define

λf (r) =
af (r)r(−k+1)/2

af (1)
.

Denote byL(s, sym2(f)) the symmetric squareL-function associated tof :

L
(
s, sym2(f)

)
= ζ(2s)

∞∑
n=1

λf (n2)
ns

,

and recall that, for anyε > 0, the following bounds hold:

k−ε � L
(
1, sym2(f)

)
� kε.(10)

Since〈f, f〉= 1 we have the relation

∣∣af (1)
∣∣2 =

(4π)k−1

Γ(k)
2π2

L(1, sym2(f))
.(11)

Let m1,m2 ∈ Z, m1m2 �= 0 and h1, h2 ∈ C∞
0 (0,∞). Recall if mi > 0, we have (see

Proposition 2.1 in [24])

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



776 W. LUO AND P. SARNAK

〈
µf , Phi,mi(z)

〉
=

2π2

(k − 1)L(1, sym2(f))

∑
r�1

λf (r)λf (r + mi)hi

(
k − 1

4π(r + mi/2)

)

val-
+ O(k−1+ε).

Without loss of generality we may assumem1 > 0,m2 > 0, since 〈µf , Ph,m(z)〉 =
〈µf , Ph,−m(z)〉. Thus, by the above formula, (11) and the multiplicativity of Hecke eigen
ues, 〈

µf , Ph1,m1(z)
〉〈

µf , Ph2,m2(z)
〉

=
2π2

(k − 1)L(1, sym2(f))
Γ(k − 1)
(4π)k−1

×
∑

d1|m1,d2|m2

∑
r1,r2

af (r1(r1 + m1/d1))af (r2(r2 + m2/d2))
(r1(r1 + m1/d1))(k−1)/2(r2(r2 + m2/d2))(k−1)/2

× h1

(
k − 1

4πd1(r1 + m1/(2d1))

)
h2

(
k − 1

4πd2(r2 + m2/(2d2))

)
+ O(k−1+ε).

Fix u ∈C∞
0 (0,∞). From the above formula and by the Petersson formula (see [11]):

2π2

k − 1

∑
f∈Hk

λf (m)λf (n)
L(1, sym2(f))

= δm,n + 2π(−1)k/2
∑
c�1

S(m,n; c)
c

Jk−1

(
4π

√
mn

c

)
,

we have

∑
k�1,2|k

u

(
k − 1
K

) ∑
f∈Hk

L
(
1, sym2(f)

)〈
µf , Ph1,m1(z)

〉〈
µf , Ph2,m2(z)

〉

=
∑

k�1,2|k

2π2

k − 1
u

(
k − 1
K

) ∑
d1|m1,d2|m2

∑
r1(r1+m1/d1)=r2(r2+m2/d2)

× h1

(
k − 1

4πd1(r1 + m1/(2d1))

)
h2

(
k − 1

4πd2(r2 + m2/(2d2))

)

−
∑

d1|m1,d2|m2

∑
r1,r2�1

∑
c�1

S(r1(r1 + m1/d1), r2(r2 + m2/d2); c)
c

×
∑

k�1,2|k
2π(−1)k/2u

(
k − 1
K

)
2π2

k − 1

× h1

(
k − 1

4πd1(r1 + m1/(2d1))

)
h2

(
k − 1

4πd2(r2 + m2/(2d2))

)

× Jk−1

(
4π

√
r1r2(r1 + m1/d1)(r2 + m2/d2)

c

)
+ O(K1/2+ε).

We evaluate the diagonal terms by means of the Poisson summation formula as

Kπ

4

∞∫
0

u(ξ)dξ
∑

d1|m1,d2|m2;m1/d1=m2/d2

1
d1d2

∞∫
0

h1(d2η)h2(d1η)
dη

η2
+ O(1),(12)

4e SÉRIE– TOME 37 – 2004 –N◦ 5



QUANTUM VARIANCE FOR HECKE EIGENFORMS 777

sincer1(r1 +m1/d1) = r2(r2 +m2/d2) has at most finitely many solutions ifm1/d1 �= m2/d2,
while the integer solutions tor1(r1 + m1/d1) = r2(r2 + m1/d1) are onlyr1 = r2.

Applying Lemmas 4.1 and 4.2 from [24], we deduce that the non-diagonal terms are equal to

ble
−2π5/2

K

∑
d1|m1,d2|m2

∑
r1,r2�1

∑
c�1

S(r1(r1 + m1/d1), r2(r2 + m2/d2); c)
c

×
∞∫
0

u

(√
∆c−1y

K

)
K√

∆c−1y
h1

( √
∆c−1y

4πd1(r1 + m1/(2d1))

)
h2

( √
∆c−1y

4πd2(r2 + m2/(2d2))

)

× sin(∆c−1/2 + y − π/4)
dy
√

y
+ O(1)

=
∑

d1|m1,d2|m2

∑
r1,r2�1

∑
c�1

S(r1(r1 + m1/d1), r2(r2 + m2/d2); c)
c

Jr1,r2,c + O(1),

say, where

∆ = 8π
√

r1r2(r1 + m1/d1)(r2 + m2/d2).

The terms withc  Kε contributeO(1), by partial integration. Making the change of varia

t =
√

∆c−1y

K , we seeJr1,r2,c is

−4π5/2

√
c√
∆

∞∫
0

u(t)
t

sin
(
∆c−1/2 + (tK)2c/∆− π/4

)

× h1

(
tK

4πd1(r1 + m1/(2d1))

)
h2

(
tK

4πd2(r2 + m2/(2d2))

)
dt.

Note

∆i

2c
=

4πi

c

√
r1r2(r1 + m1/d1)(r2 + m2/d2)

=
2πi

c

(
2r1r2 +

m2r1

d2
+

m1r2

d1
+

1
2

m1

d1

m2

d2
− 1

4

(
m1

d1

)2
r2

r1
− 1

4

(
m2

d2

)2
r1

r2
+ · · ·

)
.

We first assume the test functionsu,h1, h2 are all real-valued and write for simplicity

Jr1,r2,c = �
{

ec

(
2r1r2 +

m2r1

d2
+

m1r2

d1

)
fc(r1, r2)

}
,

say, whereec(x) = exp(2πix/c).
Reducing the summation overr1, r2 into congruence classesmodc, we have,

∑
r1,r2�1

S
(
r1(r1 + m1/d1), r2(r2 + m2/d2); c

)
ec

(
2r1r2 +

m2r1

d2
+

m1r2

d1

)
fc(r1, r2)

=
∑

a,b(mod c)

S
(
a(a + m1/d1), b(b + m2/d2); c

)
ec

(
2ab +

m2a

d2
+

m1b

d1

)

×
∑

r1≡a(mod c),r2≡b(mod c)

fc(r1, r2)
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=
1
c2

∑
u(mod c)

∑
v(mod c)

( ∑
a,b(mod c)

S
(
a(a + m1/d1), b(b + m2/d2); c

)
( ( ) ( ) ))( )

see

on
× ec 2ab +
m2

d2
+ u a +

m1

d1
+ v b

∑
r1,r2

fc(r1, r2)ec(−ur1 − vr2) .

Next we apply the Poisson summation formula for the sum inr1, r2 and obtain

∑
r1,r2

fc(r1, r2)ec(−ur1 − vr2) =
∑
l1,l2

B(l1, l2),

where

B(l1, l2) =
∫∫
R2

fc(r1, r2)ec(−ur1 − vr2)e(l1r1 + l2r2)dr1 dr2

=
∫∫
R2

fc(r1, r2)e
(
(l1 − u/c)r1 + (l2 − v/c)r2

)
dr1 dr2.

We can assume|u| � c/2, |v| � c/2, and by partial integration sufficiently many times, we
that ∑

l1,l2

B(l1, l2) = B(0,0) + O(K−A),

for anyA > 1. Thus,

∑
r1,r2

fc(r1, r2)ec(−ur1 − vr2) =
∫∫
R2

fc(r1, r2)ec(−ur1 − vr2)dr1 dr2 + O(K−A).

For (u, v) �= (0,0), by partial integration sufficiently many times, we infer that (recallc �Kε)

∫∫
R2

fc(r1, r2)ec(−ur1 − vr2)dr1 dr2 �K−A,

for any A > 0. Thus only(u, v) = (0,0) contributes. Moreover we can allowc  Kε in the
c-summation since ∫∫

R2

fc(r1, r2)dr1 dr2 � c−AK2,

for anyA > 0.
For fixeddi,mi(i = 1,2) and integerγ, denote

Sc(γ) =
∑

a,b(mod c)

S
(
a(γa + m1/d1), b(γb + m2/d2); c

)
ec

(
2γab +

(
m2

d2

)
a +

(
m1

d1

)
b

)
,

andSc = Sc(1). We also writeSc,m1/d1,m2/d2 for Sc if we need to indicate the dependence
other parameters. ObviouslySc,m1/d1,m2/d2 = Sc,m2/d2,m1/d1 .

Thus, the non-diagonal contribution is
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∑
d1|m1,d2|m2

∑
c�1

Sc

c2

∫∫
R2

fc(r1, r2)dr1 dr2 + O(1)

{

lt
= −4π5/2
∑

d1|m1,d2|m2

∑
c�1

� Sc

c5/2
ζ8

∞∫
0

u(t)
t

×
∫∫
R2

1√
∆

ec

(
1
2

m1

d1

m2

d2
− 1

4

(
m1

d1

)2
r2

r1
− 1

4

(
m2

d2

)2
r1

r2

)
ei(tK)2c/∆

× h1

(
tK

4πd1(r1 + m1/(2d1))

)
h2

(
tK

4πd2(r2 + m2/(2d2))

)
dr1 dr2 dt

}
+ O(1)

=
−2π2

√
2

∑
d1|m1,d2|m2

∑
c�1

�
{

Sc

c5/2
ζ8

∞∫
0

u(t)
t

×
∫∫
R2

1
√

r1r2
ec

(
1
2

m1

d1

m2

d2
− 1

4

(
m1

d1

)2
r2

r1
− 1

4

(
m2

d2

)2
r1

r2

)
ei(tK)2c/∆

× h1

(
tK

4πd1r1

)
h2

(
tK

4πd2r2

)
dr1 dr2 dt

}
+ O(1)

=
−Kπ

2
√

2

( ∞∫
0

u(t)dt

) ∑
d1|m1,d2|m2

∑
c�1

�
{

Sc

c5/2
ζ8e

(
1
2c

m1

d1

m2

d2

)

×
∫∫
R2

e

(
− 1

4c

(
m1

d1

)2
ξ

η
− 1

4c

(
m2

d2

)2
η

ξ
+ ξηc

)

× h1

(
ξ

d1

)
h2

(
η

d2

)
dξ dη

(ξη)3/2

}
+ O(1)

=
−Kπ

2
√

2

( ∞∫
0

u(t)dt

) ∑
d1|m1,d2|m2

1
d1d2

∑
c�1

�
{

Sc

c5/2
ζ8e

(
1
2c

m1

d1

m2

d2

)

×
∫∫
R2

e

(
− 1

4c

(
m1

d1

)2
ξ

η
− 1

4c

(
m2

d2

)2
η

ξ
+ (d1d2)2ξηc

)

× h1(d2ξ)√
ξ

h2(d1η)
√

η

dξ dη

ξη

}
+ O(1).

By the multiplicativity ofSc(γ):

Sc1c2,m1/d1,m2/d2(γ) = Sc1,m1/d1,m2/d2(γc2)Sc2,m1/d1,m2/d2(γc1), for (c1, c2) = 1,

and using the fact2c2/c1 + c1/(2c2)≡ 1/(2c1c2)(mod 1) for (c1,2c2) = 1 as well as the resu
in Appendix A, one can check that

Sce

(
1
2c

m1

d1

m2

d2

)
∈R,
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and hence we obtain, under the assumption that the test functionsu,h1, h2 are all real-valued, the
following theorem. Before stating it we need a little extra notation. ForA a non-negative integer
define‖ · ‖A onC∞

c (0,∞) by

)
g the

se
as
‖h‖A = max
0�i�A,|j|�A,x∈(0,∞)

∣∣∣∣hi(x)
xj

∣∣∣∣.(13)

THEOREM 2. –For m1,m2 ∈ Z,m1m2 �= 0, u, h1, h2 ∈ C∞
c (0,∞) andε > 0, we have

∑
k�1,2|k

u

(
k − 1
K

) ∑
f∈Hk

L
(
1, sym2(f)

)〈
µf , Ph1,m1(z)

〉〈
µf , Ph2,m2(z)

〉

= Bω(Ph1,m1 , Ph2,m2)K

( ∞∫
0

u(t)dt

)
+ O(K1/2+ε),(14)

where

Bω(Ph1,m1 , Ph2,m2) =
π

4

∑
d1|m1,d2|m2;|m1|/d1=|m2|/d2

1
d1d2

∞∫
0

h1(d2η)h2(d1η)
dη

η2

− π

2
√

2

∑
d1|m1,d2|m2

1
d1d2

∑
c�1

Sc,|m1|/d1,|m2|/d2

c5/2
e

(
1
2c

|m1|
d1

|m2|
d2

)

×
∫∫
R2

sin
(
−π

4
− π

2c

(
m1

d1

)2
ξ

η
− π

2c

(
m2

d2

)2
η

ξ
+ 2π(d1d2)2ξηc

)

× h1(d2ξ)√
ξ

h2(d1η)
√

η

dξ dη

ξη
.(15)

Moreover there is an absolute constantA andC(= C(ε)) such that the implicit constant in(14)
is at most

C
((
|m1|+ 1

)(
|m2|+ 1

))A‖h1‖A · ‖h2‖A,(16)

and the series defining theBω converges absolutely and satisfies

∣∣Bω(Ph1,m1 , Ph2,m2)
∣∣ � C

((
|m1|+ 1

)(
|m2|+ 1

))A‖h1‖A · ‖h2‖A.(17)

(16) is proven by keeping track of the dependence onh1 andh2 in the derivation of (14). (17
follows from integrating by parts in the double integral in (15), and then directly estimatin
terms.

A closer inspection of the proof actually shows that if any incomplete Poincaré seriesPhi,mi

in the Theorem 2 is replaced by incomplete Eisenstein series (i.e.mi = 0) with zero mean∫
X Phi,mi ν̃ = 0 (i.e.

∫ ∞
0 hi(y)y−2 dy = 0), then the Theorem 2 is still valid except for the ca

m1 = m2 = 0. For the casem1 = m2 = 0, (14) and (15) of the Theorem 2 continue to hold
long as the term

π

4

∑
d1|m1,d2|m2;m1/d1=m2/d2

1
d1d2

∞∫
0

h1(d2η)h2(d1η)
dη

η2
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is replaced by

π
∞∫ ( ∞∫ ∞∫ (

r
) (

r
)

dξ dη
)

dr

[12])
4
1/A 0 0

b2(ξ)b2(η)H1
ξ

H2
η (ξη)2 r2

,

whereHi(ξ) = h′′
i (ξ)ξ2 + 2h′

i(ξ)ξ = (h′
i(ξ)ξ

2)′;hi(ξ) = 0 for 0 < ξ � 1/A, i = 1,2; 2b2(x) =
B2(x − [x]), andB2(x) = x2 − x + 1/6 is the Bernoulli polynomial of degree2. This follows
by Euler–MacLaurin summation formula from

∑
di�1

hi

(
k − 1
4πdir

)
= −

∞∫
0

b2(ξ)Hi

(
k − 1
4πξr

)
dξ

ξ2
, for r � 1,

which vanishes ifr � Ak−1
4π .

It is in turn equal to

π

4

∞∫
0

( ∞∫
0

∞∫
0

b2(ξ)b2(η)H1

(
r

ξ

)
H2

(
r

η

)
dξ dη

(ξη)2

)
dr

r2

=
π

4

∞∫
0

( ∞∫
0

∞∫
0

b2(ξ)b2(η)
d2

dξ2
h1

(
r

ξ

)
d2

dη2
h2

(
r

η

)
dξ dη

)
dr

r2
.

3. Symmetry properties of Bω

Let Lm = Lx
m be the differential operator onC∞

0 (0,∞) given by

Lmh(x) =
(

x2 d2

dx2
− 4π2m2x2

)
h(x).(18)

If we define the inner product onC∞
0 (0,∞) by

(h1, h2) =

∞∫
0

h1(x)h2(x)
dx

x2
,(19)

thenLm is symmetric with respect to(, ), i.e.

(Lmh1, h2) = (h1,Lmh2).

We have

∆
(
h(y)e(mx)

)
= (Lmh)(y)e(mx),(20)

and hence

∆Ph,m = PLmh,m,(21)

where∆ is the hyperbolic Laplacian. Moreover, we have (see the proof of Theorem 6.9 in
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TnPh,m(z) =
∑

d|(m,n)

(
d2

n

)1/2

Ph( ny

d2 ), mn

d2
(z),(22)

near
e

whereTn is the nth Hecke operator (see Section 8.5 in [12]). It turns out that the bili
form Bω(·, ·), defined on the spaceP spanned by allPh,m’s, is self-adjoint with respect to th
Laplacian∆ and the Hecke operatorsTn, n � 1:

Bω(∆Ph1,m1 , Ph2,m2) = Bω(Ph1,m1 ,∆Ph2,m2),(23)

Bω(TnPh1,m1 , Ph2,m2) = Bω(Ph1,m1 , TnPh2,m2).(24)

The verification of (23) is straightforward by (21), by change of variables (whenm1m2 �= 0, to
symmetrize the integral kernel)

ξ → m2

d2
ξ, η → m1

d1
η,

and in view of the fact(
ξ2 d2

dξ2
− 4π2m2

1m
2
2ξ

2

)
Km1,m2,d1,d2(ξ, η) =

(
η2 d2

dη2
− 4π2m2

1m
2
2η

2

)
Km1,m2,d1,d2(ξ, η),

i.e. (
ξ2 d2

dξ2
− 4π2m2

1m
2
2ξ

2

)
Km1,m2,d1,d2(ξ, η) is a symmetric function inξ, η,

where

Km1,m2,d1,d2(ξ, η) =
√

ξη sin
(
−π

4
− π

2c

m1m2

d1d2

ξ

η
− π

2c

m1m2

d1d2

η

ξ
+ 2π(d1d2)2

m1m2

d1d2
ξηc

)
.

If m1m2 = 0, we then desymmetrize the integral kernel and use the continuity argument.
In order to prove (24), it suffices to check it for eachTp(p is a prime), which can be

verified by a tedious computation, using (22) and the explicit evaluation ofSc,m1/d1,m2/d2(γ) in
Appendix A. For the details, see Appendix A.3.

4. Extension of Bω and diagonalization

Let P :H → X be the usual projection map, and let{D0j}0�i�3

⋃
{Dk1 ∪ Dk2}k�1 be a

system of open sets with compact closures inH whose projections toX form a locally finite
open covering ofX (see [9]), such that the restrictionP |Dkj

is injective except forD00 or D01;
D00 (resp.D01) is a neighborhood ofi (resp.ρ = e2πi/3) and the restrictionP |D00 (resp.P |D01 )
is two to one (resp. three to one) map except ati (resp. except atρ). We choose (k � 1)

D02 =
{
z, �(z) < 2, |�(z)|< 1/2, |z|> 1

}
,

D03 =
{
z, �(z) < 2, −1/2 � �(z) < 0, |z|> 1

}
∪

{
z, �(z) < 2, −1 < �(z) � −1/2, |z + 1|> 1

}
,
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Dk1 =
{
z, 3k/2 <�(z) < 2 · 3k, −1 < �(z) < 0

}
,

Dk2 =
{
z, 3k/2 <�(z) < 2 · 3k, −1/2 < �(z) < 1/2

}
.

e

Let {fkj}k�0 be the partition of unity subordinate to the above covering ofX (see [9]). Each
fkj can be regarded as an automorphic function with respect toΓ. The restrictionfkj |Dkj

has
compact support inDkj and we extend it to a smoothΓ∞ periodic functionf̃kj on H. There
existsy0 > 0 so thatf̃kj are all supported in the half-planey � y0, on whichf̃kj(z) = fkj(z),
except whenk = 0 andj = 2 or 3.

Let ψ be a fixed element inC∞
0,0(X). We have

ψ(z) =
∑
k,j

fkj(z)ψ(z),

fkj(z)ψ(z) =
1

nkj

∑
γ∈Γ∞\Γ

f̃kj(γz)ψ(γz),

where

nkj =

{2, if k = 0, j = 0;
3, if k = 0, j = 1;
1, if otherwise.

Expandingf̃kj(z)ψ(z) into its Fourier series inx gives

f̃kj(z)ψ(z) =
∑
m∈Z

hkjm(y)e(mx).

hkjm(y) are smooth with compact support, and sinceψ ∈ C∞
0,0(X) theh’s satisfy

hkjm(y) �A y−A
(
|m|+ 1

)−A
(25)

for anyA > 0. Hence

ψ(z) =
∑
k,j

∑
m∈Z

1
nkj

Phkjm,m(z)

=
∑
k,j

∑
m �=0

1
nkj

Phkjm,m(z) +
∑
k,j

Phkj0,0(z)− 1
2
Ph000,0(z)− 2

3
Ph010,0(z)

=
∑
k,j

∑
m �=0

1
nkj

Phkjm,m(z) + PH,0(z)− 1
2
Ph000,0(z)− 2

3
Ph010,0(z),

say, whereH(y) ∈ C∞
c (0,∞) (recall that fory large enough the zeroth coefficient ofψ is zero)

is defined as

H(y) =
∑
k,j

hkj0(y).

This follows from the fact that
∑

k,j fkj(z) = 1, and f̃kj are all supported in the half-plan
y � y0, on which we have
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∑
k,j

hkj0(y) =

1∫
0

(∑
k,j

f̃kj(z)
)

ψ(z)dx

that
=

1∫
0

(∑
k,j

fkj(z) +
(
f̃02(z)− f02(z)

)
+

(
f̃03(z)− f03(z)

))
ψ(z)dx

=

1∫
0

((
f̃02(z)− f02(z)

)
+

(
f̃03(z)− f03(z)

))
ψ(z)dx.

Moreover we have ∫
X

(
PH,0(z)− 1

2
Ph000,0(z)− 2

3
Ph010,0(z)

)
ν̃ = 0.

Write

PH,0(z)− 1
2
Ph000,0(z)− 2

3
Ph010,0(z) = Ph,0(z),

with

h = H − 1
2
h000 −

2
3
h010.

We then have

ψ(z) =
∑
k,j

∑
m �=0

1
nkj

Phkjm,m(z) + Ph,0(z),(26)

with ∫
X

Ph,0(z)ν̃ = 0.

It follows from Theorem 2 and the comments following it, together with (25) and (26),
for ψ andφ in C∞

0,0(X) we have

∑
k�1,2|k

u

(
k − 1
K

) ∑
f∈Hk

L
(
1, sym2(f)

)
〈µf , ψ〉〈µf , φ〉

= Bω(ψ,φ)K

( ∞∫
0

u(t)dt

)
+ Oψ,φ,ε(K1/2+ε),(27)

where

Bω(ψ,φ) =
∑

k1,j1,n1 �=0;k2,j2,n2 �=0

1
nk1j1nk2j2

Bω(P
h
(ψ)
k1j1m1

,m1
, P

h
(φ)
k2j2m2

,m2
)

+
∑

k1,j1,n1 �=0

1
nk1j1

Bω(P
h
(ψ)
k1j1m1,m1

, Ph(φ),0)

+
∑

k2,j2,n2 �=0

1
nk2j2

Bω(Ph(ψ),0, Ph
(φ)
k2j2m2,m2

)

+ Bω(Ph(ψ),0, Ph(φ),0).(28)
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In view of (25) forφ andψ respectively and (17), we see that the series (28) converges absolutely.
From (23), (24), (26) and (28) it follows that the bilinear formBω(ψ1, ψ2) now defined on
C∞

0,0(X)×C∞
0,0(X) satisfies

cusp

isfies
Bω(∆ψ1, ψ2) = Bω(ψ1,∆ψ2),(29)

and forn � 1,

Bω(Tnψ1, ψ2) = Bω(ψ1, Tnψ2).(30)

This completes the proof of parts (A) and (B) of Theorem 1.
Now restrictBω to the subspace

C∞
cusp(X) = C∞

0,0(X)∩L2
cusp(X).

If φ1, φ2 are distinct Hecke–Maass eigenforms inC∞
cusp(X), then forn � 1

Bω(Tnφ1, φ2) = Bω(φ1, Tnφ2)

implies

λn(φ1)Bω(φ1, φ2) = λn(φ2)Bω(φ1, φ2).

According to the theory of Hecke operators and Fourier coefficients there is ann such that
λn(φ1) �= λn(φ2). It follows that if φ1 andφ2 are distinct Hecke–Maass cusp forms then

Bω(φ1, φ2) = 0.(31)

Thus we have shown thatBω is diagonalized by the orthonormal basis of Hecke–Maass
forms inL2

cusp(X). In the next section we compute the value ofBω on such aφ.

5. Eigenvalues of Bω

Let φ(z) be an even Maass–Hecke cuspidal eigenform for the modular groupΓ, with the
Laplacian eigenvalueλφ = 1

4 + itφ, and letL(s,φ) be the associated standardL-function,
which is well known to admit analytic continuation to the whole complex plane and sat
the functional equation:

Λφ(s) = Λφ(1− s),

where

Λφ(s) = π−sΓ
(

s + itφ
2

)
Γ
(

s− itφ
2

)
L(s,φ).

We assumeφ(z) is normalized so that its first Fourier coefficientaφ(1) = 1. From the works
of Watson [29], we have

∣∣〈µf , φ〉
∣∣2 =

π2

2 cosh(πtφ)
|Γ(k − 1

2 + itφ)|2
(4π)kΓ(k)

L−1
(
1, sym2(f)

)∣∣af (1)
∣∣2L(1/2, φ⊗ f ⊗ f)

=
Γ(k − 1)
(4π)k

π2

2 cosh(πtφ)
L−1

(
1, sym2(f)

)∣∣af (1)
∣∣2L(1/2, φ⊗ f ⊗ f)

(
1 + O(k−1)

)
,
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in view of the fact that for any vertical strip0 < a � �(s) � b, we have that

Γ(s + k − 1) s
( (( )2 −1

))

nal

e

ee
Γ(k − 1)
= (k − 1) 1 + Oa,b |s|+ 1 k ,(32)

by Stirling’s formula. Note that

L(1/2, φ⊗ f ⊗ f) = L(1/2, φ)L
(
1/2, φ⊗ sym2(f)

)
.

Thus, ∑
k�1,2|k

u

(
k − 1
K

) ∑
f∈Hk

L
(
1, sym2(f)

)∣∣〈µf , φ〉
∣∣2

=
π

8
(
1 + O(k−1)

) L(1/2, φ)
cosh(πtφ)

∑
k�1,2|k

u

(
k − 1
K

)

× Γ(k − 1)
(4π)k−1

∑
f∈Hk

∣∣af (1)
∣∣2L(

1/2, φ⊗ sym2(f)
)
.(33)

Define

Λφ,f(s) = π−3sΓ
(

s + k − 1 + itφ
2

)
Γ
(

s + k − 1− itφ
2

)
Γ
(

s + k + itφ
2

)
Γ
(

s + k − itφ
2

)

× Γ
(

s + 1 + itφ
2

)
Γ
(

s + 1− itφ
2

)
L

(
s,φ⊗ sym2(f)

)
,

thenΛφ,f(s) admits analytic continuation toC as an entire function and satisfies the functio
equation

Λφ,f(s) = Λφ,f (1− s).

Let F be the cuspidal automorphic form onGL(3) which is the Gelbart–Jacquet lift of th
cusp formf , with the Fourier coefficientsaF (m1,m2), where

aF (m1,m2) =
∑

d|(m1,m2)

λF (m1/d,1)λF (m2/d,1)µ(d),

and

λF (r,1) =
∑

s2t=r

λf (t2).

The Rankin–Selberg convolutionL(s,φ ⊗ sym2(f)) is represented by the Dirichlet series (s
[1,2]),

L
(
s,φ⊗ sym2(f)

)
=

∑
m1,m2�1

λφ(m1)aF (m1,m2)(m1m
2
2)

−s,(34)

whereλφ(r) is therth Hecke eigenvalue ofφ.
We have

Λφ,f(1/2) =
2

2πi

∫
(2)

Λφ,f(s + 1/2)
ds

s
.
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Hence,

L
(
1/2, φ⊗ sym2(f)

)
= 2

∑
λφ(m1)aF (m1,m2)(m1m

2
2)

−1/2Gk(π3m1m
2
2),(35)
m1,m2�1

where

Gk(ξ) =
1

2πi

∫
(2)

Γ
( (s+1/2)+k−1+itφ

2

)
Γ
( (s+1/2)+k+itφ

2

)
Γ
( 1/2+k−1+itφ

2

)
Γ
( 1/2+k+itφ

2

) Γ
( (s+1/2)+k−1−itφ

2

)
Γ
( (s+1/2)+k−itφ

2

)
Γ
( 1/2+k−1−itφ

2

)
Γ
( 1/2+k−itφ

2

)

×
Γ
( (s+1/2)+1+itφ

2

)
Γ
( (s+1/2)+1−itφ

2

)
Γ
( 1/2+1+itφ

2

)
Γ
( 1/2+1−itφ

2

) ξ−s ds

s

=
1

2πi

∫
(2)

(
1 + Tk(s)

)Γ
( (s+1/2)+1+itφ

2

)
Γ
( (s+1/2)+1−itφ

2

)
Γ
(1/2+1+itφ

2

)
Γ
( 1/2+1−itφ

2

)
(

4ξ

(k − 1)2

)−s
ds

s
,

where

Tk(s) =
∑

1�r�6

pr+1(s)
(k − 1)r

+ O
(

(|s|+ 1)8

(k − 1)7

)

is an analytic function in�s � −2, in view of Stirling’s formula. Herepr+1(s) is a polynomial
of degree at mostr + 1. Denote

Uk(s) =
(
1 + Tk(s)

)Γ
( (s+1/2)+1+itφ

2

)
Γ
( (s+1/2)+1−itφ

2

)
Γ
(1/2+1+itφ

2

)
Γ
( 1/2+1−itφ

2

) .

We have

Γ(k − 1)
(4π)k−1

∑
f∈Hk

∣∣af (1)
∣∣2L(

1/2, φ⊗ sym2(f)
)

=
Γ(k − 1)
(4π)k−1

∑
f∈Hk

∣∣af (1)
∣∣2

× 2
∑

m1,m2�1

λφ(m1)aF (m1,m2)(m1m
2
2)

−1/2Gk(π3m1m
2
2)

= 2
∑
d�1

µ(d)
d3/2

∑
n1,n2�1

λφ(dn1)Gk(π3d3n1n
2
2)(n1n

2
2)

−1/2

× Γ(k − 1)
(4π)k−1

∑
f∈Hk

∣∣af (1)
∣∣2λF (n1,1)λF (n2,1)

= 2
∑
d�1

µ(d)
d3/2

∑
s1,s2,t1,t2�1

λφ(ds2
1t1)Gk(π3d3s2

1t1s
4
2t

2
2)(s

2
1t1s

4
2t

2
2)

−1/2

× Γ(k − 1)
(4π)k−1

∑
f∈Hk

∣∣af (1)
∣∣2λf (t21)λf (t22).

By the Petersson formula, we deduce that
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∑
k�1,2|k

u

(
k − 1
K

)
Γ(k − 1)
(4π)k−1

∑
f∈Hk

∣∣af (1)
∣∣2L(

1/2, φ⊗ sym2(f)
)

( )

= 2

∑
k�1,2|k

u
k − 1
K

∑
d�1

µ(d)
d3/2

∑
s1,s2,t1�1

λφ(ds2
1t1)Gk(π3d3s2

1s
4
2t

3
1)(s

2
1s

4
2t

3
1)

−1/2

+ 2
∑
d�1

µ(d)
d3/2

∑
s1,s2,t1,t2�1

λφ(ds2
1t1)(s

2
1t1s

4
2t

2
2)

−1/2
∑
c�1

S(t21, t
2
2; c)

c

×
∑

k�1,2|k
2π(−1)k/2u

(
k − 1
K

)
Gk(π3d3s2

1t1s
4
2t

2
2)Jk−1

(
4πt1t2

c

)
.

The diagonal term is (writingr = dt1)

2
∑

k�1,2|k
u

(
k − 1
K

)∑
r�1

r−3/2
∑
d|r

µ(d)
∑
s2�1

s−2
2

∑
s1�1

s−1
1 λφ(rs2

1)Gk(π3s2
1s

4
2r

3)

= 2
∑

k�1,2|k
u

(
k − 1
K

) ∑
s2�1

s−2
2

∑
s1�1

s−1
1 λφ(s2

1)Gk(π3s2
1s

4
2).

Now ∑
s1�1

s−1
1 λφ(s2

1)Gk(π3s2
1s

4
2) =

1
2πi

∫
(2)

∑
s1�1

λφ(s2
1)

s2s+1
1

Uk(s)
(

4π3s4
2

(k − 1)2

)−s
ds

s
.(36)

We have ∑
s1�1

λφ(s2
1)

ss
1

=
1

ζ(2s)
L

(
s, sym2(φ)

)
.

Moving the line of integration in (18) to�(s) = −1/4 + ε, we obtain∑
s1�1

s−1
1 λφ(s2

1)Gk(π3s2
1s

4
2)

=
1

ζ(2)
L

(
1, sym2(φ)

)
Uk(0)

+
∫

(−1/4+ε)

1
ζ(2 + 4s)

L
(
1 + 2s, sym2(φ)

)
Uk(s)

(
4π3s4

2

(k − 1)2

)−s
ds

s

=
1

ζ(2)
L

(
1, sym2(φ)

)
Uk(0) + O(K−1/2+ε).

Thus, the diagonal terms contribute

2K

ζ(2)
L

(
1, sym2(φ)

) ∞∫
0

u(ξ)dξ + O(K1/2+ε).

Since

Gk(ξ) =
1

2πi

∫
(2)

Uk(s)
(

4ξ

(k − 1)2

)−s
ds

s
,
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we can write (
4ξ

) ∑ 1
(

4ξ
) (

1
)

l to
Gk(ξ) = H
(k − 1)2

+
1�r�6

(k − 1)r
Hr (k − 1)2

+ O
(k − 1)7

.

Applying Lemmas 4.1 and 4.2 from [24], we deduce that the non-diagonal terms are equa

−2π1/2
∑
d�1

µ(d)
d3/2

∑
s1,s2,t1,t2�1

λφ(ds2
1t1)(s

2
1t1s

4
2t

2
2)

−1/2
∑
c�1

S(t21, t
2
2; c)

c

×
∞∫
0

u

(√
8πt1t2c−1y

K

)
H

(
4π3d3s2

1t1s
4
2t

2
2

8πt1t2c−1y

)

× sin(8πt1t2c
−1/2 + y − π/4)

dy
√

y
+ O(1)

= −2π1/2
∑
d�1

µ(d)
d3/2

∑
s1,s2,t1,t2�1

λφ(ds2
1t1)(s

2
1t1s

4
2t

2
2)

−1/2

×
∑
c�1

S(t21, t
2
2; c)

c
Jc,d,s1,s2,t1,t2 + O(1),

say.
We can assumed3s2

1t1s
4
2t

2
2 � K2+ε sinceH(ξ) has exponential decay asξ →∞. The terms

with c K2ε as well as the terms witht1t2 �K2−ε contributeO(1), by partial integration. So
we can assumec � K2ε andt1t2  K2−ε. Moreover fromt1t

2
2 � K2+ε andt1t2  K2−ε we

deduce thatt2 �K2ε. Making the change of variablet =
√

8πt1t2c−1y

K , we seeJc,d,s1,s2,t1,t2 is

2K

√
c√

8πt1t2

∞∫
0

u(t) sin
(
8πt1t2c

−1/2 + (tK)2c/(8πt1t2)− π/4
)
H

(
4π3d3s2

1t1s
4
2t

2
2

(tK)2

)
dt.

From Hecke’s bound [12, Theorem 8.1]

∑
r�R

λφ(r)e(rα)r−1/2 �ε Rε,

whereα ∈R; the Hecke relation

λφ(r1r2) =
∑

d|(r1,r2)

µ(d)λφ(r1/d)λφ(r2/d);

and partial summation, we infer that the contribution from the non-diagonal terms isO(K4ε).
We conclude that∑

k�1,2|k
u

(
k − 1
K

) ∑
f∈Hk

L
(
1, sym2(f)

)∣∣〈µf , φ〉
∣∣2

=
πK

4

∞∫
0

u(ξ)dξ
L(1/2, φ)
cosh(πtφ)

L
(
1, sym2(φ)

)
+ O(K1/2+ε).(37)

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



790 W. LUO AND P. SARNAK

This completes the proof of Theorem 1, in view of the fact

L
(
1, sym2(φ)

)
= 2〈φ,φ〉 cosh(πtφ).
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Appendix A

Appendix A.1. Classical variance

We evaluate the classical variance given by (4). This evaluation is general and applies to a
Y = Γ\SL(2,R), whereΓ is a lattice (not necessarily arithmetic). Assume thatC0,0(Y ) consists
of functions onY of mean zero. The classical varianceV is given by the symmetric bilinear form

V (ψ1, ψ2) =

∞∫
−∞

∫
Y

ψ1(g)ψ2

(
g

(
et/2 0
0 e−t/2

))
dg dt.(A.1)

From this it is clear thatV is diagonalized by the irreduciblesubspaces in the decompositi
of the right regular representation ofSL(2,R) on L2

0,0(Y ). If ψ(g) is an element inL2
0,0(Y )

which isSO(2) invariant on the right, thenψ is a Maass form onH = SL(2,R)/SO(2) with
eigenvalueλ = 1

4 + t2 > 0. We evaluate the matrix coefficient

F (g) :=
∫

Γ\SL(2,R)

ψ(g1)ψ(g1g)dg1.(A.2)

As a function onSL(2,R), F satisfies
(i) F (k1gk2) = F (g), for k1, k2 ∈ SO(2);
(ii) ωF = λF ;
(iii) F (e) = 1. (We are normalizingψ so that

∫
Y
|ψ(g)|2 dg = 1.)

According to the theory of spherical functions these determineF uniquely. SpecificallyF is
given explicitly (see [31, p. 143]) by

F

((
er/2 0
0 e−r/2

))
= P− 1

2+it(coshr),

wherePs is the associated Legendre function. Hence

V (ψ,ψ) =

∞∫
−∞

P− 1
2+it(coshr)dr.(A.3)

This integral may be computed [8, p. 810] and yields

V (ψ,ψ) =

∣∣Γ(
1
4 + it

2

)∣∣4
2π

∣∣Γ(
1
2 + it

)∣∣2 .
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Appendix A.2. Evaluation of the sum Sc(γ)

For2 � c, we have
Sc(γ) = εcc
3/2

(
γ

c

)
T

(
−4γ

(
m1

d1

)2

,−4γ

(
m2

d2

)2

; c
)

ec

(
−2γ

m1m2

d1d2

)
,

where

εc =
{

1 if c≡ 1(mod 4);
i if c≡−1(mod 4),

is the sign of the Gauss sum, and

T (m,n; c) =
∑

d(mod c)

(
d

c

)
e

(
md + nd

c

)
(A.4)

is the Salié sum [27].
If (c,2n) = 1, we know (see [11, Lemma 4.9])

T (m,n; c) =
(

n

c

)
εcc

1/2
∑

y2≡mn(mod c)

e

(
2y

c

)
.

Hence if(p,2n) = 1,2 � c, thenT (pm,n;p2c) = 0.
If c = pk andk � 2t � 2, we writed = l + rpk−t, l(mod pk−t), (p, l) = 1, r(mod pt), then

d≡ l − rl
2
pk−t(mod pk), and hence

T (m,n;pk) =
∑

l(mod pk−t)

(
l

pk

)
e

(
ml + nl

pk

) ∑
r(mod pt)

e

(
(n−ml

2
)r

pt

)
.(A.5)

For c = 2l andm1/d1 �≡ m2/d2(mod 2), we have

Sc(γ) =
{

0, l � 2;
4, l = 1,

since for2 � AB, ∑
a(mod c)

ec(Aa2 + Ba) =
{

0, l � 2;
2, l = 1.

On the other hand, forc = 2l andm1/d1 ≡ m2/d2(mod 2), we have

Sc(γ) =
1
4

∑
x(mod 4c),(2,x)=1

cG(γx, c)e4c

(
−γ

((
m1

d1

)2

x +
(

m2

d2

)2

x

))
e2c

(
−γ

m1m2

d1d2

)
,

where

G(n,2l) =
∑

t(mod c)

e

(
nt2

2l

)
=




0, l = 1;
(1 + in)2l/2, 2|l;
2(l+1)/2eπin/4, 2 � l > 1.
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Let

2s =
((

m1

)2

,

(
m2

)2

,4c

)

s

, can
d1 d2

and we assume without loss of generality that2s � c, and2s‖(m2
d2

)2. We distinguish two case
(note2−s(m2/d2)2 ≡ 1(mod 8)):

(a)2|l.

e2c

(
γ

m1m2

d1d2

)
Sc(γ) =

2sc3/2

4

{
S

(
γ2

(
m1m2

d1d22s

)2

,1;
4c

2s

)

+ S

(
− c

2s
+ γ2

(
m1m2

d1d22s

)2

,1;
4c

2s

)}
.

(b) 2 � l > 1 .

e2c

(
γ

m1m2

d1d2

)
Sc(γ) =

2sc3/2

2
√

2
S

(
− c

2s+1
+ γ2

(
m1m2

d1d22s

)2

,1;
4c

2s

)
.

HereS(m,n; c) is the usual Kloosterman sum.

Appendix A.3. Self-adjointness of Hecke operators for Bω

We write

Bω(Ph1,m1 , Ph2,m2) = B∞(Ph1,m1 , Ph2,m2) + Bf (Ph1,m1 , Ph2,m2),

where

B∞(Ph1,m1 , Ph2,m2) =
π

4

∑
d1|m1,d2|m2;|m1|/d1=|m2|/d2

1
d1d2

∞∫
0

h1(d2η)h2(d1η)
dη

η2
;

and

Bf (Ph1,m1 , Ph2,m2) =− π

2
√

2

∑
d1|m1,d2|m2

1
d1d2

∑
c�1

Sc,|m1|/d1,|m2|/d2

c5/2
e

(
1
2c

|m1|
d1

|m2|
d2

)

×
∫∫
R2

sin
(
−π

4
− π

2c

(
m1

d1

)2
ξ

η
− π

2c

(
m2

d2

)2
η

ξ
+ 2π(d1d2)2ξηc

)

× h1(d2ξ)√
ξ

h2(d1η)
√

η

dξ dη

ξη
.

We first consider the special casep � m1m2 in details. The general cases, as we see later
be treated similarly by induction. We have, by (22), that

TpPh,m(z) = p−1/2Ph(p·),pm(z).

Thus, since the conditionsd1|pm1, d2|m2; |m1|p/d1 = |m2|/d2 impliesp|d1, we infer that
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B∞(TpPh1,m1 , Ph2,m2) = p−1/2B∞(Ph1(p·),pm1 , Ph2,m2)

π −1/2
∑ 1

∞∫
dη

.

=
4

p
d1|m1,d2|m2;|m1|/d1=|m2|/d2

pd1d2
0

h1(pd2η)h2(pd1η)
η2

= p−1/2B∞(Ph1,m1 , Ph2(p·),pm2)

= B∞(Ph1,m1 , TpPh2,m2).

On the other hand,

Bf (TpPh1,m1 , Ph2,m2) = p−1/2Bf (Ph1(p·),pm1 , Ph2,m2)

=− π

2
√

2
p−1/2

∑
d1|pm1,d2|m2

1
d1d2

∑
c�1

Sc,|m1p|/d1,|m2|/d2

c5/2
e

(
1
2c

|m1p|
d1

|m2|
d2

)

×
∫∫
R2

sin
(
−π

4
− π

2c

(
m1p

d1

)2
ξ

η
− π

2c

(
m2

d2

)2
η

ξ
+ 2π(d1d2)2ξηc

)

× h1(d2pξ)√
ξ

h2(d1η)
√

η

dξ dη

ξη

=− π

2
√

2
p−1/2

∑
d1|m1,d2|m2

1
d1d2

∑
c�1

Sc,|m1p|/d1,|m2|/d2

c5/2
e

(
1
2c

|m1p|
d1

|m2|
d2

)

×
∫∫
R2

sin
(
−π

4
− π

2c

(
m1p

d1

)2
ξ

η
− π

2c

(
m2

d2

)2
η

ξ
+ 2π(d1d2)2ξηc

)

× h1(d2pξ)√
ξ

h2(d1η)
√

η

dξ dη

ξη

− π

2
√

2
p−1/2

∑
d1|m1,d2|m2

1
pd1d2

∑
c�1

Sc,|m1|/d1,|m2|/d2

c5/2
e

(
1
2c

|m1|
d1

|m2|
d2

)

×
∫∫
R2

sin
(
−π

4
− π

2c

(
m1

d1

)2
ξ

η
− π

2c

(
m2

d2

)2
η

ξ
+ 2π(pd1d2)2ξηc

)

× h1(d2pξ)√
ξ

h2(pd1η)
√

η

dξ dη

ξη

=
∑

1
+

∑
2
,

say, where
∑

1,
∑

2 correspond to the conditionsp � d1 andp|d1 respectively in the initial sum
Making the change of variablesξ → ξ/p, η → pη in

∑
1, we see that∑

1
=− π

2
√

2
p−1/2

∑
d1|m1,d2|m2

1
d1d2

∑
c�1

Sc,|m1p|/d1,|m2|/d2

c5/2
e

(
1
2c

|m1p|
d1

|m2|
d2

)

×
∫∫
R2

sin
(
−π

4
− π

2c

(
m1

d1

)2
ξ

η
− π

2c

(
m2p

d2

)2
η

ξ
+ 2π(d1d2)2ξηc

)

× h1(d2ξ)√
ξ

h2(d1pη)
√

η

dξ dη

ξη
.
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Similarly,

Bf (Ph1,m1 , TpPh2,m2) = p−1/2Bf (Ph1,m1 , Ph2(p·),pm2) =
∑′

+
∑

,

in
1 2

where ∑′

1
=− π

2
√

2
p−1/2

∑
d1|m1,d2|m2

1
d1d2

∑
c�1

Sc,|m1|/d1,|m2p|/d2

c5/2
e

(
1
2c

|m1|
d1

|m2p|
d2

)

×
∫∫
R2

sin
(
−π

4
− π

2c

(
m1

d1

)2
ξ

η
− π

2c

(
m2p

d2

)2
η

ξ
+ 2π(d1d2)2ξηc

)

× h1(d2ξ)√
ξ

h2(d1pη)
√

η

dξ dη

ξη
.

However, in view of Appendix A.2, we have

Sc,|m1p|/d1,|m2|/d2 = Sc,|m1|/d1,|m2p|/d2 .(A.6)

To see this, recall the multiplicativity ofSc(γ):

Sc1c2,m1/d1,m2/d2(γ) = Sc1,m1/d1,m2/d2(γc2) · Sc2,m1/d1,m2/d2(γc1), for(c1, c2) = 1.

We write c = c1c2c3 if p > 2, wherec1|p∞, c2|2∞, and(c3,2p) = 1; c = c1c2 if p = 2, where
c1|p∞, (c2,2) = 1. Then

Sc1c2c3,|pm1|/d1,|m2|/d2 = Sc1,|pm1|/d1,|m2|/d2(c2c3) · Sc2,|pm1|/d1,|m2|/d2(c1c3)

· Sc3,|pm1|/d1,|m2|/d2(c1c2),

if p > 2;

Sc1c2,pm1/d1,m2/d2 = Sc1,|pm1|/d1,|m2|/d2(c2) · Sc2,|pm1|/d1,|m2|/d2(c1)

if p = 2. We also decomposeSc,|m1|/d1,|m2p|/d2 in the same way. From the evaluation
Appendix A.2 (forSc3,|pm1|/d1,|m2|/d2(c1c2), making the change of variabled → p2d inside
the sumT (·, ·; c3)), formula (A.6) follows.

Thus we see that
∑

1 =
∑′

1, and consequently

Bf (TpPh1,m1 , Ph2,m2) = Bf (Ph1,m1 , TpPh2,m2).

Let us consider the general case by induction ona with pa‖(m1,m2). Since

TpPh,m(z) = p−1/2Ph(p·),pm(z) + p1/2Ph(·/p),m/p(z),

where ifp � m, we understand thatPh(·/p),m/p(z) = 0, we have

Bf (TpPh1,m1 , Ph2,m2)

= p−1/2Bf (Ph1(p·),pm1 , Ph2,m2) + p1/2Bf (Ph1(·/p),m1/p, Ph2,m2)

=− π

2
√

2
p−1/2

∑
d1|pm1,d2|m2

1
d1d2

∑
c�1

Sc,|m1p|/d1,|m2|/d2

c5/2
e

(
1
2c

|m1p|
d1

|m2|
d2

)
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×
∫∫
R2

sin
(
−π

4
− π

2c

(
m1p

d1

)2
ξ

η
− π

2c

(
m2

d2

)2
η

ξ
+ 2π(d1d2)2ξηc

)

× h1(d2pξ)√
ξ

h2(d1η)
√

η

dξ dη

ξη

− π

2
√

2
p1/2

∑
d1|m1/p,d2|m2

1
d1d2

∑
c�1

Sc,|m1|/pd1,|m2|/d2

c5/2
e

(
1
2c

|m1|
pd1

|m2|
d2

)

×
∫∫
R2

sin
(
−π

4
− π

2c

(
m1

pd1

)2
ξ

η
− π

2c

(
m2

d2

)2
η

ξ
+ 2π(d1d2)2ξηc

)

× h1(d2ξ/p)√
ξ

h2(d1η)
√

η

dξ dη

ξη

= IA + IB ,

say.
Similarly

Bf (Ph1,m1 , TpPh2,m2)

= p−1/2Bf (Ph1,m1 , Ph2(p·),pm2) + p1/2Bf (Ph1,m1 , Ph2(·/p),m2/p)

=− π

2
√

2
p−1/2

∑
d1|m1,d2|pm2

1
d1d2

∑
c�1

Sc,|m1|/d1,|m2p|/d2

c5/2
e

(
1
2c

|m1|
d1

|m2p|
d2

)

×
∫∫
R2

sin
(
−π

4
− π

2c

(
m1

d1

)2
ξ

η
− π

2c

(
m2p

d2

)2
η

ξ
+ 2π(d1d2)2ξηc

)

× h1(d2ξ)√
ξ

h2(d1pη)
√

η

dξ dη

ξη

− π

2
√

2
p1/2

∑
d1|m1,d2|m2/p

1
d1d2

∑
c�1

Sc,|m1|/d1,|m2|/pd2

c5/2
e

(
1
2c

|m1|
d1

|m2|
pd2

)

×
∫∫
R2

sin
(
−π

4
− π

2c

(
m1

d1

)2
ξ

η
− π

2c

(
m2

pd2

)2
η

ξ
+ 2π(d1d2)2ξηc

)

× h1(d2ξ)√
ξ

h2(d1η/p)
√

η

dξ dη

ξη

= II A + II B,

say.
According to whether or notp|(c,∗,∗) in Sc,∗,∗, we further decompose the sumsIA, IB, II A,

II B into

IA = IA1 + IA2, IB = IB1 + IB2, II A = II A1 + II A2, II B = IB1 + IB2.

Note if p|(c,∗,∗), Sc,∗,∗ = 0 unlessp2|c. Write c = p2c1, we have

Sc,|m1p|/d1,|m2|/d2 = Sc1,|m1|/d1,|m2|/pd2p
2

(
1− δ(p, c1)

p

)
,
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where

δ(p, c1) =
{

0, if p|c1,

r

1, if p � c1,

and write correspondinglyIA1 = I ′A1 − I ′′A1;

Sc,|m1|/pd1,|m2|/d2 = Sc1,|m1|/p2d1,|m2|/pd2p
2

(
1− δ(p, c1)

p

)
,

andIB1 = I ′B1 − I ′′B1;

Sc,|m1|/d1,|m2p|/d2 = Sc1,|m1|/pd1,|m2|/d2p
2

(
1− δ(p, c1)

p

)
,

andII A1 = II ′
A1 − II ′′

A1;

Sc,|m1|/d1,|m2|/pd2 = Sc1,|m1|/pd1,|m2|/p2d2p
2

(
1− δ(p, c1)

p

)
,

andII A1 = II ′
B1 − II ′′

B1.
We see, by the induction hypothesis on(m1/p,m2/p), thatI ′A1 + I ′B1 = II ′

A1 + II ′
B1.

Moreover note that ifp � bc, we haveScp,ap,b = p2Sc,a,b andStp2,ap,b = 0. Using this, togethe
with the evaluation ofSc,∗,∗ in Appendix A.2 one can readily verify that (whereIA2(p|d1), for
example, denotes the partial sum ofIA2 in whichp|d1)

IA2(p|d1) = II A2(p|d2); IA2(p � d1, p � d2, p � c) = II A2(p � d2, p � d1, p � c);

IA2(p � d1, p‖d2, p � c) = II A2(p � d2, p‖d1, p � c);

IA2(p � d1, p
2|d2, p � c) = I ′′A1(p � d1, p

2|m2/d2);

IA2(p � d1, p|c) = I ′′A1(p � d1, p‖m2/d2);

II ′′
A1(p � d2, p

2|m1/d1) = II A2(p � d2, p
2|d1, p � c);

II ′′
A1(p � d2, p‖m1/d1) = II A2(p � d2, p � c);

I ′′A1(p|d1) = II ′′
A1(p|d2); IB2(p|d2) = II B2(p|d1);

IB2(p � d2, p � d1, p � c) = II B2(p � d1, p � d2, p � c);

IB2(p � d2, p‖d1, p � c) = II B2(p � d1, p‖d2, p � c);

IB2(p � d2, p
2|d1, p � c) = I ′′B1(p � d2, p

3|m1/d1);
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IB2(p � d2, p|c) = I ′′B1(p � d2, p
2‖m1/d1);

II ′′
B1(p|d1) = I ′′B1(p|d2);
II B2(p � d1, p
2|d2, p � c) = II ′′

B1(p � d1, p
3|m2/d2);

II B2(p � d1, p|c) = II ′′
B1(p � d1, p

2‖m2/d2).

We deduce from the above that

Bf (TpPh1,m1 , Ph2,m2) = Bf (Ph1,m1 , TpPh2,m2).

On the other hand, we have

B∞(TpPh1,m1 , Ph2,m2)

= p−1/2B∞(Ph1(p·),pm1 , Ph2,m2) + p1/2B∞(Ph1(·/p),m1/p, Ph2,m2)

=
π

4
p−1/2

∑
d1|m1p,d2|m2;|m1|p/d1=|m2|/d2

1
d1d2

∞∫
0

h1(pd2η)h2(d1η)
dη

η2

+
π

4
p1/2

∑
d1|m1/p,d2|m2;|m1|/pd1=|m2|/d2

1
d1d2

∞∫
0

h1(d2η/p)h2(d1η)
dη

η2

= A + B,

say. Similarly

B∞(Ph1,m1 , TpPh2,m2)

= p−1/2B∞(Ph1,m1 , Ph2(p·),pm2) + p1/2B∞(Ph1,m1 , Ph2(·/p),m2/p)

=
π

4
p−1/2

∑
d1|m1,d2|m2p;|m1|/d1=|m2|p/d2

1
d1d2

∞∫
0

h1(d2η)h2(pd1η)
dη

η2

+
π

4
p1/2

∑
d1|m1,d2|m2/p;|m1|/d1=|m2|/pd2

1
d1d2

∞∫
0

h1(d2η)h2(d1η/p)
dη

η2

= A′ + B′,

say. One can easily check that

A(p|d1) = A′(p|d2); A(p � d1) = B′(p � d1);

B(p � d2) = A′(p � d2); B(p|d2) = B′(p|d1).

Thus,

B∞(TpPh1,m1 , Ph2,m2) = B∞(Ph1,m1 , TpPh2,m2).

This completes the proof that

Bω(TpPh1,m1 , Ph2,m2) = Bω(Ph1,m1 , TpPh2,m2).
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