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Abstract

This note corrects Lemma 7 in [1] on the positive (semi-)definiteness of a certain matrix product, which yields a priori estimates 
for the cross-diffusion system.
© 2015 Elsevier Masson SAS. All rights reserved.
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1. Introduction

In our paper [1], we proved the global-in-time existence of bounded weak solutions to a certain class of degenerate 
cross-diffusion systems for the particle densities u(x, t) = (u1, . . . , un), where x ∈ � ⊂ R

d is the spatial variable 
and t ≥ 0 is the time. The proof is based on an entropy method, i.e., we introduced a scalar functional H [u] =∫
�

h(u)dx (called an entropy), which turns out to be not only a Lyapunov functional along the solutions but it also 
provides gradient estimates. A crucial step of the proof is the observation that the product between the Hessian H :=
h′′(u) ∈ R

n×n and the diffusion matrix A = A(u) ∈ R
n×n is positive definite (non-uniformly in u). The proof of this 

observation (Lemma 7 in [1]) is wrong. In this note, we will correct the proof.
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We introduce the hypertriangle

D =
{
u ∈ R

n : ui > 0 for i = 1, . . . , n,

n∑
j=1

uj < 1

}
.

The matrix coefficients of A(u) contain nonlinear functions (see (3) in [1]) for which the following structural hy-
potheses have been imposed: There exist functions q : [0, 1] → R, χ : D → R and a number γ > 0 such that for all 
i = 1, . . . , n,

q(s) := qi(s) > 0, q ′(s) ≥ γ q(s) for s ∈ (0,1), q(0) = 0, q ∈ C3([0,1]), (1)

pi(u) = exp

(
∂χ(u)

∂ui

)
for u ∈ D, χ ≥ 0 is convex on D, χ ∈ C3(D), (2)

and pi is assumed to be positive on D . We introduce the following nonnegative number:

κ = sup
u∈D

sup
z∈Rn,
|z|=1

( n∑
i,j=1

√
uiuj

∂2χ

∂ui∂uj

zizj

)2

. (3)

The following result replaces Lemma 7 in [1].

Lemma 1. Assume that (1)–(2) hold. Let η ∈ (0, 1] be any number such that ηκ < 1, where κ is defined in (3). Then it 
holds for all u ∈ D and v ∈ R

n that

v	(HA)v ≥ p0c1q(un+1)

n∑
i=1

v2
i

ui

+ p0c2
q ′(un+1)

2

q(un+1)

( n∑
i=1

vi

)2

,

where p0 := mini=1,...,n infu∈D pi(u) > 0,

c1 = 1 − ηκ > 0, c2 = min

{
η

4q(1/2)
,

2

sup1/2≤σ≤1 q ′(σ )

}
> 0.

2. Proof of Lemma 1

Let u = (ui) ∈ D and set ϕ = q ′/q . It is shown in the proof of Lemma 7 in [1] that

1

q
(HA)ij = δij

pi

ui

+ ∂pi

∂uj

+ ∂pj

∂ui

+
n∑

k=1

uk

pk

∂pk

∂ui

∂pk

∂uj

+ ϕ

(
pi + pj +

n∑
k=1

uk

(
∂pk

∂ui

+ ∂pk

∂uj

))
+ ϕ2

n∑
k=1

ukpk.

Observing that ∂pi/∂uj = pi∂
2χ/∂ui∂uj and setting χij = ∂2χ/∂ui∂uj , the previous identity can be formulated as

1

q
(HA)ij = δij

pi

ui

+ (pi + pj )χij +
n∑

k=1

ukpkχkiχkj

+ ϕ

(
pi + pj +

n∑
k=1

ukpk(χki + χkj )

)
+ ϕ2

n∑
k=1

ukpk

=: Iij + ϕJij + ϕ2Kij .

Let v ∈ R
n and define wi = vi/

√
ui . First, we reformulate the quadratic forms associated to I = (Iij ), J = (Jij ), 

and K = (Kij ):
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v	Iv =
n∑

i=1

pi

ui

v2
i + 2

n∑
i,j=1

piχij vivj +
n∑

k=1

ukpk

( n∑
i=1

χkivi

)2

=
n∑

i=1

piw
2
i + 2

n∑
i,j=1

pi
√

uiujχijwiwj +
n∑

i=1

pi

( n∑
j=1

√
uiujχijwj

)2

=
n∑

i=1

pi

(
wi +

n∑
j=1

√
uiujχijwj

)2

,

v	Jv = 2

( n∑
k=1

vk

)( n∑
i=1

pivi +
n∑

i,j=1

uipiχij vj

)
= 2

n∑
i,k=1

pivivk + 2
n∑

i,j,k=1

uipiχij vj vk

=
n∑

i=1

pi

{
2

n∑
k=1

√
uiukwk

(
wi +

n∑
j=1

√
uiujχijwj

)}
,

v	Kv =
n∑

i=1

piui

( n∑
j=1

vj

)2

=
n∑

i=1

pi

( n∑
j=1

√
uiujwj

)2

.

By definition of p0, we deduce that

1

p0q
v	(HA)v ≥

n∑
i=1

(
wi +

n∑
j=1

√
uiujχijwj + ϕ

n∑
j=1

√
uiujwj

)2

.

This shows that HA is positive semidefinite.
Next, we set Mij = √

uiujχij and Nij = ϕ
√

uiuj . Then

(p0q)−1v	(HA)v ≥ |w + Mw + Nw|2,
where w = (wi), M = (Mij ), N = (Nij ). We employ the fact that M is symmetric positive semidefinite:

(p0q)−1v	(HA)v = |w|2 + 2w	(M + N)w + |Mw + Nw|2
≥ |w|2 + 2w	Nw + η|Mw + Nw|2,

where η ∈ (0, 1] is arbitrary. By definition of κ , |Mw|2 ≤ κ|w|2, and thus, |Mw + Nw|2 ≥ 1
2 |Nw|2 − |Mw|2 ≥

1
2 |Nw|2 − κ|w|2. We conclude that

(p0q)−1v	(HA)v ≥ (1 − ηκ)|w|2 + 2w	Nw + η

2
|Nw|2.

Since 
∑n

i=1 ui = 1 − un+1, we have

|w|2 =
n∑

i=1

v2
i

ui

, w	Nw = ϕ

( n∑
j=1

vj

)2

, |Nw|2 = ϕ2(1 − un+1)

( n∑
j=1

vj

)2

,

and consequently,

(p0q)−1v	(HA)v ≥ (1 − ηκ)

n∑
i=1

v2
i

ui

+ ϕ

(
2 + η

2
(1 − un+1)ϕ

)( n∑
j=1

vj

)2

.

This estimate replaces (25) in [1].
Now, we proceed similarly as in the proof of Lemma 7 in [1]. The inequalities

2 + η

2
(1 − s)ϕ(s) ≥ η

2
(1 − s)ϕ(s) ≥ η

4

q ′(s)
q(1/2)

for 0 ≤ s ≤ 1

2
,

2 + η

2
(1 − s)ϕ(s) ≥ 2 ≥ 2q ′(s)

sup1/2≤σ≤1 q ′(σ )
for

1

2
≤ s ≤ 1

imply that 2 + η
(1 − un+1)ϕ(un+1) ≥ c2q

′(un+1), which shows the conclusion.
2
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