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Abstract

Given a connected Riemannian manifold N, an m-dimensional Riemannian manifold M which is either compact or the
Euclidean space, p € [1, +00) and s € (0, 1], we establish, for the problems of surjectivity of the trace, of weak-bounded approxi-
mation, of lifting and of superposition, that qualitative properties satisfied by every map in a nonlinear Sobolev space W57 (M, N)
imply corresponding uniform quantitative bounds. This result is a nonlinear counterpart of the classical Banach—Steinhaus uniform
boundedness principle in linear Banach spaces.
© 2018 Elsevier Masson SAS. All rights reserved.
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1. Introduction

When s € (0,1) and p € [1, +00), the Sobolev space W*” (M, N') of maps between the Riemannian manifolds
M and NV can be defined as

WSP(M,N) = {u : M — N is measurable and & p,(u, M) < +oo},

where &, is the Gagliardo energy for fractional Sobolev maps defined for a measurable map u : M — N as

d/\/ u(x), u(y))
Es,p(u, M)—// drg(xL ) dxdy, (1.1)
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with dys and d 4 being the geodesic distances induced by the Riemannian metrics of the manifolds A" and M and
m = dim M. When the manifold A is embedded into a Euclidean space R” by a bi-Lipschitz embedding and A is
identified to this embedding’s image, we have WSP(M, N) = {u € W5P(M,R") : u € N almost everywhere in M}
and the corresponding energies are comparable.

When s = 1 we can assume by the Nash embedding theorem [55] that the manifold N is isometrically embedded
into R, and we can define

WP (M, N) = {u e WHP(M,RY) : u(x) € N for almost every x € M}

and

el,p(u,M>=/|Du|f’.
M

The space, the energy and the topology on this space are independent of the embedding and can be defined intrinsi-
cally [31].

1.1. Extension of traces

We first consider relationships between a qualitative and quantitative properties for the problem of surjectivity of the
trace. In the setting of linear Sobolev spaces, given s € (0, 1), p € (1, +00) and a manifold M which is either compact
or the Euclidean space, the classical trace theory states that the restriction of functions in C2°(M x [0, +00), R) has a
linear continuous extension to the trace operator tr: WS+1/7:P (M x (0, 400), R) — W*?(M,R) and that the latter
trace operator is surjective [ 1, Theorem 7.39], [33, Chapter 10], [63, Theorem 2.7.2]. By the proof of the surjectivity or
by a straightforward application of Banach’s open mapping theorem (see for example [27, Theorem 2.6]), which can be
deduced from the Banach—Steinhaus uniform boundedness principle, every function u € W*? (M, R) can be written
as u = tr U, with a function U € W3T1/P:P (M x (0, +00), R) whose norm is controlled by the norm of the function u.
When dealing with nonlinear Sobolev spaces W*? (M, N) into a compact Riemannian manifold V', the trace operator
remains a well-defined continuous operator. The question of its surjectivity is more delicate: if s =1 — %, sp<m
and if w1 (N) > - >~ 7| )1 (N) = {0} — that is for every j € N such that j < p — 1, every continuous map f from
the j-dimensional sphere into A has a continuous extension from the (j + 1)-dimensional ball to A/ —, then the trace
operator is surjective [42, Theorem 6.2]. This topological condition is almost necessary: if the trace is surjective, then
when p < 2 one has 771 (NV) > {0} whereas when p > 2, 71 (N) is finite and 7o (N) - - - 2 77, j—1 (N) = {0} [9] (see
also [13,42]).

In order to study quantitatively the problem, we introduce the extension energy, defined for every r € (0, 1] and
q € [1, +00) such that rg > 1, for every manifold M and every measurable map u : M — N by

£ (u, M) = inf{sr,q(u, MxRy) : UeW(MxR,N)and trU = u} € [0, 4+-00].

(The condition rg > 1 guarantees that the trace is well-defined.) In particular, the surjectivity of the trace operator can
be reformulated by stating that if & ,(u, M) < +o0 then $ff1/p p(u, M) < +o0.
Our first nonlinear uniform boundedness principle states that the surjectivity of the trace implies a linear uniform

bound:

Theorem 1.1. Let s, r € (0, 1], p,q € [1, +00), m € N, M be a Euclidean space or a compact Riemannian manifold

of dimension m and N be a connected Riemannian manifold which is compact if either sp >m ors=p=m= 1. If

sp=rq — 1 and if every map in W*? (M, N) is the trace of some map in W4 (M x (0, +00), N), then there exists

a constant C > 0 such that for each measurable function u : B™ — N with either sp < m or & ,(u,B™) < 1/C, then
EX(u,B™) < C& p(u, B™),

where B stands for the unit ball in R™.

Whens=1— %, r =1, p=gq > 2, the manifold \V is compact and 71 (N) = - - - > 77| —1 (N) = {0}, the estimate
of Theorem 1.1 was already known as a byproduct of the proof of the surjectivity of the trace by Hardt and Lin
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[42, proof of Theorem 6.2]; some flavour of Theorem 1.1 is present in Bethuel’s counterexample [9]. Theorem 1.1
shows that these linear bounds are an essential feature for this class of problems.

In the case where the trace operator is not surjective and the manifold N is compact, since W4~ (M, N) C
W1=1/a:4(M, N), one can still wonder whether any map in this smaller space is the trace of a map in W9 (M x
(0, +00), ). Theorem 1.1 shows that this would still imply a weaker uniform estimate.

The smallness restriction on the energy when sp > m 1is related in the proof to scaling properties of Sobolev
energies and ensures that moving a map to smaller scales decreases the Sobolev energy. Moreover, extension results
for sp > m are proved by patching a nearest point retraction of an extension together with a smooth extension of a
smooth map [13, Theorems 1 and 2] for which there does not seem to be an immediate linear bound; when sp > m a
compactness argument leads to a nonlinear estimate of the norm of the extension by the norm of the trace which has
no reason to be linear [59, Theorem 4]. When s =1 — 1/p and NV is a compact Riemannian manifold such that either
71 (N) is infinite or 77 ; (A) 2 {0} for some j < p — 1, there exists a sequence (i, ),ery in W!=1/7:7 (B"  \) such that
[9, (1.36)]

g?XI'[) (un k) Bm)
liminf .

_— —1
e e B)

>0 and lirrgogl_l/P,p(un,Bm)z—l—oo, (1.2)
n—

ruling thus out the extension of the estimate of Theorem 1.1 when sp > m for large Sobolev energies.

In the limit case s — 1 and p — 400, the problem of quantitative bounds has some analogy with the construction of
controlled Lipschitz homotopies to constant maps [37], whose answer depends on the finiteness of the first homotopy
groups of the target manifold N [36].

1.2. Weak-bounded approximation

Smooth functions are known to be dense in the Sobolev space W* 7 (M, R) with respect to the strong topology
induced by the norm. The strong approximation problem asks whether any Sobolev map in WP (M, N) can be
approximated in the strong topology by smooth maps in C*°(M, N'). When sp > m, and N is compact, the answer
is positive and related to the fact that maps in W*?(M, N) are continuous when sp > m and have vanishing mean
oscillation (VMO) when sp =m [61, §4]. When sp < m, the answer is delicate and depends on the homotopy type of
the pair (M, N) [8,30,40]. In the particular case where the domain M is a ball, a necessary and sufficient condition for
strong density is that 7|, > {0}, that is, every continuous map f € C(S Lsp] | Nf) is the restriction of some continuous
map F € C(BLPHU N).

When strong density of smooth maps does not hold, one can still wonder whether a map u € WP (M, N) has a
weak-bounded approximation, that is, whether there exists a sequence (i;);en in C*®° (M, N) that converges almost
everywhere to « and for which the sequence of Sobolev energies (&, ,(u;))ieN remains bounded. When p > 1 and
the manifold A is compact, the weak-bounded convergence is equivalent to the weak convergence induced by the
embedding of A in the Euclidean space R". In the nonintegral case sp ¢ N, and if s € N, a map u € WP (M, N)
has a weak-bounded approximation if and only if it has a strong approximation [8, Theorem 3 bis]. The remaining
interesting case (when s € N) seems thus to be the integral case sp € N.

Hang and Lin have given a necessary condition on the homotopy type of the pair (M, A) so that each map in
WP (M, N) has a weak-bounded approximation [40, Theorem 7.1]. Every map in W7 (M, N) is known to have
a weak-bounded approximation when A" = SP [7], [8, Theorem 6], [28] or w1 (N) >~ .- =~ Tp—1 (N) ~ {0} [39] (see
also [21, Theorem 1.7], [41, Proposition 8.3]), when p =2 [58] and p = 1 [57,58]. On the other hand, when m > 4
there exists a map u € W3 (M, S?) that does not have any weak-bounded approximation [10]. In the fractional case,
it is known that any map in Ww1/2.2(S2 S!) has a weak-bounded approximation [60].

Following Bethuel, Brezis and Coron [11,25,26], we define the relaxed energy for every manifold M and every
measurable map u : M — A by

Ege},(u, M) = inf{liminf&,p(un, M) : foreachn €N, u,, € C*°(M, N)
o n—00
and u, — u almost everywhere as n — oo}.

A map u € WP (M, N) has a weak-bounded approximation in W*:? (M, N) if and only if 5;?}, u, M) < +o0.



420 A. Monteil, J. Van Schaftingen / Ann. I. H. Poincaré — AN 36 (2019) 417—449

Theorem 1.2. Let s, r € (0, 1], p,q € [1, +00), m € N, M be a Euclidean space or a compact Riemannian manifold
of dimension m and let N be a connected Riemannian manifold. If sp = rq < m and if every map u € WP (M, N)
has a weak-bounded approximation in W"9 (M, N), then there exists a constant C > 0 such that for each measurable
function u : B™ — N, one has

£, B") < C & p(u, B").

Theorem 1.2 extends trivially to the case where sp > m and the target manifold N\ is compact, since every map
has then a strong approximation and thus for every u € W52 (B", N), Ssr)e},(u, B™) = &, p(u, B™). In the situation
where sp = m and the manifold N is not compact, either A is sufficiently nondegenerate at infinity to satisfy the
trimming property that implies that every map has then a strong approximation [23] and therefore the relaxed energy
coincides with the Sobolev energy, or the trimming property fails and there exists a map that has no weak-bounded
approximation [24].

Theorem 1.2 also implies that if every map in W!? (M, N) has a weak-bounded approximation in the larger space
WSPIS(M, N), with s € (0, 1), then a similar uniform boundedness principle has to hold.

When s =r =1 and p =g, Theorem 1.2 is due to Hang and Lin [41, Theorem 9.6]; Theorem 1.2 is also present
in the final step of the construction of the counterexample to the weak-bounded approximation in W13(M, S?) [10].

1.3. Lifting

Another situation in which Sobolev maps enjoy a uniform bound principles is the lifting problem. Given a
manifold F and a Lipschitz map 7 : F — N, it can be checked immediately that if ¢ € W7 (M, F), then
7o @€ WHP(M,N). The lifting problem asks whether every map u € W*?(M,N) can be lifted to a map
@ € WSP(M, F) such that m o ¢ = u on M, that is, there exists ¢ such that the diagram

M—=N

1A

f

commutes. In other words, we wonder whether the composition operator ¢ € W5 (M, F) — 7w o ¢ € WSP(M, N)
is surjective.

This lifting problem has been the object of a detailed study when A is the unit circle S! and 77 : R — S! is its
universal covering, defined by 7 (t) = (cost, sint) for every ¢t € R. In this case, when the manifold M is simply-
connected, every map in W% ” (M, S') admits a lifting if and only if either s =1 and p > 2, or s < 1 and sp < 1,
or s < 1 and sp > m [17]. Similar results hold for the universal covering = : F — N when the fundamental group
1 (N) is infinite [12]; when 71 () is a nontrivial finite group, it is not yet known whether the condition sp ¢ [1, m)
is necessary when s < 1. These results apply to the case of the universal covering of the projective space RP™ by the
sphere S™ when m > 2 [5,54].

Another lifting problem that has been studied is the lifting problem for fibrations. For the Hopf fibration 7 :
S* — §?, in contrast with the universal covering, some gauge invariance property shows that the existence of one
lifting implies the presence of a continuum of liftings and a lifting is known to exist whens=1land 1 <p <2 <m
or p>m=>3or p>m=2/[12], and known to be impossible for some map if 2 < p < m [10,12].

To quantify the lifting of a Sobolev map we define the lifting energy of a map u : M — N by

53{%(% M) :=inf {& ,(¢, M) : ¢ : M — F is measurable and w o ¢ =u}.

When s = 1 and p > 1, the lifting W1 ?(M, S') preserves the Sobolev energy; when s < 1 and sp < 1, the exist-
ing bounds on liftings of maps in W% ?(M,S') are linear [17] (see also [53]) and suggest the following uniform
boundedness principle:

Theorem 1.3. Let s,r € (0, 1], p,q € [1, +00), m € Ny, M be a Euclidean space or a compact Riemannian manifold
of dimension m, N' and F be Riemannian manifolds with N' connected and, if either sp >m or s = p=m = 1,
compact, and w : F — N. If rq = sp and if for every map in W5P (M, N) there exists ¢ € W"9(M, F) such that
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7T o ¢ = u, then there exists a constant C > 0 such that for each measurable function u : B™ — N, if either sp <m
or& p,u,B") <1/C,

M, B™) < C& pu,B™).
The restriction sp < m for avoiding the smallness condition comes again from the scaling properties of Sobolev

spaces. For the lifting problem of maps in W*?(M,S!), it is known that when s € (0, 1) and p € (1, +00) with

sp > 1, there exists a sequence of maps (u,),cN in WP (M, S!) such that [47, Theorem 1.1], [53, Proposition 5.7]

lift
liminf Ex.p(n)

=00 S,P(Mn)l/S>0 and nli)ngogs,p(un)z_i_oo_ 13

The exponent 1/s in the denominator rules out the possibility of a linear upper bound when s < 1.
1.4. Superposition operator

The superposition problem asks whether for a given function f : N'— F, one has f o u € W4 (M, F) for each
u e W?(M,N). In analogy to the previous theorems, we have a uniform bound principle:

Theorem 1.4. Let s,r € (0, 1], p,q € [1, 4+00), m € Ny, let M be an m-dimensional Riemannian manifold which is
either R™ or compact, N and F be Riemannian manifolds and assume that N is connected and, if either sp > m or
s=p=m=1, compact. Ifrq = sp < m and if a measurable map f : N' — F is such that for every u € W52 (M, N
one has f ou € W1 (M, F), then there exists a constant C > 0 such that for every measurable function u : B"™ — N/,
if either sp <m or & ,(u) <1/C, then

Erq(f ou,B") <C& pu,B").

Theorem 1.4 implies that, with the same assumptions and for each x,y € N, dr(f(x), f(y)) < C'dp(x, y)P/4
when sp < m or dp/(x, y) remains small (see Theorem 4.5). In particular, when p > ¢, the map f is constant. When
p =¢q, the map f is Lipschitz; this necessary condition is well-known for Sobolev functions [2,14,15,43,45].

1.5. General uniform boundedness principle

The similarity of the statements of Theorems 1.1 to 1.4, is not a coincidence, but comes from the common properties
of the extension, relaxed, lifting and composition energies, which are nonnegative functionals that do not increase
under the restriction of functions.

Definition 1.5 (Energy). The map G is an energy over R™ with state space N whenever G maps every open set
A C R™ and every measurable map u : A — N to some G (u, A) € [0, +0c0] such that if A C B are open sets and if
the map u : B — N is measurable, then one has G (u|4, A) < G (u, B).

For the sake of simplicity, when the map u : B — A is measurable and A C B C R™ are open, we write G (u, A)
rather than G (1|4, A).

Theorem 1.6 (Nonlinear uniform boundedness principle). Let m € Ny, s € (0,1], p € [1,4+00), N be a connected
Riemannian manifold which, if either sp > m or s = p =m = 1, is compact, and let G be an energy over R"™ with
state space N. Assume that for every measurable map u : R"™ — N

() (superadditivity) if the sets A, B C R™ are open and if AN B =, then

Gw,AUB)>=Gu,A)+G (u, B),
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(ii) (scaling) for all . > 0, h € R™ and any open set A C R™,
Gu,h+rA)=2""PG (u(h + 1), A).

If for every measurable function u : B" — N, & ,(u,B™) < +oo implies G (u, B") < +oo0 and & ,(u,B") =0
implies G (u, B™) = 0, then there exists a constant C € [0, +00) such that for every measurable map u : B"™ — N, if
either sp <m or & ,(u,B") <1/C,

Gu,B") <CE& p(u,B").

Compared to the statements of the classical uniform boundedness principle in Banach spaces, the nonlinear uniform
boundedness principle of Theorem 1.6 replaces the linearity assumption with some superadditivity and some scaling
assumption. When dealing with functions spaces, the scaling in the linear target has been replaced by a scaling in the
domain.

Equivalently, Theorem 1.6 is a general tool to construct a counterexample out of the failure of a linear estimate.
When sp < m, these counterexamples form in fact a dense set (Theorem 3.3). Similar density of counterexamples have
been obtained recently for the Lavrentiev phenomenon for harmonic maps [46]. When sp < m and the energy G is
lower semi-continuous, Theorem 1.6 and its consequences Theorems 1.1 to 1.4 still hold under the weaker assumption
that the set {u € W57 (B™, N) : G(u, B™) < +00} has at least one interior point in W*?(B"™, A) (see Theorem 3.3
below).

If the energy G is lower semi-continuous — which is indeed the case in all the examples considered in the present
work — then either a linear energy bound holds or the set of maps in W*”(B™, A) of infinite energy is a dense
countable intersection of open sets, and thus this set is comeagre in the sense of Baire whereas the set of maps whose
energy G is finite is meagre.

Following the strategy of Hang and Lin [41] (see also [9,10]), Theorem 1.6 will be proved by assuming by con-
tradiction the existence for each n € N of a Sobolev map u, € W*?(B™, N) such that G (u,, B") > 2"&; ,(u,, B™)
and then reaching a contradiction by constructing a map u € W*?(B", ) such that G (u, B") = 400 in two main
constructions:

Opening: The sequence (#,),¢N is transformed by an opening of maps (in the sense of Brezis and Li [29]) and some
gluing of maps in a sequence (ii,,),cN of maps that all take a fixed value near the boundary (see Steps 1-3 in
the proof of Theorem 3.1, Section 3).

Patching: We patch together rescaled translations of the elements of the sequence (ii,),en in such a way that they
fit together in the unit ball, the total Sobolev energy remains bounded (by a kind of sub-additivity property:
see Lemma 2.3) but, by superadditivity, the energy G is infinite (see Step 4 in the proof of Theorem 3.1,
Section 3).

A substantial contribution in the present work is the possibility to handle the fractional case 0 <s < 1.

The global strategy of the proof of Theorem 1.6 is also somehow reminiscent of the original proofs of Hahn and
Banach of the uniform boundedness principle, where worse and worse elements are summed up by the gliding hump
technique to obtain a contradiction [6,38] (see also [62]).

When 0 < s < 1, the proof only uses the fact that N is a Lipschitz-connected metric space, that is a metric space
of which any pair of points is connected by a Lipschitz-continuous path.

The strategy of proof also covers the case s = 0, corresponding to superposition operators in L? spaces (see
Section 5) and the case s > 1, for which the resulting theorem involves an estimate by the Sobolev on a larger ball and
a lower-order term (see Section 6).

1.6. Structure of the article

Section 2 is devoted to the two main tools we need: opening lemma and weak subadditivity of Sobolev energies.
We use them in Section 3 to prove our general uniform bound principle and we give several applications in Sec-
tion 4 including Theorems 1.1 to 1.4. We then investigate the generalization of our method to the limiting case s =0
(Section 5) and to higher order Sobolev spaces (Section 6).
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2. Toolbox
2.1. Opening of Sobolev maps

The aim of the opening construction, introduced by Brezis and Li [29], is to perform a singular composition of a
Sobolev map u € WP (M, N') with a smooth function: given a smooth function ¢, we want to control the composite
map u o ¢ in Sobolev energy. For a fixed change of variable ¢ which is not a diffeomorphism, in general u o ¢
has infinite energy. It turns out however that it has finite energy if we take ¢ out of a suitable family of changes of
variable.

Since the image under ¢ of sets of positive Lebesgue measure can be negligible, the singular composition does not
preserve equivalence classes of maps equal almost everywhere. In order to avoid this problem, we will not put our
maps in equivalence classes and we will consider measurable maps defined everywhere in their domain.

Lemma 2.1 (Opening of maps). Let m € N, s € (0, 1], p € [1, +00), A > 1 and n € (0, L). There is a constant C > 0
such that for every p > 0, every measurable map u : IEBTp — N and every Lipschitz-continuous map ¢ : Bﬁ o
m
IBg(k—n)p’
Eop(u o (9(-—a) +a), BY) < CLip()" & (. B,

where for every r >0, B :={x e R™ : |x| <r}.

there exists a point a € By, such that

In the statement the dependence of the point a on the map u is essential; modifying u merely on a Lebesgue null
set could change the choice of this point a.

The assumptions on the map ¢ ensure that if a € B, and x € B}, then ¢(x —a) +a € IB%’/{’p and thus the left-hand
side of the inequality is well defined.

Proof of Lemma 2.1. We define for each point a € IB%Z”p the map ¢, = (¢(- —a) +a) : IB%Z’ — IB%TP. We will prove an
averaged estimate

][ Es,pu 0 @q, ]B%Z’) da < CLip(p)*P & p(u, B;”p). (2.1)

m
IBgnp/Z

In the case s = 1, we follow [22, Lemma 2.3]: by the chain rule for Sobolev functions, we have |[D(u o ¢,)| <
Lip(p) |Du| o ¢, in IB%Z1 and so by definition of the map ¢,

[ epwovnznia= [ [1paep)wir i

By, By, By
< Lip(p)” / (/ |Du(a + p(x — a>)|"dx> da
By, By

By a change of variable y = x — a and by interchanging the order of integration, we deduce that

/fl,p(u o ¢a, BY))da < Lip(p)? /( / |Du(a +s0(y))l”dy> da = Lip(¢)” / E1,p(u, B, (9 (1)) dy.
an Ezn/’ B%M)ﬂ Bﬁﬂ)p

We finally have, by monotonicity of the Sobolev energy,

/Sl,p(u o <pa,IB%Z1)da < Lip(p)? / El,p(u,BK’p)dy :Em(BﬁH)p)Lip(go)p El’p(u,B’fp).

Bio Bl

The conclusion follows with C = 2" (1 + %)m.
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When 0 <s < 1, we define for x, y € IB%Z‘ and a € B’;‘p/z the set

4x
OO o g
n

For such points x, y, a, we observe that |¢,(x) £ ¢, (y)| < p(2X — n). In particular,

m
B,y = Blwam;w(m (

19a(x) + @a(W] | 1¢a(x) — @a(Y)] 11
+ <pQ2r— (— + —) =Ap,
> 5 =n( {5 5 P
and therefore By, |, C IB%’”p By the triangle inequality and by convexity of the function ¢ € R +— |¢t|”, we have for

every x,y €Bj,a B ,andz B, |,

dn (0 9a(x), u 0 9 (1)’ < 2P (dp(u 0 @a(x), u ()" +dp(u(@),u o a(3))").

By averaging over z € B} | .y» We obtain

P
QNM%sz//M@%@»mmm)ww

e =y

]Bm Bm

<y//fwww%mw@)MM®
e — ypmsp

Bm Bm Bm

a,x,y

dy (u(pa (), u(2)”
=¢ dz dx dy.
1// / [@a (x) = @a(P)|™]x — y|m+sP zdxdy

Bm Bm IB

We next observe that if z € IB%Z?X y

©a(x) + @a(y)
2

lpq(x) — z| <

0a(xX) — @a(y) ’
2

2 = (54 5) a0 — a0 = 5l — @,
2 B -n

2\

and therefore

Esplu o Wa’B )<C2// / dN lpa (x), M(Z)) dzdx dy.

|@a (x) — z|™|x — y|m+sp

B B B
By Fubini’s theorem, this can be rewritten as

d a
E,p(u o @y, B )<C2 // / | N “((ﬂ o). M(Z|Zn)+sp dydxdz, (2.2)

Pa(x) —z|"|x —
Bm Bm Yu x.z

where Y4,y C R™ is the set of points y for which z € By, |

Yorxo={y€B) : Bloa(x) + ¢a(y) — 22| <2|0a(x) — pa ()}
Since g4 (x) + @a(y) — 22| > 2|¢q(x) — z| — |@a(x) — @a(y)], we have
Yax: S {yeB) : [pa(x) — 2| < C3lpa(x) — ga (D)1}
c{yeR" : |p,(x) —z| < C3Lip(g)|x — yl}.
We compute

d d Li P
|x — y|m+sp |x — y|mtsp l@a (x) — 2|7

R\ B gy (x)—z| (¥)
‘C3Lip(e)
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By combining (2.2) and (2.3), integrating over a € B’,?p /o and by the changes of variable y =x —a € B and

1+Hpe
w=a+¢(y) e IB%Z'}\ we are led to the estimates

-Dp’

/ 8l 0 9B da = CoLipte)” [ / / A (lgatD. w@)" g,

|@a(x) — z|™+sP
B™ m

dn(ua +o(»), u(2)”
L 5P dydzd
= GLip@) // / a+ oGz PEX

np/2

77/’/2 )»ﬂ (|+ o
. dy (u(w), u(z)
< CsLip(p)** / / / Zlmﬂp) dzdwdy
<1+’7>p <A Do B

< CSLlp((p)sp‘Cm (B(l+ )p)gs,p(uﬂ ]BTP)

The conclusion follows with C = Cs(1 + 2)". O
2.2. Gluing interior and exterior estimates

The next lemma will allow us to combine constructions performed on different parts of the domain. Whereas when
s = 1 it is sufficient to have traces matching on the boundary, the nonlocality of the fractional case s € (0, 1) invites
us to consider a gluing with a buffer zone B} \ B}, in the energies.

Lemma 2.2 (Gluing along a buffer zone). Let m € Ny, s € (0,1], p € [1, 00). There exists a constant C > 0 such
that for every 1 € (0, 1), every open set A C R"™, every measurable function u : A — N and every p > 0 such that
By \IB%'" CA,

cn™

_n)es,,,(u, A\B!)

Eplu, A) < (1+ =

W)gs’p(u,Ame)+ (1 +

The constant C in the statement of Lemma 2.2 only depends on the dimension m, on the regularity s € (0, 1] and
on the integrability p € [1, +00). It does not depend on the set A nor on the map « nor on the radius p nor on 7.
We will apply Lemma 2.2 in the case where A is the entire Euclidean space R” and a ball B, C R™ with p < R.

Proof of Lemma 2.2. When s = 1, we have & ,(u, A) <& ,(u,AN IB%’") + &, pu, A \IB% ») and the conclusion
follows with C = 1.
For 0 < s < 1, we have by additivity of the double integral defining the fractional Sobolev energy & »,

dp (u(x), u(y))

Xy dxdy; 2.4)

E.pu, A) <& pu, AﬂBm)—}—ESp(u A\IB% o) T2 / /
A\BY ANBy,

it will thus be sufficient to estimate the last integral on the right-hand side. We notice that for each x € A N ]B’,?p,
y € A\BY and z € BY \]B C A, we have, by convexity of the function 7 € R +— [¢|?,

dp (), u(y)? < 2PN dar (), u(2)” +dpr(u(2), u(y)"). (2.5)

By averaging the inequality (2.5) over z € B} \ B}/, we estimate the integral in the right-hand side of (2.4) as

dy (), u ()"
=

A\BY A ﬂBm
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1 dp(u(x), M(Z))
< 2P ( ][ / / P dxdydz

By\By, A\BY AnB,
d , p
N ][ / / N (@, uM)” 6. 2
x — y|m+sp

_ A
BBy, A\BY AnBy

For the first integral in the right-hand side of (2.6), since for each x € A N H_B’,;lp and y € A\ B”, one has |x — y| >
(1 — n)p, we first have by integration over y

dy (u@), u@)”
| ] ez [ avtwee) e

By\By, A\B AnB, By\By, ANB,

Moreover, by dividing by the measure of the set B} \IE% and noting that for eachx € AN IB%’" and z € BY \B”
has |x — z| < 2p, we conclude that

Ay (@), ()" Ay (), 1))
][ // oy =g n)”’(l—n’")/ / =g Y&

]Bm\]Bm A\BY AOIB”‘ ]Bm\IB"’ AOIB’" (27)
C

< - =

= (=it

7]9’

E.plu, ANBY).

We consider now the second integral in the right-hand side of (2.6). We note that if x € AN IB%’,’]’p and y € A\ B,
then |[x — y| > |y| — np > 0, and thus

dy (@), ()" Ay (@), u ()"
/ / / ey drdydzsCanp / / Iyl = npymior D%

Bm\ﬂgm A\IB%’" AOIB”’ IB’" IB’” A\IB%”’

Next, if y € A\ B and z € B} \IB%W), we have

ly —z| < dist(y, By,) + dist(z, By,) <2dist(y, B) =2(]y| — np)

and therefore

dy (u@), u()” dy (u(@), u()”
[ ] ]SS eees gty [ [ SRS o

B \By, A\BY AnBy, BBy, A\BY (2.8)
C477

55 P(u, A\B}).
The conclusion follows then from (2.4), (2.6), (2.7) and (2.8) with C =2max{C,, C4}. O
2.3. Patching countably many Sobolev maps

We want to estimate the energy of a map obtained by patching countable many maps different from a common
constant value on disjoint sets A;. If we apply the gluing technique from above (Lemma 2.2) countably many times
(which essentially means, for each i, estimating the total energy of u# by the energy on A; plus the energy out of A;),
since the constants appearing in the statement are larger than 1 when s € (0, 1), the constant coming from the iterative
process will be unbounded and will thus give no estimate in the limit. In order to deal with this situation, we derive a
specific bound for the patching of a countable family of maps.

Lemma 2.3 (Countable patching). Let m € N, s € (0,1], p € [1,+00), M and N be Riemannian manifolds with
dim(M) = m, I be a finite or countably infinite set, and for each i € I, let u; : M — N be a measurable map. If
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there exist b e N anfi a cgllection (A))ier of open subsets of M such that if x e M\ A; withi € I, u;(x) =b and if
i,jelwithi#j, AiNAj=40, then, ifu: M — N is defined by

ui(x) ifx €A,

ulx) =
x) b otherwise,

we have

gs,p(”s M) < ngs,p(uh M)

iel

withC=1ifs=1and C=2P ifs € (0, 1).

Proof. First, we consider the case where s = 1 and the set / is finite. For each i € 1, if &1 ,(u;, M) < 400, then the
function u is weakly differentiable on the set M \ | jel\(i) A j» which is open since [ is finite. Therefore the function
u is weakly differentiable on M, Du = Du; almost everywhere in A; for all i € I and Du = 0 almost everywhere
in M\ UiE ; Aj since u = b almost everywhere on this set (see [35, Theorem 4.4, iv] for instance). In particular, by
additivity of the integral, we have

E1p(u, M) <Y &1 p(ui, M),
iel
If the set I is countably infinite, we assume that I = N and we define for each n € N the function u, : 2 — N by
setting for each x € Q,

W () = uj(x) ifx e A; forsomei €{0,...,n},
b otherwise.

Assuming that ) ;. &1, p(ui, M) < 400, we have by the first part of the proof that u" € WP (M, N) and for almost
every x € M,

Dui(x) ifxeA;andi€{0,...,n},
0 otherwise.

Du" (x) = {

We observe then that the sequence (Du"), <N converges almost everywhere to g defined for x € M by

Du;j(x) ifxeA;andieN,
gx)= .
0 otherwise.

Since for each n € N, |Du"*| < |g| almost everywhere in M and since

/|g|P =Y &1 pui, M) < +o,
M

ieN

by Lebesgue’s dominated convergence theorem, the sequence (Du,),en converges strongly to g. In view of the
convergence of the sequence (u,),cN to u almost everywhere, it follows that Du = g and thus, we have

Enplu, M) =" &1 pui, M),
iel
which is the claim.

We assume now that 0 < s < 1. We write, by additivity of the integral and the fact that u(x) = u(y) if (x,y) €
(M\ Uiel Ai) x (M\ Uiel Aj),
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A (u(x), u(y))”
Expu, M) =Y & p(u, A)+Z//dedy

iel leIA
i#j

14
+2Z/ / (400, )" dxdy.

dpm(x, y)ymsp

We first observe that, by assumption,

gs,p(us Aj) = gs,p(uia Aj),

14 1 [ P
[y Ry G XTI B
dp(x, y)ymtse dpa (e, P
A M\Ujes Aj A M\Ujer 4/

and

Finally, if i, j € I and i # j, we have

dp (u(x), u(y))” ool dp(u(x), b)P drr(b.u())”
// dpaq(x, y)ymntsp dxdy <2 <//dM(x y)m+sp //dM(x Sy dxdy)

dp(uj(x), uj ()" dpr (ui (x), ui ()"
p—1 J J
=? </ / eyt Y +/ / Doy )

Therefore, we have

d(ui (), u; ()"
&, pu, M)<ZEY pui, A; ) +2° Z // daq(x, y)ymtsp

iel Ljel g

+2Z/ / d(ui (), ui ()" dxdy.

dp(x, y)mtsp
IGIA M\U/el

which implies that & ,(u, M) <2P ", & i, M). O
2.4. Extension

In the application of the opening construction (Lemma 2.1), because the change of variable ¢, is completely known
a priori, we will need to define our map u on a slightly larger domain and with a control on the energy.

Lemma 2.4 (Extension). Let m € Ny, s € (0, 1], p € [1,+00) and A > 1. There exists C > 0 such that if p > 0 and
u: ]B%g — N is measurable, there exists v : B’A" — N such that v=u on IB%Z’ and

”U”Z:(Bm C”u”Lp(Bm) and &, p(v, B )<Cgs p(u, IB ).

The proof of Lemma 2.4 is classical. For the convenience of the reader, we sketch an argument based on Euclidean
inversion.

Proof. By scaling we can assume that p = 1 and we define the map v : Bf' — A by setting

. u(x) if |x|] <1,
YO= N D) it ] > 1. 29)
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It is clear that ||v]|? L@ = < Clul? L (B™) for an appropriate constant C > 0. It remains to estimate & ,(v, BY'). If
s = 1, one can check that

|Du)|” 2o
sl,p(v,B?>=/|Du|P+ / ooy 4 = (L2207 £ . BY).

By BB,

When 0 < s < 1, we have by a change of variable

E,pv, Bm)—//dN ue), u(y)” dxdy +2 // deN (1), 4 ()" dxdy

b =yl S =yl

dn (u(x), u(y))”
dxdy.
/ / /I = y /1y 2 x 2 y2m

BT \]Bl/)\ B} \IB’I"M

We observe that if x,y € B™, we have |x|>|x/|x]?> — y|> = |x — y> + (I — [x|>) (1 — |y]*) = |x — y|*> and
Ix |2 1y 1x/1x|* = y/I1y1?1* = |x — y|?; therefore,

& (v, B,,,)_//cw w0, k0" | +2// |dJ\/ w0, )"
11/)\

|x_ |m+Ap |m+sp| |m sp

d
/ / v (), u(y)) dxdy
|m+?p|x|m Yp|y|m sp

B \BY, BB,

< (1422 P4) &, BY). O

]Bm Bm

3. General uniform boundedness principle
3.1. Obtaining a single obstruction
We will prove a slightly refined version of the contraposite of Theorem 1.6.

Theorem 3.1. Let m € N,, s € (0, 1], p € [1, +00), N be a connected Riemannian manifold, and let G be an energy
over R™ with state space N'. Assume that for every measurable map u : R™ — N

(1) (superadditivity) for all open sets A, B C R™ with disjoint closure,

Gw,AUB)=Gu,A)+G (u, B),

(ii) (scaling) for every A > 0, every h € R™ and every open set A C R™, one has
G, h+21A) =2""PG (u(h+ 1), A).

Subcritical case: If sp < m and if there exists a sequence (uy,),en of measurable maps from B™ to N such that for
eachneN, & ,(u,,B") >0, G (u,, B") < 400, and

. G (up, B™)
lim ——————— =400,
n—00 5s,p(una B™)

then for every b, € N and every & > 0 there exists a measurable map u : R™ — N such that & ,(u, R™) <e,
u=>b,inR" \]B%]/2 and G (u, B™) = +o0.
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Critical case: If sp = m but we do not have s = p =m = 1, and if there exists a sequence (un)neN of measurable
maps from B™ to N such that for each n € N, & p(un, B™) >0, G (u,, B™) < 400, and

. . g (u,,B™
m
nhm E,pun,B") =0 and nhm —S’p(un’ " =400,

then for every b, € N and every & > 0, there exists a measurable map u : R™ — N such that & ,(u, R™) <
g, u=>byinR™ \IB%’l”/2 and G (u, B") = +o0.

Supercritical case: Ifsp >m ors=p=m=1, if N is compact, and if there exists a sequence (u,),en of measur-
able maps from B" to N such that for each n €N, & ,(u,, B™) >0, G (u,, B™) < 400, and

. . g(ul‘laBm)
m _ P —
nll)l'gogs,p(uan ) =0 and nll>nolo S’p(un,Bm) oo

then for every € > 0, there exists b, € N and a measurable map u : R™ — N such that E.pw,R™) <,
u=nb,in R™ \IB%’I”/2 and G (u, B™) = +o0.

Note that in the supercritical case, by contrast with the critical and subcritical cases, we cannot choose an arbitrary
boundary value b, € ; we only claim the existence of such a point and for that we require A to be compact.

The proof of Theorem 3.1 follows the proof of the uniform boundedness for the weak-bounded approximation
problem when s = 1 [41, Theorem 9.6].

Proof of Theorem 3.1 in the subcritical case sp < m. By passing if necessary to a subsequence, we can assume that
for each n € N, there exists a function u,, : B" — AN such that

0 <&, pun,B") <G (un, B"™) < +o00,

where the parameter p > 1 will be fixed later in the proof.

Step 1: Extension. By Lemma 2.4, for each n € N, there exists a function u,, : IB%? — N such that %,, = u,, on B" and
Es,p(n, BY) < C1&s,p(un, B™).

In particular, we have,
Es.pUn, BY) < C1& p(un, B™) < Cru™G (un, B™) = C1n™"G (un, B™). (3.1

Step 2: Opening. We prove that we can make the map u, constant out of the ball B}. We take a Lipschitz-continuous
map ¢ : B — BY' such that ¢(x) = x if |x| <2, and ¢(x) =0 if |[x| > 3. By Lemma 2.1 with p =5, n = é and
A = 5, there exists a point a, € ]B%’l” such that

gs,p(ﬁn o (¢p(- —ap) + an), Eg") = CZES,[J(ﬁn’ Bg")

By the conditions that we have imposed on ¢, if |x| < I then ¢(x — a,) + a, = x and
(ttn o (9 — an) + an)) (x) = p(x) = un (x),

whereas if |x| > 4, then |x — a,| > 3 and ¢(x — a,,) + a, = a, and thus
(@n o (9(- = an) + an)) (x) = by :=Un(ay).

We define the map u,’" : R — N by

WO () — un(@(x —an) +ay)) ifx eBY,
! by if x e R™ \ B

pn

By construction, uz =1U, =u, in B™ and ugpn =b, in R™\ BT. Moreover, by Lemma 2.2,

5s,p(u$zpn» R™) < C3€s,p(ﬁn o (p(- —an) +an), Eg”)
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Finally, we have by (3.1),

Espun’  R™) < C3C2 &, p (i, BY) < C3C2C1 10" G (U, B™) = " Ca G (", B™), (3.2)
with C4 = C3C,>C;.

Step 3: Clustering the maps. We fix a point b, € N Since the manifold N is connected, for each n € N, there exists a
smooth map v, : R™ — A such that v, = b, in IB%’I”/z and v, = b, in R™ \ BY". In particular, we have & ,(v,, R™) <
+o00.

The ball IB%’I”/2 contains a cube Q of side-length 1/,/m that can be decomposed for each k € N, into k™ cubes of

side-length 1/(k/m). In particular, there is a set Py C B’l”/z such that #P;, = k™ and the balls (IB’I"/ 2k i) (¢))cep, are

disjoint subsets of IB%’I"/T We define for each ¢ € Py the map

Un ke (X) = Mgpn(16k\/r7(x — C)),

and we observe that v,  .(x) = b, if x e R™ \BT/(M(\/M) (¢). We define now
3 m
o () = Unke(x) ifcePrandx e Bl/(zkﬁ)(c)’
' v () otherwise.

On the one hand, by an application of Lemma 2.3, we have

5Av,p(vn,k’ R™) < Cs <€Av,p(vn9 R™) 4 Z gs,p(vn,k,m Rm))
ceP.
=Cs(& R™ g R
= 5( s,p(vnv )+W s,p(un , ))

On the other hand, we have

sp
Es.p(Un i R = ZP Exup (Vs BY gty ©) = W’%m&,pw%’“, B™).
Since Ss,p(uzpn, B™) = &, p(u,, B™) > 0, this implies that we can choose k = k(n) € N, in such a way that
m kP opn mm
V<& p(pi, R") < ZCSW&,[:(% ,R™),

where the constant v > 0 will be fixed at the end of the proof and will depend on €, m, s, p. By superadditivity of the
energy G, we have

k*P

G W B = Y G (vne Bl iy () = 7= G @ B,

’ s /(16k/m) m—sp n
i ! (16/m)

We have therefore by (3.2),

V=& pni, R") < pu™"2C5 C4 G (v k, B™).
We define the map u$" : R — N for every x € R by

™ (%) = vk (x/2),
where A € (0, 1] is chosen by scaling in such a way that

V= gsyp(ulc,llsll" Rm) < M—n C6 g (uzlstr’ Bm)’ (33)
with Cg = 2 C5 C4. By construction, one has also ulem = b, out of B™.

Step 4: Gluing the maps. If Q denotes a cube of side-length 1/,/m contained in IB%T/z, by dyadic decomposition the
cube Q contains a family of cubes of sidelengths @l /M)nen and thus, if we set p, = 27n=2y /m, there exists a
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sequence of points (a,)neN such that the balls (Bpn (an))neN are disjoint balls contained in the open ball BY’ ) and the
sequence (a,),eN converges to 0. We define the map u : R™ — A for each point x € R™ by

clstr(x—a . m
u;, (p—n”) if x EIBBpn(an),

by otherwise.

u(x)=

If we take u =2"7°7, we have by countable superadditivity (which is a consequence of finite superadditivity by the
monotone convergence theorem for series), translation-invariance and scaling of the energy G, in view of (3.3),

B v
g(u,Bm) > g(u’an(a ))= pm Spg(MCIStr,Bm) > — = +00.
neZRI P n nEZRI n n % C6(2n+2ﬂ)m sp

On the other hand, by choosing v > 0 small enough (depending on ¢, m, s, p), we have by Lemma 2.3 and by (3.3)
again

m p m—sp clstr pm P
Exp, R™) <273 " pp TP E " R™) <2 Z—2n+2f)m — <& <+00,
neN neN

since sp <m. O

We now consider the critical case s =m/p and p > 1 (the last inequality only excludes the case s = p=m =1
since p = | implies s =m and so s =m = 1). In this case, the Sobolev energy is scaling invariant and it is not always
possible to obtain a Sobolev map with finite energy by gluing an infinite number of rescaled copies of the u,. We use
the assumption that (&, p, p (itn, B"))nen goes to O to bypass this limitation and the following classical result:

Lemma 3.2. Let m € N, s € (0, 1] and p € (1,400). If sp = m, then there exists a sequence of maps (Wy)neN in
C°(R™, [0, 1]) such that for each n € N, w, =1 on B™ and

lim & ,(w,, R™)=0.
n—>oo

The construction is classical and is related to the nonembedding of the critical Sobolev spaces into L* and the null
critical capacity of points. For the convenience of the reader, we give a detailed proof of the lemma.

Proof. We set w,(x) = w(% In|x|) for every x € R™, where the function w € C*°(R, [0, 1]) satisfies w = 1 on
(—00,0] and w =0 on [1, +00). When s =1 and p =m > 1, it follows by direct computation that & ,(w,, R™) <
supg |w'| n= P~ — 0as n — oo.

When s € (0, 1) and sp = m, we have by the change of variables x = e’u, y = e'v,

5s,p(wn,Rm)=/ |wn(X)_wn(y)|dedy:/// |u)(s/n)_w(t/n)|l7 em(s+l)dudvdsdt.
RMRWI

|x_y|2m |esu_etv|2m
R R gm—-1gm-1

We observe that for each u, v € S, we have

leSu — e'v|? 2, \2
T:|u—v| (251nh(7)> ,
and we deduce the estimate
— t p
Es,p(wn, R™) < lwis/m) = wit/n)] du dvds dr. (3.4)
! 24 (2sinh(554))%)"
R R gn—1gn-1 (lu = v[? + (2sinh(:3))7)
When m > 2, we apply now the change of variable given by a stereographic projection u = ®,(z) = 1+2|Z‘2 7+ i;:i; v,

with z € vt ~R"~!. We use |u — v|? = lﬂzll‘z and | D, ()[w]| =

1+|z\2 |w| and we obtain
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1 1 2
— dudv=|S"""| / il S dz
I G ) N T e o
+oo 2\ ,.m—2
—is"tis? [ Sl —dr
2(2r% +2(1 + r2)(sinh(554)) )"
|Sm71 | |Sm72| T rm72
= 2 2 dr
4(smh(T’)) (r+ |s1nh(Tt)|)
|Sm71||8m72| o 1
VTN r dr
4(sinh(:51)) ) (r+ |smh(T)|)
|Sm—l||Sm—2|

T 1)[sinh(s52) "

A similar estimate can be proved immediately when m = 1. Now, by (3.4), we have

— p
Es,p(wn,R’”)sﬁ/ wls/m) = /Iy g,
[sinh(*5*)]

We observe that the integrand is symmetric in s, # and that it vanishes if s, <0 or s, f > n, therefore

+o00 min(z,n)

5s,,,(wn,Rm)szc7/ / 'w(s/")_w(t/fl)'p dsdr. (3.5)
[sinh(*5*)|"

0 —00

We now have

2n min(t,n) » 2n t »
— t — t
/ / lw(s/n) —w( r{z’j-)l| dsdr < / lw(s/n) —w( ’{lli)ll ds dr
|2sinh(£5%)| |2sinh(552)]
0 —o0 2 0 —oo 2
oo (3.6)
Lip(w)? / ab Lip(w)?
C do <Cy——.
=8 (sinhg)ynt1 0 = 7 T
By letting ¢t = + 2t and s = 7 — 20, we also get, since |w(s/n) —w(t/n)| <1,
~+o00 min(n,t) +00 +00
w(s/n) —w(t/n)|? 1 A~ (m+Dn/4
1 dsdr <4 - i drdo < ——. 3.7
|2 sinh (5 ’)|m+ |2sinh(t + o)™ m—+1
- n/4 n/4

The conclusion then follows from (3.5), (3.6) and (3.7). O

Proof of Theorem 3.1 in the critical case sp = m when p > 1. By passing if necessary to a subsequence, we can
assume that there exists a sequence of measurable maps u,, : B" — A such that

lim Em/p,pun, B") =0 and 0<&nyp.plun, B") <27"G (u,, B") < +o0.

By Step 1 and Step 2 of the previous proof of Theorem 3.1 in the subcr1t1cal case sp < m (these steps do not use
sp < m), we have existence of some maps u,’ : R” — N such that u,"" = u, in B", u,’" =: b, € N in R" \ BY
and

Emppn \R™) < C1Emyp,p(n, B™) < C127"G (™", B™). (3.8)
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Step 3: Clustering the maps. Since the manifold N is connected, for each n € N, there exists a Lipschitz-continuous
curve y, : [0,1] = A such that y,(0) = b, and y,(1) = b,. We define for each £ € N, the mapping v, ¢ =y, o
we: R™ — N, where the map wy is provided by Lemma 3.2.

By construction, we have v, ¢(x) = b, on B" and v, ¢(x) = by on R™ \ B% for some R, € (1, +00). We take
k € N, and pick a family of k disjoint balls IB%Z’I (c1),..., IB%Zlk (cx) in IB%’I"/Q, with ¢y, ..., cr € ]B%’]"/2 and pq,..., pr > 0.
We define for each i € {1, ..., k} the map

8
Un i (X) = uﬁpn(—(x - Ci)),
pi
and we observe that v, x ; (x) = b, if x e R™ \]B%Z”_/2 (¢;). We define now

Unki(x) ifie{l,...,k}andx e]B%’;,’i (ci),
Upe(x) otherwise.

Un,k,(i(x) = {

On the one hand, by an application of Lemma 2.3 and by scaling invariance, we have
k
gm/p,p(vn,k,ﬁa R™) <2? (gm/p,p(vn,ﬁ, R™) + ng/p,p(vn,k,ia Rm))
i=1

< Co (LD Enp,p (e R™) + kEp,p T R)).
On the other hand, by superadditivity of &/, , and by an application of Lemma 2.2, we have

k
gm/p,p(vn,kl» Rm) = ng/p,p(vn,k,iv B;”, (Ci)) = kgm/p,p(ugpna gn) = C3kgm/p,p(u2pn7 Rm)

i=1
Since 0 < Epy/ppun’ , R™) — 0 as n — oo and Euyp, p(we, R™) — 0 as € — oo, by passing to a subsequence if
necessary, one can assume that there exist k = k(n) € N, and £ = £(n) € N, such that
Lip(vn)? Emyp.p(we, R™) <270 < kEpyp. pun’", R™) <27y,
where v > 0 is a constant to be fixed at the end of the proof. In particular, by scaling invariance, the map uﬁlm =
Un’k(n)’g(n)(R/y) satisfies
Emyp,p ST R™) < €272,

By superadditivity and scaling invariance of the energy G, and by (3.8), we have furthermore

G @™ B") = kG (™, B") = K2"C &y, p ™, R™) = vCy ! > 0. G:9)

By construction, we have also ufllm =b, in R™ \ B".

Step 4: Gluing the maps. There exist a sequence of points (a,),en C IB%’I”/2 and a sequence of radii (0,),en in (0, +00)

such that the balls (Bpn (an))nGN are disjoint balls contained in the open ball IB%’I"/2 and the sequence (a,),eN converges
to 0. We define the map u : R™ — N for each x € R™ by

ufllm(x—;f” ) if x € BY) (an),

u(x) = .
by otherwise.

We have by superadditivity, translation invariance and scaling invariance of the energy G, in view of (3.9),
G, B™) =Y G (u.BY (@)=Y G ™ B")=+oo.
neN neN
On the other hand, we have by Lemma 2.3, if v > 0 is small enough,
Em/pp@.R™) 2PN " &y p (g™ R™) <2PCov Y 272 < e < +o0.
neN neN

Since we have also u = b, out of IB%’I”/Z, this concludes the proof in the critical case. O
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We finally consider the case where sp >mors =m = p = 1.

Proof of Theorem 3.1 in the supercritical case sp > m or s =m = p = 1. By passing if necessary to a subse-
quence, we can assume that there exists a sequence of measurable maps u, : B™ — N such that

lim & p(u,,B")=0 and 0<& pu,,B") <u™"G Wy, B") <400,
n—o0

with i > 1 that will be determined at the end of the proof. By Step 1 and Step 2 of the proof of Theorem 3.1 in
the subcritical case, we have existence of some maps u,?" : R™ — N such that u,"" = u, in B, uy?" =: b, € N in
R™\ B} and

Espp™ R™) < C1&5 p(uy, B™) < Crie ™G (uy", B™). (3.10)

Step 3: Fixing the boundary value. Since the manifold N is compact, by passing if necessary to a subsequence,
one can assume that the sequence (b,),eN converges to some point b, € N as n — 00. We consider a function
Wy € CCl (R", [0, 1]) such that w, =0 in R” \ B}" and wyx =1 on IB%’I”/Z. Since N is connected, for each n € N, there
exists a Lipschitz-continuous curve y;, : [0, 1] — R such that y,,(0) = by, y, (1) = b, and Lip(y,,) < 2dn (by, by).
Then the map v, = y;,, o wy satisfies

5.s,p(vnv R™) < Lip()/n)pgs,p(w*) < Cadpr (b, by)?.
If sp > m, for every p € (0, %), we define now

u" (%) ifx € BY),,

onp ()= {vn(X) if x eR™\ BY,.

By an application of Lemma 2.3, we have

gs,p(vn,pa Rm) <27 (gs,p(vm Rm) + gs,p(ugpn('/p)v Rm))

<GC3 (d./\/(bnv by)P + gs,p(ugpn, Rm))

psp—m

Since 0 < é’s,p(uzpn, R™) — 0 and dar(by,, by) — 0 as n — 00, by passing to a subsequence if necessary, one can

assume that there exists p = p(n) € (0, 11—6) such that

gs,p(vn,ps Rm) <2Cj gs,p(”ﬁpns Rm) =< V/JL_ny

psp—m
where v > 0 is a constant whose value will be fixed at the end of the proof. Moreover, by scaling of the energy G and
by (3.10), we have

1 Cl—l Mn

G (np B 2 G (" ¢/p). B) = 55 G (0™ B = 5

Explun” R™).
We have therefore

Es,pn,p, R™) <vpu™ and & p(vn,p, R™) < Cap™G (vy,p, B™).
We define the map uﬁ* :R™ — N for every x € R™ by

ty* (X) = Vg, p (x /),

where A € (0, 1] is chosen by scaling in such a way that

n

v = E Ul R™) < Ca "G (uls, B™). (3.11)
By construction, we have also ul,;* = b, out of B".

If s = p=m =1, we proceed as in the proof of Theorem 3.1 when sp = m, with w, instead of wy, relying on the
smallness of Lip(y;,) instead of the smallness of the energy &, ,(we).
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Step 4: Gluing the maps. There exists a sequence of points (a,),eN such that the balls (Bpn (an))nEN with p, =

27"=2/./m are disjoint balls contained in the open ball IB%’{’/Z and the sequence of points (a,),en converges to 0. The
map u : R" — A is defined at each point x € R™ by

b {x— .
uy (xp:") if x € BY (an),

by otherwise.

If we take u > 2°77™  we have by countable superadditivity, translation-invariance and scaling of the energy G, in
view of (3.11),

Z*,Bm on+2 sp—m
6w B2 Y6 (0B @)= LB B (LA
neN neN n neN

On the other hand, we have by Lemma 2.3 and by the inequality (3.11) again

& (ub*7Rm) 2n+2\/n_,l sp—m
Eoplu R <20y Sotin ) =2p"2%

neN n neN

<& <400,

if v > 0 is small enough, since sp >m. O
3.2. Density of counterexamples

We use now Theorem 3.1 and ingredients of its proof to prove that when sp < m, Sobolev maps with infinite energy
G are dense.

Theorem 3.3 (Density of counterexamples). Let m € N, s € (0,1], p € [1,+00), N be a connected Riemannian
manifold, and let G be an energy over R™ with state space N'. Assume that for every measurable map u : R"™ — N

(1) (superadditivity) for all open sets A, B C R™ with disjoint closure,

Gu,AUB)>G(u,A)+G (u, B),
(i) (scaling) for all > > 0, h € R™ and any open set A C R™, one has

G (u,h+ArA) = N"PG (u(h + 1), A).

Assume furthermore that we are in the subcritical case sp < m but not in the case s = p =m = 1, and that there exists
a sequence (iy)neN of measurable maps uy, : B"™ — N such that for eachn €N, & ,(u,, B™) > 0, G (u,,, B™) < 400,
and
G B L oo
nli)n;om—+oo, with nlingo&’p(un,B )—0 lfsp—m
Then, for every € > 0 and if the map v : B"™ — N is measurable and E;, ,(v, B™) < +o0, there exists a measurable
map u : B" — N such that

(1) u=vonB"\B”,
(i) & pu,B") <& pv,B") + ¢,
>iii) G (u, B™) = +o0.

Theorem 3.3 implies that there exists a sequence (v,),en such that v, = v on B" \BY', and limsup,,_, ., &, p(vs) <
&s, p(v), which implies in particular that the sequence (v,,),en converges strongly to v in W* 7 (B™, N). Indeed, since
Es, p(n, B™) — & p(v,B™) as n — 400, this follows from the fact that a sequence (f,,), converges strongly to f in
LP () if it converges in norm and almost everywhere (see for example [3, Proposition 1.33], [64, Proposition 4.2.6]);
when s = 1, we apply this criterion to the functions defined for x € B™ by
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fr(x)=Vv,(x) and f(x)=Vv(x) inL?B");
while if 0 < s < 1, we apply it to the functions defined for (x, y) € B” x B™ by

Un (X) — va(y) v(x) —v(y)

_ o\ PN P (R m
X =yt and f(x,y)—|x_y|m/p+x in LP(B™ x B™).

Ju(x,y) =

Proof of Theorem 3.3. We proceed in two steps: we first open the map v by making it constant in a neighbourhood
of 0 and then we insert a singularity of Theorem 3.1.

Step 1: Opening. We choose a Lipschitz-continuous function ¢ : R™ — R such that ¢(x) =0 if [x| < 3/10 and
¢(x)=xif |x| > 1/2. Given § € (0, 1), we define ¢; : Egis/lo — E&S/lo by ¢s(x) = d¢(x/5). We apply Lemma 2.1
with p =44/5,n=1/8 and A =5/4, and we obtain the existence of a point a € IBS(’S"/ 10 Such that

gs,p(v o (ps(- —a) +a), BT&/S) < ClLiP((/’)SP gs,p(v» Bg"), (3.12)

since Lip(¢ps) = Lip(¢). We observe that for x € B/j§ /50

if x| >38/5 (since then |x — a| > 38/5 — |a| > §/2),

X
xX—a)+ta=
¢ ) {a if x| <8/5 (since then |x —a| <38/5+ |a| <38/10).

Step 2: Inserting the singularity. Since sp < m but we do not have s = p = m = 1, we apply Theorem 3.1 in the critical
or subcritical case, with b, = v(a) and we obtain a map w : R™ — A/ such that w = b, on R" \ B", G (w, B™) = +00
and & ,(w, R™) <&, where & > 0 will be fixed at the end of the proof. We define the map u : B” — A for x € B”
by

v(x) if x| > 48/5,
u(x) = {v(ps(x —a)+a) if8/5 < |x| <43/5,
w(10x/8) if x| < 8/5.

By a double application of Lemma 2.2, we have for every o € (3, 1),

gs,p(”, B?) = C2(£S,p(u’ B? \Bgﬂgﬁ) + gs,p(u, Bfﬁsﬁ \B'g"/]o) + gs,p(u’ 153:3'1/5))'

Since u = v on B} \Bgna/s’ u=v(ps(-—a)+a)on ETS/S \Bg"/lo and u = w(10x/8) on B:sn/s’ and since o > §, this
implies by (3.12)

Espu,BY) < C3(&s,p (0, BY) + & p(w,R™)) < C3(&;, p (v, BY) + £).
We assume now that o > 2§, and we apply Lemma 2.2 with p =0 and n =§/0 < 1/2. We obtain
Es,p(u, B™) < Ca&s, p(u, B)) + (1 4+ Csn™)& p(u, B™ \ BY')
<& (. B") + c6((§)mes,,,(v, B+ &,p (0, BY) +8).
In order to obtain the conclusion, we first fix o € (0, 1) such that

&
gs,p(vy B?) = Ea

next § € (0, 1) such that § < %, § <¢and

(g)mgs,p(v» B™) < 3LC6’

this allows us then to construct the points a € IB%Z’/ 10 and b, = v(a) and the obstruction w with & = 3%6 O
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4. Concrete uniform boundedness principles
4.1. Extension of traces
We apply Theorem 3.1 to prove a uniform boundedness principle for the extension problem (Theorem 1.1).

Proof of Theorem 1.1. Let m € N, s € (0, 1] and p € [1, 400) and assume by contradiction that the linear bound
does not hold. Then by Theorem 3.1 with G = Ef”(‘; there exist a map u € WSP(R™, N') and b, € N such that
Sf”;t(u, B™) = 400 and u = b, in R™ \ B". If M = R"™ we have a contradiction. Otherwise, M is a compact Rie-
mannian manifold, for which we consider a local chart ® : B} — M. We define the map ii : M — N by

u(@'(x)) ifx € B,

u(x) = .
by otherwise.

Since M is compact, we conclude by a counterpart of the gluing technique of Lemma 2.2. 0O

Theorem 4.1. Let s, r € (0, 1], p,q € [1,+00), m € N, M be a Euclidean space or a compact Riemannian manifold
of dimension m and N be a connected Riemannian manifold. Assume that we are in the subcritical case sp =rq —
1 < m but not in the case s = p = m = 1. If every map in a nonempty open subset of W*? (M, N) is the trace of
some map in W"9(M x (0, +00), N), then there exists a constant C > 0 such that for each measurable function
u:B" — N such that either sp < m or & ,(u,B™) <1/C, then

EX (u,B") < C& p(u, B™).

Theorem 4.1 is a local version of Theorem 1.1 in the sense that we do not assume that every map in W7 (M, N)
has an extension, but only maps in a nonempty open subset.

Proof of Theorem 4.1. We assume by contradiction that the estimate does not hold. Let v € W5 ? (M, N) and let
® : BY — M be a local chart. We apply Theorem 3.3 to the map v o & with the energy Eﬁ’,}t, and we obtain a
sequence of maps (u,),en, such that u, =v o ® in B" \IB%’I”/n, EM(upy, B™) = 400 and limsup,,_, o Eﬁ’;t(un, B™) <

4
E7 (v o @, B™). We define now v, : M — N by

{un((bl(x)) if x € D(B™),
vp(x) = .
v(x) otherwise.

Since v, = v in (B \ B’l”/n), we deduce by a counterpart of Lemma 2.2 that

limsup & p(vn, M) <& p(v, M)

n—o0

and thus the sequence (vy)nen, converges strongly to v in W*P (M, N) but for each n € N, Eﬁ’f;(vn, M) = +o0,
which contradicts the assumption. O

In view of the estimate (1.2) of Bethuel [9, (1.36)], Theorem 4.1 implies that if A/ is compact, if sp=p — 1 <
dim(M) and if either 771 (V) is infinite or 7;(N) % {0} for some j € {2,...,[p] — 1}, then the set of maps in
W1=1/P.P(M, N) that are not traces of maps in W7(M x R, N) is dense.

4.2. Weak-bounded approximation

The proof of Theorem 1.2 is similar to the proof of Theorem 1.1, with G = 553. The counterpart of Theorem 4.1 is

Theorem 4.2. Let s, r € (0, 1], p,q € [1, +00), m € Ny, M be a Euclidean space or a compact Riemannian manifold
of dimension m and let N be a connected Riemannian manifold. If sp = rq < m and if every map in a nonempty open
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set of WP (M, N) has a weak-bounded approximation in W4 (M, N), then there exists a constant C > 0 such that
for each measurable function u : B™ — N, one has

£, B") < C & p(u, B").

Theorem 4.2 is a local version of Theorem 1.2 in the sense that we do not assume that every map in W7 (M, N)
has a weak-bounded approximation, but only maps in a nonempty open subset.

In view of the failure of a linear bound for the weak-bounded approximation problem in the space W!3(B", S?)
when m > 4 [10], we obtain as a consequence of Theorem 4.2 the density of mappings that have no weak-bounded
approximation in wh3(M, S?) when dim M > 4.

4.3. Lifting problem
Theorem 1.3 is also proved as Theorem 1.1, with G = 5}‘2 The counterpart of Theorems 4.1 and 4.2 is

Theorem 4.3. Let s, r € (0, 1], p,q € [1, +00), m € Ny, M be a Euclidean space or a compact Riemannian manifold
of dimension m, N and F be Riemannian manifold manifolds with N connected and 7w : F — N'. Assume that we are
in the subcritical case sp = rq < m but not in the case s = p =m = 1. If for every map u in a nonempty open subset
of WSP (M, N) there exists ¢ € W1 (M, F) such that T o ¢ = u, then there exists a constant C > 0 such that for
each measurable function u : B™ — N, if either sp <m or & p,(u,B™) <1/C,

EMN(u,B") < C& pu,B™).

Theorem 4.3 is a local version of Theorem 1.3 in the sense that we do not assume that every map in W57 (M, N)
has a lifting, but only maps in a nonempty open subset.

In view of the estimate (1.3) of Merlet [47, Theorem 1.1] and of Mironescu and Molnar [53, Proposition 5.7],
Theorem 4.3 implies that maps in W*? (M, S!) having no lifting in W*? (M, R) are dense when s € (0, 1) and
1 <sp <dimM.

When sp > 2 and M is simply-connected, mappings in W*?(M,S!) still have a lifting in the larger space
WP (M, R) + Wl’sP(M, R) [16, Theorem 4], [18, Theorem 3], [19, Theorem 3], [20, Open Problem 1], [48, Theo-
rem 3.2], [49, Theorem 1], [50], [51], [56, Theorem 2]. By considering the energy

g(ua A) =inf{5s,p(§0lv A) +51,Sp((p21 A) uU=imo (‘Pl +(p2)9 (Pl € Ws’p(AvR)v ‘PZ € W],SP(AJR)}s

with () := (cost, sint) for all + € R, we recover the known linear estimates in this setting:

Theorem 4.4. Let s € (0, 1], p € [1, +00), m € Ny, and let M be a m-dimensional Riemannian manifold such that
either M is compact or M = R™. If for every map u € WP (M,S") there exists a lifting ¢ € WP (M,R) +
WP (M, R) such that u = o ¢ almost everywhere in M, then there exists a constant C > 0 such that for every
measurable function u : B™ — S! with either sp < m or EP(u,B™) < 1/C, there exist ¢ € WP ([B™ ,R) and
@2 € WHsP(B™ R) such that u =7 o (¢1 + ¢2) and

5s,p((ﬁl ,B™) + gl,sp((PZa B") < Cgs,p(uv B™).
4.4. Superposition operators

The proof of Theorem 1.4 is obtained by considering the energy G(u, A) = &, 4(f o u) in Theorem 3.1. As in
Theorems 4.1, 4.2 and 4.3, when we are in the subcritical case sp < m but not in the case s = p =m = 1, it is possible
to prove the uniform bound on &, ,(f o u) on the assumption that the superposition operator acts on a nonempty open
set.

Theorem 4.5 (Acting condition). Let s,r € (0,1], p,q € [1,400) and m € N, with rq = sp, let M be an
m-dimensional Riemannian manifold which is either R™ or compact, N be a connected Riemannian manifold which
is compact if sp > m or if s = p=m = 1, F be a Riemannian manifold and let f : N'— F be a Borel-measurable
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map. If for every u € WSP(M,N), f o u € W1(M, F), then there exists a constant C € [0, +00), such that for
every x,y € N, if either sp <m or dy(x,y) < 1/C, then

dr(f(x), f(0)) < Cdpr(x, y)P/4. 4.1)

Moreover, when we are in the subcritical case sp < m but not in the case s = p = m = 1, the above statements are
satisfied if there is a nonempty open set U C W*? (M, N') such that for every u € U one has f o u € W"41(M, F).

In particular, if the superposition operator given by f maps W*? (M, N) into W"4(M, F) and if p > g, then f
is constant on .

When sp > m, if p =q or if A/ is compact (which is our assumption when sp > m), it is easy to see that one can
avoid the smallness condition on da/(x, y) in the conclusion of Theorem 4.5.

When sp = m and N is not compact, the Holder continuity condition of Theorem 4.5 implies that for every

x,yeN,

dr(f(x), () < C(dn (e, VP +dp(x, y)). (4.2)

If p = g, the Holder continuity condition of Theorem 4.5 implies that f is Lipschitz-continuous; this condition is
well-known to be necessary [2,14,15,43,45].

When s < 1, the condition (4.1) can be observed to be sufficient by a direct computation with the Gagliardo energy
and relying, when sp = m, on (4.2) and the fractional Gagliardo—Nirenberg interpolation inequality.

When r < s = 1, the exact characterization of the superposition operators acting from the space W17 (M, N)
to W"9(M, F) remains open; when N = F =R and f(¢t) = |¢|P/4, it is known that f maps W'?(M,R) to
w4 (M, R) [52].

Proof of Theorem 4.5. By Theorem 1.4, there exists a constant C; > O such that for every measurable function
u:B" — N,

gr,q(f ou,B") < Clgs,p(ua B™).

We fix two points ai = (:I:%,O,...,O) and we choose a function w € C°(B™,[—1, 1]) such that w = %1 on
IB%’]”M(ai). For x,y € N, we consider a Lipschitz-continuous curve Yay : [=1,1] — N satisfying Vry(=1) =x,
Yx,y(1) =y and Lipy, y < dn(x,y). Such a curve exists since N is path-connected and a continuous path can al-
ways be reparametrized by arc-length. Since y, is Lipschitz-continuous, we have

gs,p()/x,y o w,B™) < (Lip Vx,y)pgs,p(w’ B") < gs,p(wv B™)dnr(x, y)P.

Next, we observe that f o y, y o w = f(x) on ]Bl/4(a )and f o yyy o w= f(y) on IB%I/4(a+). Therefore, we have
when r € (0, 1),

rq(f o Yey 0 W, B™ )> 2 / / d]'— f(x) f(y)) drdv > 2m+1+rq£m(Bl/4)2d]-‘(f(X), f(y))q

|t _ v|m+rq
1/4(a+)B1/4(a )
When r = 1, we have by Holder’s inequality,
gl'l(f O Yx,y © W, B™)4

1,
& q(f O Vx,y O W, Bm) > ﬁm(Bm)q_l

and

EVNf o yay 0w, B = / ID(f © yry o w)ldx = L' B, YdF(f (), F()-

=4 40!

The assertion (4.1) then follows from the previous inequalities.
The last statement follows from Theorem 3.3. O
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5. The limiting case s =0

We consider the question about what the uniform boundedness becomes in the limit case s = 0. Looking at the
proof of Theorem 3.1, it appears that the clustering step requires the condition s > 0 to increase the energy. In order
to bypass this difficulty, we assume that we have maps u : B™ — N with a large Lebesgue energy me [u|?.

Theorem 5.1. Let m € Ny, p € [1,+00), N be a Riemannian manifold and let G be an energy over R™ with state
space N. Assume that for every measurable map u : R™ — N

() (superadditivity) if the sets A, B C R™ are open and if AN B =, then

Gw,AUB)>Gu,A)+Gu,B),
(i) (scaling) for all . > 0, h € R™ and any open set A C R™, one has

Gu,h+2rA)=2"Guh+ 1), A).

Iffor everyu € LP(B™,N), G (u, B™) < 400, then there exists C € [0, +00) such that for every u € L? (B™, N), one

has
G (u, B") §C<1+/|u|p>.
Em

In Theorem 5.1, the fact that A is a Riemannian manifold is not crucial; we just need N to be embedded in a
normed space (E, | - |) so that L? (B™, N') C L? (B™, E) makes sense.

Theorem 5.1 allows one to recover classical results on superposition operators in Lebesgue spaces. Given a Borel-
measurable function f : RY — R’ and for every open set A C R™ and every measurable function u : A — RV, we
set G(u, A) = [,|f o ulP. By Theorem 5.1, if for every u € LP (B™,R"), we have f o u € LP(B™, R"), then there
exists a constant C € [0, +-00) such that for every u € L (B™, RN) the following uniform bound holds:

/|f ° u|p§C<l+/|u|p>.
B B

By taking u to be a constant function, this implies in turn that for every t € RV,

()] <C'(1+t]),
which is a classical necessary and sufficient condition to have a superposition operator acting from L”(B™, RV) to
LP(B™, RY) [44, Theorem 2.3] (see also [4, Theorem 3.1]).
Proof of Theorem 5.1. We assume by contradiction that there exists a sequence (v,),eN of measurable maps from
B™ to NV such that for each n € N, we have G (v,,, B") < 400, and such that

3 Bm

lim G (vn ) = to0:
n—o0

1+ / [vn]?

]Bm

we are going to construct a function u € L? (B™, N) such that G (u, B") = +o0.
By rescaling vy, if me |vy| > 1 and passing to a subsequence if necessary, we can assume that for each n € N, there
exists a function u, € L?(B™, \) such that

|un|p <1 and 2" <G (uy, B") < +o0.

Bm
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If Q denotes a cube of side-length 1/,/m contained in B™, by dyadic decomposition, this cube Q contains a family of
cubes of sidelengths (-1 /A/M)nen and thus, if we set p, = 2—n—2 /+/m, there exists a sequence of points (a,),eN
such that the balls (B,On (a”))neN are disjoint balls contained in the open ball B". We define the map u : B" — N for
each point x € B by

X—dap : m
u(x):{un( oy ) if x eBpn(an),

otherwise.

We have by countable superadditivity, translation-invariance and scaling of the energy G,

271172 m
G0, B") 2 326 (B (@) = 301G (en, B") 2 3 (=) 2 = oo
neN neN neN m
On the other hand, we have
2—n—2 m
/|u|p=2pz’/|un|ﬂsz( v )" <o,
Bm neN Bm neN

thus ending the proof. O
6. Higher order spaces

If \V is a connected Riemannian manifold embedded in a Euclidean space R” by a smooth embedding, and if M is
m-dimensional Riemannian manifold which is either Euclidean or compact, the nonlinear Sobolev space W*:? (M, N)
can be defined extrinsically by

WSP(M,N) = {u € WHP(M,R") : u(x) € N for almost every x € /\/l} ,

where W57 (M, R") is the usual linear higher order Sobolev space, that is the space of measurable maps u : M — R
such that & (1, M) < +o0.

Here, if s € N is an integer, the homogeneous Sobolev energy & , is defined for every measurable map
u: M—R"by

/ |D*ul? if the sth-order weak derivative D*u belongs to L?,
gs,p(’/‘, M) = M
+00 otherwise,

where D*u is understood as a s-linear map on R valued in R”, and | - | is any norm on the linear space composed by
s-linear maps. If s ¢ N is not an integer, we set

Es—1s).p (DS u, My ifu e WP (M, RY),

+00 otherwise,

E,pu, M) = {

where & _|5),p with s — |s] € (0, 1) has been defined in (1.1) and D51y is a function from M valued in the normed
linear space composed of |s]-linear maps.
A generalization of Theorem 1.6 is the following:

Theorem 6.1 (Higher order nonlinear uniform boundedness principle). Letm € Ny, s € (1, +00), p € [1, +00), N be
a connected Riemannian manifold which if either sp > m or (p =1 and s = m) is compact, and let G be an energy
over R™ with state space N'. Assume that for every measurable map u : R™ — N

(1) (superadditivity) for all open sets A, B C R™ with disjoint closure,

Gw,AUB)=G(u,A)+G (u, B),
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(ii) (scaling) for all . >0, h € R™ and any open set A C R™,
Gu,h+rA)=2""PG (u(h + 1), A).

If for every measurable function u : B) — N, & ,(u,B}') < 400 implies G (u, B") < 400 and & ,(u,B)) =0
implies G (u, B™) = 0, then there exists a constant C € [0, +00) such that for every measurable map u : IB%Z’ — N, if
either sp <m or & ,(u) <1/C, then

G (u, B™) < C (& p(u, BY) + 1 p(u, BY)). 6.1)

Compared to Theorem 1.6, the conclusion of Theorem 6.1 has two weaknesses: the right-hand side contains a lower
order energy &1 ,(u,B)') and the energies in the right-hand side are evaluated on a larger ball than on the left-hand
side. There are several ways to mitigate this issue.

Remark 6.2. Theorem 6.1 implies that if « : B™ — A is constant in the annulus B™ \]B%’l”/z, then
Gu,B") < Cgs,p(uv B™).

Indeed, if we consider the extension i : B}’ — A of u by the same constant, we have by a direct computation and by
the Poincaré inequality,

gs,p(ﬁa B?) + El,p('/_l’ Erzn) = Es,p(ua B™).

Remark 6.3. Whens <1+ %, we can conclude that
G, B"H<C (&,p(u, B™) + &1 pu, IB%’")) .

Indeed following the proof of Lemma 2.4, we use the construction by Euclidean inversion of v : BY' — A by (2.9).
We have then

|Dv(y) — Dv(0)[Pdxdy _ op-1 |Dv(y)|” + [Dv(x)|? dx dy
|x _ y|m+(s—l)p - |x _ y|m+(s—1)p

IBT \Bm ]Bm ]B;\n \]Bm ]Bgm
dx
p—1 14 -
=27 [ ool (/ |x—y|m+<s—1>f’>dy
BKI\]Bm Bm
dy
p
+/|Dv(x)| ( / |x_y|m+(s_1)p)dx
B B \B™
p
<C | Du(x)|P dx

= = e
]Bm
By the Hardy inequality for fractional Sobolev spaces [34, (17)], we have

|Du(x)|? dx . .
a_peor = Ca (&, pu, B™) + &1 p(u, B™)).
IB”’

The proof of Theorem 6.1 is rather similar to that of Theorem 1.6 (corresponding to the case s < 1). The main
change is in the opening lemma and this is why we need the additional term &, ,(u, BY') in the estimate of G (u, B™).
Here, we will not give a detailed proof of Theorem 6.1; we only state and prove an opening lemma for higher order
Sobolev maps.

Lemma 6.4. Let m € N, s € (1,+00), p € [1,+00) and 1 > 1, 11 € (0, 1). For every ¢ € C*(B{,, B} _, ),

there exists a constant C > 0 such that for every p > 0 and every measurable map u : IB%KTO — N, there exists a point
a € By, such that
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Es.p(u o (p(- —a) +a),B’;') < C(Sl,P(u,IB%;"p) + & pu, IB%TP)).

The lower-order term in Theorem 6.1 comes from the estimate of Lemma 6.4. This lower-order term cannot be
removed: if u is linear and ¢ is not a polynomial of degree at most [s] — 1, where [s7] stands for the smallest integer
greater than or equal to s, then & ,(u, BTP) =0 and for every a € IB%’,’)}), E.pu o (p(- —a)+a), IB%Z’) > 0.

Proof of Lemma 6.4. We define for each a € IBS’,’]’p the map ¢, = (p(- —a) +a) : B’;’ — IBSTP. We will prove the
average estimate

][ Es,p(U 0 g, Bg)da < C(Sl,p(u,BTp) + & p(u, IB%K’p)). (6.2)

m
B np/2

In the case s € N, we follow [22, Lemma 2.3]; by an easy induction over s and a rather classical approximation
procedure, one gets the following claim:

Claim 1. For every u € W“’l’(IB%Tp, RY), ¢ € C* (B, Bg”p),for almost every x € BY) and h = (hy, ..., hs) € (R™),
S
Do p)®Ihl=Y_ Y cxs (D u) @)D"k, ..., DMo)hy,]], (6.3)
k=1 J€Pi(s)
where Py (s) is the set of all partitions J = (J1,...,Jx) of {1, ..., s} in k non empty sets, the cr.; € R are some

constants depending on k, J, and hy := (hj) jey for every non empty subset J C {1, ...,s}.
As a consequence of Claim 1, for almost every x € B”, we get the estimate

ID’wo)ml< D leesl (D ) (@) DI px)] -+ D p(x).

ko jisejk€fl,..s}
i je=s

By Young’s inequality for products, we have
DIl [DRg()l = ZDI (oI T + -+ 4+ L DR F

and thus
s s—k+1

D' o @)@ <C1 Y Y I(D*u)(p)||D'lT.

k=1 I[=1

Applying the inequality to our functions u and ¢,, and integrating the inequality over x € B} and a € IB%:]”p s yield a
constant C; (depending on ¢) such that

[ pwon = [ [iD'ao e

B™

np/2 np/2 P
s
<Gy, / /|Dku|1’(a +9(x —a))dxda.
k=lgm m
Bnp/Z EP
By changes of variable y=x —a €B”  ,, andw=a+¢(y) e B” , ,we areled to the estimates
(I+2)p =3p
s
[ EptonBia=aY. [ DM du £ Cer B +Epu B). (6.4)
B™ kZIB 0
np/2 (=3)p

where the last inequality follows by interpolation of the order of smoothness (see Lemma 6.6 below or [1, Theo-
rem 5.2], applied to v = Du € Ws_l’p(IB%,\p)). This ends the proof in the integer case.
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When s is not an integer, we estimate the norm of the difference DY) (1 o ¢,)(x) — DY) (u 0 ¢,)(y). We use Claim 1 in

order to express D! (u o ¢,)(x) as a linear combination of expressions of the form F (x) := L(x)[H1(x), ..., Hx(x)]
with L(x) = (D*u)(g,(x)) and H;(x)[1] = D!(p,)(x)[h},]. We recall that if @ is a multilinear map defined on a
cross product of linear spaces Ay X --- X Ag and a = (ay, ..., ax), b= (by,...,br) € A1 X --- X Ay then

®(a) = D(b) =Y d(bi,.... b1, a—bi, a1, ..., ax).
=1

In particular, we have the estimate

k k
|F(x) = FO)I < [Lx) = L) [ [ 1H1+ ) (IL(y)I | H (¥) = Hn )| T ] IHz(X)I>-

=1 m=1 1#m

Since ¢ is smooth, each map H; is smooth thus yielding a constant Cs > 0 depending on ¢ such that

Ls]
1D (0 90)(x) = DY (u 0 9a)(3)] < CS(Z [(D*u) (9a () — (D*u) (@a ()] + (D 1) (@a ()] 1x — y|).
k=1

Thus, by integration we get
Ls] Ls]

Ex—15).p(DY (w0 94). BY) <Co Y Ex i) p(D*u 0 0. BY) +C6 /
k=1 k:]EmXB’"
P P

[(D*u) (gq (y))]P dx dy
|x _ y|m+(s—\_sj—l)p :

(6.5)

Since m + (s — |s] — 1) p < m, the second term in the right-hand side of (6.5) is lower or equal than

Ls] Ls]
Coy / (DX 1) (g ()P dx / m <Cry / (DX 1) (a ()17 dx,

k= IIBm _IIBm

whose average over B”
leading to (6.4).

Moreover, by the proof of Lemma 2.1, the average over B;”p P of the first term in the right-hand side of (6.5) is
lower or equal than

)2 is controlled by &1, (u, BY ) + &, p(u, BY ) by the same changes of variables that the one

ls]
Cs Y Ex15).p(D U, BY,) < Co(E1p (. BYL) + & p(u, BLL)).
k=1

Here, we have applied an interpolation inequality of fractional order of smoothness. For convenience of the reader, we
state and prove the required inequality in Lemma 6.6 below (for our purpose, we actually need to apply the lemma to
the map v = Du). O

Remark 6.5. In the proof of Theorem 6.1 outlined above, it appears that the Sobolev maps are only precomposed.

This implies that all the pointwise estimate in the proofs when s € N, are still valid for intrinsic covariant derivatives
[32] and thus Theorem 6.1 holds for intrinsic weak covariant derivatives.

Lemma 6.6 (Interpolation of order of smoothness). For every p € (0,400), m,v € N*, p € [1,4+00), s € (0, +00)
and s' € (0, s), there exists a constant Cyg € (0, +00) such that

Eyp(0.BY) < Clo(llvllf,,(BZ,) +&.p(,BY))  foreveryve WP (B RY).

Remark 6.7. The lemma is still valid if replacing B}’ by a bounded Lipschitz domain.
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Proof of Lemma 6.6. Step I: if |s| <s' <s < |s]| + 1. In particular, we have |s’| = |s]; we deduce by boundedness
of B} and by definition of the Sobolev energies that

Dls! — plsl p
5«,,;(%153?)://} v(x) v(y)| dx dy
By BY

|lx — y|m+(5/_L~YJ)P

[D¥vx) — DY) "
=@ // |x — y|mtG=Llshp drdy=Ci&; p(v. By).

m m
By By

Step 2: if |s'] <5’ <s =|s"] + 1. By a standard approximation procedure, we can assume that v is smooth and we
compute

DYy (x) — DI u(y)|P
my __
5s’,p(Upr)_/ |x_y|m+(s’fLs/J)p dx dy
B B
1 /
//}fo DU o +1(y —x) - (v —x) de”
— — dxdy
|x_y|m+(s—LSJ)P
B B
1 /
IDE I y(x +1(y —x))IP
S/// |x — y|mt+G'=Ls"I=Dp diddy
IB%’;,’ ]BL" 0
<[ & [ty = o8, 0, B
=] |zmte=Lls'l=Dp o FE Rt B
B} By

where R > 0 is such that for every x, y € B’', one has y — x € By, and the first integral converges since m + (s" —
Ls'] —1Dp <m.
Step 3: if s’ € N*. We shall prove the existence of a constant C3 > 0 such that

Ls]

> Eip@.B)) < C3(I0l1 7, gy, + Enp 0. BY)).
k=1

We use a standard compactness argument: assuming that the inequality — which is homogeneous in v — fails with
C3 =2" for every n € N, one gets a sequence (v,),eny C WP (B, RY) such that
Ls]
1= Zf,’k,p(vn, IEB’Z}) > 2”(||vn ||ZP(]B;,") + & p(vn, ]B%’;)) for every n e N.
k=1
In particular, (v,),en is bounded in WLSJ’P(IB%z, RY) and (v;)pen goesto Oin LP. If ke {1, ..., [s] — 1}, we deduce
by the compact embedding W $1-7 < WX-P that (&, p(vn, IB%?))n — 0. Moreover, as (&, (v, ]BSZ’))n — 0, we have
by Lemma 6.8 below that (D) v,),cn converges to 0 strongly in L? (the lemma is applied only when s ¢ N); this
contradicts the fact that 1 = Z/ES=J1 Ek,p(vn, BY) forevery n € N.
Step 4: if s’ ¢ Nand s’ < |s]. In particular, |s'| <s’ < |s'] + 1 < s and we have
gs’,p(w Bgl) = C4£Ls’j+l,p(v9 ]B%Zl) = CS(“v”zp(Br/;x) + 5s,p(vs B?)),

where we have used successively Step 2 in the first inequality and Step 3 in the last one. O

Lemma 6.8. For every p € (0,+00), m,v € N* s € (0,1) and p € [1,400), the injection W“”(IB%’;,R“) —
LP?(B", RY) is compact.
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Remark 6.9. The lemma is still valid if replacing B)' by a bounded Lipschitz domain.

Proof. Let (v,),en be a sequence of maps in LP(]B%Z’) such that sup,, ””"”iPUB'") + &, p(vn, IB%Z’) < +00; we shall
0

prove that (v,)nen has a subsequence which converges strongly in L?. First, for each n € N, Lemma 2.4 yields a map

Uy :]B%?p — RY such that

Up=v, onBY, [Tl

Loy SN0l Lo, and & p(Un, BE) < & p(vn, BY).

%
By the Riesz—Fréchet—Kolmogorov compactness criterion (see for instance [27, Theorem 4.26]), it is enough to prove
that

sup/|17n(x +1)— 0, (x)|”Pdx — 0.
neN =0

By

We compute for every 7 € (0, p),

/Iﬁn(X+T)—5n(X)I”dXS2”_1/ ][ (192 (x +7) = B +100(y) = 9 (0)]7) dy dx
]Bm

By BY (x)
2P _ _ »
SW / [V (¥) — v (x)|P dy dx
{x,ye]Bg’p s lx—yl<2t}
< 20 / [0 (¥) = Dn(x)|P 2T)"*5P dy dx
Lm(By) |x — y|mtsp

{x,ye]BE”p tlx—yl<2t}
= C6TSpgs,p(ﬁna Brznp) < C67Sp5s,p(vn, Bg)?

the conclusion follows since sp > 0 and sup,, & (v, BYY) < +o00. O
Conflict of interest statement
The authors declare that there is no conflict of interest.

References

[1] R. Adams, J. Fournier, Sobolev Spaces, 2nd ed., Pure and Applied Mathematics, vol. 140, Elsevier/Academic Press, Amsterdam, 2003.
[2] S.E. Allaoui, Remarques sur le calcul symbolique dans certains espaces de Besov a valeurs vectorielles, Ann. Math. Blaise Pascal 16 (2)
(2009) 399-429.
[3] L. Ambrosio, N. Fusco, D. Pallara, Functions of Bounded Variation and Free Discontinuity Problems, vol. 254, Clarendon Press Oxford,
Oxford, 2000.
[4] J. Appell, P.P. Zabrejko, Nonlinear Superposition Operators, Cambridge Tracts in Mathematics, vol. 95, Cambridge University Press, Cam-
bridge, 1990.
[5] J.M. Ball, A. Zarnescu, Orientability and energy minimization in liquid crystal models, Arch. Ration. Mech. Anal. 202 (2) (2011) 493-535.
[6] S. Banach, Sur les opérations dans les ensembles abstraits et leur application aux équations intégrales, Fundam. Math. 3 (1) (1922) 133-181.
[7] F. Bethuel, A characterization of maps in H 1(B3, $2) which can be approximated by smooth maps, Ann. Inst. Henri Poincaré, Anal. Non
Linéaire 7 (4) (1990) 269-286.
[8] F. Bethuel, The approximation problem for Sobolev maps between two manifolds, Acta Math. 167 (3—4) (1991) 153-206.
[9] F. Bethuel, A new obstruction to the extension problem for Sobolev maps between manifolds, J. Fixed Point Theory Appl. 15 (1) (2014)
155-183.
[10] E. Bethuel, A counterexample to the weak density of smooth maps between manifolds in Sobolev spaces, arXiv:1401.1649.
[11] E. Bethuel, H. Brezis, J.-M. Coron, Relaxed energies for harmonic maps, in: Variational Methods, Paris, 1988, in: Progr. Nonlinear Differential
Equations Appl., vol. 4, Birkhduser, Boston, MA, 1990, pp. 37-52.
[12] F. Bethuel, D. Chiron, Some questions related to the lifting problem in Sobolev spaces, in: Perspectives in Nonlinear Partial Differential
Equations, in: Contemp. Math., vol. 446, Amer. Math. Soc., Providence, RI, 2007, pp. 125-152.
[13] E. Bethuel, F. Demengel, Extensions for Sobolev mappings between manifolds, Calc. Var. Partial Differ. Equ. 3 (4) (1995) 475-491.
[14] G. Bourdaud, Fonctions qui operent sur les espaces de Besov et de Triebel, Ann. Inst. Henri Poincaré, Anal. Non Linéaire 10 (4) (1993)
413-422.


http://refhub.elsevier.com/S0294-1449(18)30073-8/bib4164616D73466F75726E69657232303033s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib416C6C616F756932303039s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib416C6C616F756932303039s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib616D62726F73696F32303030s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib616D62726F73696F32303030s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib417070656C6C5A61627265696B6F31393930s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib417070656C6C5A61627265696B6F31393930s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib42616C6C5A61726E6573637532303131s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib42616E61636831393232s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib4265746875656C31393930s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib4265746875656C31393930s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib6265746875656C31393931617070726F78696D6174696F6Es1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib4265746875656C32303134457874656E73696F6Es1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib4265746875656C32303134457874656E73696F6Es1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib4265746875656C323031345765616Bs1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib4265746875656C4272657A6973436F726F6E31393930s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib4265746875656C4272657A6973436F726F6E31393930s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib6265746875656C32303037736F6D65s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib6265746875656C32303037736F6D65s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib4265746875656C44656D656E67656C31393935s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib426F75726461756431393933s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib426F75726461756431393933s1

448 A. Monteil, J. Van Schaftingen / Ann. I. H. Poincaré — AN 36 (2019) 417—449

[15] G. Bourdaud, W. Sickel, Composition operators on function spaces with fractional order of smoothness, in: Harmonic Analysis and Nonlinear
Partial Differential Equations, in: RIMS Kokytroku Bessatsu, vol. B26, Res. Inst. Math. Sci. (RIMS), Kyoto, 2011, pp. 93-132.

[16] J. Bourgain, H. Brezis, On the equation divY = f and application to control of phases, J. Am. Math. Soc. 16 (2) (2003) 393-426.

[17] J. Bourgain, H. Brezis, P. Mironescu, Lifting in Sobolev spaces, J. Anal. Math. 80 (2000) 37-86.

[18] J. Bourgain, H. Brezis, P. Mironescu, On the structure of the Sobolev space H 1/2 with values into the circle, C. R. Acad. Sci., Sér. 1 Math.
331 (2) (2000) 119-124.

[19] J. Bourgain, H. Brezis, P. Mironescu, H 172 maps with values into the circle: minimal connections, lifting, and the Ginzburg—Landau equation,
Publ. Math. Inst. Hautes Etudes Sci. (99) (2004) 1-115.

[20] J. Bourgain, H. Brezis, P. Mironescu, Lifting, degree, and distributional Jacobian revisited, Commun. Pure Appl. Math. 58 (4) (2005) 529-551.

[21] P. Bousquet, A.C. Ponce, J. Van Schaftingen, Density of smooth maps for fractional Sobolev spaces W*:7 into ¢ simply connected manifolds
when s > 1, Confluentes Math. 5 (2) (2013) 3-22.

[22] P. Bousquet, A.C. Ponce, J. Van Schaftingen, Strong density for higher order Sobolev spaces into compact manifolds, J. Eur. Math. Soc. 17 (4)
(2015) 763-817.

[23] P. Bousquet, A.C. Ponce, J. Van Schaftingen, Density of bounded maps in Sobolev spaces into complete manifolds, Ann. Mat. Pura Appl. (4)
196 (6) (2017) 2261-2301.

[24] P. Bousquet, A.C. Ponce, J. Van Schaftingen, Weak approximation by bounded Sobolev maps with values into complete manifolds, C. R.
Math. Acad. Sci. Paris 356 (3) (2018) 264-271.

[25] H. Brezis, Relaxed energies for harmonic maps and liquid crystals, Ric. Mat. 40 (Suppl.) (1991) 163-173.

[26] H. Brezis, New energies for harmonic maps and liquid crystals, in: Functional Analysis and Related Topics, Kyoto, 1991, in: Lecture Notes in
Math., vol. 1540, Springer, Berlin, 1993, pp. 11-24.

[27] H. Brezis, Functional Analysis, Sobolev Spaces and Partial Differential Equations, Universitext, Springer, New York, 2011.

[28] H. Brezis, J.-M. Coron, E.H. Lieb, Harmonic maps with defects, Commun. Math. Phys. 107 (4) (1986) 649-705.

[29] H. Brezis, Y. Li, Topology and Sobolev spaces, J. Funct. Anal. 183 (2) (2001) 321-369.

[30] H. Brezis, P. Mironescu, Density in W* 7 (2; N), J. Funct. Anal. 269 (7) (2015) 2045-2109.

[31] A. Convent, J. Van Schaftingen, Intrinsic co-local weak derivatives and Sobolev spaces between manifolds, Ann. Sc. Norm. Super. Pisa, Cl.
Sci. (5) 16 (1) (2016) 97-128.

[32] A. Convent, J. Van Schaftingen, Higher order weak differentiability and Sobolev spaces between manifolds, Adv. Calc. Var. (2018), https://
doi.org/10.1515/acv-2017-0008, in press.

[33] E. DiBenedetto, Real Analysis, 2nd ed., Birkhduser Advanced Texts: Basler Lehrbiicher, Birkhduser/Springer, New York, 2016.

[34] B. Dyda, A fractional order Hardy inequality, Ill. J. Math. 48 (2) (2004) 575-588.

[35] L.C. Evans, R.F. Gariepy, Measure Theory and Fine Properties of Functions, 2nd ed., Textbooks in Mathematics, CRC Press, 2015.

[36] S. Ferry, S. Weinberger, Quantitative algebraic topology and Lipschitz homotopy, Proc. Natl. Acad. Sci. USA 110 (48) (2013) 19246-19250.

[37] M. Gromov, Quantitative homotopy theory, in: Prospects in Mathematics, Princeton, NJ, 1996, Amer. Math. Soc., Providence, RI, 1999,
pp. 45-49.

[38] H. Hahn, Uber folgen linearer Operationen, Monatshefte Math. Phys. 32 (1922) 3-88.

[39] P. Hajtasz, Approximation of Sobolev mappings, Nonlinear Anal. 22 (12) (1994) 1579-1591.

[40] F. Hang, F. Lin, Topology of Sobolev mappings. II, Acta Math. 191 (1) (2003) 55-107.

[41] F. Hang, F. Lin, Topology of Sobolev mappings. III, Commun. Pure Appl. Math. 56 (10) (2003) 1383-1415.

[42] R. Hardt, F.-H. Lin, Mappings minimizing the L” norm of the gradient, Commun. Pure Appl. Math. 40 (5) (1987) 555-588.

[43] S. Igari, Sur les fonctions qui opérent sur 1’espace A2, Ann. Inst. Fourier (Grenoble) 15 (2) (1965) 525-536.

[44] M.A. Krasnosel’skii, Topological Methods in the Theory of Nonlinear Integral Equations, Macmillan, New York, 1964.

[45] M. Marcus, V.J. Mizel, Complete characterization of functions which act, via superposition, on Sobolev spaces, Trans. Am. Math. Soc. 251
(1979) 187-218.

[46] K. Mazowiecka, P. Strzelecki, The Lavrentiev gap phenomenon for harmonic maps into spheres holds on a dense set of zero degree boundary
data, Adv. Calc. Var. 10 (3) (2017) 303-314.

[47] B. Merlet, Two remarks on liftings of maps with values into S 1 C.R. Math. Acad. Sci. Paris 343 (7) (2006) 467-472.

[48] P. Mironescu, Sobolev maps on manifolds: degree, approximation, lifting, Contemp. Math. 446 (2007) 413-436.

[49] P. Mironescu, Lifting default for S!-valued maps, C. R. Math. Acad. Sci. Paris 346 (19-20) (2008) 1039-1044.

[50] P. Mironescu, Lifting of S 1 valued maps in sums of Sobolev spaces, 2008.

[51] P. Mironescu, Decomposition of S!-valued maps in Sobolev spaces, C. R. Math. Acad. Sci. Paris 348 (13-14) (2010) 743-746.

[52] P. Mironescu, Superposition with subunitary powers in Sobolev spaces, C. R. Math. Acad. Sci. Paris 353 (6) (2015) 483-487.

[53] P. Mironescu, I. Molnar, Phases of unimodular complex valued maps: optimal estimates, the factorization method, and the sum-intersection
property of Sobolev spaces, Ann. Inst. Henri Poincaré, Anal. Non Linéaire 32 (5) (2015) 965-1013.

[54] D. Mucci, Maps into projective spaces: liquid crystal and conformal energies, Discrete Contin. Dyn. Syst., Ser. B 17 (2) (2012) 597-635.

[55] J. Nash, The imbedding problem for Riemannian manifolds, Ann. Math. (2) 63 (1956) 20-63.

[56] H.-M. Nguyen, Inequalities related to liftings and applications, C. R. Math. Acad. Sci. Paris 346 (17-18) (2008) 957-962.

[57] M.R. Pakzad, Weak density of smooth maps in w1 (M, N) for non-abelian 7t (N), Ann. Glob. Anal. Geom. 23 (1) (2003) 1-12.

[58] M.R. Pakzad, T. Riviere, Weak density of smooth maps for the Dirichlet energy between manifolds, Geom. Funct. Anal. 13 (1) (2003) 223-257.

[59] M. Petrache, J. Van Schaftingen, Controlled singular extension of critical trace Sobolev maps from spheres to compact manifolds, Int. Math.
Res. Not. 2017 (12) (2017) 3467-3683.

[60] T. Riviere, Dense subsets of H'/2(52, 1), Ann. Glob. Anal. Geom. 18 (5) (2000) 517-528.


http://refhub.elsevier.com/S0294-1449(18)30073-8/bib426F7572646175645369636B656C32303131s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib426F7572646175645369636B656C32303131s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib426F75726761696E4272657A697332303033s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib626F75726761696E323030306C696674696E67s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib426F75726761696E4272657A69734D69726F6E6573637532303032s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib426F75726761696E4272657A69734D69726F6E6573637532303032s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib426F75726761696E4272657A69734D69726F6E6573637532303034s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib426F75726761696E4272657A69734D69726F6E6573637532303034s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib426F75726761696E4272657A69734D69726F6E6573637532303035s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib426F757371756574506F6E636556616E536368616674696E67656E32303133s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib426F757371756574506F6E636556616E536368616674696E67656E32303133s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib426F757371756574506F6E636556616E536368616674696E67656E32303135s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib426F757371756574506F6E636556616E536368616674696E67656E32303135s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib426F757371756574506F6E636556616E536368616674696E67656E32303137s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib426F757371756574506F6E636556616E536368616674696E67656E32303137s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib426F757371756574506F6E636556616E536368616674696E67656E32303138s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib426F757371756574506F6E636556616E536368616674696E67656E32303138s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib4272657A697331393931s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib4272657A697331393933s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib4272657A697331393933s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib4272657A697332303131s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib4272657A6973436F726F6E4C69656231393836s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib4272657A69734C6932303031s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib4272657A69734D69726F6E6573637532303135s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib436F6E76656E7456616E5363686166696E67656E32303136s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib436F6E76656E7456616E5363686166696E67656E32303136s1
https://doi.org/10.1515/acv-2017-0008
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib646942656E65646574746F32303136s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib4479646132303034s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib4576616E7332303135s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib46657272795765696E62657267657232303133s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib47726F6D6F7631393939s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib47726F6D6F7631393939s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib4861686E31393232s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib48616A6C61737A31393934s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib68616E6732303033746F706F6C6F6779s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib48616E673A32303033s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib48617264744C696E31393837s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib496761726931393635s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib4B7261736E6F73656C736B696931393634s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib4D61726375734D697A656C31393739s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib4D61726375734D697A656C31393739s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib4D617A6F776965636B615374727A656C65636B6932303137s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib4D617A6F776965636B615374727A656C65636B6932303137s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib4D65726C657432303036s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib6D69726F6E6573637532303037736F626F6C6576s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib4D69726F6E657363753230303843524153s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib4D69726F6E6573637532303130s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib4D69726F6E6573637532303135s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib4D69726F6E657363754D6F6C6E617232303135s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib4D69726F6E657363754D6F6C6E617232303135s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib4D7563636932303132s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib4E61736831393536s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib6E677579656E32303038696E657175616C6974696573s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib50616B7A616432303033s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib50616B7A61645269766965726532303033s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib506574726163686556616E536368616674696E67656Es1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib506574726163686556616E536368616674696E67656Es1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib5269766965726532303030s1
https://doi.org/10.1515/acv-2017-0008

A. Monteil, J. Van Schaftingen / Ann. 1. H. Poincaré — AN 36 (2019) 417—449 449

[61] R. Schoen, K. Uhlenbeck, Boundary regularity and the Dirichlet problem for harmonic maps, J. Differ. Geom. 18 (2) (1983) 253-268.
[62] A.D. Sokal, A really simple elementary proof of the uniform boundedness theorem, Am. Math. Mon. 118 (5) (2011) 450-452.

[63] H. Triebel, Theory of Function Spaces, Monographs in Mathematics, vol. 78, Birkhduser, Basel, 1983.

[64] M. Willem, Functional Analysis, Cornerstones, Birkhduser, New York, 2013, Fundamentals and applications.


http://refhub.elsevier.com/S0294-1449(18)30073-8/bib5363686F656E55686C656E6265636B31393833s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib536F6B616C32303131s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib5472696562656C31393833s1
http://refhub.elsevier.com/S0294-1449(18)30073-8/bib57696C6C656D5F32303133s1

	Uniform boundedness principles for Sobolev maps into manifolds
	1 Introduction
	1.1 Extension of traces
	1.2 Weak-bounded approximation
	1.3 Lifting
	1.4 Superposition operator
	1.5 General uniform boundedness principle
	1.6 Structure of the article

	2 Toolbox
	2.1 Opening of Sobolev maps
	2.2 Gluing interior and exterior estimates
	2.3 Patching countably many Sobolev maps
	2.4 Extension

	3 General uniform boundedness principle
	3.1 Obtaining a single obstruction
	3.2 Density of counterexamples

	4 Concrete uniform boundedness principles
	4.1 Extension of traces
	4.2 Weak-bounded approximation
	4.3 Lifting problem
	4.4 Superposition operators

	5 The limiting case s = 0
	6 Higher order spaces
	Conﬂict of interest statement
	References


