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Abstract

In this paper, we consider the asymptotic behavior of the fractional mean curvature when s — 0F. Moreover, we deal with the
behavior of s-minimal surfaces when the fractional parameter s € (0, 1) is small, in a bounded and connected open set with C 2
boundary  C R". We classify the behavior of s-minimal surfaces with respect to the fixed exterior data (i.e. the s-minimal set
fixed outside of €2). So, for s small and depending on the data at infinity, the s-minimal set can be either empty in €2, fill all €2, or
possibly develop a wildly oscillating boundary.

Also, we prove the continuity of the fractional mean curvature in all variables, for s € [0, 1]. Using this, we see that as the
parameter s varies, the fractional mean curvature may change sign.
© 2018 L’ Association Publications de 1’Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction and main results

Since introduced by Caffarelli, Roquejoffre and Savin in 2010 in [8], nonlocal minimal surfaces have become a
very interesting subject of study. The non-expert reader may take a look at [6,16,20] and the references cited therein
for an introduction of some recent results on this argument.

In this paper, we deal with the behavior of nonlocal minimal surfaces when the fractional parameter (that we denote
by s € (0, 1)) is small. In particular

* This work has been supported by the Australian Research Council Discovery Project DP170104880 NEW “Nonlocal Equations at Work™. The
third author is member of INAAM/GNAMPA.
* Corresponding author.
E-mail addresses: claudia.bucur @unimi.it (C. Bucur), luca.lombardini @unimi.it (L. Lombardini), enrico@mat.uniroma3.it (E. Valdinoci).

https://doi.org/10.1016/j.anihpc.2018.08.003
0294-1449/© 2018 L’ Association Publications de I’Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.


http://www.sciencedirect.com
https://doi.org/10.1016/j.anihpc.2018.08.003
http://www.elsevier.com/locate/anihpc
mailto:claudia.bucur@unimi.it
mailto:luca.lombardini@unimi.it
mailto:enrico@mat.uniroma3.it
https://doi.org/10.1016/j.anihpc.2018.08.003
http://crossmark.crossref.org/dialog/?doi=10.1016/j.anihpc.2018.08.003&domain=pdf

656 C. Bucur et al. / Ann. 1. H. Poincaré — AN 36 (2019) 655-703

e we give the asymptotic behavior of the fractional mean curvature as s — 07,
e we classify the behavior of s-minimal surfaces, in dependence of the exterior data at infinity.

Moreover, we prove the continuity of the fractional mean curvature in all variables for s € [0, 1].
As a first thing, let us recall that the fractional perimeter is defined as
Py(E,Q):=L(ENQ,CE)+ Ly(E\Q,Q\ E), (L.1)

where the interaction L;(A, B) between two disjoint subsets of R” is

dxd
Ls(A, B) —/f - al |Z+S //X@(f)x'ifj) dx dy. (1.2)

Let 2 be an open set of R". We say that a set £ C R” is s-minimal in 2 if Ps(E, 2) is finite and if, for any competitor
(for any set F such that E \ Q = F \ 2), we have that

PS(Eﬂ Q) S RS‘(F’ Q)

The boundary of an s-minimal set is referred to as an s-minimal surface. Furthermore, we introduce the s-fractional
mean curvature of a set £ at a point g € d E (as the fractional counterpart of the classical mean curvature). It is defined
as the principal value integral

xce(y) — xe(y)

I El(q) :== P.V.
sLE1(@) / y — g

Rll
that is

xce() — xe(y)

I(El(g) := lim ZP[E]1(q), where IP[El(g) := /
p—0t ly —ql"*

CBo()
For the main properties of the fractional mean curvature, we refer e.g. to [2].
Let us also introduce here the notation for the area of the (n — 1)-dimensional sphere as
wn=H""({x eR|Ix] = 1}),
where H"~! is the (n — 1)-dimensional Hausdorff measure. The volume of the n-dimensional unit ball is
w,
‘{x eR” } x| < 1}’ =,
n
We denote also
wo =0.

The asymptotic behavior of nonlocal minimal surfaces as s reaches 0 or 1 is, of course, a very interesting matter.
Indeed, the small s regime corresponds to that of “very strongly nonlocal interactions” and, for small values of s, the
regularity theory for nonlocal minimal surfaces may degenerate.

As s — 17, one obtains the classical counterpart of the objects under study, as the following known results show.
For a set E C R”" with C!»¥ boundary in By for some R > 0 and y € (0, 1), for almost any » < R and up to constants
one has indeed that

lim (1 —s)Ps(E, B;) = P(E, By),
s—>1-

(see Theorem 1 in [9]). A refined version of this asymptotic property can be obtained by making use of Theorem 1
in [12] (see Theorem 1.8 in [22]).
Moreover (see Theorem 12 in [2], and [10]) for a set E C R" with C 2 boundary and any x € d E, one has that

1in% (I =)L EN(x) = wp—1 H[E](x),
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where H is the classical mean curvature of E at the point x (with the convention that we take H such that the curvature
of the ball is a positive quantity). We notice that for n = 1, we have that

lim (1 — )L E](x) =0,

which is consistent with the notation wy = 0. See also Remark 5.6.

Finally, as s — 17, s-minimal sets converge to minimizers of the classical perimeter, both in a “uniform sense” (see
[9,10]) and in a T"-convergence sense (see [4]). As a consequence, one is able to prove (see [10]) that for s sufficiently
close to 1, nonlocal minimal surfaces have the same regularity of classical minimal surfaces. See also [16] for a recent
and quite comprehensive survey of the properties of s-minimal sets when s is close to 1.

As s — 0T, the asymptotic behavior is more involved and some surprising behavior may arise. This is due to the
fact that as s gets smaller, the nonlocal contribution to the perimeter becomes more and more important, and the local
behavior loses influence. Some precise results in this sense were achieved in [13]. There, in order to mathematically
encode the behavior at infinity of a set, the authors introduce the following quantity:

L Xe(Y)
a(E)= lim s [ T dy, (13)

CB

(see formula (2.2) in [13]). The set function «(E) appears naturally when looking at the behavior near s = 0 of the
fractional perimeter (see [13]). Indeed, let €2 be a bounded open set with C Ly boundary, for some y € (0, 1), and
E C R" be a set with finite so-perimeter, for some sg € (0, 1). If «(E) exists, then

lim s Py(E, Q) =a(CE)ENQ|+a(E)CENQ

On the other hand, the asymptotic behavior for s — 0 of the fractional mean curvature is studied in this paper
(see also [16] for the particular case in which the set E is bounded).

Moreover, as s — 07, s-minimal sets may exhibit a rather unexpected behavior. For instance, in [15, Theorem 1.3]
it is proved that fixing the first quadrant of the plane as boundary data, quite surprisingly the s-minimal set in B; C R?
is empty in Bj for s small enough. The main results in this paper take their inspiration from this result.

Let us mention that the stickiness phenomena described in [15] and in this paper are specific for nonlocal minimal
surfaces (since classical minimal surfaces cross transversally the boundary of a convex domain).

Interestingly, these stickiness phenomena are not present in the case of the fractional Laplacian, where the boundary
datum of the Dirichlet problem is attained continuously under rather general assumptions, see [23], though solutions
of s-Laplace equations are in general not better than C* at the boundary, hence the uniform continuity degenerates
as s — 0. Also, solutions of s-Laplace equations with data growing like |x|* with « € (0, 2) diverge as s — (a/2) ",
as can be checked using the fractional Poisson kernel, and we plan to investigate in details in a future project the
continuity properties in dependence of suitably scaled singular data at infinity.

On the other hand, in case of fractional harmonic functions, a partial counterpart of the stickiness phenomenon is,
in a sense, given by the boundary explosive solutions constructed in [1,17] (namely, in this case, the boundary of the
subgraph of the fractional harmonic function contains vertical walls). Other stickiness phenomena in nonlocal settings
will be also studied in a forthcoming article by the first two authors.

This paper is organized as follows. We set some notations and recall some known results in the following Subsec-
tion 1.2. Also, we give some preliminary results on the contribution from infinity of sets in Section 2.

In Section 3, we consider exterior data “occupying at infinity” in measure, with respect to an appropriate weight,
less than an half-space. To be precise

wp
E —.
a(Ep) < >

In this hypothesis:

e In Subsection 3.1 we give some asymptotic estimates of the density, in particular showing that when s is small
enough s-minimal sets cannot fill their domain.

e In Subsection 3.2 we give some estimates on the fractional mean curvature. In particular we show that if a set £
has an exterior tangent ball of radius § at some point p € d E, then the s-fractional mean curvature of E in p is
strictly positive for every s < s5.
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e In Subsection 3.3 we prove that when the fractional parameter is small and the exterior data at infinity occupies (in
measure, with respect to the weight) less than half the space, then s-minimal sets completely stick at the boundary
(that is, they are empty inside the domain), or become “topologically dense” in their domain. A similar result,
which says that s-minimal sets fill the domain or their complementaries become dense, can be obtained in the
same way, when the exterior data occupies in the appropriate sense more than half the space (so this threshold is
somehow optimal).

e Subsection 3.4 narrows the set of minimal sets that become dense in the domain for s small. As a matter of fact,
if the exterior data does not completely surround the domain, s-minimal sets completely stick at the boundary.

In Section 4, we provide some examples in which we are able to explicitly compute the contribution from infinity of
sets. Section 5 contains the continuity of the fractional mean curvature operator in all its variables for s € [0, 1]. As a
corollary, we show that for s — 07 the fractional mean curvature at a regular point of the boundary of a set, takes into
account only the behavior of that set at infinity. The continuity property implies that the mean curvature at a regular
point on the boundary of a set may change sign, as s varies, depending on the signs of the two asymptotics as s — 1~
and s — 0%,

In Appendix A and Appendix B we collect some useful results that we use in this paper. Worth mentioning are
Appendixes B.2 and B.3. The first of the two gathers some known results on the regularity of s-minimal surfaces, so
as to state the Euler—Lagrange equation pointwisely in the interior of €2. In the latter we prove that the Euler—Lagrange
equation holds (at least as a inequality) at d E N 92, as long as the two boundaries do not intersect “transversally”.

1.1. Statements of the main results

We remark that the quantity « (defined in (1.3)) may not exist (see Example 2.8 and 2.9 in [13]). For this reason,
we also define

xe () . xE()
s dy, a(E) .zlirg(l)rlfs BES dy. (1.4)

CB CB;

o(E) :=limsups
s—0t

This set parameter plays an important role in describing the asymptotic behavior of the fractional mean curvature
as s — 071 for unbounded sets. As a matter of fact, the limit as s — 07 of the fractional mean curvature for a bounded
set is a positive, universal constant (independent of the set), see e.g. (Appendix B in [16]). On the other hand, this
asymptotic behavior changes for unbounded sets, due to the set function o (E), as described explicitly in the following
result:

Theorem 1.1. [Proof in Section 5] Let E C R" and let p € dE be such that JE is C'Y near p, for some y € (0, 1].
Then

1imir+1stS[E](p) =w,; —2a(E)
s—0
limsups Z;[E](p) = w, — 20(E).

s—0t

We notice that if E is bounded, then «(E) = o (E) = a(E) = 0, hence Theorem 1.1 reduces in this case to for-
mula (B.1) in [16]. Actually, we can estimate the fractional mean curvature from below (above) uniformly with respect
to the radius of the exterior (interior) tangent ball to E. To be more precise, if there exists an exterior tangent ball at
p € OF of radius § > 0, then for every s < s5 we have

wp — 2a(E)
: .

More explicitly, we have the following result:

liminfs If [E](p) =
p—0t

Theorem 1.2. [Proof in Section 3.2] Let Q C R" be a bounded open set. Let Eq C CS2 be such that

a(Eo) < 2, (1.5)
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and let
p= Pl = 220,
We define
5, = 8,(Eo) 1= e~ B BF (1.6)

forevery s € (0, 1). Then, there exists so = so(Ep, 2) € (0, %] such that, if E C R" is such that E\ Q2 = Eq and E has
an exterior tangent ball of radius (at least) 8, for some o € (0, so), at some point g € dE N Q, then

liminfZP[E1(q) > E >0, Vse(0,0]. (1.7)
p—0t N

Given an open set 2 C R"” and § € R, we consider the open set
Qs :={x e R"|dq(x) < 8},

where dq denotes the signed distance function from 9€2, negative inside 2.
It is well known (see e.g. [3,19]) that if Q2 is bounded and 9<2 is of class C 2 then the distance function is also of
class C%in a neighborhood of 9€2. Namely, there exists ro > 0 such that

dg € C*(N2yy(0R2)),  where  Nay, (092) := {x € R" | |do(x)| < 2ro}.

As a consequence, since |Vdg| = 1, the open set 5 has C2 boundary for every |8| < 2ro. For a more detailed
discussion, see Appendix A.2 and the references cited therein.

The constant rg will have the above meaning throughout this whole paper.

We give the next definition.

Definition 1.3. Let 2 C R” be an open, bounded set. We say that a set E is -dense in Q2 for some fixed § > 0 if
|Bs(x) N E| > 0 for any x € 2 for which Bs(x) CC €.

Notice that if E is §-dense then E cannot have an exterior tangent ball of radius greater or equal than § at any point
peIENQ_s.

We observe that the notion for a set of being §-dense is a “topological” notion, rather than a measure theoretic one.
Indeed, é-dense sets need not be “irregular” nor “dense” in the measure theoretic sense (see Remark 3.4).

With this definition and using Theorem 1.2 we obtain the following classification.

Theorem 1.4. [Proof in Section 3.3] Let Q be a bounded and connected open set with C? boundary. Let Eq C CS2
such that

@(Eo) Wn

o < —.

Y=

Then the following two results hold.

A) Let sy and 8 be as in Theorem 1.2. There exists s1 = s1(Eo, 2) € (0, so] such that if s < s1 and E is an s-minimal
set in Q with exterior data E, then either

ADENQ=9 or (A2)Eisd;— dense.

B) Either

(B.1) there exists s = §(Ey, 2) € (0, 1) such that if E is an s-minimal set in Q with exterior data Ey and s € (0, §),
then

ENQ=g,

or
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(B.2) there exist §; (0, sy \( 0 and a sequence of sets Ey such that each Ey is si-minimal in Q2 with exterior data E
and for every k

IEy N Bs,(x) #@ ¥ B, (x) CC Q.

We remark here that Definition 1.3 allows the s-minimal set to completely fill 2. The next theorem states that for
s small enough (and @(E) < w,/2) we can exclude this possibility.

Theorem 1.5. [Proof in Section 3.1] Let Q@ C R" be a bounded open set of finite classical perimeter and let Ey C CQ2
be such that

@ (Eo) Wp
o < —.
=7

For every § > 0 and every y € (0, 1) there exists 05, = 0s,,(Eop, 2) € (0, %] such that if E C R" is s-minimal in 2,
with exterior data Ey and s < o3, then

wp — 20(Ey)

|(@NBCO\E| 2y e s

| N Bs(x)], VxeQ. (1.8)

Remark 1.6. Let ©2 and E be as in Theorem 1.5 and fix y = %

(1) Notice that we can find § > 0 and X €  such that

Bys(x) C Q.

Now if s < 9.1 and E is s-minimal in 2 with respect to Eg, (1.8) says that
|B5(x) NCE| > 0.

Then (since the ball is connected), either B5(x) C CE or there exists a point
x0 € JE N B3(X).

In this case, since d(xg, 92) > §, Corollary 4.3 of [8] implies that
B, (z) CCE N Bs(xo) CCENQ

for some z, where ¢, € (0, 1] denotes the constant of the clean ball conditio_n (as introduced in Corollary 4.3 in [8])
and depends only on s (and n). In both cases, there exists a ball of radius d¢; contained in CE N €2.
(2) If s < o3 1 and E is s-minimal and §;-dense, then we have that

Sg > Cg0.

On the other hand, we have an explicit expression for §;, given in (1.6). Therefore, if one could prove that ¢ goes
to zero slower than §;, one could exclude the existence of s-minimal sets that are §;-dense (for all sufficiently
small s).

An interesting result is related to s-minimal sets whose exterior data does not completely surround €2. In this case,
the s-minimal set, for small values of s, is always empty in 2. More precisely:

Theorem 1.7. [Proof in Section 3.4] Let Q be a bounded and connected open set with C? boundary. Let Ey C CS2
such that

@(Ep) < 2
o < —,
0=

and let s1 be as in Theorem 1.4. Suppose that there exists R > 0 and xo € 02 such that

Br(x0) \ 2 C CEy.
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Then, there exists s3 = s3(Eq, 2) € (0, s1] such that if s < s3 and E is an s-minimal set in 2 with exterior data E,
then

ENQ=0.
We notice that Theorem 1.7 prevents the existence of s-minimal sets that are §-dense (for any §).

Remark 1.8. The indexes s; and s3 are defined as follows

s1:=sup{s € (0, so) | 65 < ro}

and
I .
53 1= sup {s € (0, s9) | 8 < 3 min{rg, R}].

Clearly, s3 <s1 < s0.

Remark 1.9. We point out that condition (1.5) is somehow optimal. Indeed, when «(Ey) exists and

o,
a(Eo) = 7"

several configurations may occur, depending on the position of 2 with respect to the exterior data Eg \ 2. As an
example, take

B= {(x/, Xn) | X, > 0}

Then, for any  C R” a bounded open set with C? boundary, the only s-minimal set with exterior data given by 3 \ Q
is B itself. So, if E is s-minimal with respect to Eg \ €2 then

QCP = ENQ=Q
QCR'"\P =— ENQ=0.

On the other hand, if one takes 2 = Bj, then

ENB;=PNBy.

As a further example, we consider the supergraph

Eo:={(x",x,) | X, > tanhx},

for which we have that (see Example 4.4)

w,
a(Eg) = 7"

Then for every s-minimal set in 2 with exterior data Ey \ €2, we have that

QC{(,x) | x> 1} = ENQ=Q
QC{(,xp) |xn<-1} = ENQ=0.

Taking 2 = B,, we have by the maximum principle in Proposition B.11 that every set £ which is s-minimal in B,
with respect to Eg \ By, satisfies

By N{(x',xp) | x> 1} CE, By N {(x', xp) | xp < —1} CCE.

On the other hand, we are not able to establish what happens in B, N {(x’, x;) ] —1l<x, <1}
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Remark 1.10. We notice that when E is s-minimal in © with respect to Eg, then CE is s-minimal in € with respect
to CEp. Moreover

a(Eo) > % —  @(CEy) < %

So in this case we can apply Theorems 1.2, 1.4, 1.5 and 1.7 to CE with respect to the exterior data C Eg. For instance,
if E is s-minimal in 2 with exterior data Ey with

wp
E A
a(Eo) > >

and s < 51(CEy, $2), then either

ENQ=Q or CE is 8;(CEg)-dense.

The analogues of the just mentioned Theorems can be obtained similarly.

We point out that from our main results and the last two remarks, we have a complete classification of nonlocal
minimal surfaces when s is small whenever

a(Eo) # 5.

In the last section of the paper, we prove the continuity of the fractional mean curvature in all variables (see
Theorem 5.2 and Proposition 5.3). As a consequence, we have the following result.

Proposition 1.11. Let E C R" and let p € JE such that JE is C1* in Bg(p) for some R > 0 and o € (0, 1]. Then the
function

ZH[EN=):(0,) x QEN Br(p)) — R, (s, x) — L[ E](x)

is continuous.
Moreover, if JE N Br(p) is C* and for every x € dE N Br(p) we define

s(1 —$)Zs[E](x), fors € (0, 1)

i E =
sLEJG) {wn_lH[E](x), fors =1,
then the function

ZHEN=): (0,11 x (3E N Br(p)) — R, (s, x) — Z,[E](x)

is continuous.
Finally, if 9E N Br(p) is C'* and a(E) exists, and if for every x € dE N Br(p) we denote

DOl E1(x) := @y — 2a(E),
then the function
Z[EX(-) :[0.@) x QE N Br(p)) — R, (s, %) — L[ E](x)

Is continuous.

As a consequence of the continuity of the fractional mean curvature and the asymptotic result in Theorem 1.1 we
establish that, by varying the fractional parameter s, the nonlocal mean curvature may change sign at a point where
the classical mean curvature is negative, as one can observe in Theorem 5.7.

1.2. Definitions, known facts and notations

We recall here some basic facts on s-minimal sets and surfaces, on the fractional mean curvature operator, and
some notations, that we will use in the course of this paper.
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1.2.1. Measure theoretic assumption

The following notations and measure theoretic assumptions are assumed throughout the paper.

Let £ C R". Up to modifying E on a set of measure zero we can assume (see e.g. Appendix C of [22]) that E
contains the measure theoretic interior

Eing = {x €R"|3r > 0s.t. |EN B, (x)| = %r"} CE,
the complementary C E contains its measure theoretic interior
Eory:={xeR"|3r>0s.t. |[ENB,(x)|=0} CCE,
and the topological boundary of E coincides with its measure theoretic boundary, 0 E = 0~ E, where
9" E:=R"\ (Eins UE.xt)
= {x eR"I0<|ENB,(x)| < %r" for every r > 0}.
In particular, we remark that both E;,; and E,y; are open sets.
1.2.2. Holder continuous functions

We will use the following notation for the class of Holder continuous functions.
Leta €(0,1],1et S C R" and let v : § —> R™. The «-Ho6lder semi-norm of v in S is defined as

oo s D =0
COa (g Rm) +— s —
( ) x#yeS |x — yl*

With a slight abuse of notation, we will omit the R in the formulas. We also define

”U”CO(S) = Sup |U(x)| and ”U”CO'O‘(S) = ”U”CO(S) + [U]CO,ot(S).
xeS

Given an open set 2 C R", we define the space of uniformly Holder continuous functions C 0.2 (2, R™) as
CO(Q,R™) == {v € C*(Q, R™) | |v]| co.e gy < 00}

Recall that C' () is the space of those functions u : & —> R such that u € C%(Q) N C!'(RQ) and such that Vu can
be continuously extended to 2. For every S C 2 we write

lullcrecs) = llullcocsy + IVullcoas),
and we define
Ch(Q) == {u e C' Q)| llullcregg, < oo}

We will usually consider the local versions of the above spaces. Given an open set 2 C R”, the space of locally
Hélder continuous functions C*%(2), with k € {0, 1}, is defined as

R (Q) := {u € C*(Q) | llull ¢ () < 00 for every O CC Q).

1.2.3. The Euler-Lagrange equation
We recall that the fractional mean curvature gives the Euler—Lagrange equation of an s-minimal set. To be more
precise, if E is s-minimal in €2, then

I,[E]1=0, on JENC,

in an appropriate viscosity sense (see Theorem 5.1 of [8]).

Actually, by exploiting the interior regularity theory of s-minimal sets, the equation is satisfied in the classical
sense in a neighborhood of every “viscosity point” (see Appendix B.2). That is, if E has at p €  E N Q2 a tangent ball
(either interior or exterior), then dE is C* in B, (p), for some r > 0 small enough, and

TIEIx)=0, VYxecdEN B (p).
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Moreover, if  has a C? boundary, then the Euler—Lagrange equation (at least as an inequality) holds also at a
point p € dE N 9€2, provided that the boundary d E and the boundary 9$2 do not intersect “transversally” in p (see
Theorem B.9).

2. Contribution to the mean curvature coming from infinity

In this section, we study in detail the quantities «(E), & (E), a(E)) as defined in (1.3), (1.4). As a first remark,
notice that these definitions are independent on the radius of the ball (see Observation 3 in [13], Subsection 3.3) so
we have that for any R > 0

XE(Y) Xe(y)

NES dy, a(E) :=1§ri1)(i)rlfs NS Y. @1

CBR CBR

o(E) =limsups
s—0t

Notice that
a(E)=w, —a(CE), a(E)=w,—a(CE).

We define

os(g,r, E) = /
CB:(q)

XE(Y)
g — ys

Then, the quantity o, (g, r, E) somehow “stabilizes” for small s independently on how large or where we take the ball,
as rigorously given by the following result:
Proposition 2.1. Let K C R" be a compact set and [a, b] C R be a closed interval, with 0 < a < b. Then
lim+s|as(q, r,E)—as0,1,E)|=0 uniformlyinqg € K,r €[a, b].
s—0
Moreover, for any bounded open set Q C R" and any fixed r > 0, we have that
limsups inf a5(g, r, E) =limsups sup o (g, r, E) =a(E). 2.2)

s—>0+t  geQ s—>0t  4eQ

Proof. Let us fix r € [a,b] and ¢ € K, and R > 0 such that K C Bpg. Letalso ¢ € (0, 1) be a fixed positive small
quantity (that we will take arbitrarily small further on), such that

R > (eb)/(1 —¢).
We notice that if x € B,(q), we have that |x| <7 + |g| < R/e, hence B,(q) C Br/.. We write that

xe () xe(y) Xe(Y)
warp= [ ERna= [ I FEr G

CBr(q) CBR/S BR/E\Br(q)

NowforyeCBR/swehavethatly—qlZ|y|—|q|Z(l—s)|y|,thusforanyqe§R
/7| XED) < (1 = gy / XEQ) 4 (1 - &) ey (0, R/e. E)

q— y|n+s |y|n+s : (2.3)

CBgye CBgRye

Moreover
R/e+R
d
xe(y) dy < y < w, =1 gy

lg — y["*s lg — y["+s 04
Br/e\B (q) Br/e\Br(q) r (2.4)

r5—RSe5(14¢e)"° aS—RSe5(14+¢e)*
< w, )

s - Ky

= wy
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Notice also that since B, (q) C Bg/e and |g — y| < |g| + |y| < (¢ + 1)|y| for any y € CBg/,, we obtain that

XE () / Xe() Cn—s / Xe(Y)
———dy> —————dy>(+ dy.
/ lg — y|*ts Y lg — y["*s y=(1+e |y[nts Y (2.5)

CB,(q) CBR/S CBR/S

Putting (2.3), (2.4) and (2.5) together, we get that
0<as(q.r.E)—(1+&) 7" "ay0,R/e, E) <ay(0,R/e, E) (1 —&) "™ — (1 4+¢)7"7")

a ¥ —R%e5(1+¢e) "
. .

+ wy

Now we have that

dy [1— R™%&%|

0. Rfe, ) —n @1, E) < | [ <0,

R/e\B1
So by the triangle inequality we obtain
s (g, r, E)—(14+ )" a0, 1, E)| <as(0, R/e, E) (1 —&) " — (1 + &)™)
+ %[cf‘ R 48 4 (L+2) "1 — R,
Hence, it holds that

limsups|og(q,r, E) — (1+ &) "ag(0,1,E)| < (1 —&)™" = (1 + &) ") &(E),

s—0t

uniformly ing € K and in r € [a, b].
Letting ¢ — 0T, we conclude that

lim s|os(q,r, E) —as(0,1, E)| =0,
s—>0t

uniformlying € K andinr € [a,b]. .
Now, we consider K such that K = 2. Using the inequalities (2.3), (2.4) and (2.5) we have that for any ¢ € Q

e xe() Xe()
(14" / dy < f — 22y
[y|nts lg — y|*ts
CBR/S CBr(q)

=5 _ R—g%(1 —s
<(l—g) s / xe(y) dy + o2 ed+e
|y|n+s s

Passing to limsup it follows that
(1+ &) ™"&(E) < limsups inf / Lyl dy
50+ e lg — y|"+s
B (q)
<limsups sup / Ly)*_dy <(1—-¢)"a(E).
s=0t  4eQ lg — y["*s
CBr(q)

Sending ¢ — 0 we obtain the conclusion. O

Remark 2.2. Let E C R” be such that |E| < co. Then
a(E)=0.
Indeed,
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|aS(O9 17 E)| E |E|7
hence

limsup s|es (0, 1, E)| =0.

s—0

Now, we discuss some useful properties of «. Roughly speaking, the quantity o takes into account the “largest
possible asymptotic opening” of a set, and so it possesses nice geometric features such as monotonicity, additivity and
geometric invariances. The detailed list of these properties is the following:

Proposition 2.3.

(i) (Monotonicity) Let E, F C R" be such that for some r > 0 and g € R"
E\ B,(q) C F\ Br(q).
Then
a(E) <u(F).
(ii) (Additivity) Let E, F C R" be such that for some r >0 and g € R"
(ENF)\B.(q)=2.
Then
@(EUF) <u(E)+u(F).
Moreover, if a(E), a(F) exist, then a(E U F) exists and
A(EUF)=0a(E)+a(F).
(iii) (Invariance with respect to rigid motions) Let E CR", x € R" and R € SO(n) be a rotation. Then
o(E+x)=a(E) and w(RE)=u(E).
(iv) (Scaling) Let E C R" and ) > 0. Then for some r > 0 and g € R"
as(q, r AE) = A"Sa, (% % E) and TOE)=a(E).
(v) (Symmetric difference) Let E, F C R". Then for every r > 0 and g € R"
las(q.r E) —as(q.r, F)| <as(q.r, EAF).

As a consequence, if |[EAF| < oo and a(E) exists, then o(F) exists and

a(E) = a(F).

Proof. (i) It is enough to notice that for every s € (0, 1)
as(q, 1, E) <oas(q,r, F).
Then, passing to limsup and recalling (2.2) we conclude that
o(E) <u(F).
(ii) We notice that for every s € (0, 1)
as(q, r, EUF)=05(q,r, E)+a5(q,r, F)

and passing to limsup and liminf as s — 0T we obtain the desired claim.
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(iii) By a change of variables, we have that

XE+x(Y) / xe(y)
0, 1, E - — d = _—
fia +) / [y|nts |x + y|ts

CBy CBi(—x)

dy =o5(—x, 1, E).

Accordingly, the invariance by translation follows after passing to limsup and using (2.2).
In addition, the invariance by rotations is obvious, using a change of variables.
(iv) Changing the variable y = Ax we deduce that

_ JOE(Y) s XE(x)
warin= | g |

B, (q) CB

ar=ra, (L., 5).
A A

Q(%)
Hence, the claim follows by passing to limsup as s — 07
(v) We have that

Md = / wdy:as(q,r,EAF)-

|Ot (q9rvE)_a(q9er)|S /
’ ’ ly — g™+ ly — g+
CB:(q) CB;(q)

The second part of the claim follows applying the Remark 2.2. O

We recall the definition (see (3.1) in [13])

w(E) := lim sPs(E, ),
s—07F

where € is a bounded open set with C2 boundary. Moreover, we define

n(E) =limsups Ps(E, Q)

s—>0t

and give the following result:

Proposition 2.4. Let Q2 C R" be a bounded open set with finite classical perimeter and let Ey C CS2. Then
(Eo) = (Eo)|€2].

Proof. Let R > 0 be fixed such that Q C Bg, y € Q be any fixed point and ¢ € (0, 1) be small enough such that
R/e > R + 1. This choice of ¢ assures that B1(y) C Bg/s. We have that

X X X X
/ XE()( ) dx = f XE()( ) dx + / XEo( ) dx + / XE()( ) dx
|x — yprts |x — ylrts |x — ylrts |x — ylrts
R CBgye Brye\B1(y) Bi(y)

Since |x — y| > (1 — ¢)|x| whenever x € CBg/., we get

/ | XE()(X) dx < (1 —8)_n_s / XE()(X) dx

x — y|n+s |x|n+s
CBR/S CBR/s

Also we have that

R/e+R

R —s

XE(X) o 1-(-+R

/ _() P dxfa)n f P s ld,OSa)n (8 ) .
lx — yl s

Br/e\Bi1(y) 1
Also, we can assume that s < 1/2 (since we are interested in what happens for s — 0). In this way, if [x — y| < 1 we

1
have that [x — y|7" ™ < |x — y|7"72, and so
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X X
/ XE()( )+de / XE()( ) 1 dx.
lx — y|"+s |x—y|"+7
Bi(y) B1(y)

Also, since Ey C CS2, we have that

/ XEo(x) dx / dx </ dx
x — y|"+2 =yl ) - yprtr

Bi(y) Bi(n\ cQ

IA

This means that
d
XEO( x) dxdy < ;:Pl(ﬁ):c<oo,
|n+s |)C— |n+% 2
Q Bl(y) QCcQ Y

since €2 has a finite classical perimeter. In this way, it follows that

$Py(Eo, Q) = //|XE°(X) avayzsa-o7lal [ K00 g,

|n+9 |x|n+s

CBR/E
R -5
+a),,(l _ (; n R) )|9| +sc.

Furthermore, notice that if x € Bg/, we have that |x — y| < (1 + ¢)|x|, hence

X X X
XE()( ) dx > XE()( ) dx > (1 +8)7n7§ XE()( )dx
|x — yprts |x — y|rts |x|rts

n CBgye CBgye

Thus for any € > 0

XEq ()C)
|x |n+S

sPy(Eg, Q) > s|Q(14+¢&)~"" /
CBgye

Passing to limsup as s — 07 here above and in (2.6) it follows that
(14 &) "a(Eo) 12| <m(Eo) < (1 — &) "a(Ep) <.

Sending ¢ — 0, we obtain the desired conclusion. O
3. Classification of nonlocal minimal surfaces for small s
3.1. Asymptotic estimates of the density (Theorem 1.5)

The importance of Theorem 1.5 is threefold:

(2.6)

e first of all, it is an interesting result in itself, by stating (in the usual hypothesis in which the contribution from
infinity of the exterior data Ey is less than that of a half-space) that any ball of fixed radius, centered at some
x € Q, contains at least a portion of the complement of an s-minimal set E, when s is small enough. We further
observe that Theorem 1.5 actually provides a “uniform” measure theoretic estimate of how big this portion is,

purely in terms of the fixed datum & (Ep).

e Moreover, we point out that Definition 1.3 does not exclude apriori “full” sets, i.e. sets E such that £ N Q = Q.
Hence, in the situation of point (A) of Theorem 1.4, one may wonder whether an s-minimal set E, which is
8s-dense, can actually completely cover 2. The answer is no: Theorem 1.5 proves in particular that the con-
tribution from infinity forces the domain €2, for s small enough, to contain at least a non-trivial portion of the

complement of E.

e Finally, the density estimate of Theorem 1.5 serves as an auxiliary result for the proof of part (B) of our main

Theorem 1.4.
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Proof of Theorem 1.5. We begin with two easy but useful preliminary remarks. We observe that, given a set F C R”
and two open sets Q' C €2, we have

Py(F, Q') < Py(F, Q). (3.1)

Also, we point out that, given an open set O C R"” and a set F C R”, then by the definition (1.1) of the fractional
perimeter, it holds

o ) — dxdy
FNQ=0 = P(F,0)= Xy (3.2)
F O

With these observations at hand, we are ready to proceed with the proof of the Theorem. We argue by contradiction.
Suppose that there exists § > 0 and y € (0, 1) for which we can find a sequence sx \ 0, a sequence of sets { Ey}
such that each Ey is sx-minimal in € with exterior data Ey, and a sequence of points {x;} C €2 such that

wy — 20 (Eo)
wp —a(Eo)
As a first step, we are going to exploit (3.3) in order to obtain a bound from below for the limit as k — oo of
8k Py, (Ek, 2N Bs(xk)) (see the forthcoming inequality (3.5)).

First of all we remark that, since €2 is compact, up to passing to subsequences we can suppose that xx —> xo, for
some xq € 2. Now we observe that from (3.3) it follows that

(N Bs(xi)) \ Ex| < ¥ |2 N Bs(xp)|- (3.3)

(1 = y)o, — (1 =2y)a(Ep)

|Ex N (2N Bs(xx))| = QN Bs(xp)| — [(2N Bs (xx)) \ Ex| > — |21 Bs(xp)l,
wy, —ad(Ep)
and hence, since x; —> xo,
1— — (1 =2y)u(E
liminf| Ex N (2N Bs(x0))| = (A =y)on = =27)&(E0) o o). (3.4)
k=00 wy —a(Ep)

Notice that, since €2 is bounded, we can find R > 0 such that Q CC Bg(q) for every g € Q. Then we obtain that

d
Py (Ey. Q0 By()) = f ( / )

ExN(Q2NBs(xk))  CER\(RNBs(xk))

> / ( _Xee® dz)dy

|y _ Z|n+sk
E:N(2NBs(xr)) CQ

> / ( inf Mdz)dy

qeQ lg — z|"+5%
ExN(2NBs (xk))

Z
> |Ex 0 (RN Bs(xp))| inf. f )“570(3,41
qeQ lg — z|"+
CBr(q)

So, thanks to Proposition 2.1 and recalling (3.4), we find

liminf sy Py, (Ex, 2N Bs(xg))
k— 00

> (liminf|Ek N (2N Bs (xk))D (liminfsk inf / _Xer(@) dz)
k—00 k—o00 q€§ |q — Z|I’L+_&k
CBgr(q) (3.5)

= (w0 —(E0) (liminf | E¢ N (21N B5(x)|)

1-— n— (1 =2y)a(E
= (o — () 2 _(E(EO)”“( 2 121 Bs (o)l
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On the other hand, as a second step we claim that

limsup s¢ Py, (Ex, 2 N Bs(x)) < a(Eo) |2 N Bs(xo)|- (3.6)

k— 00

We point out that obtaining the inequality (3.6) is a crucial step of the proof. Indeed, exploiting both (3.6) and (3.5),
we obtain

a(Eo) [€2N Bs(xo)| = liminfse Py, (Ex, £20 Bs (xc)) = ((1 = y)on — (1 =2y)@(E0))|22 N Bs(xo)|- (3.7)

Then, since xo € Q implies that
120 Bs(xo)| > 0,
by (3.7) we get
a(Eo) = (1 —y)w, — (1 =2y)a(Ep) thatis (1 —y)a(Eg) = (1 - )/)&.

Therefore, since y € (0, 1) and by hypothesis @(Eq) < %+, we reach a contradiction, concluding the proof.

We are left to prove (3.5). For this, we exploit the mlmmahty of the sets Ej in order to compare the si-perimeter
of Ej with the sg-perimeter of appropriate competitors Fy.

We first remark that, since x; —> xo, for every ¢ > 0 there exists 128 such that

QN Bs(xx) C Q2N Bsye(x0), Yk >k,. (3.8)

We fix a small ¢ > 0. We will let ¢ — 0 later on.
We also observe that, since Ej is sp-minimal in €2, it is s;-minimal also in every Q' C €2, hence in particular in
QN Bsye(xp). Now we proceed to define the sets

Fi:= EgU (Ex N (R \ Bs1¢(x0))) = Ex \ (N Bs¢(x0)). (3.9)
Then, by (3.1), (3.8), (3.9) and by the minimality of Ej in 2 N Bs1.(xp), for every k > I;E we find that

Py (Eg, 2N Bs(x)) < Ps, (Ek, 2N Bsie(x0)) < P, (Fx, €N Bste(x0)).
We observe that by the definition (3.9) we have that

Fe N (2N Byt (x0)) =2
Therefore, recalling (3.2) and the definition (3.9) of the sets Fj, we obtain that

dydz
Py (Fi, &N Bsye(x0)) = Iy =z

EU(ErN(Q\Bs 1 (x0))) 2N B¢ (x0)

_dydz dydz
|y_z|n+sk |y_Z|n+sk

Eo QNBste(x0) ExN(Q\Bs-te(x0)) QNBse (x0)
dy dz dy dz
|y_Z|n+sk |y_Z|n+sk
Eo QNBs1(x0) Q\Bj 4 (x0) QN Bse(x0)
= Ik1 + Ikz.

Furthermore, again by (3.2), we have that

Il = Py (Eo, 2N Bse(x0)) and [ = Py (\ B (x0), 2N By (x0)). (3.10)

We observe that the open set 2 N Bs.(xg) has finite classical perimeter. Thus, we can exploit the equalities (3.10)
and apply Proposition 2.4 twice, obtaining

limsup sl < &(Eo)|Q2N Bse (x0)|,

k— 00
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and

limsup s If < @(Q2\ Bse (x0)) |2 N Bse (x0)

k— 00

, (3.11)
for every ¢ > 0. Also notice that, since €2 is bounded, by Remark 2.2 we have
a(2\ Bste(x0)) = a(2\ Bste(x0)) =0,
and hence, by (3.11),
lim s; 17 =0.
k— 00
Therefore, combining these computations we find that

lim sup sg Py, (Ex, 2 N Bs(xg)) < limsup Sklkl < E(E())|Q N Bs4s(x0)

k— 00 k—o00

’

for every ¢ > 0 small. To conclude, we let ¢ — 0 and we obtain (3.6). O

It is interesting to observe that, as a straightforward consequence of Theorem 1.5, when «(Eg) = 0 we know that
any sequence of s-minimal sets is asymptotically empty inside €2, as s — 0T. More precisely

Corollary 3.1. Let Q2 C R" be a bounded open set of finite classical perimeter and let Eq C CQ2 be such that
a(Ep) =0. Let s € (0, 1) be such that si \( 0 and let {Ey} be a sequence of sets such that each Ej is si-minimal in
Q with exterior data Eg. Then

lim |E; N Q| =0.
k—o00
Proof. Fix § > 0. Since Q is compact, we can find a finite number of points xp, ..., X, € Q such that

Qc|Bstx).

i=1

By Theorem 1.5 (by using the fact that «(Ep) = 0) we know that for every y € (0, 1) we can find a k(y) big enough
such that

(2N Bs(xi) \ Ex| = v [N Bs(x)|.
Then,

|Ex N (2N Bs(x;))| = |Q N Bs(xi)| — [ (2N Bs(x;)) \ Ex| < (1 — )N Bs(xi)l,
foreveryi =1,...,m and every k > k(y). Thus

m
IExNQI< (1 —y) ) 12N Bs(xi),
i=1

for every k > k(y), and hence

m
limsup | Ex N Q| < (1-y) ) 120 Bs(xi)l.

k— 00 i=1

for every y € (0, 1). Letting y —> 1~ concludes the proof. O

We recall here that any set Ey of finite measure has «(Ep) = 0 (check Remark 2.2).
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3.2. Estimating the fractional mean curvature (Theorem 1.2)
Thanks to the previous preliminary work, we are now in the position of completing the proof of Theorem 1.2.
Proof of Theorem 1.2. Let R :=2 max{1, diam(2)}. First of all, (2.2) implies that

liminf [ w, R™* — 2s sup [ XE—(y)dy =w, — 20 (Ey) =48.
s—0+ S lg — y|*ts
qe
CBgr(q)

Notice that by (1.5), 8 > 0. Hence for every s small enough, say s < s’ < % with s’ = 5" (Ey, 2), we have that

XE() 7
i | gt (312
CBr(q)

Now, let EC R" be such that E \ @ = Ey, suppose that E has an exterior tangent ball of radius § < R/2 at
q € 0E N, thatis
Bs(p) CCE and ¢q € dBs(p),
and let s < 5. Then for p small enough (say p < §/2) we conclude that

xce) = xe(y) xce() —xe(y)
T/1E)(q) = f ML T dy+ | Ty
’ lg — y|"ts lg — y|*ts
Br(g)\By(q) CBr(q)
Let Ds = Bs(p) N Bs(p’), where p’ is the symmetric point of p with respect to g, i.e. the ball Bs(p’) is the ball
tangent to Bs(p) in g. Let also K5 be the convex hull of Ds and let Ps := Ks — Ds. Notice that B,(q) C Ks C Br(q).
Then

xce(®) — xe() dy — / xce(y) — xe(y) dy + / xce(y) — xe(y)
lg — y["*s lg — y|"*s lg — y|"ts
Br(9)\B,(q) Ds\B,(q) Ps\B,(q)
n / xce(y) — X+E(Y) J
lg — y|"*s
Br(9)\Ks
Since Bs(p) C CE, by symmetry we obtain that
— d —
/ xce(y) va(y) dy = / y _ f xce(y) va(y) dy > 0.

lg — y|**s lg —yI" lg — y|**s

Ds\B,(q) Bs(P)\B)(q) Bs(P)\B,(q)

Moreover, from Lemma 3.1 in [14] (here applied with A = 1) we have that

’ / X —xe®) ‘ / 5=
g =yt lg — yl"“_ =0

Ps\By(q)

with Co = Cp(n) > 0. Notice that Bs(g) C K5 so
/ XeeW) = XEY) | _ / dy §°—R"
< = Wn .
lg — y|"* lg — yI"** s

Br(g)\Ks Br(g)\Bs(q)

Therefore for every p < §/2 one has that
XeeW) = XEW) 4o €O os Ongs ©n o

g =y T
Br(@\By(q)

Thus, using (3.12)
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xce() — xe(y) xce() — xe(y)
RiEp= [ KERERgy [ 2D XD
lg — yl lg — ¥l
Br(@)\Bp(q) CBgr(q)
Co 5= wna g‘+ﬂR—s+ / dy _9 / xe(y) :
C1—s s s lg — y|+s lg — yl+s
CBr(q) Br(q)
C ) 3.13
z—S’A( oJr >+ﬂRé+< R — 2sup / CXEQY) y) (3.13)
1— s |"+‘
qu Br(q)
= —57( o WL&)JrﬂR—WE
1—ys s S 2s
= — 57 (20 + 1) + 2R + Ly
S s 2s
where we also exploited that s < s’ < 1/2. Since R > 1, we have
RS —>1", ass — 0T,
Therefore we can find s” = s”(Eg, 2) small enough such that
o, R™% > w, — 5 Vs <s”.
Now let
. B
so = so(Ep, 2 ::mm{s/,s”, —}
0 = so(Eo, 2) 3Co
Then, for every s < so we have
1 7
IP[El(g) > —{ — 5*3((2Co)s + a)n) +w, R+ —,3}
s 2 (3.14)

1 —s
2;{—5 *(wn + B) + wn + 3B},

for every p € (0,6/2).
Notice that if we fix s € (0, so), then for every

_ 1o ont28
8> e s % ot =1 5,(Ep),

we have that

- (wp +B) +w, +38=>B>0.

To conclude, we let o € (0, sp) and suppose that E has an exterior tangent ball of radius 8, at ¢ € 3E N Q. Notice

that, since §, < 1, we have

—(86) " (wp + B+ wn +38>—(66)" " (wn + B) +wn +38=5,

Then (3.14) gives that

liminfZ”[E1(q) > é >0, Vs e (0,0],
p—0t S

which concludes the proof. O
Remark 3.2. We remark that

wp + 28

lo
g wp + B

>0,

thus

8, —> 0T ass — 0T,

Vs e (0,0].
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Fig. 1. A é-dense set of measure < €.

As a consequence of Theorem 1.2, we have that, as s — 07, the s-minimal sets with small mass at infinity have
small mass in 2. The precise result goes as follows:

Corollary 3.3. Let 2 C R" be a bounded open set, let E C R" be such that
a(E) wp
o < —,
2
and suppose that OE is of class C? in Q. Then, for every Q' CC Q there exists § =5(E N @) € (0, so) such that for

every s € (0,5]

n—2a(E)

LIENg) = 2 0, VqedENT. (3.15)

Proof. Since 9E is of class C2 in © and ' CC €, the set E satisfies a uniform exterior ball condition of radius
8§ =8(E N ') in @', meaning that E has an exterior tangent ball of radius at least § at every point g € dE N €.

Now, since 8, — 0T as s — 07, we can find § = §(E N Q') < so(E \ 2, Q2), small enough such that §; < § for
every s € (0, 5]. Then we can conclude by applying Theorem 1.2. O

3.3. Classtfication of s-minimal surfaces (Theorem 1.4)

To classify the behavior of the s-minimal surfaces when s is small, we need to take into account the “worst case
scenario”, that is the one in which the set behaves very badly in terms of oscillations and lack of regularity. To this
aim, we make an observation about §-dense sets. See Fig. 1.

Remark 3.4. For every k > 1 and every ¢ < 2=k=1 we define the sets

2k—1 . . 2k—1
F,i::BSUle{xeR"|§—e<|x|<2l—k+s} and szz{O}ULJIE)BZLk.
1= 1=

Notice that for every § > O there exists k = k(8) such that for every k > k we have
Bs(x) NIy £ 2, V Bs(x) C Bj.
Thus, for every k > 12(8) and ¢ <271 , the set Fi is §-dense in B;. Moreover, notice that
Iy = H i ’1=0.
. (1 i and 8£n8+|Fk| 0
£€(0,27k=1)
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It is also worth remarking that the sets I';, have smooth boundary. In particular, for every § > 0 and every & > 0 small,
we can find a set E C By which is §-dense in By and whose measure is |E| < ¢. This means that we can find an open
set E with smooth boundary, whose measure is arbitrarily small and which is “topologically arbitrarily dense” in Bj.

We introduce the following useful geometric observation.

Proposition 3.5. Let Q C R" be a bounded and connected open set with C?* boundary and let § € (0, ro), for ro given
in (A.5). If E is not §-dense in Q and |E N Q| > 0, then there exists a point g € dE N Q such that E has an exterior
tangent ball at q of radius § (contained in Q2), i.e. there exist p € CE N Q such that

Bs(p) CC €, q€dBs(p)NIE and Bs(p) CCE.

Proof. Using Definition 1.3, we have that there exists x € Q2 for which Bs(x) CC Q and |Bs(x) N E| =0, so Bs(x) C
E.. If Bs(x) is tangent to 0 E then we are done.
Notice that

Bs(x)cCcQ = d(x,0) >4,
and let
8" :=min{rg, d(x, 9R)} € (8, ro].
Now we consider the open set 2_g C Q2
Q_y = {dq < =8},
s0 x € Q_g. According to Remark A 4 and Lemma A.5 we have that Q_g has C? boundary and that
Q_ satisfies the uniform interior ball condition of radius at least rg. 3.16)
We have two possibilities:
) ENQ_y#0
ii)) @;éfris?csz\sz_a/. ©17)

If i) happens, we pick any point y € E N Q_. The set Q_ is path connected (see Proposition A.6), so there exists
a path ¢ : [0, 1] — R that connects x to y and that stays inside 2_g, that is

c(0) =x, c()=y and c(t)eQ_gy, Vtel0,1].
Moreover, since § < §’, we have
Bs(c(n)ccQ  Vrelo,1].

Hence, we can “slide the ball” Bj(x) along the path and we obtain the desired claim thanks to Lemma A.1.
Now, if we are in the case ii) of (3.17), then Q_g C E.x;, so we dilate 2_g until we first touch E. That is, we
consider

p:=inf{p €[0,8'T| Q_p C Eext}.
Notice that by hypothesis p > 0. Then

Q_; CEexy=Eexy UDE.
If

I_;NIE=2 then Q_;C Eey,
hence we have that

d=d(ENQ\Q_y,Q_;) € (0,0),
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therefore

Q_; CQR_(5—a) C Eext-

This is in contradiction with the definition of p. Hence, there exists g € 92_ s NOE.
Recall that, by definition of p, we have Q_j; C CE. Thanks to (3.106), there exists a tangent ball at ¢ interior to
2_;, hence a tangent ball at g exterior to E, of radius at least ro > §. This concludes the proof of the lemma. O

We observe that part (A) of Theorem 1.4 is essentially a consequence of Theorem 1.2. Indeed, if an s-minimal set
E is not §5-dense and it is not empty in €2, then by Proposition 3.5 we can find a point ¢ € d E N 2 at which E has an
exterior tangent ball of radius §;. Then Theorem 1.2 implies that the s-fractional mean curvature of E in g is strictly
positive, contradicting the Euler—Lagrange equation.

On the other hand, part (B) of Theorem 1.4 follows from a careful asymptotic use of the density estimates provided
by Theorem 1.5. For the reader’s facility, we also recall that ry has the same meaning here and across the paper, as
clarified in Appendix A.2. We now proceed with the precise arguments of the proof.

Proof of Theorem 1.4. We begin by proving part (A).

First of all, since §; — 0T, we can find 51 = 51(Eg, ) € (0, so] such that §; < rg for every s € (0, 51).

Now let s € (0, 5s1) and let E be s-minimal in €2, with exterior data E.

We suppose that E N 2 # & and prove that E has to be §;-dense.

Suppose by contradiction that E is not §s-dense. Then, in view of Proposition 3.5, there exists p € CE N Q such
that

qedBs, (p)NOENKR) and Bs (p) CCE.
Hence we use the Euler-Lagrange theorem at ¢, i.e.
I[El(g) =0,

to obtain a contradiction with Theorem 1.2. This says that E is not §;-dense and concludes the proof of part (A) of
Theorem 1.4.

Now we prove the part (B) of the Theorem.

Suppose that point (B.1) does not hold true. Then we can find a sequence s; \ 0 and a sequence of sets E; such
that each E} is sy-minimal in  with exterior data Eq and

E,NQ#£00.
We can assume that s; < s1(Eo, 2) for every k. Then part (A) implies that each Ey is dy, -dense, that is
|[Er N B(;Sk x)] >0 VB‘Ssk (x) cc .

Fix y = %, take a sequence 8, \ 0 and let 5,1 be as in Theorem 1.5. Recall that §; \( 0 as s N\ 0. Thus for every h
we can find k;, big enough such that

Sk, < O'Eh’% and 8Skh < 8p. (3.18)
In particular, this implies

|Etg, 0 Bsy, ()] = [Ex 0 Bs,, (x)[ >0V By, (x) CC L2, (3.19)
for every h. On the other hand, by (3.18) and Theorem 1.5, we also have that

ICEy, N Bs, (x)| >0 VBs,(x) CC Q. (3.20)

This concludes the proof of part (B). Indeed, notice that since Bg, (x) is connected, (3.19) and (3.20) together imply
that

0k, NBs,(x)#3 VBs;(x)CC O
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3.4. Stickiness to the boundary is a typical behavior (Theorem 1.7)

Now we show that the “typical behavior” of the nonlocal minimal surfaces is to stick at the boundary whenever
they are allowed to do it, in the precise sense given by Theorem 1.7.

Proof of Theorem 1.7. Let
1
§:=—mi , R},
3 min{rg, R}
and notice that (see Remark A.3)

Bs(xo + 8vq(xg)) C Br(xo) \ 2 C CEp.

Since §; — 0T, we can find 53 = 53(Eg, ) € (0, so] such that §; < § for every s € (0, 53).
Now let s € (0, s3) and let E be s-minimal in 2, with exterior data Ej.
We claim that

Bs(xo — rova(xo)) C Eex:- 3.21)

We observe that this is indeed a crucial step to prove Theorem 1.7. Indeed, once this is established, by Remark A.3
we obtain that

Bs(xg — rovq(xg)) CC 2.

Hence, since §; < §, we deduce from (3.21) that E is not §;-dense. Thus, since s < 53 < s1, Theorem 1.4 implies that
E N Q = @, which concludes the proof of Theorem 1.7.
This, we are left to prove (3.21). Suppose by contradiction that

E N Bs(xo — rova(xo)) # @,
and consider the segment c : [0, 1] — R”,
c(t) :=x0+ ((1 —1)6 — tro)vQ(xo).
Notice that
B; (c(O)) CE.,; and Bg (c(l)) NE+#a,

SO

to:=sup [z €10, 1]| ,GL[OJT] By(c(0)) C Eert} < 1.

Arguing as in Lemma A.1, we conclude that
B;s (c(to)) CE.: and Jg €0Bs (c(to)) NJE.

By definition of ¢, we have that either ¢ € 2 or
q € 922N Br(xop).

In both cases (see Theorem 5.1 in [8] and Theorem B.9) we have
I;[El(g) =0,

which gives a contradiction with Theorem 1.2 and concludes the proof. O
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Fig. 2. The contribution from infinity of x3, x% and tanhx.

4. The contribution from infinity of some supergraphs
We compute in this Subsection the contribution from infinity of some particular supergraphs.

Example 4.1 (The cone). Let S € S"~! be a portion of the unit sphere, 0 := #"~!(S) and
C:={to|1>0, 0 €8}

Then the contribution from infinity is given by the opening of the cone,

a(C)=o. 4.1)
Indeed,
o0
0 0.1.0)= [ XY dy:%"*‘(S)/fHdm g
ly+s s
CB 1

and we obtain the claim by passing to the limit. Notice that this says in particular that the contribution from infinity
of a half-space is w, /2.

Example 4.2 (The parabola). We consider the supergraph
E:={(x,xa) | 20 = 1x*),

and we show that, in this case,
a(E)=0.

In order to see this, we take any R > 0, intersect the ball Br with the parabola and build a cone on this intersection
(see the second picture in Fig. 2), i.e. we define

S(R):=3dBrNE, Cr={to |t>0, 0 € S(R)}.

We can explicitly compute the opening of this cone, that is

(m_l)‘/z)wn

RV2 T

T

o(R) = (arcsin
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Since E C Cpg outside of Bg, thanks to the monotonicity property in Proposition 2.3 and to (4.1), we have that
a(E) =a(Cr) =0(R).
Sending R — oo, we find that

@(E)=0, thus «(E)=0.

More generally, if we consider for any given c, ¢ > 0 a function u such that

u(x") > c|x'|'"*¢,  forany |x'| > R for some R > 0

and

E:={(x',xp) | X0 = u(x")},
then

«(E) =0.

On the other hand, if we consider a function that is not rotation invariant, things can go differently, as we see in the
next example.

Example 4.3 (The supergraph of x3). We consider the supergraph
E:={(x,y|y=zx).

In this case, we show that
a(E)=m.

For this, given R > 0, we intersect d Bg with E and denote by S1(R) and S»(R) the arcs on the circle as the first
picture in Fig. 2. We consider the cones

Ch:={to |[t>0, 0 € Si(R)} Ch:={to|t>0, o €SH(R)}
and notice that outside of Bpg, it holds that C 123 cCEccC 11e~ Let x5 be the solution of
x0 4+ x2=R2,

that is the x-coordinate in absolute value of the intersection points d Bg N JE. Since f(x) = x® + x? is increasing on
(0, 0) and R? = f(xR) < f(Rl/3), we have that Xg < R1/3. Hence

1 X _R/3 ) _ R/3
0 (R):n—i—arcsm? §7r+arcsmT, 0 (R)zn—arcsmT.

Thanks to the monotonicity property in Proposition 2.3 and to (4.1) we have that
@(E) <a(Cp)=0'(R), a(E)=a(Cy)=0"(R)

and sending R — oo we obtain that
a(E)<m, a(E)z=m.

Thus a(FE) exists and we obtain the desired conclusion.

Example 4.4 (The supergraph of a bounded function). We consider the supergraph

E :={(x',xp) | x0 = u(x")}, with  [lul L@y < M.
We show that, in this case,

a(E)z%.
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To this aim, let

Pi={(', xn) | xp > M}
P = {(', xn) | X0 < —M}.
We have that

B CE, PBr CCE.

Hence by Proposition 2.3
, 10
wWE)za(Po=—,  aCE)=za(P) ="
Since ¢(CE) = w, — a(E) we find that
_ Wy
E)< —,
@(E) < 2

thus the conclusion. An example of this type is depicted in Fig. 2 (more generally, the result holds for the supergraph
in R" {(x", x,) | x, > tanhx}).

Example 4.5 (The supergraph of a sublinear graph). More generally, we can take the supergraph of a function that
grows sublinearly at infinity, i.e.

el _

Ix|—>+o0 ||

E :={(x",xp) | xn > u(x")}, with

In this case, we show that

Wy
oa(E)=—.
(E) >
Indeed, for any ¢ > 0 we have that there exists R = R(¢) > 0 such that
lu(x)| <elx’'|, VY|x'|>R.
We denote

S1(R) :=dBr N{(x, x) | x5 > &x']}, S>(R) := dBr N{(x', xp) | x5 < —&lx|}
and
C}e ={to | t>0,0e€Si(R)}, fori=1,2.
We have that outside of B
ChCE, CicCCE,
and
wy (T
Chy=a(Ch =22 (7 —arctane).
a(Cp) =a(Cy) —\3 arctan &
We use Proposition 2.3, (i), and letting & go to zero, we obtain that «(E) exists and
wp
E)y=—.
a(E) >

A particular example of this type is given by

E :={(', x,) | xp > clx'|' %}, when |x'| > R forsomee € (0,1], ceR, R>0.

In particular using the additivity property in Proposition 2.3 we can compute « for sets that lie between two graphs.
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Fig. 3. The “butterscotch hard candy” graph.

Example 4.6 (The “butterscotch hard candy”). Let E C R" be such that

EN{x'| > R} C{(x",xn) | IX'| > R, |xal < clx’|'=#}, forsomee € (0,1], ¢ >0, R >0,
(an example of such a set E is given in Fig. 3). In this case, we have that

a(E)=0.

Indeed, we can write E} := E N {|x’| > R} and E; := E N {|x’| < R}. Then, using the computations in Example 4.5,
we have by the monotonicity and the additivity properties in Proposition 2.3 that

@(Er) <ofx, > —clx’ll_’s}) —a(fx, > c|x/|1_5}) =0.

Moreover, E; lies inside {|x1| < R}. Hence, again by Proposition 2.3 and by Example 4.1, we find
a(Ey) <a{lxi| < R}) =a(fx; < R}) —a({x; < —R}) =0.

Consequently, using again the additivity property in Proposition 2.3, we obtain that
@(E) <a(E)) +a(E2) =0,

that is the desired result.

We can also compute « for sets that have different growth ratios in different directions. For this, we have the
following example.

Example 4.7 (The supergraph of a superlinear function on a small cone). We consider a set lying in the half-space,
deprived of a set that grows linearly at infinity. We denote by S the portion of the sphere given by

S = {a € S”_z‘a = (cosoy,sinoy c0soy, ...,8IN0] ...S8in0,_2),

witho*,-e(%—é,%—l—é), i:l,...,n—Z},

where € € (0, 7/2). For xg € R" and k > 0 we define the supergraph £ C R" as
klx" — x{| forx" € X,
0 for x' ¢ X,
X={x'eR" 'st.x'=to +x}, 0 €8}

E:={(',xy) €eR" | x, 2u(x")} where u(x)= !

We remark that X C {x, = 0} is the cone “generated” by S and centered at xq. Then

wp

a(E) = >

k
H2(§) / _ar 42)
g 1+ 12)2
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Let

P = {0 x) [ 1 >0}, P = {(&, x) | x4 <0)
and we consider the subgraph

Fi={(,x0) |0 <xp <u(x)}.
Then

EUF=9,, P_UF=CE.

Using the additivity property in Proposition 2.3, we see that

_ wp _ wp
@(E) = — —u(F), wp —a(E) =a(CE) < - +a). (4.3)
Let R > 0 be arbitrary. We get that
XF(y) / XF(y)
’ Ra F S . d _—
@ (o, & ) / y—xor T v — ol
(Br () XR)NCBg (x0) C(BR(x))xR)
o)
o0
(x0, R, F) < / dy' / di
as(xp, R, F) < _ _
5140 ly’ — x(/)|n—1+s (1 +t2)”+Y
By (xg) R2= =x) 2
Iy =xg]
k 4.4
dy’ dt
+ / / /yn71+s / nts
[y — xpl 1+
CBL(xpNX 0
=1+ 1.

Using that 1 + ¢> > max({1, £} and passing to polar coordinates, we obtain that

_R
A 0o
n= | =S + [ o)
1 = n+s
|y — xpln s a1 +z2)% ﬂ) &2
B (xg) JRZ 1y 32 = Yol
Iy =g

R R—n—s—H R
<wn—1 </ 'L'_S_2 (R — 4/ R? — ,02) dp + n—}—s——l / ,0"_2d,o>
0 0
1

:wn1<R_Sfr_‘Y_2 (1 —\/1—12> dt + R )
0

n+s—1Dn-1)

Also, for any t € (0, 1) we have that
1—V1—-12<ct?,
for some positive constant ¢, independent on #n, s. Therefore

cw,_1R™* + wp—1R™*
1—s m—Dm+s—1)

I <
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Moreover,

k
—S
12:H"*2(§)R /L
o 1+

N t2) % ’
So passing to limsup and liminf as s — 07 in (4.4) and using Fatou’s lemma we obtain that

k k
- dt ~ dt
W(F)SH”*Z(S)/in, Q(F)EH”*Z(S)/in-
(14122 (1412)2
0 0
In particular «(F) exists, and from (4.3) we get that
Wp

3~wuwsgmsawn¥§—awy

Therefore, a(E) exists and
k d
~ t
mm=@—w4mf———;
2 J (42

5. Continuity of the fractional mean curvature and a sign changing property of the nonlocal mean curvature

We use a formula proved in [10] to show that the s-fractional mean curvature is continuous with respect to C1*
convergence of sets, for any s < o and with respect to C convergence of sets, for s close to 1.

By C1¢ convergence of sets we mean that our sets locally converge in measure and can locally be described as the
supergraphs of functions which converge in C1-¢.

Definition 5.1. Let E C R” and let g € 9 F such that 0E is C L.a pear q, for some « € (0, 1]. We say that the sequence

. . cle . . .
E; C R” converges to E in a C1¢ sense (and write Ex —> E) in a neighborhood of ¢ if:

(1) the sets Ej locally converge in measure to E, i.e.

k— 00

[(ExAE)NB,] —— 0 foranyr >0

and
(ii) the boundaries 3 E; converge to dE in C!* sense in a neighborhood of g.

We define in a similar way the C? convergence of sets.

More precisely, we denote

Qrn(x) == B/.(x") X (xp — h,x, + h),

forx e R", r,h > 0. If x =0, we drop it in formulas and simply write Q, » := O, »(0). Notice that up to a translation
and a rotation, we can suppose that ¢ =0 and

EN Qoon ={(x',xy) €R" |x" € B, u(x") < x, <2h}, (5.1
for some r, h > 0 small enough and u € C 1""(?/2,) such that u(0) = 0. Then, point (ii) means that we can write

Ex N Qoron ={(x',xp) €R"|x" € B, up(x") < xn <2h}, (5.2)
for some functions u; € C 1""(E/Z,) such that

klirgo luk —ullcro g, , =0- (5.3)
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We remark that, by the continuity of u, up to considering a smaller 7, we can suppose that
h
lu(x")] < X Vx'eBj.. (5.4)

We have the following result.

l,a
Theorem 5.2. Let Ej, “LE in a neighborhood of q € 9E. Let gi € d Ex be such that g —> q and let s, s; € (0, )

k
be such that sy, 27§ Then

Jim Ty [Ecl(qe) = Ls[E](q)-

2
Let Ey < E in a neighborhood of q € OE. Let q; € 0Ey be such that gy —> q and let s; € (0, 1) be such that

Sk k_)—oo> 1. Then

kl_ig}o(l — 1)Ly [Ex1(gk) = @n—1 H[E](q).

A similar problem is studied also in [11], where the author estimates the difference between the fractional mean
curvature of a set E with C1-¢ boundary and that of the set ®(E), where ® isa C Lo diffeomorphism of R”, in terms
of the C%® norm of the Jacobian of the diffeomorphism ®.

When s — 07 we do not need the C* convergence of sets, but only the uniform boundedness of the C** norms
of the functions defining the boundary of Ej in a neighborhood of the boundary points. However, we have to require
that the measure of the symmetric difference is uniformly bounded. More precisely:

Proposition 5.3. Let E C R” be such that a(E) exists. Let g € OE be such that
ENQrn(q) ={(x",x,) e R"|x" € B/ (q"), u(x') < x4 <h+qn},

for some r, h > 0 small enough and u € C"* (E/r (q")) such that u(q’) = qy. Let Ex CR" be such that
|ExAE| < Cy

for some C1 > 0. Let g € dE N By, for some d > 0, such that
Ex N Qrnlge) = {(x', x) €R" [x" € B(qp), up(x') < xn < h + qn}

for some functions uy € C1¢ (E; (qp)) such that ui(q;) = qx.n and

||Mk ”Cl,a(Ei(ql/()) < C2

for some Cy > 0. Let s € (0, @) be such that sy k_)—oo> 0. Then

lim s;Zg, [Ex](gk) = wn — 2a(E).
k— o0

In particular, fixing Ex = E in Theorem 5.2 and Proposition 5.3 we obtain Proposition 1.11 stated in the Introduc-
tion.
To prove Theorem 5.2 we prove at first the following preliminary result.

la
Lemma 5.4. Let Ey, “LE in a neighborhood of 0 € OE. Let qi € 0 Ey be such that g —> 0. Then

1.8
Er — qx CNE ina neighborhood of 0,

forevery B € (0, @).
2
Moreover, if Ej, C—) E in a neighborhood of 0 € OE, qy € 0 Ey are such that qx —> 0 and Ry € SO (n) are such
that
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lim |Ry —Id| =0,
k— 00
then

2
Ri(Ex — qr) C—> E inaneighborhood of 0 .

Proof. First of all, notice that since gy — 0, for k big enough we have

1 1
lge] < 51 and gl = lui(gp)] < 3

By (5.4) and (5.3), we see that for k big enough
3

lup (x| < Zh, Vx'eBj,.

Therefore
7

lup(x") — qrnl < gh <h, Vx'eB),.
If we define

() i=uk(x' +qp),  x'€B,,
for every k big enough we have

(Ex —qi) N O ={(x",x,) e R"|x" € By, i (x") < x, < h}.

It is easy to check that the sequence Ej — gx locally converges in measure to E. We claim that

kln;o it — u”Cl,ﬂ(E’r) =0.
Indeed, let

u(x') = ux’ + qp).

We have that

||l/lk - Tk””cl(E;) = ”l/lk - u”cl(E/%r)

and that

Iz = ull 1 gy < WVl o, 1kl + 1l cre gy, )1kl
2" z
Thus by the triangular inequality

lim |jug —ull =0,
k—>00|| k ”CI(B;)

thanks to (5.3) and the fact that gz — 0.
Now, notice that V (iig) = 17 (Vuy), so

Vit = Vil o g = [ (Vi = Vi)l o gy + [0 (V0) = Vil

Therefore

[tk (Vug — Vu)] = [Vuk = Vulpop

COA(B,) (By)
2

and for every 6 > 0 we obtain

2
B 2 B -8
[5(Vi) = Vil o ) < 55117V Vu||co(§,%) + 2Vl o 87

685

(5.5)

(5.6)
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Sending k — oo we find that

lim sup[tx (Vi) — V”)]CW‘(E’,) < 2[V“]Co,a(§;)8“’

k— 00

for every § > 0, hence

lim [Vig — Vu] 0.

k— 00 CO8(B,)

This concludes the proof of the first part of the Lemma.
As for the second part, the CZ convergence of sets in a neighborhood of 0 can be proved similarly. Some care must
be taken when considering rotations, since one needs to use the implicit function theorem. O

Proof of Theorem 5.2. Up to a translation and a rotation, we can suppose that ¢ = 0 and vg(0) = 0. Then we can

find r, h > 0 small enough and u € Cl’“(E;) such that we can write E N Qo,2;, asin (5.1).
Since sy — s € (0, «) for k large enough we can suppose that si, s € [00, 01] for 0 < 09 < 01 < B < . Notice that
there exists § > 0 such that

Bs CC Qyp- (5.7)
We take an arbitrary R > 1 as large as we want and define the sets
Fi:= (Ex N BR) — gk

From Lemma 5.4 we have that in a neighborhood of 0

clp
F, —— EN Bg.
In other words,

lim |FxA(E N Bg)| = 0. (5.8)
k— o0

Moreover, if uy is a function defining E; as a supergraph in a neighborhood of 0 as in (5.2), denoting it (x') =
ur(x" + q;,) we have that

FrNQrin= {(X/,xn) eR" |X/ € B,/«’ ﬂk(x/) <Xxp < h}
and that

kliflgo ”ﬁk - u“cl,ﬂ(E:) = Oa ”ﬁkncl,ﬁ(E;) S M for some M > 0 (59)
We also remark that, by (5.4) we can write

ENQp={",xn) eR"|x" € B, u(x') < x, <h}.

Exploiting (5.5) we can write the fractional mean curvature of Fj in 0 by using formula (B.1), that is

Isk[Fk](0)=2/{Gsk(M) —Gsk(Vﬂk(O)'y—/)} dy'

o 1yl [y/| /] |yt =t
" (5.10)
xcr (V) — X7 ()
+ Iy [ xco,, () dy.
Rn
Now, we denote as in (B.2)
- . ik (y") — i (0) ~ '
Glske ik, ') = Glsto ik, 0.3 = Gy (F 5 ) = G (Va0 25

and we rewrite the identity in (5.10) as
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/XCFk()’)—XFk()’) xco,, () dy.

dy

_ ~ l

Ty, [F(0) =2 / Gl ik ) ey + T
B/

Also, with this notation and by formula (B.1) we have for E

xcEnBR) (YY) — XEnBR ()
Iyll’l“rS

dy’
Z;[E N Brl(0) =2/Q(S,M, y) /T +/ XCo,, (V) dy.
B! Rn

We can suppose that » < 1. We begin by showing that for every y’ € B, \ {0} we have
lim G(sg, iix, y') = G(s,u, y').
k— 00
First of all, we observe that
G (sk, ik, Y') — G s, u, Y| < |G (s g, y') — G (s, g, Y +1G (s, dig, ¥') — G s, u, ¥
Then

i V) =iy (0)
1yl

|G (sk, ik, ¥') — G(s, g, ¥')| = ) / (85 (1) — g5 (1)) dt

~ y,
Vi (0)- Wi

“+00
<2 / 185, (1) — g5 (1] d1.
0

Notice that for every r € R
lim |gg, (1) —gs()[ =0,  and  [gg (1) — &s()] <284,(1), VkeN.
k— 00
Since gq, € L'(R), by the Dominated Convergence Theorem we obtain that
lim |G (s, ik, y') — G(s, iig, y)| = 0.
k— 00
We estimate

ik (y) — ﬁk(O)) B Gs(u(y’) - u(O))’

L O T M

+ )GS (Vﬁk(O) : y—/) — G, (Vu(O) : y—)‘

[y [y

i (y) —ik(0)  u(y) —u(0)
[yl [yl
+ [Vitg (0) — Vu(0)]

S ‘

|+ 1V (© = V()]

= |V —0E) =
[y
S 2||Vﬁk - V””CO(EL)’

which, by (5.6), tends to 0 as k — oo. This proves the pointwise convergence claimed in (5.11).

Therefore, for every y’ € B). \ {0},
Gsk, ik, ¥ Gls,u, y')
kimo |y/|n—l+sk - |y/|n—1+s :

Thus, by (B.3) we obtain that

G(sk, ik, y) <Nkl p -
Iy/[—Tse | = k CLA(B)) |y |n=1=(B=si) = [y/[1=1-(B—oD)

eL) (R,

687

.11
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given (5.9). The Dominated Convergence Theorem then implies that

B dy/ dy/
. / _ 1
klgl(;/g(sk, Uk, y )_|y’—|"*1+sk = / G(s,u,y") ly/ 1+ (5.12)
B! B
Now, we show that
. xcr (YY) — xF () [ xcEnBR)(Y) — XEnBR(Y)
i, [ FA e, 0y = s Koo Gy
R” n

For this, we observe that

1 1 1 1
‘ / (XC(EmBR)(y) — XENBg ()’))(W—Hk - MTH)dy‘ = / ‘|y|"—+y" - |)’|T+S dy,
C’Qr,h CB&

where we have used (5.7) in the last inequality. For y € CB
1

! < L'(CB
s | = s <11
and for y € By \ Bs
! L L'(B/\ B
’|y|"+Sk | = g € BB

We use then the Dominated Convergence Theorem and get that

. 1 1
kll)ngo / (XcEnBR)(Y) — XENBg (y))(w—w - MT“)dy =0.
CQr.h

Now

xcr () — xre(y) — (xcEnBr) () — XENBR(Y)) o X ACENBg) (D) J
|y|n+sk Y= |y|"+51<
COrn COri
- 2|FkA(E N Br)| k—oo
- Sh+oi

0,

according to (5.8). The last two limits prove (5.13). Recalling (5.12), we obtain that
kl_i)rgofsk[Fk](O) =Is[E N0 Br](0).

We have that Z;, [ Fi1(0) = Zy, [ Ex N Br1(gk), so

|Zs [Er)(gr) — L[ E10)] < | T, [Ex)(qx) — L [Ex N BrI(gi)| + | Zs [ Fr](0) — Zs[E N Br1(0)]
+ |1Zs[E N BR1(0) — Z,[ET(0)].
Since

(9}

4
| Zs, [Ex1(qk) — Zg [Ex N BrI(qi)| + |Zs[E1(0) — Zs[E N BRrI(0)| < p

R™°,
sending R — oo

lim Zg, [Er](qr) = Z[EN0).

k— 00

This concludes the proof of the first part of the Theorem.
In order to prove the second part of Theorem 5.2, we fix R > 1 and we denote

Fi:= Ri((Ex N Br) — qi).



C. Bucur et al. / Ann. 1. H. Poincaré — AN 36 (2019) 655-703 689

where Ry € SO (n) is a rotation such that
Ri :vE, (0) — vp(0) = —e, and klim Ry —1d| =0.
— 00

2
Thus, by Lemma 5.4 we know that Fj S Eina neighborhood of 0.
To be more precise,

lim |FrA(E N Bg)| =0. (5.14)
k— 00

Moreover, there exist r, 4 > 0 small enough and vg,u € C 2(§;) such that
FrNQrp= {(-x/s xp) €R" |x/ S B,/,, Uk(x/) < Xx, < h},
ENQrp={",xn) eR"|x € B, u(x’) < x, <h}
and that
Jim o — ull o 7, = 0. (5.15)

Notice that 0 € 9 F; and vf, (0) = e, for every k, that is,

ve(0) =u(0) =0, Ve (0)=Vu(0)=0. (5.16)
We claim that
kl_i)ngo(l — 51 | Zy, [F1(0) — Zy, [E N BR1(0)| = 0. (5.17)

By (5.16) and formula (B.1) we have that

v )
11

dy' / dt f Xcr () — xF (y)
Ty [Fe1(0) =2 * ¢
Sk[ k]( ) b[ |y/|n+sk71 J (1+t2)n+% |y|n+Sk

xcr () — xF(y)
|y |7tk

Qr,h

= T F10) + /
CQr,h

We use the same formula for E N Bg and prove at first that

xcF (V) — xr (Y) — XcEnBR)(Y) + XENBR (V) dvl < |Fr A(E N Bg)| - |Fx A(E N Bg)|
|y|n+xk Y= Sn+sk - 8n+1 ’

CQr.h

(where we have used (5.7)), which tends to 0 as k — oo, by (5.14).
Moreover, notice that by the Mean Value Theorem and (5.16) we have

1 ”Uk _u||c2(§/)
l(vk —u) (Y| < §|D2(Uk —w)EY* < f’w’ﬁ
Thus
v ()
Iyl
dy’ dt
| ZL°[F1(0) — ZL°[E N BR1(0)| <2 / T / RN
|y’ |7k A+

By uly

1yl

Wn—1 ”vk - u”cZ(E;) 1—s;
r- oK,

<2 / Y1 (o — )0 dy <
B

1—s%

hence by (5.15) we obtain
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Jim (1= ) |Z TR (0) = Z“[E 0 BRIO)| =0.

This concludes the proof of claim (5.17).
Now we use the triangle inequality and have that

(1 = s Zg, [Ex](qr) — HIENO)| < (1 = s0)|Zg, [Ex1(gr) — L [Fi1(0) |

+ (1 = 50 |Zy [Fx1(0) — Zg [E N BR1O)| 4 |(1 — s1)Zy, [E N BR1(0) — H[E](0)].

The last term in the right hand side converges by Theorem 12 in [2]. As for the first term, notice that

Ly [Fi)(0) = Iy, [Ex 0 BrI(q)s

hence
2

. . w. _
Jim (1= 50| T [Ex 0 Br1(qr) — Ty [Ex)(qi)| < limsup(l —se) == R =0.

k—00 Sk

Sending k — oo in the triangle inequality above, we conclude the proof of the second part of Theorem 5.2.

(5.18)

O

Remark 5.5. In relation to the second part of the proof, we point out that using the directional fractional mean

curvature defined in [2, Definition 6, Theorem 8], we can write

vk (pe)

s | [ [ o
, ST

sn—2

=2 / Ky cdH! ™2,
Sn—2

One is then actually able to prove that

Jim (1— 1)K sy e[ Ex — qx(0) = H[E](0),

uniformly in e € S"~2, by using formula (5.18) and the first claim of Theorem 12 in [2].

Remark 5.6. The proof of Theorem 5.2, as well as the proof of the next Proposition 5.3, settles the case in which
n > 2. For n = 1, the proof follows in the same way, after observing that the local contribution to the mean curvature
is equal to zero because of symmetry. As a matter of fact, the formula in (B.1) for the mean curvature (which has no

meaning for n = 1) is not required.

We remark also that in our notation wg = 0. This gives consistency to the second claim of Theorem 5.2 also for

n=1.
We prove now the continuity of the fractional mean curvature as s — 0.

Proof of Proposition 5.3. Up to a translation, we can take ¢ = 0 and u(0) = 0.
For R > 2max({r, h}, we write

I [Ed(qo) = P.V / XCE, (V) — xE. () f XCE, (Y) — xE. ()
ly — qil |y — qi |
Qr.n(qr) COrn(qr)
_pvy XcE(Y) — XE. () J xce, () — xE (y) d
- _ n+sg y+ _ n+sy
|y — gkl |y — gkl
Or.n(qr) Br(qi)\Or.n(qk)
n XCE, (Y) — xE(Y) J
ly — qi|" sk

CBr(qr)
=11(k) + (k) + I3(k).
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Now using (B.1), (B.2) and (B.3) we have that

|G (ks uk, qp> YD1, Iy —qp|* ,
|’1(’<)|52/ T gt W =2k cra ) / Vg1 P
Bl(q}) B} (q;)
o—Sk
<2Crwp—1

Ol—Sk.

Using (5.7) we also have that

dy §75%k — RSk
LWl= f y—al T
Br(qi)\Bs(qr)
Thus
Jim s (11K + 112(001) =0. (5.19)
Furthermore
|skI3(k)—(wn — 2sx05, (0, R, E)))|
dy XE(Y)
=< |sk / > = ge — 25y, / Wdy_wn + 2sk oy (g, R, E))
CBr(qr) CBRr(qi)

+ 2silog, (g, R, E) — 05, (0, R, E)|

Xe ) 0 XEQ)
v — gl v — gl

<|wp R — wy| + 251

CBRr(qr) CBRr(qr)
+ 2silog, (g, R, E) — o5, (0, R, E)|
_ XEAE(Y)
§|wnR ‘Yk—a)n|+2Sk / mdy—i—ZsHask(qk,R,E)—ozsk(O,R,E)|

CBr(qx)
= |a)l’lR_Xk - wn| + 2C1 skR_n_Xk + 2Sk|0lsk (CIk7 Ra E) - aSk (07 Ra E)|’

where we have used that |ExAE| < Cy.
Therefore, since g € By for every k, as a consequence of Proposition 2.1 it follows that

kli)ngo |s 13 (k) —(wn — 25k, (0, R, E))| =0. (5.20)
Hence, by (5.19) and (5.20), we get that

lim s;Z, [Exl(gr) = wp — 2 1im sge, (0, R, E) = w, — 20(E),

k— o0 k— o0

concluding the proof. 0O

Proof of Theorem 1.1. Arguing as in the proof of Proposition 5.3, by keeping fixed E; = E and gx = p, we obtain
limi(r)lfsl's[E](p) =w, —2limsupsa;(0, R, E) = w, —20(E),
s>

s—0
and similarly for the limsup. O
As a corollary of Theorem 5.2 and Theorem 1.1, we have the following result.
Theorem 5.7. Let E C R" and let p € JE be such that 3E N B,(p) is C? for some r > 0. Suppose that the classical
mean curvature of E in p is H(p) < 0. Also assume that
_ Wp
a(E) < —.

2
Then there exist oy < § < o1 in (0, 1) such that
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(i) Z;[E1(p) > 0 for every s € (0, 0¢l, and actually

liminfs Z,[E](p) = w, — 20(E),
s—0t

(ii) Z;[E](p) =0,
(iii) Z;[E1(p) < O for every s € [01, 1), and actually

}LH}(I — ) L[El(p) = won—1 H[E](p).
Conflict of interest statement
The authors have no conflict of interest.
Appendix A. Some geometric observations
A.l. Sliding the balls

For the convenience of the reader, we collect here some auxiliary and elementary results of geometric nature, that
are used in the proofs of the main results.

Lemma A.1. Let F C R" be such that'

Bs(p) C Fext  for some § >0 and q € F,
and let ¢ : [0, 1] —> R" be a continuous curve connecting p to q, that is
cO)=p and c(l)=gq.
Then there exists tg € [0, 1) such that Bs (c(to)) is an exterior tangent ball to F, that is

Bs(c(10)) C Fext and  0Bs(c(to)) NIF # @. (A.])

Proof. Define

fo ;= sup [r e[0,17] U Bs(c(t)) C Fext}. (A2)
t€(0,7]
We begin by proving that
Bs(c(t0)) C Fex:. (A3)

If tp = 0, this is trivially true by hypothesis. Thus, suppose that 7y > 0 and assume by contradiction that
Bs(c(tp))NF # 2.

Then there exists a point
yeF=F,; UdF st d:=|y—c(t)|<3s.

By exploiting the continuity of ¢, we can find ¢ € [0, #p) such that

8—d
ly—c®l =1y =) +lclto) —c)l =d + —— <3,

1 Concerning the statement of Lemma A.1, we recall that the notation F denotes the closure of the set F, when F is modified, up to sets of
measure zero, in such a way that F' is assumed to contain its measure theoretic interior Fj,; and to have empty intersection with the exterior Feyxs,
according to the setting described in Section 1.2.1. For instance, if F is a segment in RZ, this convention implies that Fj,; = &, Fext = R2 and
so F and F in this case also reduce to the empty set.
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and hence y € Bs(c(t)). However, this is in contradiction with the fact that, by definition of 79, we have Bs(c(1)) C
Fey:. This concludes the proof of (A.3).

We point out that, since g € F, by (A.3) we have that 7y < 1.

Now we prove that #y as defined in (A.2) satisfies (A.1).

Notice that by (A.3) we have

Bs(c(10)) C Fext = Fext UQF. (A4)
Suppose that
3B§(C(t())) NoF =@.
Then (A.4) implies that
Bs (C(tO)) C Fext»
and, since F,y; is an open set, we can find § > & such that
BS (C(tO)) C Fext.
By continuity of ¢ we can find ¢ € (0, 1 — fp) small enough such that
le(r) — c(fo)] <& — 8, Yt elto, 1o+ €].
Therefore
Bs(c(t)) C Bs(c(t0)) C Ferro Vi€t to+¢l,
and hence

U Bs(c®) C Fex,

te[0,1p+¢]

which is in contradiction with the definition of 7. Thus
dBs(c(t0)) NOF # 2,
which concludes the proof. O

A.2. Smooth domains

Given a set F C R", the signed distance function d r from 0 F, negative inside F, is defined as
dp(x)=d(x,F)—d(x,CF)  forevery x e R",
where

d(x,A):=inf |[x — y|,
yeEA

denotes the usual distance from a set A. Given an open set 2 C R”, we denote by
N, (09) :={lda| < p} = {x e R" |d(x,39) < p)

the tubular p-neighborhood of d€2. For the details about the properties of the signed distance function, we refer to
[3,19] and the references cited therein.
Now we recall the notion of (uniform) interior ball condition.

Definition A.2. We say that an open set O satisfies an interior ball condition at x € O if there exists a ball B, (y) s.t.

B.(y)CO and x € 0B, (y).

We say that the condition is “strict” if x is the only tangency point, i.e.
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0B, (y)NoO = {x}.

The open set O satisfies a uniform (strict) interior ball condition of radius r if it satisfies the (strict) interior ball
condition at every point of 0, with an interior tangent ball of radius at least r.
In a similar way one defines exterior ball conditions.

We remark that if O satisfies an interior ball condition of radius r at x € 9O, then the condition is strict for every
radius r’ < r.

Remark A.3.Let © C R” be a bounded open set with C? boundary. It is well known that Q satisfies a uniform
interior and exterior ball condition. We fix ro = ro(£2) > 0 such that 2 satisfies a strict interior and a strict exterior
ball condition of radius 2r¢ at every point x € €2. Then

dg € C*(Nayy (3S2)), (A.5)
(see e.g. Lemma 14.16 in [19]).

We remark that the distance function d(—, E) is differentiable at x € R” \ E if and only if there is a unique point
y € dE of minimum distance, i.e.

dix,E)=|x—y]|.
In this case, the two points x and y are related by the formula
y=x—d(x,E)Vd(x,E).

This generalizes to the signed distance function. In particular, if €2 is bounded and has C? boundary, then we can
define a C! projection function from the tubular 2ro-neighborhood N2, (0€2) onto 92 by assigning to a point x its
unique nearest point i (x), that is

72 Noyy (0Q) —> 0Q2, 7(x) :=x — do(x)Vdg(x).
We also remark that on Q2 we have that Vdg = v and that
Vdg (x) = Vdg((x)) = va(m(x)), Vx € Noy, (32).

Thus Vdg is a vector field which extends the outer unit normal to a tubular neighborhood of 0Q,inaC ! way.
Notice that given a point y € 92, for every |§| < 2rg the point x := y 4 §vq(y) is such that dg(x) = § (and y is its
unique nearest point). Indeed, we consider for example § € (0, 2rg). Then we can find an exterior tangent ball

By, (2) CCRQ, 9B2y, (z) N2 = {y}.
Notice that the center of the ball must be

2=y +2rgva(y).
Then, for every 6 € (0, 2rg) we have

Bs(y +8va(y)) C Bayy(y + 2rova(y)) C CLQ, dBs(y +8va(y)) N3 = {y}.
This proves that

lda(y + Sve(y)| =d(x,dQ) = 6.

Finally, since the point x lies outside €2, its signed distance function is positive.

Remark A .4. Since |Vd_§2| = 1, the bounded open sets

Qs = {dg < 8}
have C? boundary
0% = {do =),

for every § € (—2rg, 2rp).
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As a consequence, we know that for every |§| < 2rg the set 25 satisfies a uniform interior and exterior ball condition
of radius r(8) > 0. Moreover, we have that r () > rq for every |§| < rg (see also Appendix A in [24] for related results).

Lemma A.5. Let Q@ C R” be a bounded open set with C* boundary. Then for every 8 € [—ro, ro] the set Qs satisfies a
uniform interior and exterior ball condition of radius at least ry, i.e.

r(§) >ro for every || <ryp.
Proof. Take for example § € [—rp,0) and let x € Q25 = {d_Q = §}. We show that Q25 has an interior tangent ball of

radius ro at x. The other cases are proven in a similar way.
Consider the projection 7 (x) € 9€2 and the point

x:=x —roVdg(x) =m(x) — (ro + [8)va ( (x)).
Then
By, (x0) CQ2s and x € 0By, (x0) NOQs.
Indeed, notice that, as remarked above,
d(xp, 02) = |xo — 7 (x)| =ro + |8].
Thus, by the triangle inequality we have that
d(z, 9€2) > d(xo, 9€2) — |z — xo| > [4], for every z € By, (x0),
so By, C £2s. Moreover, by definition of xy we have
X € 0B, (xp) NIy
and the desired result follows. 0O
To conclude, we remark that the sets ©2_s are retracts of €2, for every § € (0, r9]. Indeed, roughly speaking, each
set 2_; is obtained by deforming €2 in normal direction, towards the interior. An important consequence is that if €2
is connected then 2_s is path connected.
To be more precise, we have the following:

Proposition A.6. Let Q@ C R" be a bounded open set with C* boundary. Let § € (0, ro] and define

X, x e Q_s,

D:Q— Q_;, D(x)::{ - -
x — (8 4+ da(x)Vda(x),x € 2\ Q_s.

Then D is a retraction of Q2 onto Q_g, i.e. it is continuous and D(x) = x for every x € Q_s. In particular, if Q is
connected, then Q_g is path connected.

Proof. Notice that the function

d(x):=x— (8 + c?sz(x))chQ(x)

is continuous in 2 \ 2_s and ®(x) = x for every x € dS2_s. Therefore the function D is continuous.
We are left to show that

D\ Q_5) CoR_s.
For this, it is enough to notice that
Dx)=n(x) —dvg(r(x)) forevery x € Q\ Q_;.

To conclude, suppose that €2 is connected and recall that if an open set 2 C R” is connected, then it is also path
connected. Thus €2_s, being the continuous image of a path connected space, is itself path connected. O
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Appendix B. Collection of other useful results on nonlocal minimal surfaces

Here, we collect some auxiliary results on nonlocal minimal surfaces. In particular, we recall the representation of
the fractional mean curvature when the set is a graph and a useful and general version of the maximum principle.

B.1. Explicit formulas for the fractional mean curvature of a graph

We denote

Qrn(x) := B/ (x") X (x4 — h, x, + I),
forx e R", r,h > 0.If x =0, we write Q, , := O, 4(0). Let also
t

gs(t) = % and Gs(t):= / gs(t)dr.
(1+12)2 J

Notice that
+00
O0<gs(®) <1, VieR and /gs(t)dt<oo,
—00
for every s € (0, 1).

In this notation, we can write the fractional mean curvature of a graph as follows:

Proposition B.1. Let F C R” and p € 0 F such that
FNQrn(p)={(',x2) eR" |x" € B/(p), v(x) < xp < pn +h},

for some v € Cl’“(Elr(p/)). Then for every s € (0, o)

LIFIP) = Bé/) {o: U(lyy)—:(f)) G (Vo) /_p/|)}|y’—?l/"‘l+‘“

(B.1)
xcr () — xr(y) d

+
ly — p|*+s

RN\ Qrn(p)

This explicit formula was introduced in [10] (see also [2,20]) when Vv(p) = 0. In [5], the reader can find the
formula for the case of non-zero gradient.

Remark B.2. In the right hand side of (B.1) there is no need to consider the principal value, since the integrals are
summable. Indeed,

vONH—v(p)
Iy =p'l

6.(" =) (v 222N =] [ s
Vv(p)‘p

v(y') —v(p) —
=< ‘ =< ”v”Cl.a(E;(pl))'y/_p/la’

- Iy = 'l
for every y’ € Bl.(p’). As for the last inequality, notice that by the Mean value Theorem we have
v(y) = v(p)=VuE) - (' = p),
for some & € B/.(p’) on the segment with end points y’ and p’. Thus
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lv(y") —v(p") = Vo) - ' = pHI=1(VuE) = Vu(p) - (' — p)I
< |VU(§) - VU(P/)”)’/ - p/| =< ”VU”CUﬂ(E;(p’))'g - P/|a|y/ - P/|

< ||v||cl,oc(§:(p/))|yl - Pl|1+a~
We denote for simplicity
v(y') —v(p) y =7
G(s,v, yl, P/) = GS(W) — Gy (VU(P/) : m) (B.2)
With this notation, we have
GG, v, 3 POI = Wl g (1Y =PI (B.3)

B.2. Interior regularity theory and its influence on the Euler—Lagrange equation inside the domain

In this Appendix we give a short review of the Euler-Lagrange equation in the interior of the domain. In particular,
by exploiting results which give an improvement of the regularity of d E, we show that an s-minimal set is a classical
solution of the Euler-Lagrange equation almost everywhere.

First of all, we recall the definition of supersolution.

Definition B.3. Let 2 C R” be an open set and let s € (0, 1). A set E is an s-supersolution in Q if P;(E, ) < oo and

Py(E, Q) < P(F,Q2) foreveryset Est. EC Fand F\Q=FE\Q. B.4)

We remark that (B.4) is equivalent to

ACCENQ == Ls(A,E)— Ls(A,C(EUA)) <0.

In a similar way one defines s-subsolutions.
In [8] it is shown that a set E which is an s-supersolution in €2 is also a viscosity supersolution of the equation
Z,[E]1=0o0n dE N Q. To be more precise

Theorem B.4 (Theorem 5.1 of [8]). Let E be an s-supersolution in the open set Q. If xo € 0E N Q and E has an
interior tangent ball at xg, contained in 2, i.e.

B,(y) CENQ st x90€dENIB(y),

then

lim illfIf[E](xo) > 0. (B.5)
0

p—>
In particular, E is a viscosity supersolution in the following sense.

Corollary B.5. Let E be an s-supersolution in the open set Q2 and let F be an open set such that F C E. If x €
BENAF)NQand F is CV! near x, then I;[ F1(x) > 0.

Proof. Since dF is C"! near x, F has an interior tangent ball at x. In particular, notice that this ball is tangent also
to E at x (from the inside). Thus by Theorem B.4

liminfZ*[E](x) > 0.
p—07F
Now notice that

FCE = XCF — XF = XCE — XE>»

SO
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T[Fl(x) > T’ [E](x)  V&§>0.
Since Z;[F](x) is well defined, it is then enough to pass to the limit § — 0. O

Remark B.6. Similarly, for an s-subsolution E which has an exterior tangent ball at xo we obtain

limsupZ?[E](xo) <O0. (B.6)
p—0t

Now we recall the following two regularity results. If E is s-minimal, having a tangent ball (either interior or
exterior) at some point xg € dE N Q is enough (via an improvement of flatness result) to have C1'¢ regularity in a
neighborhood of x (see Corollary 6.2 of [8]). Moreover, bootstrapping arguments prove that C%! regularity guaran-
tees C™ regularity (according to Theorem 1.1 of [18]).

It is also convenient to introduce the notion of locally s-minimal set, which is useful when considering an un-
bounded domain £2.

We say that a set £ C R” is locally s-minimal in an open set 2 C R” if E is s-minimal in every bounded open set
Q' ccR™.

Exploiting the regularity results that we recalled above, we obtain the following:

Theorem B.7. Let Q C R" be an open set and let E be locally s-minimal in Q. If xo € 0E N Q and E has either an
interior or exterior tangent ball at xy, then there exists r > 0 such that 9E N B, (xg) is C*° and

LJE](x)=0 forevery x € dE N B,(xp). B.7)

Proof. Since xo € 9E N Q2 and Q2 is open, we can find r > 0 such that B, (xg) CC 2.

The set E is then s-minimal in B, (xo). Moreover, by hypothesis we have a tangent ball (either interior or exterior)
to E at xo. Also notice that we can suppose that the tangent ball is contained in B, (x().

Thus, by Corollary 6.2 of [8] and Theorem 1.1 of [18], we know that dE is C* in B, (x¢) (up to taking another
r > 0 small enough).

In particular, Z;[ E](x) is well defined for every x € d E N B, (xp) and E has both an interior and an exterior tangent
ball at every x € 9 E N B, (xg) (both contained in B, (xp)).

Therefore, since an s-minimal set is both an s-supersolution and an s-subsolution, by (B.5) and (B.6), we obtain

0 <liminfZ?[E](x) = Z;[E]1(x) = limsupZ°[E](x) <O,
p—0% p—0t
for every x € dE N B, (xp), proving (B.7). O

Furthermore, we recall that if £ C R” is s-minimal in €2, then the singular set X(E; Q) C d E N Q has Hausdorff
dimension at most n — 3 (by the dimension reduction argument developed in Section 10 of [8] and Corollary 2 of [25]).
Now suppose that E is locally s-minimal in an open set £2. We observe that we can find a sequence of bounded open
sets with Lipschitz boundaries €; CC 2 such that | J Q; = € (see e.g. Corollary 2.6 in [21]). Since E is s-minimal
in each Q and T(E; Q) = | T(E; Q), we get in particular
o
H'2(R(E; Q) < Y H'"(S(E; ) =0 (B.8)
k=1
(and indeed X (E; 2) has Hausdorff dimension at most n — 3, since we have inequality (B.8) with n — d in place of
n — 2, for every d € [0, 3)).
As a consequence, a (locally) s-minimal set is a classical solution of the Euler-Lagrange equation, in the following
sense

Theorem B.8. Let 2 C R" be an open set and let E be locally s-minimal in Q2. Then
LJE](x)=0 foreveryx e QENQ)\ Z(E; Q),

and hence in particular for H" '-a.e. x € 9E N Q.
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M

Fig. 4. Examples of a set which satisfies (B.10) (on the left) and of a set whose boundary sticks to that of 2 near p (on the right).

B.3. Boundary Euler—Lagrange inequalities for the fractional perimeter

We recall that a set E is locally s-minimal in an open set €2 if it is s-minimal in every bounded open set compactly
contained in 2. In this section we show that the Euler—Lagrange equation of a locally s-minimal set E holds (at least
as an inequality) also at a point p € 9 E N 92, provided that the boundary d £ and the boundary 92 do not intersect
“transversally” in p.

To be more precise, we prove the following

Theorem B.9. Let s € (0, 1). Let Q C R” be an open set and let E C R" be locally s-minimal in Q. Suppose that
p € 0E N0 is such that 902 is cllin Bgy(p), for some Ry > 0. Assume also that

Br,(p)\QCCE. (B.9)
Then

I, El(p) =0.

Moreover, if there exists R € (0, Ry) such that

IEN(QNB.(p))#@  foreveryr e (0,R), (B.10)

then

L[E](p) =0.

We remark that by hypothesis the open set Bg,(p) \ Q is tangent to E at p, from the outside. Therefore, either
(B.10) holds true, meaning roughly speaking that the boundary of E detaches from the boundary of 2 at p (towards
the interior of 2), or d E coincides with 92 near p. See Fig. 4.

Roughly speaking, the idea of the proof of Theorem B.9 is the following. The set O := Bg, (p) \ 2 plays the role
of an obstacle in the minimization of the s-perimeter in Bg,(p). The (local) minimality of E in €2, together with
hypothesis (B.9), implies that E solves this geometric obstacle type problem, which has been investigated in [7]. As
a consequence, the set E is a viscosity subsolution in Bg,(p) and we obtain that Z;[E](p) < 0. Furthermore, the
regularity result proved in [7] guarantees that dE is C:%, with o > s, near p. Thus, if JE satisfies (B.10), then we
can exploit the Euler—Lagrange equation inside €2 and the continuity of Zs[ E] to prove that Z;[E](p) = 0.

We now proceed to give a rigorous proof of Theorem B.9.

Proof of Theorem B.9. We begin by observing that we can find a bounded and connected open set ' C € such that
Q' isch! and Q' 'NBr(p) =N Bry(p).
2 2

Then, since E is locally s-minimal in €2, we know that it is locally s-minimal also in &’. Hence, since 2" is bounded
and has regular boundary, by Theorem 1.7 of [21] we find that E is actually s-minimal in ’. Moreover p € 9E N9/
and

B%(p)\Q/ZB%(p)\QCBR()(p)\QCCE-
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Therefore, we can suppose without loss of generality that €2 is a bounded and connected open set with C'*! boundary
d€2 and that E is s-minimal in €2.
As observed in the proof of Theorem 5.1 of [14], the minimality of E and hypothesis (B.9) imply that the set CE
is a solution, in B r, (p), of the geometric obstacle type problem considered in [7].
7

More precisely, we remark that we can find a bounded and connected open set O with C!:! boundary, such that
ONBr(p)=Br (P)\ Q.
Then hypothesis (B.9) guarantees that
ONB &y (p) CCE.

Now, by arguing as in the proof of Theorem 5.1 of [14], we find that the minimality of E (hence also of CE) in Q
implies that

Po(CE. By () = P(F. Bry (1)),
4 2
for every F C R” such that
F\Bry(p)=CE\Bry(p) and ONBgr,(p) CF.
2 4 4

In particular, as observed in [7] (see the comment (2.2) there), the set CE is a viscosity supersolution in Bk, (p),
4

meaning that the set E is a viscosity subsolution in B, (p). Now, since the set £2 has C'! boundary, we can find an

7

exterior tangent ball at p € 9<2. By hypothesis (B.9), this means that we can find an exterior tangent ball at p € 0F

and hence we have
limsupZP[E](p) <O0.

p—0t

(B.11)
Furthermore, Theorem 1.1 of [7] guarantees that dE is C Lo in B R) (p) for some R(/) € (0, Rp),and 0 := % (see also
Theorem 5.1 of [14]). In particular, since o > s, we know that the s-fractional mean curvature of E is well defined
at p. Therefore (B.11) actually implies that Z;[ E](p) < 0, as claimed.

Now we suppose in addition that (B.10) holds true, i.e. that

oEN (Q N B,(p)) + O for every r € (0, R),

with R < R,. By Theorem 1.1 of [18] we know that 9E N (BR (p)nN Q) is C®°. In particular, as observed in Theo-
rem B.7, we know that every point x € dE N (B r(p)N Q) satisfies the Euler-Lagrange equation in the classical sense,
ie.

I(El(x)=0  forevery x € 9E N (Br(p) N Q). (B.12)

Since 0E N Br(p) is CLo, with o > s, we also know that Z,[E] € C(OE N Br(p)) (by, e.g., Proposition 1.11 or
Lemma 3.4 of [14]). Finally, we observe that by (B.10) we can find a sequence of points x; € dE N (BR (p)N Q) such
that x; — p. Then, by the continuity of Z;[E] and (B.12) we get

LJ[El(p) = lim ZJ[E](x;) =0,
k— 00
concluding the proof. 0O

B.4. A maximum principle

By exploiting the Euler—Lagrange equation, we can compare an s-minimal set with half spaces. We show that if £
is s-minimal in €2 and the exterior data Eg := E \ Q2 lies above a half-space, then also £ N 2 must lie above that same
half-space. This is indeed a very general principle, that we now discuss in full detail. To this aim, it is convenient to
point out that if £ C F and the boundaries of the two sets touch at a common point xo where the s-fractional mean
curvatures coincide, then the two sets must be equal. The precise result goes as follows:
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Lemma B.10. Let E, F C R" be such that E C F and xo € 0E N 0F. Then
TPIE](xo) = IP[Fl(xo)  for every p > 0. (B.13)
Furthermore, if

lim %)IlfIf[F](xo) >a and limsupZP[E](xp) <a, (B.14)
p—

p—0t

then E = F, the fractional mean curvature is well defined in xo and Zs[ E1(xo) = a.

Proof. To get (B.13) it is enough to notice that
ECF = (xce® —xe0)=(xcr) —xr()  VyeR"
Now suppose that (B.14) holds true. Then by (B.13) we find that
3 lim Z[E](x0) = lim Zs[F](xo) =a.
p—07F p—0t
To conclude, notice that if the two curvatures are well defined (in the principal value sense) in xo and are equal,
then

(xce — xeM) = (xer ) — xF ()
|xo — y["*s

0=

CB,(x0)

dy

ot
= T/[E)(xo) — P [Fl(x0) 2= 0,
which implies that xg(y) = xr(y) forae. y e R",ie. E=F. O

Proposition B.11. [Maximum Principle] Let @ C R" be a bounded open set with C'! boundary. Let s € (0, 1) and
let E be s-minimal in Q. If

{x-v=<a}\QCCE, (B.15)
for some v € S" ! and a € R, then

{x-v=<a}CCE.

Proof. First of all, we remark that up to a rotation and translation, we can suppose that v = e, and a = 0. Furthermore
we can assume that

inf x, <0,
xeQ

otherwise there is nothing to prove.
IfE D_Q =4, i.e. Q C CE, we are done. Thus we can suppose that E N Q # &.
Since E N 2 is compact, we have

b:= min x, eR.
xeENQ

Now we consider the set of points which realize the minimum above, namely we set
P:={peENQ|p,=>b).
Notice that
{x» <min{b,0}} CCE, (B.16)

so we are reduced to prove that b > 0. .
We argue by contradiction and suppose that b < 0. We will prove that P = &. We remark that P C 0E N Q.
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Indeed, if p € P, then by (B.16) we have that Bs(p) N {x, < b} C CE for every § > 0, so |Bs(p) NCE| > Z-58"
and p ¢ E;j;. Therefore, since E = Ej,; UJE, we find that pEIE.

Roughly speaking, we are sliding upwards the half-space {x, <t} until we first touch the set E. Then the contact
points must belong to the boundary of E.

Notice that the points of P can be either inside €2 or on d€2. In both cases we can use the Euler—Lagrange equation
to get a contradiction. The precise argument goes as follows.

First, if p = (p/,b) € 9E N, then since H := {x, < b} C CE, we can find an exterior tangent ball to E at p
(contained in €2), so Z;[E](p) =0.

On the other hand, if p € 0E N 9L, then Bjp(p) \ @ C CE and hence (by Theorem 5.1 of [14]) 0E N B, (p) is
Cl'% for some r € (0, |b]), and Z;[E](p) < 0 by Theorem B.9.

In both cases, we have that

pEOHNIE, HCCE and IJCE](p) =L El(p) =0=T;[H](p),

and hence Lemma B.10 implies CE = H. However, since b < 0, this contradicts (B.15).
This proves that b > 0, thus concluding the proof. O

From this, we obtain a strong comparison principle with planes, as follows:

Corollary B.12. Let 2 C R”" be a bounded open set with C L1 boundary. Let E C R" be s-minimal in 2, with {x, <
0}\Q CCE. Then

(i) if (CE\ Q) N{x, >0})| =0, then E = {x, > 0};
(ii) if |(CE\2)N{x, > 0} > 0, then for every x = (x,0) € QN {x, = 0} there exists §; € (0,d(x,dR)) s.t. Bs (x) C
CE. Thus

{x, <0}U U Bs (x) CCE. (B.17)
(x/,0)eQ2

Proof. First of all, Proposition B.11 guarantees that
{x, <0} CCE.

(i) Notice that since E is s-minimal in €2, also CE is s-minimal in 2.

Thus, since {x,, > 0} \ 2 C E =C(CE), we can use again Proposition B.11 (notice that {x,, = 0} is a set of measure
zero) to get {x, > 0} C E, proving the claim.

@ii) Letx € {x, =0} N Q.

We argue by contradiction. Suppose that |Bs(x) N E| > 0 for every § > 0.

Notice that, since Bs(x) N {x, <0} C CE for every § > 0, this implies that x € d E N 2. Moreover, we can find an
exterior tangent ball to E in x, namely

B.(x —¢gey) Cl{x, <0}NQCCENQ.

Thus the Euler-Lagrange equation gives Z;[E](x) = 0.
Let H :={x, <0}. Since x € 9H, H C CE and also Z;[H](x) = 0, Lemma B.10 implies CE = H. However this
contradicts the hypothesis

I(CE\ ) N{x, >0}] >0,
which completes the proof. O
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