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Abstract

In fluid dynamics, an interface splash singularity occurs when a locally smooth interface self-intersects in finite time. We prove
that for d-dimensional flows, d = 2 or 3, the free-surface of a viscous water wave, modeled by the incompressible Navier—Stokes
equations with moving free-boundary, has a finite-time splash singularity for a large class of specially prepared initial data. In
particular, we prove that given a sufficiently smooth initial boundary (which is close to self-intersection) and a divergence-free
velocity field designed to push the boundary towards self-intersection, the interface will indeed self-intersect in finite time.
© 2018 Elsevier Masson SAS. All rights reserved.
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1. Introduction
1.1. The interface splash singularity

The fluid interface splash singularity was introduced by Castro, Cérdoba, Fefferman, Gancedo, & Gémez-Serrano
in [8] in the context of the one-phase water waves problem. As shown in Fig. 1, a splash singularity occurs when a fluid
interface remains locally smooth but self-intersects in finite time. Using methods from complex analysis together with
a conformal transformation of the equations, Castro, Cérdoba, Fefferman, Gancedo, & Gémez-Serrano [8] showed
that a splash singularity occurs in finite time for the 2-d water waves equations. In Coutand & Shkoller [16], we showed
the existence of a finite-time splash singularity for the one-phase incompressible Euler equations with free-boundary
in 3-d, using a very different approach, founded upon an approximation of the self-intersecting fluid domain by a
sequence of smooth fluid domains, each with non self-intersecting boundary. For one-phase flow, it is the vacuum
state on one side of the interface which permits this finite-time interface self-intersection, and neither surface tension

* Corresponding author.
E-mail addresses: d.coutand @ma.hw.ac.uk (D. Coutand), shkoller @math.ucdavis.edu (S. Shkoller).

https://doi.org/10.1016/j.anihpc.2018.06.004
0294-1449/© 2018 Elsevier Masson SAS. All rights reserved.


http://www.sciencedirect.com
https://doi.org/10.1016/j.anihpc.2018.06.004
http://www.elsevier.com/locate/anihpc
mailto:d.coutand@ma.hw.ac.uk
mailto:shkoller@math.ucdavis.edu
https://doi.org/10.1016/j.anihpc.2018.06.004
http://crossmark.crossref.org/dialog/?doi=10.1016/j.anihpc.2018.06.004&domain=pdf

476 D. Coutand, S. Shkoller / Ann. 1. H. Poincaré — AN 36 (2019) 475-503

Fluid
Fluid u
Xo
t<T t=T

Fig. 1. The splash singularity at a point x( occurs when a locally smooth interface self-intersects in finite time t = 7.

nor magnetic fields nor other inviscid regularizations of the interface change this fact [7,16], and even stationary
solutions, having a splash singularity, have been shown to exist (see Cérdoba, Enciso, & Grubic [10]).

On the other hand, for the two-phase incompressible Euler equations, wherein the moving interface is a vortex
sheet,! it was proven by Fefferman, Ionescu, & Lie [20] and Coutand & Shkoller [17] that a splash singularity cannot
occur in finite-time while the interface remains locally smooth. In particular, there is a fundamental difference in the
behavior of the fluid interface when vacuum is replaced with fluid in the mathematical model.

Since these results have been established for inviscid flows, it is natural to ask if splash singularities can occur
for viscous flows modeled by the incompressible Navier—Stokes equations with a moving free-surface. Specifically,
given well-prepared initial data, in which the initial boundary is smooth but close to self-intersection, and the initial
velocity” is chosen so as to move the boundary towards self-intersection, does the boundary in fact self-intersect in a
finite amount of time?

Because the methods of constructing splash singularities for inviscid flows have relied on the ability to flow
backward-in-time, a new strategy must be devised to study the parabolic Navier—Stokes equations. By using the
change-of-variables employed in [8] together with stability estimates, Castro, Cérdoba, Fefferman, Gancedo, &
Goémez-Serrano in [9] have shown the existence of finite-time splash singularities for the Navier—Stokes equations.
Herein, we give a different proof which is amenable to any dimension of space d > 2. Our idea is to prove that the
time-of-existence as well as Sobolev estimates for solutions to the free-surface Navier—Stokes equations can be made
independent of the distance € between two nearby portions of the free-surface. In particular, we prove that there exists
initial data, allowing us to obtain a smooth self-intersecting geometry which is arbitrarily close to any given domain
with a splash singularity.

Herein, we present a rather simple proof of finite-time self-intersection, based on the construction of fluid domains
whose boundary curvature does not change very much (or does not change at all) during the deformation of the do-
main as it moves closer toward self-intersection. Our stability estimates fundamentally rely upon Sobolev inequalities
and elliptic estimates whose constants depend crucially on the curvature of the domain boundary, and hence our con-
structed geometries provide a simple strategy for keeping such constants uniform. Our method not only works for
the Navier—Stokes equations, but also provides a simpler proof of self-intersection for the Euler problems previously
considered in [8,16], whose methods relied upon rather technical constructions.

1.2. The Eulerian description of the Navier—Stokes free-boundary problem

For 0 <t < T, the evolution of a d-dimensional (d = 2 or 3) one-phase, incompressible, viscous fluid with a
moving free boundary is modeled by the incompressible Navier—Stokes equations:

ur+u-Vu+Vp=vAu in Q(1), (1a)
divu =0 in Q(¢), (1b)
vDefu-n—pn=0 on I'(¢), (Ic)
VI@)=u-n (1d)

' For the vortex sheet problem, it is necessary to have surface tension in order to ensure well-posedness in Sobolev spaces.
2 For both the Navier—Stokes and Euler equations, an initial velocity field must be prescribed at time ¢ = O; this is in sharp contrast to Muskat-type
problems, wherein the velocity field at time 7 = 0 is determined by the initial geometry of the domain.
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U =uop on 22(0), (le)
QO0)=y. (1f)

The open subset 2(r) C R4, d =2 or 3, denotes the time-dependent volume occupied by the fluid, I'(r) := 0Q2(¢)
denotes the moving free-surface, V(I'(¢)) denotes the normal velocity of I'(¢), and n(¢) denotes the exterior unit
normal vector to the free-surface I'(¢). The vector-field u = (uy, ..., ug) denotes the Eulerian velocity field, and p
denotes the pressure function. We use the notation V = (9, ..., 97) to denote the gradient operator, and set Defu =
Vu+VuT, twice the symmetric part of the gradient of velocity. We have normalized the equations to have all physical
constants equal to 1.

The pressure p is a solution to the following Dirichlet problem:

~Ap=u'jul; in Q(1), (2a)
p=n-[vDefu-n] on I'(), (2b)

so that given an initial domain €2 and an initial velocity field u(, the initial pressure is obtained as the solution of (2)
attr=0.

Definition 1. Given a locally smooth, time-dependent fluid interface or free-boundary, if there exists a time 7 < oo
such that the interface I'(T) self-intersects at a point while remaining locally smooth, we call this point of self-
intersection at time 7" a “splash” singularity.

We prove that there exist smooth initial data for the Navier—Stokes equations (1) for which such a splash singularity
occurs in finite time.

1.3. Statement of the main theorem
Theorem 1 (Finite-time splash singularity). There exist

1. open bounded C*°-class initial domains Q C R4, d =2 or3, with N denoting the unit normal vector field on 0%2,
and
2. smooth divergence-free velocity fields uq satisfying the compatibility condition

[Defup- N] x N =00n 02,

such that after a finite time T* > 0, the solution to the Navier—Stokes equations (1) has a splash singularity; that is,
the interface T'(T*) self-intersects.

In Theorem 8, we show that the geometry of such a splash singularity can be prescribed arbitrarily close (in the H3
norm) to any sufficiently smooth and prescribed self-intersecting domain.

1.4. Prior results for the incompressible Navier—Stokes equations with moving free-surface

Local-in-time well-posedness of solutions to (1) have been known since the pioneering work of Solonnikov
[28-30]; his proof did not rely on energy estimates, but rather on Fourier—Laplace transform techniques, which re-
quired the use of exponentially weighted anisotropic Sobolev—Slobodeskii spaces with only fractional-order spatial
derivatives for the analysis. Beale [5] proved local well-posedness in a similar functional framework, and Abels [1]
established the existence theory in the L” Sobolev space framework. Well-posedness in energy spaces was estab-
lished by Coutand & Shkoller in [12] for the case of surface tension on the free-boundary, and for Navier—Stokes
fluid-structure interaction problems wherein a viscous fluid is coupled to an elastic solid, in [13,14]. Guo & Tice [24]
also used energy spaces for local well-posedness for the case of zero surface tension.

Beale [6] established global existence of solutions to (1) for small perturbations of equilibrium. More recent small-
data global existence and decay results (both with and without surface tension) can be found in [32], [27], [26], [21],
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[4], and [22,23]. Recent results on the limit of zero viscosity and the limit of zero surface tension can be found in [25],
[19], and [33].

For the history of the well-posedness and singularity theory for the inviscid problem, we refer the reader to the
introduction in [15] and [17].

1.5. Outline of the paper

In Section 2, we define our notation. In Section 3, we define a sequence of domains Q€ that we use as the ini-
tial data for the splash singularity, wherein the boundary I'¢ of these domains is close to self-intersection with a
distance € between two approaching portions of I'¢. We convert the Navier-Stokes equations to Lagrangian coordi-
nates in Section 4, thus fixing the domain. In Section 5, we present some preliminary lemmas which show that the
constant appearing in elliptic estimates and the Sobolev embedding theorem is independent of €. In Section 6, we
define the sequence of initial divergence-free velocity fields that are guaranteed to satisfy the single compatibility
condition that we require, and whose norm is independent of €. Section 7 is devoted to the basic a priori estimates
for the Navier—Stokes equations in Lagrangian coordinates; following our approach in [12], we establish estimates
for velocity v € L0, T: H3(Q€)) N C°([0, T1; H*(Q2€)) which are independent of €. We then prove that the vertical

component of velocity v(-, t) at time ¢ remains in an O(t%) neighborhood of the vertical component of the initial
velocity field. Using this fact, we prove the main theorem in Section 8; we show that by choosing € appropriately,
a finite-time splash singularity must occur at some time 7* € (0, 10¢). We consider a completely arbitrary geometry
for a splash singularity in Section 9, by following our definition of a generalized splash domain from our previous
work in [16]. This, then, allows us to show in Section 10, that we can construct a splash singularity for a geometry
which is arbitrarily close in H> to any prescribed H?3 splash domain.

2. Notation, local coordinates, and some preliminary results
2.1. Notation for the gradient vector

Throughout the paper the symbol V will be used to denote the d-dimensional gradient vector V =
dxy > dx2 ? 7 dxg )¢
2.2. Notation for partial differentiation and the Einstein summation convention

The kth partial derivative of F will be denoted by F,; = IE Repeated Latin indices i, j, k, etc., are summed from

oxy *
L 52
1 to d, and repeated Greek indices «, B, y, etc., are summed from 1 to d—1. For example, F,;; = Zf‘lzl %, and
] ] d d—1 2 9F! aG!
FloIPG =Y S00) Yo 1P 5C

2.3. Tangential (or horizontal) derivatives

On each boundary chart U; N 2, for 1 <1 < K, we let 9 denote the tangential derivative whose ath-component
given by

- 8 -1 89[ —1
Jaf=|z—[fob])ol ={(Vfob)— )00 .
0Xy 0xq
For functions defined directly on B™ = B(0, 1) N {x; > 0}, 9 is simply the horizontal derivative 9= (Oxys oees Oxgy)-
2.4. Sobolev spaces

For integers k > 0 and a bounded domain U of R?, we define the Sobolev space H k) (H*(U;R?)) to be the
completion of C®(U) (C*®(U; R?)) in the norm
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2

Ity = /|V“u(x)

|a|<kU

for a multi-index a € Z‘i, with the convention that |a| = a1 +az + - - - +a4. When there is no possibility for confusion,
we write || - ||x for || - ||x,v. For real numbers s > O, the Sobolev spaces H*(U) and the norms || - |5,y are defined by
interpolation. We will write H*(U) instead of H*(U; R?) for vector-valued functions.

2.5. Sobolev spaces on a surface T’

For functions u € H"(F), k >0, we set

lulfp=>" /}éau(x)|2,

la|<k T

for a multi-index a € Z’i_l. For real s > 0, the Hilbert space H*(I") and the boundary norm | - |; is defined by
interpolation. The negative-order Sobolev spaces H ~*(I") are defined via duality. That is, for real s > 0, H=*(I") =
H*(TY.

2.6. The unit normal and tangent vectors

We let n(-, t) denote the outward unit normal vector to the moving boundary I'(z). When 7 = 0, we let N, denote
the outward unit normal to I'“. For each « =1, ...,d — 1 and x € T'¢, 14(x) denotes an orthonormal basis of the
(d—1)-dimensional tangent space to I'“ at the point x.

3. The sequence of initial domains Q¢

We shall use, as initial data, a sequence of domains, whose two-dimensional cross-section resembles a dinosaur
neck arching over its body.

3.1. The “dinosaur wave” domains

Definition 2 (The domain Q). Let Q@ C RY, d = 2,3, be a smooth bounded domain (as shown on the left of Fig. 2)
with boundary I'. We assume that there are three particular open subsets of €2 as follows:

1. There exists an open subset w C 2 such that its boundary dw is a vertical circular cylinder of radius 1 and of
length A.

2. There exists an open subset w4 C €2 which is the lower-half of an open ball of radius 1, located directly below
the cylindrical region w, and in contact with the cylindrical region w. The “south pole” of w is the point X
(see Fig. 3).

3. There exists an open subset w_ C 2 directly below, at a distance 1, from the “south pole” X of w_, such that
the points with maximal vertical coordinate in dw_ N I" form a subset of the horizontal plane x; = 0.

4. Coordinates are assigned to subsets of €2 as follows:

(a) The origin of RR? is contained in dw_ N T C {xg = 0}.

(b) The point X, the “south pole” of w4, has the coordinates Xi =0fora=1,..,d—1and Xi =1.
(c) The top boundary of the hemisphere w_ is the set {(xy, x4) € RY : xg=2, |xn] <1).

(d) The cylindrical region w is given by {(x;, x4) € R : 2 <xg<2+h, |xp| <1}

Definition 3 (The initial domains Q¢). For0 <e < 1,let Q C RY, d =2, 3, be a smooth bounded domain (as shown
on the right of Fig. 2) with boundary I'. We define the domain Q2¢ to be the following modification of the domain €2:

1. There exists an open subset w® C €, which is a vertical dilation of the domain w, such that its boundary dw* N T
is a vertical circular cylinder of radius r and of length 2 + 1 — €.
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Fig. 2. Left: The “dinosaur wave” domain € with boundary I'. Right: The sequence of “dinosaur waves” Q€ with boundary I'¢, € > 0, used as
initial data for the Navier-Stokes splash singularity. In order to ensure that a splash occurs, the “dinosaur neck” w® stretches downward so that
there is a distance € between the two portions. The domains Q€ simply stretch the neck of the dinosaur, and are identical to € away from the neck.

\ w_

Fig. 3. In a neighborhood of the intended splash point, we suppose that Q¢ consists of two sets: the upper set a)i_ and the lower set w_ containing
the horizontally flat “dinosaur belly.” The point X¢ is at a distance € from the set @_ and the point X_ is assumed to be the origin in R4,

2. There exists an open subset @S C Q€ which is the set . translated vertically downward a distance 1 — €; hence,
o is the lower-half of an open ball of radius 1, located directly below the cylindrical region ¢, and in contact
with the cylindrical region w¢. The “south pole” of  is the point X .

3. There exists an open subset w_ C Q€ directly below, and a distance €, from the “south pole” X ﬁr of wi, such that
the points with maximal vertical coordinate in dw_ N I" form a subset of the horizontal plane x; = 0. We assume
that dw_ N T contains a d—1-dimensional ball of radius /€.

4. Coordinates are assigned to subsets of Q¢ as follows:

(a) The origin of R is contained in dw_ N T C {x;7 = 0}.

(b) The point X<, the “south pole” of ¢, has the coordinates X{ =0fora =1, ...,d — 1 and Xf_ =e.
(c) The top boundary of the hemisphere w§ is the set {(x;, x4) € R? : xg=e€+1, |xp| <1}

(d) The cylindrical region w® is given by {(xp, x4) € R e+1l<xg<e+1+h, |xp <1}

3.2. Local coordinate charts for Q and Q€

3.2.1. Local charts for Q2
Welets >3 and 0 <e < 1. Let Q C R4 denote a smooth open set, and let {UI}ZK: | denote an open covering of
I' = 0%, such that foreach € {1, 2, ..., K}, with
B = B(0, 1), denoting the open ball of radius 1 centered at the origin and,
BT =BnN{xg >0},
B'=Bn{x;=0},

there exist C* charts 6; which satisfy
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0;: B— U is an C* diffeomorphism, (3a)
oBH=UNQ, 6(B°)=UnNT, (3b)

and det VO, = C; for a constant C; > 0. We assume these boundary charts can be split into three nonempty categories;
to do so, we introduce two additional length scales for the dinosaur neck. We set

hooh s 15+4h\ h  5h
=——— an = — < —
15h+3 2 h+3 )15 15

these number being chosen so that,

81

h
O<81<82<§.

The set w = {(x3, x4) € RY : 2 <xg <2+ h, |x| < 1} of the dinosaur neck will be split into three sets:
h h 2h 2h
2<xd<2+§, 2+§<xd<2+?, 2+?<xd<2+h “4)

and the “middle” cylinder 2 + % <xg <2+ % will be further refined using the smaller cylinder

h h h 2h
{2+§+51<xd<2+§+52}C{2+§<xd<2+?}- )

We define three distinct sets of indices / for our boundary charts 6;, which depend on the location of §;(B™) with
respect to the vertical interval (5) as follows:
o We choose the first K charts such that

K
h h N h 2h
oN{2+ = +6 <xd<2+—+82}cu01(8 YCoN{2+= <xg<2+—}. (6)
3 3 = 3 3

o For Ki +1<I< K7, 6;(BY) ¢ wand ;(BY) Nwy =¥ and
h h
91(B+)ﬂa)ﬂ{2+§+51<xd<2+§+62}=®. (7)
o For K +1<I<K,6/(B") ¢ wand §;(BT) Nw, # @ and

h h
91(B+)ﬁa)ﬂ{2+§+81<xd<2+§+82}=@. 8)

We also have that the images of any charts 6; for K1 4+ 1 <[ < K> does not intersect any of the images of the charts
0 for Ko +1<I<K.
We now repeat this indexing construction for the interior charts. For L > K, we let {U[}IL: k41 denote a family of

open sets contained in €2 such that {U;}le | 1s an open cover of €2 and there exist smooth diffeomorphisms 6; : B — U
with det V6, equal to a constant C; > 0 (which is always possible by the construction of [18]).

Just as for the case of the boundary charts and repeating our construction in (6)—(8), we split the index / on the
interior charts into three nonempty categories:

e We choose our charts 6; for K + 1 <[ < L such that

h h L h 2h
0N (243 +8 <2 <2+ 3 +8) CULg B(B) Conf2+3 <xa <2+ ). )

e For L1 +1<I< Ly, 6(B)¢ wand 6;(B)Nw;y =¥ and

h h
6(B) NN (24 3+ <xa <24 3 +5) =0 (10)
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e For L) +1<I<L,0/(B)¢Z wand 6;(B) Nwy # ¥ and
h h
6(B) NN (24 3+ <xa <24 3 +5) =0 (11)

Furthermore, we have that the images of any of the charts 6; for L{ + 1 </ < L, do not intersect any of the images of
the charts 6; for L, +1 <[ < L.

Definition 4. We set

By =B* (upper half-ball) for [ =1,..., K and, B;=B (ball) for I=K+1,...,L. (12)
We introduce the sets of indices I, I, and I3 as follows:

L={1<I<KJU{K+1<I<Ly),

L={Ki+1<I<K}U{L1 +1<I< Ly}, (13)

L={K)+1<I<K}U{L,+1<I<L}.

These indices correspond to the following regions in €2:

I1: Middle region of the “dinosaur neck” w.

h h h 2h
a)ﬂ{2+§+81<xd<2+§+32}c UQI(BI)Cwﬂ{2+§<xd<2+?}.
lel;

I>: Above the middle region.

h
Ql(Bl)Ca)ﬂ{xd>2+§+52}.

I3: Below the middle region.
h
0;(B)) CwNixy <2+§+51}.

We also assume that

wNo® C U 0;(B))

lel,

where @ denotes the (bottom third) shortened cylindrical region
v d 2h
o={(xp,xq) €R :2<xd<2+?, |xpn| < 1}

of length 2, so that the vertical length of wN&° is %
We finally assume that

wna* C | 0(Br)

lelz

where @ denotes the (top third) shortened cylindrical region

h
&:{(xh,xd)eRd : 2+§<xd<2+h, |xp| < 1}

h

of length %, so that the vertical length of N is 3.
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3.2.2. Local charts for Q€
We next explain how the system of coordinate charts {QZ}IL:1 can be modified to be a system of coordinate charts
on the domains Q¢; for € > 0 sufficiently small, we use the following three steps to define the new charts 6;:

1. For [ € I, we define the vertically dilated charts (which cover a middle cylinder o with length dilated from % to
ttl-e
0f =F<(6)),
with
h+34 3¢

F¢ Y ey = Y ey
(X1, -0 Xg) (m A

ho h
(xd—2—§)+§+l—€>. (14)

Note that F€ sends any point with x4 =2 + % in @ (respectively xy =2 + %) to a point with xy =1 — € + %
(respectively xg =2 + %) in Q€.

2. Forl e I, we set 0 =6.

3. For [ € I3, we define the vertically-translated charts Gf =0 — (1 —€)ey.

Note that

h+3h—+3fcl’ lel

Vér§ =
det Vo { C, lehuly’

where we recall that the charts 6; were chosen such that det Vg; = C; for a constant C; > 0. In summary, for / € Iy,
the charts Qf are dilated using (14), for [ € I, the charts Gf = 6, and are not changed, while for [/ € I3 the charts
0f =6 — (1 — €)ey are merely translated in the vertical direction.

3.2.3. Cut-off functions on charts covering Q2
Let {Sl}lel denote a smooth partition of unity, subordinate to the covering {UZ}IL: e, §eCPWU), 0<E <1,

and ZIL:I & = 1. With 3; defined in (12), foreach I =1, ..., L, we set {; = & o 6}, so that {; € C°(3;) whenever the
charts 9; are smooth.

3.2.4. Cut-off functions supported on the charts covering Q€
We next define cut-off functions &7 which are supported on the image of the charts 6; as follows:

g obf =& 00.

With the set B; defined in (12), and setting ¢; = &/ o 6, we see that (by definition) |||, 55, is bounded by a constant
which is independent of €.
With the set of indices Iy, I3, and I3 defined in (13), given our expressions for Gf, we have that for any x € Q€,

L
DE@=) a0+ Y &Hx+—eea)+ ) &(x1,x2, g (xa)), (15)

=1 lel, lelz lel;
where g€ is the inverse of F; (defined in (14)) with
)= a1 p oyt (16)
E M 33 3 3

The following three possibilities exist for a lower-bound of the sum Zle & (x):

i) If x € (0 Uw§ ) NQC orx € wf N {xg =2+ 2}, then,

L
dE@ =) &ax=1. (17)
=1

lel,
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ii) Ifxea)i orxeweﬂ{xd<1—6+§},then,

L
D E@=) ax+0—ee)=1. (18)

=1 lelz

iii) fxew*N{l —e+ % <xg <2+ %}, then x is in the middle cylindrical region of the dinosaur neck @ whose
length is stretched from % to % + 1 — €, which means that the vertical derivative dy, Ef (x) can change with €, and

in turn, the sum Zle &/ (x) may drop below the value of 1. As we do not a priori know what this lower-bound
will be, we add more charts into this region (with corresponding cut-off functions) in such a way as to ensure that
we indeed have a lower-bound of 1 on the sum of the &/ (x) for each x in this region.

Specifically, we add an additional L local charts 6; to our domain £2; of these additional L charts, we add C
additional boundary charts and £ additional interior charts so that L =K + L. We then choose the positive
integers Ky, K, £1 and L3, such that the indices L + 1 <1 < L are split into

L+1<I<SL+K|, L+K{+1<I<SL+Ky, L+Ko+1<I<L+K,
L+K4+1<ISLHAK+L), LYK+ L1 +1<ISLHAK+Ly, LYK+ Ly +1<ISLA+L.

The integers K1, Ko, L1, and £; are chosen by repeating the index construction for the integers Ky, K>, L1, and
L in (6)—(11), but with a modification in the vertical splitting of the dinosaur neck w in (4), in which

h 2h
— is replaced by — ,
3 P Y
2h 3h
— isreplaced by — .
3 BrP Y
Following Definition 4, we introduce the sets of indices Z1, Z», and Z3 as follows:

Li={L+1<ISLH+KJUL+K+1I<ISLHK+ Ly},
={L+Ki+1<ISL+K}U{L+K+L1+1<ISL+K+ L),
Ti={L+Kr+1<ISL+KYU{L+K+Ly+1<I<L+L}.

We define

these number being chosen so that,
0<5 <b <2
< < < —.
1<% <35

The indices 71, Z,, and Z3 correspond to the following regions in €2:
T11: Middle region of the “dinosaur neck.”

2h - 2h - 2h 3h
wﬂ{2+?+81 <xd<2+?+82}c UG](B])Cwﬂ{2+?<xd<2+?}.
lGIl

Ty: Above the middle region.
2h -
Each chart 6;(B)) CoN{xg >2+ 5 + 8>} .
I3: Below the middle region.
2h -
Each chart 6;(B)) CoN{xg <2+ 5 +481}.

We define the additional charts for the dilated region 2¢€ as follows:
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1. For [ € 71, we define the vertically dilated charts
0 =F(©O),
with
h+5+5¢

h

Fe(x1,...,xq) = (xl,..., 5

2h 2h
(xd—Z—?)—F—-i-l—G .

Note that 7€ sends any point with x4 =2 + % in  (respectively x4 =2+ %) toapointwithxy=1—€+ %
(respectively xg =2 + %) in €, and the inverse function G¢ is given by
G (xg) = h—}—Shﬁ(xd_ 1— %4—6)4-24—%.
The set w = {(xp, xq) € R :2< Xqg <2+ h, |xp| < 1} of the dinosaur neck is split into three sets:
2<Xd<2+%, 2+%<x(1<2+%, 2+%<x[z<2+h

and the “middle” cylinder 2 + % <xg <2+ % will be further refined using the smaller cylinder

2h  ~ 2h < 2h 3h
24+ o+ Sx <2+ = +0}C2+ - <xa <2+ )

2. Forl €1y, we set 6] = 0.
3. For ] € I3, we define the vertically-translated charts Gf =60 — (1 —¢€)ey.
Note that

/’L+5h+5€ Cl , le Il

€ __
det V6, _{ Cl, 1enUT;

where we recall that t~he charts 6; were chosen such that det V6; = C; for a constant C; > Q
We Qenote by {Sl}f:LLH a smooth. partition of .unity a.ssociated to the covering {6; (53 )'}IL=+LL+1' We then repeat our
previous construction of the functions & and just as in (17)—(18), we have the following two analogous cases:

a Ifxe(@ U ) NQ°orxewNixg 22+ %}, and therefore if

3h 2h
xeweﬂ{2+?<xd<2+?},

then
L+L
dE®=) Em=1. (19)
I=L+1 leT;

b. Ifxewf orxew N{xg<1l—e+ %}, and therefore if

h 2h
xeweﬂ{l—e—l—ggxdgl—e—i-?},
then
L+L
Y= &m=1. (20)
I=L+1 leZ3

In equations (19) and (20), we have shown that the additional / =L + 1, ..., L + L partition functions sum to 1,
while the original / = 1, ..., L partition functions sum to a number greater than zero.
The remaining possibility is that

3h

cmpy o 2N n
xewN{l—e+ 5 <xg <2+ 5},
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in which case,

2+ﬁ+£L <g6(x)<2+ﬁ+hﬁ
3 15h+3+43¢ 3 3+h+3€’
and thus since
1im2+ﬁ+£L=2+ﬁ+81, and lim2+ﬁ+hﬁ=2+ﬁ+82,
e—0 3 15h+3+4 3¢ 3 e—0 3 34+ h+ 3¢ 3
we have from the assumptions (7), (8), (10) and (11) that (for € > 0 small enough)
D&, g ) =0=) &(x1, ... g°(xa)),
lelp lels
and so
D&, g ) =1
lel;
Together with (15), we have established that
L
D E@=1. Q1)
I=1

In this remaining case, we have shown that the original / =1, ..., L partition functions sum to 1, while the additional
l=L+1,..., L+ L partition functions some toa number greater than zero. i
We then use the open covering {QIG(B)}II‘:]L of Q€, with the associated compactly supported functions {Sf}lL:JqL.
Using (17), (18), (19), (20) and (21), it follows that the functions {&f}/"" satisfy
L+L

Y E =1 VxeQl, (22)
=1

and we have therefore established the strictly positive uniform-in-e lower-bound for the functions {&° }[L:lL.

4. The Lagrangian description of the Navier—Stokes free-boundary problem

For € > 0, we let Q€ with boundary I'¢ be given by Definition 3, and we transform the system (1) into a system of
equations set on this reference domain. To do so, we shall employ the Lagrangian coordinates.

The Lagrangian flow map 7(-,t) is the solution of the n,(x,t) = u(n(x,t),t) for t+ > 0 with initial condition
n(x,0) =0. Since divu = 0, it follows that det Vi = 1. For each instant of time ¢ for which the flow is well-defined,
we have

n(-, 1) : Q° — Q(¢) is a diffeomorphism;
furthermore, thanks to (1d),
() =nTe,1).

Notationally, we keep the dependence on € > 0 implicit, except for the initial domain and boundary.
Next, we define

v =u o n (Lagrangian velocity),
g = p o n (Lagrangian pressure),
A= [Vn]_1 (inverse of the deformation tensor),
8ap =M Mg @ B=1,..,d—1 (induced metric on I'),
g =det(gap) -
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We also define the Lagrangian analogue of some of the fundamental differential operators present in this equation:
divyv=(divu)on=v',; A/,
curl, v = (curlu) o n or [curl, v]; = sl-jkvk,r A; ,
Def,, v = (Defu) o n or [Def, v]’j =, A;- +v/, A],
Ayv = (Au)on= (Al Av),; .
The Lagrangian version of equations (1) is given on the fixed reference domain Q€ by

t

ni,t)y=e+ / v(-, 8)ds in Q€ x[0,T], (23a)

0
v+ ATvVg = VA,V in Q¢ x (0,71, (23b)
div,v=0 in Q€ x [0, T], (23¢)
vDef,v-n—gn=0 onT* x[0,T], (23d)
(n,v) = (e, up) in Q¢ x {r =0}, (23e)

where e(x) = x denotes the identity map on €2, and where we write n for n(n) in the Lagrangian description; in
particular, the unit normal vector n at the point n(x, ¢) can be expressed in terms of the cofactor matrix A and the time
t = 0 normal vector N, as

n=ATN.J|ATN,|.
Due to (23¢),
Ayv =div, Defy v,

so that (23d) can be viewed as the natural boundary condition. The variables 5, v, and g have an a priori dependence
on € > 0, but we do not explicitly write this.

Local-in-time existence and uniqueness of solutions to (23) have been known since the pioneering work of Solon-
nikov [28]. We shall establish a priori estimates for (23) with the initial domain Q¢ and with divergence-free initial
velocity fields satisfying the single compatibility condition

[Defug - N€]-75;, =0on ¢, (24)

where N€ denotes the outward unit normal to I' and 75, o =1, ...,d — 1, denotes the d—1 tangent vectors to I"“.

We will show that both the a priori estimates and the time of existence for solutions are independent of the distance
€ > 0 between the falling dinosaur head X¢ and the flat trough dew_ N {x; = 0} (see Fig. 2). To do so, we shall rely
on some basic lemmas that provide us constants which are independent of €.

5. The constants for elliptic estimates and Sobolev inequalities are independent of ¢

We consider the following linear Stokes problem

—Au+Vp=f inQF, (25a)
divu =¢ in Q°, (25b)
u=g onl*¢, (25¢)

Lemma 2 (Estimates for the Stokes problem on Q€ ). Suppose that for integers k >3, f € H*2(Q€), ¢ € H*1(Q°),
and g € H*=12(r¢), and fQE ¢ (x)dx = fré g - NdS. Then, there exists a unique solution u € HX(Q¢) and pE
Hk_l(Qe)/R to the Stokes problem (25). Moreover, there is a constant C depending only on 2, but independent of
€ > 0, such that

lullk, + IPlk=1,9¢ < C (I flk=2,0¢ + I@llk—1,0¢ + |8lk—1/2,1¢) - (26)
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Proof. The estimate (26) is well-known on the domain €2; see, for example, [2]. The corresponding elliptic estimate
on the sequence of domains Q€ follows by localization using the charts 67, defined in Section 3.2. With the domains
B; defined by (12), following the elliptic estimates of [2] and using the Sobolev embedding theorem to bound the
H*=1(B))-class coefficients arising from polynomial combinations of components of VOf, we have that

I 0 6f Nk, + 161 0 6f k1.8, < D1V k1.8 (Il flle—2,0¢ + I lle—1,9¢ + 1glk—1/2,7¢) 27)

where D is a polynomial function that does not depend on €.

As we shall explain, since the charts 6 are modifications of the charts 6; by vertical dilation with lower and upper
bound that is uniform in €, the constant for the elliptic estimate in each chart is independent of € > 0. This follows
from our explicit formulas for 6 in Section 3.2.2; for each € and each 6F, using the definition of the dilation F*¢ given
by (14), we have that

h+434 3¢
h

for € > 0 small enough. Using the bound (28) in the elliptic estimate (27), there exists a constant D, > 0 independent
of €, such that

4
VO k-1, < IVOll—1.8 < (1+ Z)IIVQI llk—1.8 (23)

IGu 0 6f NIk + 18P © 6 k—1.8, < D2 (I f lk-2.2¢ + 19 llk—1.0¢ + |glk—1/2.1¢) - (29)
Moreover, for a polynomial function D3 > 0 which is independent of ¢,
VO  Ni—r.08) < D3UIVO k1.8, - (30)

To prove (30), we begin with the L? estimate. We define
AS() = [VOF (017", JF =det[V6f (x)], and o = AS TS,
with 7; denoting the cofactor matrix. Recall that 7 is equal to a constant given by either C; or h+3h—+3€C1, so that

1/J <1/C;. By the inverse function theorem, V, (Qf)_1 (y) = Aj (x) so that

IV @) ™M15 0, = f V@)~ ()Pdy

01(Br)
= / JAS ()2 T dx = / |5 CNPLT T dx < ¢! / IVeF 124 Vdx
B B B

and hence, using (28), we see that

IV 12 4,5, < P3(IVOllk-1.5) -

Next, for the H'! estimate, we use the chain-rule identity that B— [Aé]l Tar and write

_ ad
IVV @)~ 15 6.8 = f 35 VDT 3 V(Qz) ') dy
61 (By)

/ AT 5 (LATE) LT 5 (LAT) T
Xj

Using the identity

32[ e]m

(LAFTS) = —LAf T, ox,

8k [A]s,

we have that
VYO 565, <Ci> / Vo5 19471 V26 |2 dx < D3(| VO llk-1,5,) -
B
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the last inequality coming from the Sobolev embedding theorem and the fact that k > 3. The estimate for
vk-1 V(Gf)_l follows in the same manner, and we obtain (30).

Since Zf:li £ > 1 from (22) in Q€ this proves the lemma. O

Lemma 3 (Sobolev constant on Q2€). Independent of €, there exists a constant C > 0 which depends only on the
domain 2, such that

Yue H (Q), s>dJ/2, m?ZXIM(X)Iécllulls,sze-
xeQe

Proof. By Morrey’s inequality, for 1 </ < L,

Vue HN(Q), s >d/2, maxjuobf| < Cilluof sz 31)
1

for some C; > 0 independent of €. Now, depending on the index /, 6 is either equal to 6, a vertical translation of 6,
or a vertical dilation of 6; given by the map F€ in (14) (see Section 3.2). Thus, as we proved in (28), for € > 0 small
enough,

4
VO lls—1.8 < (1 + Z)Hvel”sfl,l’)’l . (32)

By the chain rule, using (32) in (31) shows that we have the existence of a constant C» > 0 (independent of € > 0
small enough) such that

VYue H*(Q), s>d/2, n}?x luobf| < Collulls,of ) - (33)
!
Given that the 6/ (33;) provide a cover of Q€, we indeed have proved the lemma. O
The same argument also proves the following

Lemma 4 (Sobolev constant on I'¢). Independent of €, there exists a constant C > 0 which depends only on T, such
that

d 1
Yue H'(T), s> 5 75 maxju@)| < Cllufls,re.

Lemma 5 (Trace theorem on Q€). Independent of €, there exists a constant C > O which depends only on the do-
main 2, such that for s € (%, 3]

el y e < Cllulls.oe Vu € H' ().
Proof. From the standard trace theorem in BT, we have the existence of a constant C; > 0 (independent of € > 0
small enough) such that for any boundary chart,

|lu o@f||xf%’30 <Clluotf|lsp+ Yue H (QF).

By differentiating the (inverse) dilation map g€ in (16), we see that for € > 0 small enough,

4
IVOlls—1,8+ < IV lls—1,8+ < (1 + E)”VQIHS—I,B*' (34)

This implies that by the chain rule, we have the existence of a constant C; > 0 (independent of € > 0 small enough)
such that

fleell .05 (Bo) < CZ”“”sﬁf(B"') Vu e HS(QG)-

1
S_f

Since I'¢ is the union of all 016 (Bo), 1 <1< K, the above inequality implies the result. O
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6. The sequence of initial velocity fields u
6.1. Constructing the sequence of initial velocity fields uy,

As described in Definition 3, near the intended splash (or self-intersection) point, the open set € consists of two
sets: the upper set w$ and the lower set w_ whose boundary contains the flat “dinosaur belly” at x; = 0, as shown in
Fig. 3. We let X¢ denote the point which has the smallest vertical coordinate in dw¢ . Directly below, we let X_ be
the point in dw_ N {xy = 0} with the same horizontal coordinate as X . Without loss of generality, we set X_ to be
the origin of RY.

We choose a smooth function b € C*°(I"“) such that bj = —1 in a small neighborhood of X on 9w, bj =0 on
dw_, bf) =0on dw* NTE, frf bf) dS =0, and satisfying the estimate

166 1l2.5,r« < mo < o0, (35)

where mq does not depend on €.
We define the initial velocity field ug at # = 0 as the solution to the following Stokes problem:

—Aug+Vrg=0 inQ°, (36a)
divug=0 in Q°, (36b)

[Defug - N€]-75=0 onI*¢, (36¢)
us- N€ =55 onT*, (36d)

with N€ denoting the outward unit normal to I' and 7, @ = 1, 2 denoting an orthonormal basis of the tangent space
to I (if the dimension d = 2, then there is only one tangent vector). Using the regularity theory of this elliptic system
(see, for example, [31] or [3] and references therein), together with the proof of Lemma 2, for a constant independent
of € >0,

luglls, e < Cllbgll2.s,re < Cmg. (37
The boundary condition (36¢) ensures that uf) satisfies (24).

6.2. The initial pressure function p,

The initial pressure function pg at t = 0 then satisfies
—Ap§ = u§),; )’ ,; in Q°, (38a)
p8=N5~[vDefu6-N5] on I'¢, (38b)
so that using the same proof as that of Lemma 2, we have the following e-independent elliptic estimate:
16l < € [Nl + s | (39)
where C > 0 does not depend on € > 0 small enough. Using (37) in (39) shows that
PGl < € [Crmo + Cmi | =Pimo)., (40)

where we use P to denote a generic polynomial function that depends only on €2 (since the elliptic constant C depends
on 2).

7. A priori estimates

Let Q€ denote the dinosaur domain shown in Fig. 2, and let 6; denote the system of local charts for Q€ as defined
in (3). By denoting 1; = 1 o 6; we see that

m@):BT - Q@) for I=1,...K.
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Wesetvy =uon,q =pon and A = [Dm]_l, J; = C; (where C; > 01is a constant), and a¢; = J; A;. The unit normal
1
n isdeﬁnedasg_%g—)’x X 37"3 ifd=3andbyg_%37"i ifd =2.
It follows that for [ =1, ..., K,

t

m(t):@;—i—/vl in B* x[0,T], (41a)
0
v+ Al Vg = Ay in BT x (0,T], (41b)
divy, v =0 in BT x [0, T], (41c)
vDefy, v - —qin; =0 on BY x [0, T1, (41d)
(1, v1) = (61, ug 0 6)  in BT x {r=0}, (41e)

where we have set v =1.

Definition 5 (Higher-order energy function). For each t € [0, T'], we define the higher-order energy function

t t
ES) =1+ nC. 050 + v, D3 o +/ 1o, )13, qeds +/ g (. $)1I3 geds
0 0

t
IO g+ [ 10 9IF geds
0

We then set Mo = P(E€(0)) where P denotes a generic polynomial whose coefficients depend only on . The
constant My is then equal to P(m), a polynomial function of the constant m( introduced in (37).

Remark 1. Given that ug € H>(Q€) satisfies the compatibility conditions:
divuy=0 in Q°, (42a)
[Defug - N€1-75, =0 onI¢, (42b)
it follows from the energy estimates (that we next obtain) together with classical existence theorems for the free-
boundary Navier—Stokes problem, that (1) admits a unique solution for some time 7¢ > 0, which has the regularity:
ve L™, T H*(Q) N L*0, T¢; H3(Q9)),
v € L¥0, T LX(Q)) N L0, T HY(Q),
q € L*(0, T H*(Q)).
Our energy function E€ contains all of these terms, and additionally, the term 1 to ensure that E€ is smaller than its
square; the term ||n(-, t)||3,q¢ is well-defined whenever v € L2(O, T¢; H3(Q€)).
So long as the solution has this regularity and the moving free surface does not self-intersect, the Eulerian formu-
lation (1) and the Lagrangian formulation (written in each chart) (41) are equivalent, and we will work with the latter

one.
We will first prove that the solution is defined over a time interval which is independent of € > 0.

Theorem 6. Assuming that I'(t) does not self-intersect, independent of € > 0, there exists a time T > 0 and a constant
C > 0 such that the solution

ve C(0,T], H*(Q) NL*(0, T; H(Q)), g € L*(0,T; H*(Q))
to (23) satisfies the a priori estimate:

max E€(t) <C M. (43)

t€[0,7T]
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Proof. The proof will proceed in five steps.

Step 1. Estimates for Vi and A. Using (41a), we see that

t

V060~ W lage < | [ Votsds|  <VE sup VED. (44)
sef0,1]
0 2,Q¢ ’
Thanks to Lemma 3, there exists a constant C > 0, independent of €, such that
IVi(, 1) —1d || Loy < N/t sup E(t). (45)
]

s€[0,t

Since det Vi = 1, the matrix A is simply the cofactor matrix of Vn:

_n 1 7732 Xn73
A:[ f:| ford=2,and A= | n,3xn,1 | ford=3, (46)
T 0,1 X1,2

where each row is a vector, and for a 2-vector x = (x1, x2), xt= (—x2, x1).
We make the following basic assumption, that we shall verify below in Step 5: for a constant 0 < ¥ < 1, we
suppose that ¢ € [0, T'] and that T is chosen sufficiently small so that

sup [[Vi(-, 1) —Id || Looqe) < 010, (47)
t€[0,T]

It follows from (46), that since [|A(-, 1) — Id || Loo(qe) < fol |A; (-, $) || Lo (e ds,

sup JAC, 1) —1d || ooqe) + IAAT (1) = 1d || Lo ey < 9 (48)
t€[0,T]

Step 2. Boundary regularity. We begin by considering a single boundary chart 6, : Bt — Q(¢). Let ¢ denote the
smooth cut-off function defined in Section 3.2.4. Using equation (41b), we compute the following L?(B*) inner-
product:

32 T 32 —
(68000 — Ao+ A] Varl . Giu) , =0, (49)

To simplify the notation, we fix / € {1, ..., K} and drop the subscript. The chart 6; was defined so that det V6; = C; for
a constant C; > 0. Then (49) can be written as be written as

/;25%5 3% dx—fgzéz[A’;Agv",,],k 3%t dx+fgzéz[qu],k %' dx =0. (50)
Bt Bt By
Integration-by-parts with respect to x; shows that
1d - n S : _ B} .
0=5—-IEa v 5+ + / LA ALY j19%[¢%0 L dx + / *[Afq1 %[0 ]k dx (51)
Bt Bt

where we have used the boundary condition (41d) to show that the boundary integral vanishes. Using /% to denote
the Kronecker delta function, we write (51) as

1d - _ _ _ .
577 160%0C, DG g + 1EI VOO g = = / 0*[Afq19°[¢ v ]k dx
B+
—féz[(A’;A{;—akf)u",,-]éz[;zv"],kdx—/[52ui,k (52§2vi+25§25vi),k+§,k52vi]dx. (52)
Bt Bt

We integrate (52) over the time interval [0, T']:
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| R _
LRSI P +/ I1£8* T g Mo+ Ti+ T+ T (53)
where
T
Il:// 0%[Afq19%[6 v 1k
0 Bt
T
12=// (AR AL — 58118220, k(dxdz
0 Bt
T
T3 :// 3%vl 1 (022201 + 200200 |,k +E.k 52vi’dxdt.
0 Bt

Using the Sobolev embedding theorem and Lemma 3, we estimate 7;

//|82q||Ak82 lsk|dth+/||qn2€”A”2 szfllvllzszedtJr/IlqlllseIIAllz Q< llvlls,qedr .
0 B*

I kg i
To estimate the integral Z¢, we use (41c) to write
i k k j k ] k j
vl’k()(ﬂ A[ = _Ai 50(/3 vl’k _Ai 7/3 vlvkol _Al' 1o vl 7k/3 )
so that the term with three derivatives on v is converted to a term with three derivatives on 7 plus lower-order terms.
It follows that for § > 0, and a constant Cs (which blows-up as § — 0),
T

I¢ <8 [ llgll3 qedt + CsTP( sup E€(1)).
0 t€[0,T]

The integral If is estimated in the same way. For the integral Z{ we use linear interpolation to estimate the norm

T
Jo lalis.e:

T
8/||v||%,95dt+8 ||q||%!dit+C,gTP( sup E€(1)).
1€[0,7T]
0
It follows that
Ty <My+CsTP( sup ES(t))+38 sup E(r). 54)
t€[0,T] 1€[0,T]

Next, for the integral 75,
T

T
Izé//‘(A’;Ai—akf)ézui,j [0 Nk /f‘é(A’;Ai—akf)éui,j 32 ]k | dxdt
0 Bt 0 Bt

Vs Iz”

T
+f/ [32cakal = 84y B21e2

0 Bt

L
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Using (48) and choosing ¥ < 4§,

Z§ <CsTP( sup E(t))+8 sup E(7).
1€[0,T] 1€[0,T]

In the same way as above, we again use Lemma 3, together with linear interpolation for term Ié’ , to see that

I < My+CsTP( sup E€(2))+8 sup E€(2). (55)
t€[0,T] 1€[0,T]

The integral 73 is straightforward and also satisfies

I3 < Mo+ CsTP( sup E€(t))+C8 sup E€(r). (56)
1€l0,T] 1€[0,T]

Summing over all of the boundary charts [ = 1, ..., K in (53), the inequalities (54)—(56) together with the trace
theorem, Lemma 5, show that

te[0,T] t€[0,T]

T
/||v(~,t)||§_5,rg <My+ CsTP( sup E€(1))+8 sup E€(r) (57)
0

Step 3. Estimates for the time-differentiated problem. We consider the time-differentiated version of (23) which
we write as the following system:

N =v in Q¢ x [0, T7], (58a)

v — Agvy + ATVg = — AT Vg +18,(A] A¥v,i 1, in Q€ x (0,T], (58b)
divy v, = —v',; 8, A/ in Q€ x [0, T], (58¢)

3 [Defyv-n—gn]=0 onT¢ x [0, T], (58d)
(n,v,v) = (e, ug, uj) in Q¢ x {r=0}, (58e)

where uf = Auf) -V pg, with uf) defined in (36) and pg defined in (38); therefore, independently of € > 0,

luillo,@c < P(mo). (59)

We define the space of div,-free vectors fields on Q€ as
V(t) ={¢ € HY(Q5R?) : divy.n¢=0}.
Taking the L2(26) inner-product of equation (58b) with a test function ¢ € V(¢), we have that

[ v g+ [arakaiv 16 cax= [ qaalel s ax voevio. (60)
Q€ Q€ Q
Next, we define a vector field w satisfying
divyw=—v',; 9,4 in QF, (61a)
w=g¢{)n on T'¢, (61b)

where ¢ () = — fge v, | B,Al.j dx/|T€|. A solution w can be found by solving a Stokes-type problem, and according
to the proof of Lemma 3.2 in [11], for integers k > 1,

I Dller < C (107 ¢ 08 AL CDlkorer + 16 Onlkor/2re ) (62)

where the constant C is independent of € by Lemma 2. From (46), we see that d; A scales like Vv in 2-D and like
Vv Vn in 3-D. Thus, the estimate (62) shows that
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sup ||w(',l)||(2),ge +/||w(',f)||%,9e <SMo+TP( sup E(1)). (63)
t€l0,T] te[0,T]
Similarly,
div, w; = — (w",j aAl 40,0 3,A{)) in QF, (64a)
wy = (pn), on I'¢ (64b)
and
lwillge <€ (1w ] + 8,07, 0 AD loge + 1@l 2 )
so that
/ lwelP ge < P(sup E<(1). (63)
t€[0,T]

Now, because of (61a), v, — w € V(¢), and we are allowed to set ¢ = v; — w in (60). We find that

d 2 ka1 kg N
EEHvt(-,I)llO,QE+/8t[A&Asv ,j]vt,kdxzfv,t-wdx+/8,(ASASv Jjow'pdx
Qe Qc Qc
—i—/qatAf [vf,k ~|—wi,k] dx
Q
and hence forr € (0, T),

Ji

1 1 . o .
5||vz(~,t>||3ge +/ IV 0,15 geds = —||u1||3ge —//[A"Az — 88, vl dxds

0 Q¢
/fa, [AK Al vt,kdxds+/fvt, wdxds+f/8, [AK ALV 1w i dxds
0 Qf 0 Q¢ 0 Qf
/) V] Ta
+//q Ak v,,k—i—w ,k]dxds
Q
Is

For 8 > 0 and using (48) with ® < &, it follows from an L>°-L?-L? Hélder’s inequality that

|71l <8 sup E°(1). (66)
t€l0,T]

We next estimate [7>. According to (46) the components of A are either linear (d = 2) or quadratic (d = 3) with
respect to the components of Vn; hence, d; A behaves like Vv for d = 2 and like Vi Vv for d = 3. We consider the
more difficult case that d = 3 in which case 3,(AAT) behaves like Viy Vi) Viy Vv, and

f IV IVol* Vo, dxds < 1V 006 IV V174006 I VUl 12(0)
Qe
X ||77||Hz(95) ”v”HZ(Qe) ”vt ”H] (R29)

2
< C5 ”n”H3(Qe) ||U||H2(Qe)| + (SHUZ ”Hl(Qf) ’
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where we have used Holder’s inequality for the first inequality, the Sobolev embedding theorem for the second in-
equality, and the Cauchy—Young inequality with § > O for the third inequality; the constant Cs scales like 1/6. It
follows that

|2l < Mo+ TP( sup ES(t))+8 sup E€(1). (67)
tel0,T] tel0,T]

To estimate 73, we integrate-by-parts in time:

t
|J3|<//|v,~w,|dxds+ /v,-wdx

0 Q€ Q€ 0

t

t t
§M0+//|vt~w,|dxds+/|vt(-,t)w(-,0)|dx+/ v,(~,t)/w,(~,s)ds dx
0

0 Qe Qe Qe
; 2
1
< Mo+ TIP( sup E€(1)) + 8]vi (-, D)I§.qe + Cs /w,(',s)ds ;
1€[0,T] ,
0,Q¢

the last inequality following the estimates (62) and (65) and the Cauchy—Young inequality. Since

t 2 t 2 1t
/w,(-,s)ds =/ [w,(x,s)ds dxét/f|wt(x,s)|2dxdt,
0 0,Q¢ Q€ 0 0 Q¢
and
1 1
t t 2 t 2
//|v,-w,|dxds< /||v,<~,s)||%,geds /||wt<~,s>||%,geds
0 Q€ 0 0
<12 sup [lui)lo.q PCsup ES()) <12 P(sup ES(s),
s€[0,1] s€[0,7] s€[0,t]
we see that
|j3|<M0+T%77( sup E€(r)) +8 sup E€(¢). (68)
t€[0,T] tel0,T]

The integrals 74 and J5 (using (63) and (65)) are estimated in the same way as /> so that

\Tal + 1751 < Mo+ T2P( sup E€(1))+6 sup E<(r). (69)
te[0,7] t€[0,T]

Combining the estimates (66)—(69), we find that

T
1
sup ||v,(-,t)||(2)’Qe+/||v,||%’§zedt<Mo+T?7)( sup E€(1))+C8 sup E€(r). (70)
t€l0,T] 0 t€l0,T] t€l0,T]

Step 4. Regularity for the velocity and pressure. Next, we write equation (23b) as

—Av + Vg =div[(AAT —1d)Vv] — (AT —1d)Vg — v, in Q€ x (0, T], (71a)
divo = —(A] =8/ in Q¢ x [0, T], (71b)
veL*0,T; H>(I') (71c)

The two inequalities (57) and (70), together with the Stokes regularity given in Lemma 2, show that v €
L%°([0, T]; HX(Q€)) N L0, T; H3(2)) and satisfies
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T T
1
sup [[v(, )13 ge +/ Ivl3 gedt +/ Igl3 gedt < Mo+ T2P( sup E€(1))+C8 sup E(r). (72)
1€[0,T] 1€[0,T] 1€[0,T]
0 0
By choosing § > 0 sufficiently small, we obtain that
sup E€(r) < My + T%P( sup E€(1)), (73)

1€[0,T] 1€[0,T]
for a constant My and a polynomial function P which are both independent of €.

From the estimate (72), v € L2(0, T; H3(Q¢)), and the estimate (70), v; € L2(0, T; H'(Q)). Using the partition
of unity functions ¢; defined in Step 2 above, we then see that for each chart v € L%(0, T; H>(B;)) where B; = B
fori=1,..,K,and By =B forl = K + 1, ..., L. Similarly, ¢v, € LZ(O, T: H (B))). 1t is then standard that Liv €
CO([0, T1; H*>(B;)), and hence by summing over [ =1, ..., L, v € C°([0, T']; H*(Q°)).

Since the pressure satisfies the elliptic system:

—Ayg =v'. Al S A} in Q€ x (0,T],
q:n-[Def,]v-n] onI x[0,T],
we then infer that ¢ € C 0(10, T1; HY(2€)). Then, using the momentum equation (71a), it follows that v; €
CO([0, T1; L2(Q9)).

This then shows that E€(¢) is a continuous function of time. Following Section 9 in [14], from (73), we now may

choose T > 0 sufficiently small and independent of €, such that

sup E€(t) <2Mj. (74)
1€[0,T]

Step 5. Verifying the basic assumption (47). Having established (74) on [0, T'] with T independent of ¢, for any
¢ > 0, we may now use the formula (44) to choose T even smaller if necessary to ensure that (47) holds. This
concludes the proof. O

We now establish a more quantitative estimate in order to assess the continuity of 9%v(z, ) in L2(Q°).

Proposition 7. For all t € [0, T],

t
max 192, 8) = up)lg g + / 1620, 8) = up) I geds S t'/*P(Mo) . (75)
’ 0

Proof. We write v(t) = v(-, t) and again set viscosity v = 1. The difference v () — ug; satisfies the equation

(W —ul) — Ap(v —ul) + ATVg = Ayu.
Following Step 2 in the proof of Theorem 6, and once again localize to a boundary chart 6;,/ =1, ..., K, with det V6, =
C; and with cut-off functions ¢;, we obtain that

1d - _ . _
0= 5 11£0° (@) = uGllg g+ + / O[AFAL (v —u§).;1- 9[5> (v — uf)ldx
B+
+ [ Bt P+ [ Bl PR - uflads, (76)
B+ B+

where we have dropped the explicit chart dependence on [ and where again, the boundary integral terms have vanished
due to (23d). We integrate (76) over the time interval [0, T']:

T
127w (t) — ugllIg, g+ +/ 1287 T() = uglll} g+ <111+ 1Kl + K31 + IKal,
0
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where we are writing u( for u o 6;, and where

T
Ky = / / B2LARq1521¢2 (0 — u) . dxdt
0 B+

T
/cz=//52[(AfA§—8"/’)(v—u5>,,-]-52[;2<v—u5>],kdxdr,
0 Bt

T
Ks://éZ(v—ug)i’k [[ézéz(v—ug)[+25§25(v—u8)i],k ~|—§2,k 520 dxdr |
0 B+

T
’C‘*:/f52[(A§A£u6,jl-52[4“2(1)—“6)]#’”’-

0 B+
We write
T T
lcl<//éz[qu]éz[gzvf],kddef/‘éz[Aij]é?[g?ug"],k dxdt .
0 B+ 0 B+

K Kb
By (37) and (43), we see that
Kb < VTP (My).

For the integral K¢, we focus on the integrand that arises when 92 acts on both q and v, «, for all other derivative com-
binations immediately give an integral bound of ~/TP(My). Using the Lagrangian divergence-free condition (23c),

T T T
//gzéqufE_)zvi,kdxdt < //CzézqézAi-‘vi,kdxdt +2 //fzézqéAfévi,kdxdt .
0 Bt 0 Bt 0 B+

An application of the Cauchy—Young inequality together with the Sobolev embedding theorem, shows that
{1 < VTP (Mo).

For the integral X, we consider the case that 3° acts on (A]sC Ag — 8K7), all other terms immediately giving the desired
bound. Using (44) and (46), ||[AAT —1d Lo+ < VTP (M), so that with (43),

12l < VTP (My).

The integral K3 and /4 are easily estimated using the Cauchy—Young inequality, the Sobolev embedding theorem,
and (43). We have thus established that

T
1207 [vi () — ulllg, g+ + / 129 [vr (1) — u§ 0 O 5+ < VTP(Mo).
0

Summing over [ = 1, ..., K then concludes the proof. O
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8. Proof of the main theorem

Using the Lagrangian divergence condition (23c), we have that divv = —(Alj - 8ij wt, j» which we write as divv =
—(A —1d) : V. Then, since div uf) =0, forallt [0, T],

18 div(w — u§)lIf ge < 19(A = 1d) VoII§ e + 1(A = 1) 9V [[§ oe < VTP (Mo). (77
Using (77) together with (75), the normal trace theorem (see, for example, (A.6) in [16]) shows that 9%(v— ug) - Ne €
C([0, T; H~2(I')) and

192 (v — uf) - Nell2 . re < VTP (M),

so that

I = u) - Nell? 5.« <VTP(Mo),

and hence by Lemma 4,
m%x|(v(x,t)—u6)-N6| gT%P(Mo) vt [0, T]. (78)
xele

Next, we consider the motion of the points X¢ and X _ given in Section 6.1 (see Fig. 3). Recall that the unit normal
N¢ at both the points X§ = (0,0, €) and X_ = (0, 0, 0) is vertical, so by definition of uf), we have that

ug(X$) - Ne=—1 ug(X_)-Ne=0, and |X{ —X_|=e€.
Using Theorem 6, we choose € so small that 10e < T, where [0, T'] is the time interval of existence which is indepen-
dent of €, and we consider the vertical displacement of the falling particle X¢ . Since X§ - ¢4 =€, and
t
(X, 1) eqg=c¢ —i—/vd(X€ ,8)ds,
0
for t = 10¢, we have from (78) that

n? (X<, 10€) < —8e.

Next, let Z denote any point on dw_ N {xg = 0}. Since u{(Z) - Ne =0 and n(Z, 10¢) = 0106 v(Z, s)ds, according

to (78),
1(Z,10€) - eq > —cet, ¢=101P(Mp).
We then choose € > 0 sufficiently small so that cet < 8e. It follows that
(XS, 10€) -eq < n(Z,10¢) - e4 . (79)

We next consider the horizontal displacement of the particle X and any particle Z on dw_ N {xz =0} x [0, 10€].
From the estimate (74), for all time ¢ € [0, 10€], [[v(:, )|l L= (@) < P(Mo).
Therefore, for any 7 € [0, 10¢] and fora =1, ...,d — 1,

In*(X$, 0] < 106P(Mo) and [n*(Z, 1) — Z%| < 106 P(Mo) ,

showing that the distance between the projection of the surface n(dw_ N {x; = 0}, ¢) onto the plane x; = 0 and the
set dw_ N{xg =0} is O (¢). Since by Definition 3, the set dw_ N {xg = 0} contains a d — 1-dimensional ball of radius
/€ centered at the origin, we see that by choosing e sufficiently small the vertical line passing through n (X<, r) must
intersect the surface n(dw_ N {xy =0}, 1) for any ¢ € [0, 10e]. Now, since at t = 0, X is directly (vertically) above
dw_N{xy =0},and att = 10¢, from (79), n(X5, 10¢) is (vertically) below n(dw—_ N{xy = 0}, 10¢), then by continuity
there necessarily exists a time 0 < T* < 10e at which n(X%, T*) = n(Z, T*) for some Z € dw_ N {xg = 0}. This
concludes the proof of the main theorem.
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Fig. 4. Splash domain €2, and the collection of open set {Uy, Uy, Ua, ..., Ug} covering T".

9. The case of a general self-intersection splash geometry

We now show how the analysis presented in the previous sections for the case of the “dinosaur wave” initial domain
can be used to establish the existence of a splash singularity in a finite time 7* for any domain whose boundary is
arbitrarily close (in the H>-norm) to any given self-intersecting surface of class H>. This generalization requires the
geometric constructions that we introduced in our previous work [16], coupled with a very minor adaptation of the
analysis of the previous sections.

We begin with the definition of the splash domain that we gave in [16].

9.1. The definition of the splash domain

1. We suppose that xg € I' := 9€2; is the unique boundary self-intersection point, i.e., €2, is locally on each side of the
tangent plane to 02, = ' at xp. For all other boundary points, the domain is locally on one side of its boundary.
Without loss of generality, we suppose that the tangent plane at x is the horizontal plane x4 — (x¢)g = 0.

2. We let Uy denote an open neighborhood of xg in [R3, and then choose an additional L open sets {Ul}lel such that
the collection {Ul}lK: o 1s an open cover of I'y, and {UI}IL:0 is an open cover of € and such that there exists a
sufficiently small open subset w C Uy containing xo with the property that

oNU =0 forall I=1,...,L.

We set
U =Uo N Ni{xg > (x0)q} and Uy = Uy N2 N {xg < (x0)a} -

Additionally, we assume that Uy N @, N {xg = (x0)q} = {x0}, which implies in particular that US' and U,, are
connected. See Fig. 4.
3. Foreach! € {1, ..., K}, there exists an H 3_class diffeomorphism 6; satisfying

6,:B:=B(0,1)— U

UyNQy=6(B") and U, NTy =6;(BY),
where

Bt ={(x1,....,x4) € B:xg >0},

B = {(x1,....,xq) € B:x4=0}.
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0%

8 o e

B* \\/ /W\

Fig. 5. The black dot denotes the point x( where the boundary self-intersects (middle). For € > 0, the approximate domain Q¢ does not intersect
itself (right).

4. For L > K, let {Uz}ll‘: k41 denote a family of open sets contained in €2 such that {Ul}ll‘:O is an open cover of 2,
andfor/e{K +1,...,L},6;: B— U;is an H3 diffeomorphism.
5. To the open set Uy we associate two H>-class diffeomorphisms 6, and 6_ of B onto Uy with the following

properties:

0+(BH)=U; . 0_-(BH)=U; .

6, (B =U/NTy, 6_(B)=U; NT;,
such that

{xo} =0,(B%) No_(B°),
and

04+(0)=6_(0) =xop.
‘We further assume that

0. (BTN BO,1/2)N B =dforl=1,.. K,

and

0.(BTNB0,1/2)N6(B)=0forl=K +1,...,L.

Definition 6 (Splash domain Q). We say that €2 is a splash domain, if it is defined by a collection of open covers
{U[}lL:0 and associated maps {6+, 01, 6, ..., 01 } satisfying the properties (1)—(5) above. Because each of the maps is
an H3 diffeomorphism, we say that the splash domain 2, defines a self-intersecting generalized H3-domain.

9.2. An approximating sequence of non self-intersecting domains converging to the splash domain
Following [16], we can then define standard (non self-intersecting) domains € (for € > 0 small enough) by just

modifying 64, and leaving the other charts unchanged. As shown in Fig. 5, our non self-intersecting domain Q€ will
be defined by associated maps {fey, 61, 62, ..., 01} such that

105 — 0+l 35+ < Ce, (80)
and such that
0<d@L(B),0°(B")) <e. (81)

In summary, we have approximated the self-intersecting splash domain €, with a sequence of H>-class domains
Q€ converging toward €2, such that for each € > 0, 9Q2¢ does not self-intersect. As such, each one of these do-
mains Q¢, € > 0, will thus be amenable to our local-in-time well-posedness theory for free-boundary incompressible
Navier—Stokes equations.
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10. Existence of a splash in finite time in a domain arbitrarily close to a given splash domain

We next define an initial velocity field of the same type as in Section 6.1. Due to (80), the estimates of Section 7
remain unchanged. Similarly, the main proof of Section 8 works in a similar manner due to (81), leading to the neces-
sity of self-intersection at a time 7€ € (0, 10¢). Note that since the tangent plane at the intended splash singularity xq
is the horizontal plane {x4 = 0}, d[0_ (B™)] is very close to {x; = 0} in a small ball B(x¢, /€) for € taken sufficiently
small; thus, we are using the fact that the almost flat portion of _(B™) is very close to {x; = 0} and contains a region
of diameter at least /€.

Furthermore,

Im€OL, T€) — O+ll3 < lIn° (0, T€) — 05 1l3 + 105 — 04113
Tf

< IvaE(th,t) dt|lz + Ce, (82)
0

where we used the estimate (80) in the above inequality (82); hence, from our estimates in Section 7,
I7€(6%, T€) — 6+ll3 < CP(Mo)VT€ + Ce < CP(Mp)+/e. (33)

This, therefore, shows that the splash-free surface 7€ (Q€, 7<) is at a distance less than CP(Mg)+/€ from €, in H3.
We have then established the following:

Theorem 8. For any given splash domain Q; of class H?, there exists a splash domain Q arbitrarily close in H?
to Q, and smooth initial data consisting of a non self-intersecting domain Q€ of class H> and a divergence-free
velocity field ug € H3(Q€) satisfying [Defug - Ne] x Ne =0 on 9Q€, such that the flow map n(x,t) solving the

Navier-Stokes equations (23) satisfies n(0Q2€, T*) = Q5. That is, in finite time T* > 0, a splash singularity occurs
which is very close to a prescribed self-intersecting geometry.
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