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Abstract

This work is devoted to the analysis of the quantum drift-diffusion model derived by Degond et al. in [7]. The model is obtained
as the diffusive limit of the quantum Liouville-BGK equation, where the collision term is defined after a local quantum statistical
equilibrium. The corner stone of the model is the closure relation between the density and the current, which is nonlinear and
nonlocal, and is the main source of the mathematical difficulties. The question of the existence of solutions has been open since
the derivation of the model, and we provide here a first result in a one-dimensional periodic setting. The proof is based on an
approximation argument, and exploits some properties of the minimizers of an appropriate quantum free energy. We investigate as
well the long time behavior, and show that the solutions converge exponentially fast to the equilibrium. This is done by deriving a
non-commutative logarithmic Sobolev inequality for the local quantum statistical equilibrium.
© 2018 L’ Association Publications de 1’Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

The quantum drift-diffusion model was derived in [7] by Degond et al., with the goal of describing the diffusive
behavior of quantum particles. The widely used classical drift-diffusion model [19] is indeed not accurate as the size
of electronic devices decreases, and models accounting for quantum effects are necessary. The quantum drift-diffusion
model is obtained as the (informal) diffusive limit of the quantum Liouville-BGK equation

ihdio =[H, 0l +inQ(0), )]

where o is the density operator, i.e. a self-adjoint nonnegative trace class operator that models a statistical ensemble
of particles (here electrons), H is a given Hamiltonian, [, -] denotes the commutator between two operators, and Q
is a collision operator. The original feature of (1) lies in the definition of Q, which is of BGK type [2], and takes the
form, in its simplest version,
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1
Qo) = z (0e(0) —0), ()

where 7 is a relaxation time and g.(0) is a so-called quantum statistical equilibrium. The main motivation behind
equations (1)—(2) is to describe the collective dynamics of many-particles quantum systems, and in particular to de-
rive reduced quantum fluid models. To this end, Degond and Ringhofer translates in [8] Levermore’s entropy closure
strategy [17] to the quantum case. As in the kinetic situation, this requires the introduction of some statistical equilib-
ria, which, in the quantum case, are minimizers of the free energy

F(o) =TTr(B(0)) + Tr(Ho),

where T is the temperature (we will set i = T = 1 for simplicity, as well as all physical constants), 8 is an entropy
function, and Tr denotes operator trace. The free energy F is minimized under a given set of constraints on the
moments of o, which include for instance the density, the momentum, and the energy, and these constraints present
the particularity of being /local. In other terms, when prescribing the first moment only for simplicity of the exposition,
F is minimized under the constraint that the local density n[o](x) of o is equal to a given function n(x). If o is
associated to an integral kernel p(x, y), then n[p](x) is simply formally p(x, x). The analysis of the minimization
problem alone is not trivial, mostly because of the local character of the constraints, and was addressed in [20,21]
in the cases where the first two moments of o are prescribed. A case including the energy moment was recently
considered in [11].

In its simplest form, the collision operator Q is then defined after the equilibrium . (o), where g, (o) is a minimizer
of the free energy under the constraint n[p.](x) = n[p](x). When g is the Boltzmann entropy, then g, is referred to as
the quantum Maxwellian. Note that a rigorous construction of the latter as a minimizer of the constrained free energy F
is not direct, see discussions of this fact in [22]. With the so-defined o, (o) at hand, one can then consider the evolution
problem (1). The main difficulty in the analysis is the fact that the map o + ©.(o) is nonlinear, and foremost that it
is defined via an implicit intricate nonlocal relation (see further equation (3c)). The existence of solutions to (1) was
proved in [22] in a one-dimensional setting, the uniqueness and higher dimensional settings remain open problems.

The Quantum Drift-Diffusion model (QDD in the sequel) is obtained as the diffusive limit of (1) when g is the
Boltzmann entropy. For ¢ = t/7, where 7 >> 7 is some characteristic time, it is shown formally in [7], that a solution
0¢(¢) to an appropriately rescaled version of (1) converges as ¢ — 0 to a quantum Maxwellian of the form exp(—(H +
A(t, x))) (defined in the functional calculus sense), where A(z, x) is the so-called quantum chemical potential and
satisfies the system, that will be complemented with boundary conditions further,

on

o +V-(nV(A=V)) =0, (a)

_AV—n, (b) )
n=nle”H+D] = Z T )

peN

Above, V is the Poisson potential that accounts for the electrostatic interaction between the electrons. The corner stone
of the above system is the nonlinear nonlocal closure relation (3c), that expresses the relationship between the density
n and the potential A: n is the local density of the operator exp(—(H + A)). Assuming the Hamiltonian H + A has a
compact resolvant, the second equality in (3¢) holds for (A, ¢p) pen the spectral decomposition of H + A. Since A is
the main quantity here, the system (3a)—(3c) is probably best seen as an evolutionary problem on A rather than on 7.
One of our objectives in this work is to construct solutions to (3a)—(3c). The question has been open since the
derivation of the model in [7]. Some progress was made in [12], where solutions to a semi-discretized (w.r.t. the time
variable) system were constructed as minimizers of an appropriate functional. The continuum limit was not performed
in [12], mostly for two reasons: (i) uniform estimates in the discretization parameter were missing; they require some
lower bounds on the density n that were not available at the time, and (ii) the closure relation (3c) was not yet well
understood mathematically. We provide here the missing ingredients needed to pass to the limit, and therefore obtain
the first result of existence of solutions for (3a)—(3c): we derive a lower bound on the density assuming the initial
state is sufficiently close to the equilibrium, and, based on our previous analyzes of the minimization problem in
[20-22], we have now the technical tools to obtain (3c) as the limit of the discretized version. We will work in a
one-dimensional setting with periodic boundary conditions. The latter can directly be replaced by Neumann boundary
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conditions, while Dirichlet boundary conditions would create additional technical difficulties since the density would
vanish at the boundary.

The key ingredient in the proof of existence is the lower bound for n as many other important uniform estimates
depend upon it. Assuming the initial condition is sufficiently close to the equilibrium, our derivation of the bound
does not exploit any other properties of (3a)—(3c) than just the dissipation of the free energy. We believe it would be
possible to remove the assumption on the initial condition by replacing the strict positivity of #n by some integrability
of n~!. The latter remains to be established, and would require a nontrivial analysis of the system (3a)—(3c) beyond
the sole decrease of the free energy.

Our other objective is to investigate the long time limit of (3a)—(3c), and in particular to obtain an exponential con-
vergence to the equilibrium. This will be achieved by deriving some non-commutative logarithmic Sobolev inequality
satisfied by the operator exp(—(H + A(t, x))), in the spirit of those of [4].

As a conclusion of this introduction, we would like to point out that a different model is also referred to as the
quantum drift-diffusion model in the literature. This model, sometimes also called the “density gradient model”, is
a classical drift-diffusion model corrected by a quantum term. As was shown in [7], it is actually obtained in the
semi-classical limit of the quantum drift-diffusion model considered here, by accounting for the first-order correction.
In the density-gradient model, the closure relation is local and much simpler than (3c), and A is related to the so-called
Bohm potential A\/n//n, leading to a fourth-order parabolic equation of the form

on AJn
o +V. <nV (—ﬂ - log(n)>) =0. “)

One disadvantage of this model is the introduction of high order derivatives, that do not appear in (3a)—(3c). A closely
related model, obtained in the zero temperature limit (the term log(n) then vanishes in (4)), is the Derrida—Lebowitz—
Speer—Spohn equation [9,10], that was extensively studied mathematically in the recent years. The existence and
uniqueness of solutions was first limited to one-dimensional domains for the same technical reason as here, see
[3,14,16]. The existence of solutions was then extended to multi-dimensional domains in [13] using optimal transport
techniques, and in [15] with more direct methods.

Note that the QDD system (3a)—(3c) inherits some of the technical difficulties of (4) (or vice-versa), in particular
the strict positivity of the density, and presents new challenges as the closure relation is not local. In particular, the
monotonicity property of the high-order non-linear term in (4) obtained in [16], which is the main ingredient for
proving uniqueness, does not seem to generalize to our case and we are limited to an existence result.

The paper is structured as follows: in Section 2, we introduce some notation and important results about the min-
imization of the free energy F(p); our main theorem is stated in Section 3, and its proof is given in Section 4.
A technical lemma is finally proved in the Appendix.

Acknowledgment. This work was supported by NSF CAREER grant DMS-1452349. The author would like to
thank the anonymous referee for suggestions that helped improve the manuscript.

2. Preliminaries
We start by introducing some notation.

Notation. Our domain €2 is the 1-torus [0, 1]. We will denote by L"($2), r € [1, oc], the usual Lebesgue spaces of
complex-valued functions, and by wkr (£2), the standard Sobolev spaces. We introduce as well H k—wk2 and G, )
for the Hermitian product on L2(2) with the convention (f, g) = fQ fgdx. We will use the notations V = d /dx and
A =d? /clx2 for brevity. For a given external potential Vy € L°°(2), we consider then the Hamiltonian

H = —A + Vy with domain D(H) = {u € HZ(Q) cu(0)=u(l), Vu(0) = Vu(l)}. 5

The free Hamiltonian —A is denoted by Hp, and H ;e, is the space of H 1(©) functions u that satisfy u(0) = u(1).

Its dual space is H p_el,. We shall denote by L(LZ(Q)) the space of bounded operators on L2(Q), by J1 =71 (Lz)

the space of trace class operators on L2(2), and more generally by 7, the Schatten space of order r with norm
lellz = (Tr(le|"))"/", where Tr(-) denotes operator trace and |o| = +/0*0.
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A density operator is defined as a nonnegative trace class, self-adjoint operator on L?(£2). We introduce the fol-
lowing space:

&= {Q € J1, such that /Hololv/Ho € jl} ,

where +/Hy|o|+/Ho denotes the extension of the operator /Hp|o|/Hp to L?(£2). We will drop the extension sign in
the sequel to ease notation. The space £ is a Banach space when endowed with the norm

lolle = Tr(lel) + Tr(v/Holelv Ho ).
The energy space is the following closed convex subspace of £:
Er={oef:0=0}.

Note that operators in £ are automatically self-adjoint since they are bounded and positive on the complex Hilbert
space L?(2). For any ¢ € J; with o = o*, one can associate a real-valued local density n[g](x), formally defined
by n[p](x) = p(x, x), where p is the integral kernel of o. The density n[p] can be in fact identified uniquely by the
following weak formulation:

Vo € L®(Q), Tr(Po)= / ¢ (x)n[o](x)dx,
Q

where, in the left-hand side, ® denotes the multiplication operator by ¢ and belongs to £(L?(2)). In the sequel, we
will consistently identify a function and its associated multiplication operator. Throughout the paper, C will denote a
generic constant that might differ from line to line.

The next step is to introduce the minimization problem that is at the core of the closure relation (3c).

The minimization problem. We will work with the Boltzmann entropy B(x) = xlogx — x. For o € £&; and
Vn[ep]] =V the Poisson potential satisfying (3b) with boundary conditions V(0) = V(1) = 0 and density n[g] on
the right-hand side, we introduce the free energy F defined by

1
F(0) =Tr(B(e)) + Tr(v/Hoov Ho) + Tr(Voo) + 5 IV V7. 6)

Note that all terms above are well defined when o € £;: on the one hand, it is direct to see that n[p] € whi(Q),
and therefore elliptic regularity shows that the last term above is finite; on the other hand, the entropy term is finite
according to (24) in Lemma 4.2 further. It is moreover a classical fact that the mapping o — Tr(8(p)) is strictly
convex (see e.g. [20], Lemma 3.3, for a proof), and therefore F is strictly convex as well.

The theorem below characterizes the minimizers of F under a global density constraint. They will be shown to be
the equilibrium solutions to (3a)—(3c). The proof can be found in [23], up to minor modifications.

Theorem 2.1 (The global minimization problem). Let N € R . The problem
min F(0), for o€& with Tr(o)=N,

admits a unique solution that reads
Ooo =exp (— (H + Ax)),

where Ago = Voo — €F € H;e,,for €p a constant and
— AV =1n[0s0], Voo (0) = Vo (1) = 0.

Moreover, there exists a constant n, > 0 such that n[gso1(x) > n,,, Vx € Q.

The minimization problem of the last theorem can be recast into a Schrodinger—Poisson system as in [23]: since
Vo + Ax € L*°(K2), the operator H + Ao, with domain D(H) given in (5) is bounded below and has a compact
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resolvant; denoting by (A, V) pen the spectral decomposition of H + Ao (counting multiplicity and (A ) pen non-
decreasing), we have, a.e. in €2,

(H+Voo—€p)¥p=Ap¥p.  and  mlos]=Y e 7|yp[%
peN

Note that n[p~] is in L1() since Oco 18 trace class. The strict positivity of the density is not addressed in [23]: it fol-
lows from the fact that the ground state 9 € D(H) C C%(R) verifies ¥o(x) > 0 on Q according to the Krein—Rutman
theorem.

The next theorem addresses the minimizers of F' under local constraints, which is a much more difficult problem.
Its proof can be found in [20], while the representation formula (7) is in [22] (with a slight adaptation to non-zero
external potentials). Note that since the density » is given, the Poisson potential is known.

Theorem 2.2 (The local minimization problem). Let n € H,,,., nonnegative. Then, the problem

min F(0), for o€&y with nlol=n,

admits a unique solution. If moreover n > 0 on Q, the minimizer o[n] is characterized by

olnl=exp(— (H + A[n])),

where A[n] belongs to Hp_elr and is given by the implicit relation, for o = o[n],

1/1
Aln]=~Vo+ <§An +n[VoV] —nlo 10gQ]> . (7)

The definition of po[n] above shows that the closure relation (3c) is equivalent to define A as (unique) the chemical
potential arising from the minimization of the free energy F' (o) under the local minimization constraint n[p] = n. Note
moreover that we have the relations, for (o, ¢,) pen the spectral decomposition of ¢ = ¢[n] (counting multiplicity,
with (1) pen nonincreasing and converging to zero),

n[VoVli=—> p,IVé,l>.  nlelogol=  (pylogpp)l¢yl*.
peN peN

which are both defined in L' (2) since o[n] € £, This is clear for the first term, for the second one it is a consequence
of Lemma 4.2 further that shows that g log is trace class.

For completeness, we give below a formal derivation of the representation formulas for o[n] and A[n] of Theo-
rem 2.2. Since the Poisson potential V is fixed in the context of Theorem 2.2, it does not change the minimum of
F and we may set as well V =0 in (6). The most direct way to proceed is then probably to consider the penalized
unconstrained problem consisting in minimizing

1 2
F(o) + gllﬂ[g] —nl7.

among density operators in ;. Its unique solution g, is shown in [20] to converge to the solution o[r] of the con-
strained problem. The Euler—Lagrange equation for the penalized problem is then

logoe + H+ A =0, with A = (n[ge] —n)/e, 3
leading to o, = exp(—(H + A;)) and to the expression of o[n] after taking the limit. Note that the chemical potential

Alnle H p_el, is uniquely defined, for otherwise two different Hamiltonians H + A; (defined in the sense of quadratic
forms in H ;er), i = {1, 2}, would share the same set of eigenvalues and eigenfunctions given by (—logop, ¢p) peN.

Regarding the expression of A[n] stated in (7), the Euler-Lagrange equation (8) holds with o, = g[rn] =0 and
Ag = A[n], and leads to

nfplogol+ A[n]n +n[oH + Hpo]/2=0

after multiplying by o on the left and the right and by taking the local trace. Since some algebra gives n[oH + Hp]/2 =
Von — An/2 —n[VoV], we recover (7).
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With Theorem 2.2 at hand, it is possible to recast QDD as a gradient flow, at least formally. For n given as in the
theorem, and for A = A(x), define indeed the Lagrangian L, (o, A) by
Lu(0,») =F(0) + (mlg] —n,1).

In the free energy F, we now account for the Poisson potential V. The minimizer o[n] is then such that
F(o[n]) = min max Ly(o,2) = max min L, (g, A) = max Ly(ox, A),
0 0

where @, verifies DF (0,)(80) + (n[8g], A) =0 (with DF(0,)(80) the Gateaux derivative of F at g, in the direc-
tion §p), leading to the expression g = exp(—(H + V[n[o,]] + X)). For A[n] the solution Lagrange parameter, a
standard calculus of variations argument shows that

d
Vén, — F(o[n + tén)) = —(8n, A[n]).
dt =0
This shows, defining A[n] := V[n] 4 A[n], with V[n] = V[n[0,[41]], that the L? Gateaux derivative of F (o[n]) with
respect to n, denoted § F'(o[n])/Sn, verifies

dF (o[n])
én

The quantum drift-diffusion equation then becomes

3_n_v' (nVSF(Q[n]))zo, 9)

= —(A[n] = V[nD.

ot én

which is the classical form of a gradient flow in the Wasserstein space. The standard theory, see e.g. [1], covers cases
where F is a nonlinear, local, functional of n, or non-local functionals of convolution type. Here, our functional
n +— F(o[n]) is non-local and not of convolution type, and is much harder to analyze. We were in particular not able
to prove the so-called geodesic A-convexity, which leads to the existence and uniqueness of solutions for equations of
the form (9) under appropriate hypotheses. We then decided to follow a different route than that of gradient flows.
We turn now to the semi-discretized version of (3a) introduced in [12], which is the starting point of our analysis.

The semi-discretized equation. For ng given, the system reads

Nig1 — g

HT + V(1 V(Ags1 — Ves)) =0 ()

—AVit1 =Nk (b) (10)
M1 = ) peN e Mol [ Ay ]2 ©

where (A,[A], ¢,[A]) pen are the spectral elements of the Hamiltonian H[A] with the same domain as in (5). Solu-
tions Ag to (10a) are soughtin H }1, or»and those of (10b) in HO1 (€2). Before stating an existence theorem for (10a)—(10c),
we introduce the following functionals:

1
f[n]=—fn<A[n]+1)dx+§/|vvm]|2dx, an
Q Q
which is formally equivalent to the free energy F(o[n]) (a proof is given in Lemma 4.7 further), and
1
Y[n]= —/ (n(A[n] —Alns]) +n — noo)dx + 3 / IV(Vn] — V[noo])|2 dx, (12)
Q Q

which is essentially the relative entropy between p[n] and o (above ny = n[ox]). Above, the equilibrium o is
the solution to the minimization problem of Theorem 2.1 with global constraint Tr(oso) = |70l 1-
According to [12], Theorem 3.1, the following result holds.
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Theorem 2.3. Let nyg € CO(Q) such that ng > 0 and Vo € L®(S2). Then, &e system (10a)—(10c) admits a unique
solution such that, for all k e N, Ay € H; Vi € HOl (), and nx € CO(Q) with ng > 0. We have moreover the
following relations, for all k € N:

fnkdx=/n0dx (13)

er’

Q Q
k—1

Flud+ Y / njIV(Ajs1 = Visn)Pdx < Flno] (14)
J=0¢g

Slni] < Slnol. (15)

Relation (14) is the discrete counterpart of the free energy dissipation (19) stated further. Besides, since X[n(#)]
can be written as X[n(t)] = F[n(t)] + C for some constant C, then X[n(¢)] decreases as well and (15) is the discrete
version of this.

We present in the next section our main result, obtained in part by passing to the limit in (10a)—(10c).

3. Main result

We define first the weak solutions to (3a) for an initial condition ng € L2(Q): for T > 0 arbitrary, we say that
(n, A, V) is a weak solution if n € L*(0, T, L*(Q)), A € L*(0, T, H,,,), V € L*(0, T, Hj (%)), and if for any ¢ €
C'([0,T], H},,) with ¢ =0 for t > T, we have

T T

/(n,a,(p)dt—i-(no,(p(O))+/(nV(A— V), Ve)dt =0. (16)
0 0

We introduce as well the relative entropy between two density operators ¢ and o':
S(0,0) =Tr(o(logg —logo)) € [0, oc]. (17)

Some properties of S can be found e.g. in [24]. Our main result is the following.

Theorem 3.1. Let no € H L Then, there exists 8§ > 0 such that the condition

per*
1
Zln0l = (00, 000) + 51V (Vo = Voo 72 <0 (18)
implies that the system (3a) admits a weak solution (n, A, V), where n € L*(0, T, Hller), an € L%, T, H;e]r)’
AeL?,T, H;er), andV € L*(0, T, HO1 (R2)). The associated quantum statistical equilibrium o := exp(—(H + A))
satisfies o € L*(0, T, E1) and HyoHo € L*(0, T, [J). The free energy satisfies moreover the relation, t a.e.,
d
E]:[n(t)] = —/n(t)IV(A(t) — V(@)|*dx. (19)

Q

Finally, the solutions converge exponentially fast to the equilibrium: there exists i > 0 such that

Fln(0)] = Flneol < (F[n(0)] — Flneol) e . (20)

Some comments are in order. The condition (18) expresses that the initial state has to be sufficiently close to
the equilibrium. It is a crucial point for the derivation of the bound from below for the density. The proof of the
latter exploits the Sobolev embedding H'(2) € L°°(2), which is only valid in a one-dimensional setting. In higher
dimensions, the condition (18) alone without the use of the embedding does not seem to be sufficient, and we are
therefore limited to the 1D case since the bound from below is a key ingredient. Besides, the inequality (20) implies
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the exponential convergence of ¢ to o in J2. We have indeed, since g~ is @ minimizer of the free energy under the
global constraint,

0=<F(e®) — F(oo) = Fln(®)] — Flnool,

and we will see further in Lemma 4.15, in conjunction with the Klein inequality of Lemma 4.1, that

Cllo() — 000l < S(0(1), 000) < F(2(1)) — F(Qoo) < C'e ™. 2n

The exponential convergence is obtained by deriving a non-commutative logarithmic Sobolev inequality in the
spirit of [4]. Denoting by n the lower bound for the density n that will be obtained in the proof of Theorem 3.1, we
will show that

F(@) = Fos) < Cn ' IVAV(A = V)2, . (22)

that can be recast in a more standard form as follows. For the sake of simplicity of the exposition, suppose here that
lnoll ;1 = 1, and therefore Tr(o) = 1, and suppose as well that electrostatic effects can be neglected so the Poisson
potential V is zero. This implies in particular that A, is a constant. Introducing the operator £ = —[H, [H, -]]/2,
a simple informal calculation based on the cyclicity of the trace and on the commutation between H + A and o shows
that (see [6] for more details),

IVAV Al ) = IVAV(A = Aco) 72
=Tr(V(A — Axo) - V(A — Ax)0)

1
= —3Tr((A ~ A)[A. [4 — Ax. 0]])

= —Tr((A — Aoo),CQ) = Tr((logg — log QOO)LQ).
Together with (21) and (22), this leads to

CS(0. 000) < Tr((logo — log 0os) L0)-

When the latter holds for any density operator o, the above inequality is referred to as a modified Log-Sobolev
inequality of constant C (for the operator £), see [4]. Here, the inequality holds for our solution o but clearly does not
hold for all density operators, as any operator of the form f(H) cancels the right-hand side (as £ f (H) = 0), leading
t0 0co = f (H) which is absurd when f(x) # e™*. Note that the operator £ naturally arises in the derivation of QDD
from the quantum Liouville equation, since the weak form of (3a) can be expressed formally as (when V = 0),

Tr([0:0 — Lo]¢) =0, Y.

The proof of Theorem 3.1 is decomposed into several steps. In section 4.1, we state various lemmas important for
the proof. In section 4.2, we derive a uniform bound from below for the density ny solution to the semi-discretized
QDD. This leads to uniform bounds for ny, A and Vi, which allow us, using classical compactness arguments, to pass
to the limit in (10a) and to recover (3a). This is done in section 4.3.1. Obtaining the closure relation (3c) is the more
difficult and interesting part. This is done by in section 4.3.2 by deriving some stability estimates for local minimizers
of the form of Theorem 2.2, and by using the representation formula (7). Finally, the exponential convergence is
addressed in section 4.4, and is a consequence of the inequality (22) and the dissipation of the free energy (19) proved
in section 4.3.3.

4. Proof of the theorem
We start with a series of technical lemmas that will be used throughout the proof.
4.1. Preliminary technical results

The first lemma below is crucial and provides us with a lower bound for the relative entropy. It is taken from [18],
Theorem 3.
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Lemma 4.1 (The local minimization problem). For all o1 and g in £, we have

CTr((1 + |logoa)(o1 — 02)%) < S(o1, 02),

where C is independent of 01 and 02, and S is the relative entropy introduced in (17).
The next lemma, proved in [20], shows that the entropy Tr(,B (Q)) is well defined for density operators in ..

Lemma 4.2. There exists C > 0, such that, for all o € &,

~Tr(B(e)) < C(Try Hoov/Ho)'"* (23)
Tr(18(0)1) < Cllolle. (24)

We will need as well the following Lieb—Thirring type inequalities (the elementary proof based on a series expan-
sion of n[p] in terms of the spectral elements of ¢ can be found in [22], Lemma 5.3):

Lemma 4.3. Suppose o is self-adjoint and belongs to E. Then, the following estimates hold:

1/4, ,3/4

Inlelllcog, < Cliell % el (25)
1/4 3/4

IValelll,2 < Cliell s llell Y. (26)

The lemma below provides us with additional regularity on the local minimizer knowing the potential in the Hamil-
tonian is in L?(£2). This will be an important point in the identification of the limit version of (10c). The proof is given
in the Appendix.

Lemma 4.4. (Regularity of the minimizer). Let W € L*(Q) and define o = exp(—(Ho + W)). Then o € £, and
HooHy € J1, with the estimate

Tr(HooHo) < C +C(1+ IWI1%)llelle. 27)

The next two lemmas are classical results about eigenvalues and eigenvectors of density operators. The proofs can
be found for instance in [20], Lemmas A.1 and A.2.

Lemma 4.5. Let o € £, and denote by (pp) peN the eigenvalues of o (nonincreasing and counted with multiplicity),
associated to the orthonormal family of eigenfunctions (¢p) pen. Denote by (A,[H])peN the eigenvalues of some
nonnegative self-adjoint Hamiltonian H with compact resolvant. Then we have

Tr(VHovH) = Z pp (VHOp N HSp) = Z pp »plH].

peN peN

Lemma 4.6. Let ¢ and o be two nonnegative trace class operators such that o converges strongly to ¢ in L(L*()),
and denote by (pp) pen and (p};’ ) peN the eigenvalues of o and on. Then, there exist a sequence of orthonormal

eigenbasis (q)ll,v ) peN of on, and an orthonormal eigenbasis (¢ ) peN of 0, such that,

: N _ : N _
VpeN,  lim p)=p,  lim (9}~ @plli2e) =0.

The last lemma allows us to identify the free energies F'(¢) and F[n], respectively defined in (6) and in (11), when
o is the minimizer of F and when n = n[p]. We obtain as well some bounds on the relative entropy between two
minimizers in terms of the difference of their associated potentials and densities.

Lemma 4.7. Let A € L*(Q), and define o = exp(—(H + A)) with the notation n = n|g]. Let moreover W1 and W,
be in LZ(Q), with o; = exp(—(Hp + W;)), nj =nlp;], i =1, 2. Denote by (nxo, Ao, Vo) the solution to the global
minimization problem of Theorem 2.1 with N = Tr(o). For F (o) the free energy of o defined in (6), V = V[n] the
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Poisson potential, X[n] defined in (12) and S(0;, 0;) the relative entropy between o; and @ defined in (17), we have
the relations:

1
Fl@)=—(A+1m+ VI (28)
1
Zin] = S(0. 000) + S IV(V = Voo)lI 2 (29)
S(e1,02) + S(02,01) < (Wo — Wy, n1 —np). (30)

Proof. The proof essentially consists in justifying the straightforward formal calculations. According to Lemma 4.4,
we have o € £ and HyoHy € J; since Vo + A € L?(2), and therefore

Tr(\/ﬁog HO) = TI'(QH()).

In the same way, the above regularity ensures that

Tr(ologe) = —Tr(e(Ho + Vo + A)),
which leads to (28) following the definition of F(p). Regarding (30), we have again from Lemma 4.4 that o; € £+

and Hyo; Hy € J1. This implies in particular from (25) that n[g;] € L*°(£2), and from (24) that Tr(gi log Ql') is finite.
Similarly, since logoj = —Ho — W;, Tr(gi logo;) is finite. As a consequence

S(0i,0;) = Tr(oi(logoi —loge;))
=—(n;, Wi = W;),

which leads to (30) summing S(o1,02) and S(02, 01). The relation (29) is obtained by setting W; = Vy + A and
W; = Vo + A (which is in L3() according to Theorem 2.1) in the latter equation and by identifying with (12). O

The first step of the proof is to obtain uniform estimates for the semi-discrete problem (10a)—(10c).
4.2. Uniform estimates for the semi-discrete problem

C CY(Q) be the initial density of Theorem 3.1. We will prove in Proposition 4.9 further that the

condition (18) on the initial relative entropy S(00, 00) implies that ng(x) > 0 on Q. As a consequence, we obtain
from Theorem 2.3 a unique sequence of solutions (ng, A, Vi)ren to the semi-discretized problem. We define then
ok = exp(—(H + Ay)), which belongs to £ according to Lemma 4.4 since Ay € H;g,. By construction, we have
n[ox] = ng, and according to Theorem 2.2, g is the unique minimizer of the free energy F (o) under the constraint
n[p] = ni. We introduce moreover the notation Fy := F(gx). Note that since HoorHo € J1 by Lemma 4.4, we have
Fy = F[ng] according to (28), which will be used throughout the proof.

We have then the following lemma:

Let ng € H}

per

Lemma 4.8. The solution to the semi-discretized system (10a)—(10c) satisfies, Vk € N,

lloklle =C 31
Inill g =C (32)
|Fy| < C, (33)

for a constant C independent of k and At.

Proof. First, we have from the decay of the free energy stated in (14) that Fy < Fy, Vk € N. Then, estimate (23) and
the Young inequality yield from the definition of F(gg),

CTr(\/FoQk Ho) +Tr(VOQk) < Fi = Fo.

Since Vp € L*°(2), the trace term involving Vp can be bounded by
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Vollzee lloxll 7y = Vollzee linkll Lt = I Voll L lInoll .1

thanks to the conservation of the L' norm of given in (13). Along with Tr(ox) = ||nol| 1, this proves (31). Estimate
(32) is a consequence of (31), (25), and (26). The bound (33) is direct since following (23) and (31),

1/2
—~C = —=C (Tr(vHoor/Ho)) = Vol ol < Fe < Fo.

This ends the proof. 0O
The next proposition is crucial, and provides us with a uniform bound from below for the local density ny.

Proposition 4.9 (Bound from below for the density). Let ng € H!, , nonnegative. Then, with X[ng)] defined in (18),

per’

there exists § > 0, and n > 0 independent of k and At such that the condition

Y[nol =6
implies
ny(x) >n, Vk e N, Vx € Q.
Proof. Suppose first that the lower bound is satisfied for k = 0, so that the hypotheses of Theorem 2.3 on the initial

condition ng hold. We treat the case k = 0 at the end of the proof. The key fact is that the first term in the definition of
Y[ng] is the relative entropy between oy and oo, that is, according to (29) and (13),

- / (i (Ax — Aoe) + 1k — 1100 dx = S0k 000) = Tr(0x (log(0r) — 10g(2s0))-
Q

The inequality of Lemma 4.1 then implies that, for all k € N*,

llox — @ooll, < CS (0 0oo)-

Since S(0k, 0c0) < Z[ni] < X[ng] for all k according to (15), we conclude from X[ng] < § that

llox — 0coliZ, < C8.
Besides, (25) yields

1/4
lInk = nosll oy < Cllok — ool (lloklle + llosolle) 4, (34)
which, together with (31) and Theorem 2.1 for the fact that o, € &4, leads to

Since finally neo(x) > n  on € according to Theorem 2.1, this concludes the proof for k € N* by setting 8 sufficiently
small.

When k = 0, a similar argument carries over: let oo be the unique solution to the minimization problem of Theo-
rem 2.2 with constraint ng. According to this latter theorem, oo belongs to £;. Then (34) holds, and the lower bound
is obtained as above. This ends the proof. O

Remark 4.10. We investigate here the dependency of the parameter § of Proposition 4.9 on some important physical
parameters. We consider a periodic domain of length L, and include an appropriately rescaled Planck constant € in
the free Hamiltonian Hy, i.e. Hy = —s>A. Based on the inequality

— 1/2 1/2
Cligl=w. < LIl 20,y + 10l o 1, 191 oy 1)

the Lieb—Thirring estimate used in the proof of Proposition 4.9 becomes, with u = oy — 00,
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1/2
Clinulll(0.1) = (L) ull Y (Te(v/Holuly/Ho))
3/4
+ =2l ! (Te(v HolulVHo) )

where C is a constant independent of u, ¢ and L. The latter estimate is derived by adapting the proof of (25) given

in [22]. Moreover, Lemma 4.1 can be refined by, see e.g. [5],

1 1)
lox = 00oll’7, < llex = eocllZ, = 5S(0k, 000) < 5.

The decay of the free energy implying that Tr(«/HoQk«/Ho) < C, with a similar relation for o, independently of L
and ¢, we find, following the lines of the proof of Proposition 4.9,

s1/4 s1/8
In[u]llzoc,) < C——+C— :=Co(S, ¢, L).
Le g3/2

We quantify now a lower bound for n[p], neglecting for simplicity the Poisson potential and Vj, and assuming
Tr(0so) = 1. In this case, the ground state is the constant function 1/L'/2. Hence,

n[os] > e_AO"L_l, with e A — (Tr(e_HO)>_1 ~eg,
and we obtain finally

nfor] > e 4L~ — Cy(5, e, L).
This shows that 6 must decrease sufficiently fast to zero as ¢ — 0 for the strict lower bound to hold, and in that case
the latter goes to zero as ¢ — 0 and the size of the domain increases. This means in particular that the study of the

semi-classical limit of QDD would require a different strategy than the one we adopted here since our estimates are
not uniform in ¢.

We will need in addition the following bound on Ay.

Corollary 4.11. We have the estimate
IAkl1 <C. VkeN,
per

for a constant C independent of k and At.

Proof. The estimate is a consequence of the representation formula (7): we have first, thanks to Proposition 4.9,
Lemma 4.2 and (31),

VorV] — 1 1
nlve: V] n:‘[g" 0801 =+ (T0(v/Hoouy/Ho) + Te(1B(e0)]) + Tr(ex)) < C.
L n
On the other hand,
— < —lnllgr + = llnelly = C,
ng Hp—el, n n

by Proposition 4.9 and (31). This, together with Vp € L°°(2), concludes the proof. O

The next step of the proof is to define approximations of (n, A, V) from (nx, Ak, Vi)ken and to pass to the limit.
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4.3. Passing to the limit

Let T > 0, and for N > 1, set At =T /N in (10a). We define ny (¢, x), AN(t,x) and VN(t,x) as the following
piecewise constant functions, for (¢, x) € (0, T) x Q:

ﬁAN(t,X) =ngq1(x)
An(t, x) = App1(x) when ¢ € (kAt, (k + 1)At], k=0,--- ,N—1.

Vi (2, x) = Vg1 (x)

We define in the same way the operator gy (¢). From the semi-discretized equation (10a), we deduce that the functions

Ay, Vy and Ay satisfy, for all ¢ € C'([0, T, H},,.), with ¢ =0 for t > T,

1

T
~ / (AN (1) — ANt — A1), @(1))dt
0

T
= / (An(t = ADV(AN () — VN (1)), Vo ())dt.
0
We recast the left-hand side as
T

1
~ (An@) — ANt — AD), @(1))dt (35)
0

! T—At
= / (AN (), p(t) — @t + AD))dt
0

T

0
1 1
+ (sz(t),rp(t))dt—E / (AN (D), ot + Ab))dt

T—At —At
In the last term above, we include the initial condition by replacing iy (¢) by ng for ¢ € (—At, 0). The first step is
to pass to the limit in (35) in order to recover the weak formulation (16). We will need for this the estimates given the
next proposition.

Proposition 4.12. The following uniform bounds hold:

1Nl oo, 7,01y = C (36)
n<ny(t,x), Y(t,x)€(0,T) x Q 37)
IVl oo 12y < C (38)
IAMel 20 <C (39)
1AN 20,711y < C (40)
lonllz.7.6) < C 1)
lHoon Holl 20,7, 7,) < C- (42)

Above, (AN)Q denotes the average ofAN over L, i.e. (AN)Q = fol AN(x)dx. Moreover, for any h € (—1, 1), and for
N (¢, x) :=an(t + h, x), with extension ny (¢, x) =0 if t ¢ (0, T], we have

||'L’hﬂ]\/ - ﬁN ”Ll(OsT»H;elr) f C\/E (43)
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Proof. Estimate (36) follows from (32) and
AN Lo, 7, 11y < SUp Inkll g
keN

The bound from below (37) is a consequence of Proposition 4.9. Estimate (38) follows from (36), the Poisson equa-
tion (10b), and elliptic regularity. Estimate (39) is obtained by noticing that

1
Fi = —(Ak)gz/nkdx - /nk(Ak — (Ao + l)dx + 3 / |VVk|2 dx.
Q Q Q
Dividing by [|ngll 1, the latter equation, together with (13), (38), and (33), shows that

(Al < CIIVVil?, + CllAc — (ADallL= + C
< C+C|VAUl
< C+Cllynk—1VAgl 2.

In the second line above, the fact that H'(Q2) C L>°(2) and the Poincaré—Wirtinger inequality in order to control
Ax — (Ap)q in L3(Q) by its gradient in L2(2). In the last line, we used the lower bound of Proposition 4.9. Then,

N-1
I(AN)@ 720 7y < C +CALY f njIV(Aj41 = VipDPdx
j=0¢

+ClAn L. 7.0 IV VNl Lo (0.7.12)
<C,

thanks to (14), (36), and (38) for controlling the Poisson potential. Estimate (40) follows then from the bound (14)
on the free energy, the lower bound (37), the bound (38) for the Poisson potential, and a combination of (39) and
the Poincaré—Wirtinger inequality. Estimate (41) is a consequence of (31). Regarding (42), we remark first that

||A Nl oo O.T.H) S C according to Corollary 4.11. Together with (40) and standard interpolation, we can conclude
s L per

that ||AN ||L4(0,T,L2) < C. The result then follows from (27) and (31).
We turn now to estimate (43). Let ¢t € (0, T) witht ¢ U := {kT/N, N e N*, k=0, ---, N}, and let first & € [0, 1).
Write then t = ky Af +ry and h = ky At + o, where k| and k» are integers, and where r| € (0, Af), r2 € [0, At). When

r1 +r2 < At, we have, for any ¢ € C'([0, T, H;er),

IN(t, h) (@) == (ANt +h) =N (@), ¢) = (g +1+k — Nk +1, D),
with np =0 for k > N, while when r{ + r, > At, we have
In(t, (@) = (N 424k, — Nk +15 9)-

Let us start with the case r1 +r2 < At. Using (10a), we can recast Iy as the telescopic sum (below, a A b = min(a, b)),

(k1+k2)AN (k1 +k)AN
INGR@) = Y (pri—np ) =AY (1pV(Apr1 = Vpi1), Vo).
p=k1+1 p=k1+1

Hence, the Cauchy—Schwarz inequality leads to

N, (@) = VALVl 2 sup [l /npllLe
P N

o

(k1 +k2))AN 172
2
slar Y IyapV(Ap = VoDl
p=ki+1

Together with (14) and (32), this yields by duality, since kp At < h,
linG+h) — ANl -1 <CVh,  VNeN',  Vhel0,),
per
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which holds for all # ¢ U. Note that the latter inequality cannot hold for t € U since when ¢ = kWT for instance, then

ny(t) = ng while ay( + h) = ngyy for h € (0, At). We find the same estimate when r; + rp > At. Since U is
countable and therefore of Lebesgue measure zero, we obtain (43) when /4 > 0. The case & < 0 follows similarly. This
ends the proof of the proposition. O

4.3.1. Passing to the limit in the weak formulation (35)
We have now all the required estimates to obtain (16).

Compactness. For a finite constant C > 0 and |h| < 1, h # 0, let S be the set defined by
2 —1/2
S= {14 € L¥(0,T, L*(Q)), ||u||Lw(o,T,H1) +nY ||Thu||L1(0’T,pre§_) = C},

where tpu(t) := u(t + h). Then S is relatively compact in L2(0, T, L3(R)) as an application of the Riesz—Fréchet—
Kolmogorov criterion: Indeed, for (A, hy) € (—1,1) x (=1, 1), let Ty, p,u(t,x) = u(t + hy, x + hy), where u is
extended by zero when ¢t + h; ¢ (0, T). Then,

I Thy ny e — ullp2) < 1 Thy hyt — 771,,0M||L2(Q) + 1 Tn,.0u — ullp2q)- (44)

For the last term, we write
2
”77”,0” - M||L2(Q) = (7;1,,014 —Uu, 77”,0” - M) =< ||77lr,01't - u”Hp*; ||771t,0u - M”Hl
=< 2||M||L0<>((),T,H1) I 7h, ou — M”H,Te]r'
Integrating in time and using the bounds given in the definition of S, this yields
1/4

I Th,.0u — ull 207,12y < Clhe| %, YueS. (45)

The remaining term in (44) is standard owing to the H' regularity in the spatial variable and we find
1/2
Tyt = Thyoull 20.7.02) < Clhx] 2 VueS.

This shows the relative compactness of S in L2(0, T, L%()).

Now, according to (36) and (43), the sequence (7i ) yen* belongs to S for an appropriate C. There exists therefore
ne L2(O, T, L2(SZ)), and a subsequence (still denoted by (nx)yen~; this abuse of notation will consistently be done
with any subsequences), such that 7iy — n strongly in n € L%(0, T, L*(2)). The bound (36) implies moreover that

nelL*0,T,H ;er), and (45) with u = iy shows that 71y and ta7y have the same strong limit. Furthermore, we
conclude from (40) that, along subsequences, AN — A weakly in L2(0, T, H;er) for some A € LZ(O, T, H;e,), and

from (38) that VN — V weakly-* in L*°(0, T, HO1 () for some V € L2(0, T, Hol(Q)). We can now pass to the limit
in (10a).

The limit. According to what we have found above, we have, for all ¢ € C%([0,T], H ; ), withp=0fort>T,

er
T T
ngnoo (An(t — ADV(AN (1) — Vy (1), Vo (1)) =/(n(t)V(A(t) —V(0), Vo(@®)).
0 0
It remains to treat the terms TlN , T2N and T3N in (35). We have for TN, and some 7y(¢) € (7,1 + At):
T—At T—Ar

N 5 At . 2
T, =——‘/ Ommﬂ,&wﬁDdt—-E—‘/ (i (1), 2 p(to(0))dr.
0 0

The first term converges to

T
—/moxmwnwr
0
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since iy converges to n strongly in L2(0, T, L*(Q)) as mentioned before, while the second one converges to zero
thanks to (36). For TZN, we use the fact that ¢(t) = d;¢(¢t) =0 for t > T, which leads to, for some #{(¢) € (¢, T),

1
1= [ Gnp - o(ryar

T—At

=2A; / (t = TV (AN (0), duep(t1 (1))dt.
T—At

The last term can be controlled by
CAt|AN L= 1.12)>

and therefore goes to zero as N — co. The term T3N is straightforward and yields
Jim T3 = —(no, 0(0)).

We therefore recover the weak formulation (16). The lower bound on the density is obtained as follows: from the
strong convergence of iy in L?(0, T, L*(R)), we deduce that there exists a subsequence such that 2y — n almost
everywhere in (0, T) x 2. Passing to the limit in (37) leads to

n<n, ae. (0,T)x Q.

Finally, the fact that 8;n € L?(0, T, H 1) follows directly by duality since, for any ¢ smooth supported in (0, T),

per
T T

/(n, orp)dt [(nV(A — V), Vp)dt

0 0

Il Lo 0.7.Lo0) IV(A = V)20, 7,22y IVl L2007, 1.2)

=ClVel20,7,12)-

We turn now to the derivation of the relation between the limiting n and A, which is the most delicate part of the
proof.

IA

IA

4.3.2. Passing to the limit in the closure relation (10c)

The proof requires more work than the previous direct limit. The starting pomt is to consider oy = exp(— (H +
A ~)), which is the solution to the local minimization problem with constraint ny. For A and n the limits of A N
and 7y obtained before, the goal is to show that gy converges to exp(—(H + A)), where n[exp(—(H + A))] = n.
The main difficulty is that we only have weak convergence of Ay with respect to the time variable. With at least
almost sure convergence in time and strong convergence in space, it would be direct to conclude from classical
perturbation theory that the expected limit holds. Here, we need to proceed differently, and the key ingredients are the
representation formula (7) and the stability estimate (30). The latter allows us (i) to show that the limit of g is of the
form exp(—(H + A.y)) and (ii) to transfer the strong convergence in time of 71y to 0, while the former allows us to
conclude that A4 = A.

The first step is to obtain more compactness results.

Step 1: more compactness. We deduce first from (13) that

o lzoso,7.70) = ITr(@n) Lo, 1) = AN | Loogo.7.2.1) = 0]l 1

We can therefore extract a subsequence such that oy — @ weakly-* in L°°(0, T, 7;). In the same way, we con-
clude from (41) that ~/HoOn ~/Ho — ~/Hoo~/Hy weakly-x in L>°(0, T, J1), and from (42) that Hypy Hy — HpoHy
weakly-# in L>(0, T, J;). If we assume temporarily that o is indeed our expected limit, i.e. 0 = exp(—(H + A)), we
obtain in particular the regularity stated in Theorem 3.1, that is o € L*°(0, T', £+) and HyoHy € L2(O, T,70).
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Consider then the limit n of 71y, which belongs to L*°(0, T, pe,) and verifies n < n, a.e.in (0, T) x Q. According
to Theorem 2.2, the free energy F(u) admits a unique minimizer under the local den51ty constraint n[u] = n(t), t
almost everywhere. We denote by o.4[n(¢)] € £ the solution, and by A., (1) € H per ! the corresponding Lagrange
multiplier. We want to show that A, = A. A step towards this is to show that g.4[n] = o, which is a consequence of
the following lemma, proved at the end of the section.

Lemma 4.13. The chemical potential A., belongs to L2(O, T, L2(Q)).

The latter lemma allows us to use the stability estimate (30) together with Lemma 4.1 to conclude that, ¢ a.e.,

Tr(Qeq[n(1)] — @N(t))2 < C(Aeq(t) — AN (1), in () — n(1)).

Integrating in time, we find

l0eqln] — @N”iz(o,T’Jz) < (l1Aeqllz200.7,12) + 1AN 1200 7,12)) AN = 2ll 120, 7,12 (46)

The strong convergence of 7y to n in LZ(O, T, L2(Q)), together with the bounds (40) and Lemma 4.13, imply that
ON converges to Oeqln]. Since on converges as well to ¢ weakly-* in L°°(0, T, J1), this shows that o = Oeqln].
It remains to identify A, with A, which is done with the representation formula (7).

Step 2: passing to the limit in the representation formula. According to (7), we know that A, reads, since we have
just proved that ¢ = g¢q4[n],

1/1
Ag==Vo+ (5 An+n[VoV] —n[glog Q]) : “47)

We want to recover the right-hand side above by passing to the limit in the representation formula for An. We have
then, for any ¢ € C%([0, T] x Q), periodic in x,

T T

Lo . 1. . . .
/(HNAN, p)dr = f (—inVo+ EA”N +n[VoyV] —n[oylogdn], ¢)dt
0 0

(R Voo 9)di + — / (. Ap)dr

T

Tr(VonV ¢)dt /Tr (onlogon ¢)dt.
0

O\ﬂ O\,\]

Owing to the weak-* convergence of 71y in L*°(0, T,
presents no difficulty and yields the sum

per) passing to the limit in the first two terms in the r.h.s.

T | T
—/ (nVo,(p)dt+ 5/(11,A(p)dt.
0 0

Besides, the strong convergence of iy in L?(0,T,L?(Q2)) combined with the weak convergence of Ay in
L*(0,T, H},,) show that the Lh.s. converges to
T

/(nA,go)dt.

0

The two remaining terms are treated as follows: Write, using the cyclicity of the trace in the third line,
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Tr(VonV ¢)dt

S —

Tr(V(Ho + 1)~ (Ho + Dén (Ho + D(Ho + 1) ™'V ¢)dr

Tr((Ho +Don (Ho + D) (Ho +1) ™'V oV (Hy + 1)~ ")dr

-/
[

From the facts that (Hy +1)~!'V ¢V (Hy +1)~! is compact and that Hyoy Hy — Ho0Ho weakly-x in L2(0, T, J),
we can conclude that (Hy + Doy (Hy + 1) — (Hy + D)o (Hp + 1) weakly-* in L%(0, T, J), and therefore that

T T
lim Tr(VQNVgo /Tr VQV(p
N—o00

0 0

Regarding the last term involving o log 0, we have the following lemma, proved at the end of the section:
Lemma 4.14. For almost all t in (0, T), the operator B(0n (t)) converges weakly in J to B(o(t)).

We then write (mostly for notational convenience),
T T T
/ Tr(on logdn ¢)dt = f Te(Bon) )dt + | Gin. @)dt.
0 0 0

Then, according to estimates (24) and (31), we have

ITr(Bon) @)l < @l 7, 1B@M L0, 7.7 < C,
which, using dominated convergence together with Lemma 4.14 leads to

T

hm /Tr ,B(QN)go /Tr ,B(Q)
0
Finally, the latter, together the weak-* convergence of 71y to n in L*°(0, T, H Per) shows that
T T
Nlim Tr(@N logon (p)dt = /Tr(g logQ(p)dt.
—00
0 0

Collecting the expression of A,, given in (47), and the various limits that we obtained, we can conclude that A., = A.
Hence, n and A satisfy the closure relation (3c). In order to conclude the proof of existence, it remains to prove
Lemma 4.13 and Lemma 4.14.

Proof of Lemma 4.13. We show first by duality that A7iiy € L2(0, T, L*()). Indeed, for a test function ¢, we have

T T

/ ((A —Day, (p)dt = / Tr(@N(Ago — go))dt
0 0
The latter can be controlled by

1A =N (A =Dl 20,7, 1A =D (A — ) (A =D 20,7, £02200))
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which, according to (36), (42) and Sobolev embeddings, can be bounded by Cll¢|l2(, 7,12)- This shows that the limit
n of Ay is such that An € L%(0, T, L%(S2)). We use now the representation formula (7): A, reads

1/1
Aeg=—Vo + . (5 An +n[V.[n]V] —nloe,[n]log 0eq [n]]) .

A direct adaption of [22], Theorem 3, shows that A, satisfies the estimate, ¢ a.e.,
C 1
[Aeq (D20 < - Hom@) | 1+ - (AR ()1l L2(q) + $Ho(n(1))) (48)

c 4
+—(exp (CEmON?) ) + Vol 20
where n is such that n > n a.e. on (0, T) x 2 and

Ho(n) =1+ BInllLie) + IVl g,
9100 = (14 IVnll g1 )/ /1) Ho(n) /1.

The functions $o(n) and $;(n) appear naturally in these estimates since they control gy and A.y as [|Qeglle <
CHo(n) and [|Aegll ;-1 < CH1(n). The exponential term in (48) arises from the control of the eigenvalues of o.4
per

) and n > n, we have that $o(n(¢)) and

in terms of ||A.4 ||H;elr, see [22] for more details. Since n € L*°(0, T, H;er

91(n(t)) are bounded by a constant independently of ¢. Since moreover Vy € L*°(2) and An € L%(0, T, L*(Q)), we
deduce from (48) that A., € L*(0, T, L?(2)). This ends the proof.

Proof of Lemma 4.14. We define for s > 0 and some ¢ > 0,

B(s) = B1(s) + Pa(s) := Ly<e B(s) + Ly B(5)

and split n[B(oxn)] accordingly into n[81(on)] +n[B2(on)]. Let M =supy ||§)N||LOO(0’T,£(L2)). Then, there exists a
constant Cps > 0 such that

Vs € [0, M], |[slogs—s|< CMs3/4.
Thus, for all ¢ > 0 and (,o[]y ) peN the (nonincreasing) eigenvalues of on,wehavet ae.,

Te(B@nnl) = Y. |Bo) )

oY (=<e

<Cu Y, by <Cye' Y7 (o) an'?

oY (<e Py (H)=<e

1/2 1/2

<Cue | Y PPy ) > =

p=1 p=1

1/2
<cel/t (Tr\/FO@N(t)\/HO) 2 <o, (49)

where C is independent of N and ¢, and where we used Lemma 4.5 with H = Hy and estimate (41). We treat now the
term

Tr(B2(on (1) B) := fn (1),

where B is a bounded operator. To this aim, denote P (¢) = max { p:ppt) > 8}, where (pp) pen is the nonincreasing
sequence of eigenvalues of o. Recall that as a consequence of (46), oy — o, strongly in L2(0, T, J>), and therefore
that there is a subsequence such that o (¢) — o(t), t a.e. in J. Then, according to Lemma 4.6, we have
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VpeN, pé,v(t) — pp(0), ta.e., (50)
and we can choose N sufficiently large so that, ¢ a.e.,
p;)V(t) > ¢ forall p < P(t) and ,oé,v(t) <egforall p> P(¢).

Besides, following again Lemma 4.6, we can choose some eigenbasis (qb;,\' )peN and (¢),) pen of O and g, respectively,
such that,

VpeN, lim [|¢) (1) — ¢p ()12 =0, tae.. (51)
N—o0

Finally, the function fy(¢) reads

P(t)

In@ =" By 1)@y (1), Bo) (1)).

p=0
Then, according to (50)-(51), it follows that

P(t)

ngnoofN(t)ZZﬂ(pp(I))(d)p(t)sB¢p(t))a tae.

p=0

Together with estimate (49), this concludes the proof of Lemma 4.14 and the proof of existence.

4.3.3. The free energy derivative
We prove here estimate (19), which is a major ingredient for the exponential convergence to the equilibrium. Con-
sider first a solution (n, A, V) to the QDD system, and define ¢ := exp(—(H + A)), which belongs to L*°(0, T, ;)
according to Theorem 3.1. Together with V € L*°(0, T, H& (£2)) and (24), this implies that F (o) € L*°(0, T). Since
moreover A € L%(0, T, L2(R)), it follows from (28) that F (0) = Fln]. A formal proof of (19) is then direct: write
dFIn()]

R —/8ln(A+1)dx—/n8,Adx.

Q Q
It is shown in [12] that

d d d
0=linoll =l = —Tr(e4O) = (n, 9, 4),

and (19) follows by replacing d;n by its expression given in (3a). The rigorous justification requires more work since
we have a priori no information about d; A, and a regularization does not seem straightforward. We then use crucially
here the convexity of the free energy F to justify the calculations. First, the Gateaux derivative of F at o exists in any
direction u € 7;. Indeed, a direct calculation shows that

DF[l(u) = Tr((log + Ho + Vo + V)u) = Tr((V — Ayu) = (V — A, nlul),

which is finite whenever u € 71 since (A — V)(¢) € L°°(£2) almost everywhere in ¢. By convexity of F, we have then,
for ¢ a.e. in (0, T), for A sufficiently small that  + & € (0, T'),

F(o(t+h)) — F(e(t)) = DF[o(®)](o(t + h) — o(2))
=V(@)—A@),nt+h) —n()). (52)
In the same way, fort —h € (0, T),
F(o(t)) — F(o(t —h)) = DF[e(®)](0(?) — o(t — h))
=V (@) — A@),n(t) —n(t — h)). (53)
Integrating (53) between & and s € (0, T'), we find



O. Pinaud /Ann. I. H. Poincaré — AN 36 (2019) 811-836 831

s h K
h! / F(o(t)dt —h™! / F(o(t)dt =h"" / (F(o(t)) — F(o(t — h)))dt
s—h 0 h

s t
<h™! / f (@en(2), V() = AW) oy gy dedr.
h t—h
Since F(p) € L*°(0, T), the Lebesgue differentiation theorem yields, s a.e. in (0, T),
s h
Jim A~ f F(o(t)dt —h™! / F(o(t))dt | = F(o(s)) — F(0(0)).
s—h 0
On the other hand, since 0,2 € L*(0, T, H,,}), and (V — A) € L*(0, T, H},,,) according to Theorem 3.1, invoking
again the Lebesgue differentiation theorem shows that, ¢ a.e.,
t
lim ™! / (@en(0). V(O) = AWy 1 dT = @m0, V() = AD) 1
t—h

Dominated convergence then allows us to conclude that (we use here the maximal function of (d;n(t), V(t) —
A(t)) y-1 ;1 as dominating function),
per>~tper

S
lim / h!
h—0
h

and therefore

s

t
/<atn(r),V(t)—A(r))Hp_e.hH;erdrdt=f<atn(r),V(z)—A(z)>H_1 1.
—h

per»
t 0

s

F(o(s)) — F(0(0)) < / (@ (), V1) = A 1 g1, A1-
0

Proceeding as above, the other convexity inequality (52) shows that the above inequality is in fact in equality. This
means in particular that F(o(s)) is absolutely continuous, and that the almost everywhere defined derivative satis-
fies (19), after replacing d;n by its expression in the QDD equation (3a). This ends the proof.

4.4. Exponential convergence to the equilibrium

The main ingredients are the expression of the time derivative of the free energy given in (19), together with some
logarithmic-Sobolev type inequality derived from (30). The first step is to rewrite appropriately (30) and to specialize
it to our problem.

For W; € L2(Q),i = 1,2, oi = exp(—(Ho + W;)), n; =nlp;] and V; = V[n;] the Poisson potential, we rewrite
estimate (30) as

S(e1,02) + S(02,01) = (W2 — Wi, n1 — no)
=W =V =W+ Vi,n1 —ny) — (Vi — Va,n1 —no)
=(Wa— Vo= Wi+ Vi,ny —n2) — [V(Vi — V)12,

Above, we used the Poisson equation to obtain the last term. Denote by (o0, Aco, Vo) the solution to the stationary
problem of Theorem 2.1 with constraint Tr(oso) = ||n0ll 1, Where ng is the initial condition. Introduce similarly a
solution (n, A, V) to the QDD system. With W1 = Vy + A and Wy = Vy + Aco, 11 =1, 12 = Heo, 01 = 05 02 = Oco>
V1 =V, Vo = Vi, using the facts that Ao, — Vi is equal to the constant —er and that (1,7 —ny) =0, we find

5(0.000) + 5000, 0) = (—€F — A+ V.n —noo) — |V(V = Vo) I3,

=—(A—V—(A=V)a.n—noo) — [IV(V = Voo)lI72.
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where we recall that (A — V)gq is the average of A — V over Q. Since S(0c0,0) > 0, the latter equality implies,
together with the inclusion H L) c L>°(Q) and the Poincaré—Wirtinger inequality, that

1
5(0: €00) + FIV(V = Vooll72 1A =V = (A = Vgl Lo@ In — nooll 110
<CllA=V = (A=V)allgigln —nxlpig)
=CIVA =Wl lln — neollp1(q)- (54)

The second step of the proof is to relate the 1.h.s. of the above inequality to the free energy, and the r.h.s. to the
dissipation rate of the free energy appearing in (19). The first part follows from the straightforward lemma below,
proved at the end of the section.

Lemma 4.15. The free energy satisfies, t a.e.,
1
F(o(1)) — F(0oo) = S(0(1), 000) + EIIV(V(I) — Voo)l72-

As a consequence, the Lh.s. of (54) is simply the difference of the free energies F(0(¢)) — F(0xo). It remains now
to relate the r.h.s.. The next key lemma, proved further and based on (54) and the Klein inequality of Lemma 4.1,
allows us to control n — ne in L' () in terms of V(A — V) in L3(R).

Lemma 4.16. The following estimate holds:

In —noollL1@) = CIIVIA = V)l 2(q)-

At this point, we have therefore obtained the inequality
2
F(0()) = F(aoe) < CIIV(A = V)(D22,-
Using the fact that n > n, a.e. on (0, T') x €2, we can exhibit the free energy dissipation rate in r.h.s. in order to obtain
F(o() = F(oso) < Co VRO V(A = V)O3 - (55)

As mentioned in the introduction, this inequality can be seen as non-commutative log-Sobolev inequality for the
operator 0. We have everything needed now to conclude: according to (19), ¢ almost everywhere,

d d
EF(Q(I)) = (F(o(®) — Fox0)) = —/n(t)IV(A(t) — V(@) |*dx.
Q
This, together with (55) leads to
d
7 (F(o)) — F(0x0)) + C (F(o(1) — F(ox)) <0,

and the conclusion follows from the Gronwall lemma. It remains to prove Lemmas 4.15 and 4.16.

Proof of Lemma 4.16. The first step is to obtain the estimate below:
In = nooll 1) < Cll(@ — 000) (1 + | H + As]) /2| 2. (56)
We proceed as usual by duality. Let u = 0 — 9o and R =1 4+ |H + A |. Then, for any smooth function ¢,
|(n[u], p)| = |Tr(u<p)| = ‘Tr(uR1/2R71/2g0)‘
< IRl 7IR™ ¢ 7.

For (Ap, up) pen the spectral elements of R, and (ex)ren any basis of L2(2), the last term satisfies
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—1/2 12 —-1/2
IR 2013, =3 | R 0|

2 2
Z Z —1/2
L@ ‘(R : (pek’up)‘
keN keN peN

=20 % e, up)|’ = 24 ||¢”p||22(9)

keN peN peN

<llolle= Y 4,
peN

Now, since Aoo = Voo —€r and Vo € HO1 (£2), the minimax principle shows that the eigenvalues of H + A, indexed
by p € N, are bounded below by Cp? 4 C’, with C > 0, which is positive for p sufficiently large. As consequence
0<1+ Cp2 +C' <A p for large p, and the sum above is finite. This proves estimate (56).

The second step is to control the r.h.s. of (56) by the relative entropy between o and o, with the goal of using (54).
We exploit for this a slightly different version of the Klein inequality of Lemma 4.1. We claim that

CTr((1+ |1H + Acc))'2(0 — 000)*(1 + | H + Asc) /%) < S(0, 0c0)- (57)

Together with (56) and (54), this ends the proof of lemma provided we justify (57), which is only a matter of justifying
the use of the cyclicity of the trace. Take two operators o1 and g7 in £, with S(g1, 02) < 0. Let Py be the spectral
projector onto the first £ modes of 0. According to Lemma 4.1, we have

Tr((1 + | log(Pro2 P)|) (Pro1 P — Pro2Pi)?) < S(Pro1 Pr, Proa Pr). (58)

Since (1 4 |log(Pro2 Po))'/? is a bounded operator (indeed the eigenvalues of g, are positive, nonincreasing, and
converging to zero), cyclicity of the trace shows that the L.h.s. of the above inequality reads

Tr(ox) := Tr((1 + | log(Peo2 POD ' (Peor P — Pro2 P> (1 + [log(Pro2 P ?). (59)
It just remains to pass to the limit. According to [18], Theorem 2, we have, since P; — I strongly in £(L*(R2)),

Jim S(Peo1Pr. Peo2Pr) = S(e1. €2)- (60)
On the other hand, we conclude from (58), (59) and (60), that there is a ¢ € 1, nonnegative, such that

oy — o weak-%in J; and Tr(a) < liminfTr(ak) < S(o1, 02).
—00

Since finally Pyo; Px — 0, strongly in J; for i = 1,2, we can identify o with (1 + |log(gz)|)1/2(g] — 92)2(1 +
[log(o2)])!/?. Indeed we have, for all compact operator K,

lim T K)=Tr(cK).
lim Tr(o,K) =Tr(o K)
Choosing for instance K = (1 + |log(92)|)_1/2K0(1 + |log(g2)|)_1/2 for Ko compact then yields the result.

Proof of Lemma 4.15. The proof is a simple calculation. Since A € L20,T, L*()) and Ay € L(Q), we can use
relation (28) of Lemma 4.7 to arrive at

Fo()) — Flose) = — / n(t)(A@) + Ddr + / noo(Aoe + Ddt
Q Q
1 2 1 2
+SIVV I = 51V Vsl

=- / (n(1) (A1) — Aoo) + (1) — noo) dt

Q

1 1
+/novoodr - /nAoodr +SIVV O, — 51V Vacla.
Q Q
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Using the facts that Ao, — Vo = €F is constant, that ||n(¢)||;1 = ||neoll 1 = lInoll1, and that —A(V — Vo) =n —neo
equipped with Dirichlet boundary conditions, we obtain the desired result. This ends the proof of the lemma and of
the convergence to the equilibrium.

Conflict of interest statement
None declared.
Appendix. Proof of Lemma 4.4

We work with a regular periodic potential V € C°°(Q2) and obtain the final result by density. The Hamiltonian
Hp + V with domain H ;er has a compact resolvant, and we denote by (i p, ¢p) pen its spectral decomposition, with
the sequence (i) peN nondecreasing. The minimax principle shows that

1 3
S¥p = ClIVIg = C <pp = Syp +ClIVIL +C,

where y, = 27 p)? is an eigenvalue of Hy. We have moreover the direct estimate

IVpll32 < Clupl +CIVIZ, +C.
This yields, for o = exp(—(Hy + V)),
Tr(v/Hoov/Ho) = Y e "7 [[Vyll3, <C D e HC (1 +y,) < o0,
peN peN
and therefore p € £;. We turn now to estimate (27). There are several ways to control HypoHp in Ji, and since the
system (10a)—(10c) provides us with direct bounds for ¢ in £, and for the chemical potential A in L, we estimate
Hpo Hy in terms of these quantities. We write first
Tr(HoeHo) = Tr((Ho + V)e(Ho + V) — Tr((Ho + V)eV)
—Tr(Vo(Ho + V)) +Tr(VeoV)
=T +T+T5+ T4

All terms above are well defined since V is bounded and Hy + V is bounded below, so that (Hy + V)o(Hy + V) is
trace class. We start with the term 77.

The term T1. Let N(V) € N such that y, <0 for p < N(V), and u), > 0 for p > N(V). Note that N(V) is finite
since Hy + V is bounded below. Using the fact that Ve € (0, 1), there exists C; > 0 such that, Vx > 0, xZe™* <
C.(e~*)!7¢, we obtain that

Ti=Y pretr<uy Y et Y petr

peN P=N(V) p>N(V)
< ugTr(o) + C.Tr(o" ™). (61)
In the first term, we control | o] using the minimax principle:
0zpo= min  (IVgI2,+(V.16P)
$EH ), 191l 2=1
>Vl  max  [¢l7.=—C|V] .
$eH],,.Ip],2=1

which gives
lwol = CIIV I 2. (62)

For the second term in (61), we denote by (p,) pen (With p, = e™#7) the eigenvalues of g, and by (A,) pen those of
Hy + I (with of course A, = y, + 1). Following Lemma 4.5 with H = Hp + I, we find
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1—

€
Tr(glig) _ szl;g < pr)\p ZA;U—S)/E

peN peN peN

&

< C(Te(CHo + 10 (Hy +1'12) . (63)

since A, = (27 p)? + 1 and whenever ¢ < 2/3, we have

Y10 <o
peN

Remarking that

Yueéky, Tr(y/Houy/Ho) + Tr(u) = Tr((Ho + D*u(Ho +1)'/?), (64)
we find, together with (61), (62), and (63), that T} can be estimated as follows, for all € € (0, 2/3),

I—¢
Ty = CIVIZ.Tr(o) + C (Tr(vHoov/Ho) + Tr(c) )
<C+C(1+1VI3,)Tr(e) + Tr(vHoov/ Ho). (65)

where we used the Young inequality.

The term T4. We turn now to Ty, that verifies

Ty = (n[el, V),
and it suffices to bound now n[e] in L. This is done by duality: for any ¢ € L°°(£2), ¢ nonnegative,
(nfel. ¢) =Tr(op) = Tr((Ho +D"?0(Ho + D' (Ho + D~ ?p(Ho +D~'/?)
<Tr((Ho+D'"?o(Ho + ') (Ho + D) 2o(Ho + D™ £ 12
< CTe((Ho+D'"2o(Ho +D'?) ]l

since (Ho +I)~1/2 is bounded from L!(2) to L®(). Accounting for (64), we obtain the estimate

7, = CIVI2, (Tr(vHoovHo) + Tr(e) ). (66)

The term T,. 'We consider now the term 7>, that we first control by, proceeding in the same way as for the term 77,

T2 = |([(Ho + V)el, V)| < luol(nlel, [V]) + Ce (o' 1, [V ).
Using (62) and the L°° estimate for n[p], we find for the first term

Inolalel. [VD) = CIVIZ: (Tr(v/Hoov/Ho) +Tr(e) ). (67)
For the second term, let y € (0, 1/2), and write

Tr(e'~*|VI) = Tr((Ho + D" ' =o'~ (Ho + ) 1= (Ho + )1~V |(Ho + D771 7)

< Tr((Ho+ 1)’ "90' " (Hy + 1)’ ' 79)
x |(Ho+ D77V I(Ho + D771 g2y,

We estimate the first term in the r.h.s. with the Araki-Lieb—Thirring inequality:

Tr((Ho + 1 "=90! = (Ho + 1Y 1=) < Tr (((Ho + " o(Ho + 1) ™).

The last term is controlled by using Lemma 4.5: Denoting by (v,) pen the eigenvalues of (Ho +1)” o(Ho + D)7, we
have
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1—¢ e

)RR Dt B b BT R

peN peN peN

I—e 1-2y\ —(1—
SC(TI'((HO+]I)1/2Q(H0+]I)1/2)) XGI;]()"p V) (1—e)/e
p

where we used Lemma 4.5 with o = (Hy + )Y o(Ho 4+ 1)¥ and H = (Hy + 1)'=27 in the last line. The sum above is
finite whenever ¢ < 2(1 —2y)/(3 —4y) since A, = 2w p)? + 1. Besides, we have the inequality

I(Ho+ D7V IHo+ D7V g2y <ClIVIE, vy —e) > 1/4,

since H®(2) C L*°(2) when s > 1/2. Setting for instance y =3/8, and ¢ € (0, 1/3), and using the Young inequality
and (64), this allows us to control o!~¢|V| by

Tr(o'~*|V|) < C + CTr(v/ Hoov/'Ho) + CTr(0) + C|| VI3,
Together with (67), we finally find for 7>,

|T2| < C+ C|| VI3, + CTr(v/Hooy/ Ho) + CTr(o). (68)

The term T3 is estimated in the same fashion as 7>. Collecting (65), (66) and (68) finally yields the desired result. This
ends the proof of the lemma.
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