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Abstract

We consider immersed hypersurfaces in euclideanR
n+1 which are stable with respect to an elliptic parametric functio

of the formF(X) = ∫
M F(N)dµ. We prove a pointwise curvature estimate provided thatn � 5 andF is sufficiently close to

the area integrand. This extends the pointwise curvature estimates of Schoen, Simon and Yau [Acta Math. 134 (1975
stable minimal hypersurfaces inRn+1 and of Simon [Math. Z. 154 (1977) 265] for minimizers ofF . Our result follows from
an integral curvature estimate and a generalized Simons inequality that were established recently [Calc. Var. Partial D
Equations (2004), DOI: 10.1007/S00526-004-0306-5], together with a Moser type iteration argument.
 2005 Elsevier SAS. All rights reserved.

Résumé

Nous considérons des hypersurfaces dans l’espace euclidienR
n+1 qui sont stables par rapport à une fonctionnelle para

trique elliptique de la formeF(X) = ∫
M F(N)dµ. Nous démontrons une estimation ponctuelle de la courbure sous l’hypo

n � 5 et F est suffisamment proche de l’intégrande aire. Ce résultat étend l’estimation ponctuelle de la courbure obt
Schoen, Simon et Yau [Acta Math. 134 (1975) 275] pour les hypersurfaces minimales stables deR

n+1 et par Simon [Math. Z.
154 (1977) 265] pour les minimiseurs deF . Une estimation intégrale de la courbure, une inégalité de Simons généralisée,
récemment dans [Calc. Var. Partial Differential Equations (2004), DOI : 10.1007/S00526-004-0306-5], ainsi qu’un a
itératif de type Moser nous permet d’obtenir cette estimation ponctuelle.
 2005 Elsevier SAS. All rights reserved.

MSC:53C42; 49Q10; 35J60

1. Introduction

If u is a solution of the two-dimensional minimal surface equation defined over the diskBR(x0) := {x ∈ R
2:

|x − x0| < R}, then the principal curvaturesκ1, κ2 of the corresponding graph can be estimated by

E-mail address:winklmann@math.uni-duisburg.de (S. Winklmann).
0294-1449/$ – see front matter 2005 Elsevier SAS. All rights reserved.
doi:10.1016/j.anihpc.2004.10.005
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with a universal constantC. This is the well-known curvature estimate of Heinz [11] which appears as a quant
version of Bernstein’s celebrated theorem [1]. In fact, by lettingR → ∞ one deduces that every entire solution
the minimal surface equation inR2 has to be an affine linear function.

There are several important extensions and variants of these results, see e.g. [7] and [10]. In particula
[18] has proved an analogue of Heinz’s estimate for stable minimal surfaces inR

3, and again this estimate implie
a Bernstein result.

In higher dimensions Schoen, Simon and Yau [19] have obtained an integral curvature estimate for stab
mal hypersurfaces immersed in a Riemannian manifoldN n+1, and in the particular case whereN is the euclidean
R

n+1 this estimate leads to a pointwise curvature estimate up ton � 5. Improvements forn � 6 have been made b
Simon [21] and Schoen, Simon [20] using regularity theory for minimal hypersurfaces and methods from ge
measure theory, respectively.

In this paper we consider immersed hypersurfacesX :Mn → R
n+1 with Gauß mappingN and induced surfac

measureµ which are stable with respect to a parametric functional of the form

F(X) =
∫
M

F(N)dµ.

The integrandF is of classC∞(Rn+1 \ {0}) and satisfies the homogeneity condition

F(tz) = tF (z) for all z ∈ Sn, t > 0. (1)

Moreover, throughout the paperF is assumed to beelliptic, i.e.

Fzz(z) =
(

∂2F

∂zα∂zβ
(z)

)
α,β=1,...,n+1

: z⊥ → z⊥

is a positive definite endomorphism for allz ∈ Sn, or equivalently

λ(F ) := inf
z∈Sn, V ∈z⊥\{0}

(∂2F/∂zα∂zβ)(z)V αV β

|V |2 > 0. (2)

Clearly,F generalizes the area functional

A(X) =
∫
M

dµ

which is obtained in caseF(z) = A(z) := |z| is thearea integrand.
In a previous paper [25] we have shown that an integral curvature estimate forF -stable hypersurfaces can

proved, wheneverF is sufficiently close to the area functional. To be precise, define the norm

‖G‖Ck := sup
z∈Sn

( ∑
|I |�k

∣∣∣∣∂ |I |G
∂zI

(z)

∣∣∣∣2)1/2

for an arbitrary integrandG ∈ C∞(Rn+1 \ {0}). It was proven in [25, Theorem 1.1] that givenn � 2 and
p ∈ (4,4 + √

8/n), there exists a constantδ(n,p) > 0 with the property that ifF is an elliptic integrand satis
fying ‖F − A‖C4 < δ and ifX is anF -stable hypersurface, then the integral curvature estimate∫

|S|pϕp dµ � C(n,p,F )

∫
|∇ϕ|p dµ (3)
M M
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holds for all nonnegative testfunctionsϕ ∈ C∞
c (M). Here,|S| stands for the length of the Weingarten operator,

|S|2 = κ2
1 + · · · + κ2

n , whereκ1, . . . , κn denote the principal curvatures ofX.
In this paper we wish to discuss a pointwise curvature estimate forF -stable hypersurfaces. To this end, defin

δ�(n) := sup
{
δ(n,p): 4< p < 4+ √

8/n,p > n
}

for 2 � n � 5. Moreover, let us use the notation

BR(x0) := {
x ∈ M: r(x) < R

}
, R > 0,

wheneverr :M → R is a Lipschitz function withr(x0) = 0 and|∇r| � 1 µ-a.e.. Our main result is the following

Theorem 1.1. Let 2 � n � 5 and letF be an elliptic integrand satisfying‖F − A‖C4 < δ�(n). SupposeX is a
stable hypersurface for the parametric functional

F(X) =
∫
M

F(N)dµ.

If BR(x0) � M for some pointx0 ∈ M and radiusR > 0, and ifµ(BR(x0)) � KRn, then we have

sup
BθR(x0)

|S|2 � C(n,F,K, θ)

R2
(4)

for all θ ∈ (0,1).

In particular, if we chooser(x) = d(x, x0), then we obtain the curvature estimate on the usual open
BθR(x0), and lettingR → ∞ we infer the Bernstein result [25]:

Corollary 1.2. Let2� n � 5 and letF be an elliptic integrand with‖F − A‖C4 < δ�(n). SupposeX is a complete
connectedF -stable hypersurface that satisfies the growth condition

µ
(
BR(x0)

)
� KRn

for some pointx0 ∈ M and some sequenceR → ∞. ThenX(M) is a hyperplane.

Observe that in caseF = A is the area integrand, Theorem 1.1 yields the pointwise curvature estimate of S
Simon and Yau [19, Theorem 3], withRn+1 as the ambient manifold.

Moreover, we remark that curvature estimates and Bernstein type results for two-dimensional paramet
tionals have been obtained by Jenkins [12], White [23,24], Lin [13], Sauvigny [17], Fröhlich [8,9], Räwe
and Clarenz [2]. All these results are strictly two-dimensional. Simon [22] has obtained a pointwise estim
minimizersof F up to dimensionn � 6 provided that‖F − A‖C3 is sufficiently small. It is unknown, whether ou
results can be improved to hold up ton � 6.

The paper is organized as follows. In Section 2 we recall some preliminary results taken from [25], inclu
generalized Simons inequality and an equivalent form of the integral curvature estimate. In Section 3 we
these results to establish anLp-estimate for the curvature. Here, we proceed similarly as in Dierkes [5,6], wh
class ofsingularparametric functionals of the type

Eα(X) =
∫
M

|Xn+1|α dµ, α > 0,

is considered. Finally, in Section 4 we use theLp-estimate together with a Moser type iteration argumen
prove (4).
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2. Preliminaries

In this section we recall some preliminary results from [25] concerning the geometry of parametric func
Let X :Mn → R

n+1 be a smooth immersion of ann-dimensional oriented manifold without boundary in
euclideanRn+1. LetN :M → Sn stand for the corresponding Gauß mapping and denote byµ the induced measur
with respect to the pull backg of the euclidean metric. Consider the parametric functional

F(X) =
∫
M

F(N)dµ

with an elliptic integrandF ∈ C∞(Rn+1 \ {0}) satisfying the homogeneity condition (1) and the ellipticity con
tion (2). We say thatX is F -stationaryif

δF(X,ϕ) := d

dε
F(X + εϕN)

∣∣∣
ε=0

= 0

for all ϕ ∈ C∞
c (M) and we say thatX is F -stable, if in addition

δ2F(X,ϕ) := d2

dε2
F(X + εϕN)

∣∣∣
ε=0

� 0

for all ϕ ∈ C∞
c (M).

In order to give a geometric description ofF -stationary hypersurfaces, we need to recall the notion ofF -mean
curvatureas introduced by Räwer [16] and Clarenz [2]: LetAF be the symmetric, positive definite endomorphis
field given by

AF := dX−1 ◦ Fzz(N) ◦ dX,

and letS := −dX−1 ◦ dN denote the Weingarten operator. Then

SF := AF ◦ S

is calledF -Weingarten operatorand

HF := tr(SF )

is theF -mean curvature ofX. Now, according to [16] and [2] the first variation ofF is given by

δF(X,ϕ) = −
∫
M

HF ϕ dµ.

Hence,X is F -stationary if and only if itsF -mean curvature vanishes. Moreover, for anF -stationary hypersurfac
the second variation is given by

δ2F(X,ϕ) =
∫
M

(
g(AF ∇ϕ,∇ϕ) − tr(AF S2)ϕ2)dµ,

where∇ϕ denotes the gradient ofϕ with respect tog. Consequently,X is F -stable if and only ifHF = 0 and∫
M

tr(AF S2)ϕ2 dµ �
∫
M

g(AF ∇ϕ,∇ϕ)dµ (5)

for all ϕ ∈ C∞
c (M). For further details see also [3] and [4]. Also note that ifF is the area integrand, thenAF = id

and so the definitions coincide with their classical analogues.
Now, as in [25], let us introduce as an additional geometric quantity the abstract metric

gF (v,w) := g
(
A−1(v),w

)
, (v,w ∈ T M)
F
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which can be seen as ann-dimensional analogue of Sauvigny’s [17] weighted first fundamental form
[25, Propositions 2.2 and 2.3] we have shown the estimates

c(F )|S| � |SF |F � C(F)|S|, (6)

c(F )|∇h| � |	∇h|F � C(F)|∇h| (7)

and

c(F )dµ � dµF � C(F)dµ (8)

for suitable positive constantsc(F ) andC(F), where	∇ϕ, |T |F andµF denote the gradient ofϕ, the length of the
tensorT and the measure, all taken with respect togF . In particular, these estimates imply the equivalence of
integral curvature estimate (3) to an estimate of the form∫

M

|SF |pF ϕp dµF � C(n,p,F )

∫
M

|∇ϕ|pF dµF (9)

for all nonnegative functionsϕ ∈ C∞
c (M).

Now, it was shown in [25, Proposition 2.5] that the stability inequality (5) implies∫
M

|SF |2F ϕ2 dµF � C(F)

∫
M

|∇ϕ|2F dµF (10)

for all ϕ ∈ C∞
c (M), whereC(F) is a positive constant that tends to 1 as‖F − A‖C2 → 0. Moreover, we have

shown that anyF -stationary hypersurfaceX satisfies the generalized Simons inequality

1

2
�F |SF |2F �

(
1− η

1+ θ

)(
1+ 2

n

)
|∇|SF |F |2F −

(
1

λ(F )
+ C(η, θ)ε(F )

)
|SF |4F (11)

for all θ > 0 andη ∈ (0,1] with a nonnegative constantε(F ) that tends to 0 as‖F − A‖C4 → 0, cp. [25, Theo-
rem 4.2]. Here, of course,�F denotes the Laplace-Beltrami operator with respect togF .

Using (10) and (11), we have shown that ifp ∈ (4,4 + √
8/n) and if F is an elliptic integrand satisfyin

‖F − A‖C4 < δ(n,p), then (9), and hence (3), holds for anyF -stable hypersurfaceX.
In the next section, we do use the generalized Simons inequality (11) and the integral curvature estima

establish anLp-estimate for the curvature|SF |F . To accomplish this, we will need the following version of t
Michael–Simon Sobolev inequality [14]:

Lemma 2.1. Let F be an elliptic integrand and letX : M → R
n+1 be an immersed hypersurface. If1 � p < n,

then we have(∫
M

|h| np
n−p dµF

) n−p
np

� C(n,p,F )

(∫
M

(|h|p|SF |pF + |	∇h|pF
)
dµF

) 1
p

(12)

for all h ∈ C∞
c (M).

Proof. From [14] we infer(∫
M

|h| np
n−p dµ

) n−p
np

� C(n,p)

(∫
M

(|h|p|H |p + |∇h|p)
dµ

) 1
p

,

so the obvious inequality|H |2 � n|S|2 together with (6), (7) and (8) gives the desired result.�
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e

3. Lp-estimate

Let 2 � n � 5, let F be an elliptic integrand satisfying‖F − A‖C4 < δ�(n), and letX :M → R
n+1 be an

F -stable hypersurface. Suppose thatB1(x0) � M with µ(B1(x0)) � K . The main result of this section is th
following Lp-estimate:

Proposition 3.1. Letf := |SF |pF , p > 1, and letη ∈ C∞
c (M) be a nonnegative testfunction withsupp(η) ⊂ Bτ (x0),

0< τ < 1. Define

q =
{ n

n−2, if n � 3,

2, if n = 2.

Then we have(∫
M

(f η)2q dµF

)1/q

� Cpα

∫
M

f 2η2 dµF + C

∫
M

f 2|	∇η|2F dµF , (13)

whereC = C(n,F,K, τ) andα = α(n,F ) > 1.

Proof. Puth := f η in the Sobolev inequality (12). By approximation, this choice ofh is valid and ifn � 3, then
we obtain(∫

M

(f η)
2n

n−2 dµF

) n−2
n

� C(n,F )

∫
M

(|	∇f |2F η2 + f 2|	∇η|2F + f 2η2|SF |2F
)
dµF .

On the other hand, ifn = 2, then we have(∫
M

(f η)
2r

2−r dµF

) 2−r
2r

� C(n, r,F )

(∫
M

(∣∣	∇(f η)
∣∣r
F

+ f rηr |SF |rF
)
dµF

) 1
r

for all r ∈ (1,2), and by virtue of Hölder’s inequality together with supp(η) ⊂ B1(x0) andµF (B1(x0)) � C(F)K ,
see (8), we infer∫

M

(∣∣	∇(f η)
∣∣r
F

+ f rηr |SF |rF
)
dµF � C(r,F,K)

(∫
M

∣∣	∇(f η)
∣∣2
F

dµF

) r
2

+ C(r,F,K)

(∫
M

f 2η2|SF |2F dµF

) r
2

,

hence(∫
M

(f η)
2r

2−r dµF

) 2−r
r

� C(n, r,F,K)

∫
M

(|	∇f |2F η2 + f 2|	∇η|2F + f 2η2|SF |2F
)
dµF .

Chooser = 4
3, so that r

2−r
= 2. Then we have shown(∫

(f η)2q dµF

) 1
q

� C1(n,F,K)

∫ (|	∇f |2F η2 + f 2|	∇η|2F + f 2η2|SF |2F
)
dµF (14)
M M
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llows:
with

q =
{ n

n−2, if n � 3,

2, if n = 2.

We now use the generalized Simons inequality to estimate the first integral on the right hand side as fo

Lemma 3.2. We have∫
M

|	∇f |2F η2 dµF � C2(n,F )p

∫
M

f 2η2|SF |2F dµF + 4
∫
M

f 2|	∇η|2F dµF . (15)

Proof of Lemma 3.2. We have
1

2
�F |SF |2p

F = p(2p − 1)|SF |2p−2
F |	∇|SF |F |2F + p|SF |2p−1

F �F |SF |F

= 2p(p − 1)|SF |2p−2
F |	∇|SF |F |2F + 1

2
p|SF |2p−2

F �F |SF |2F
in a weak sense, and applying the generalized Simons inequality (11) we obtain

1

2
�F |SF |2p

F � p(p − 1)|SF |2p−2
F |	∇|SF |F |2F + p

{
p − 1+

(
1− η

1+ θ

)(
1+ 2

n

)}
|SF |2p−2

F |	∇|SF |F |2F

− p

(
1

λ(F )
+ C(η, θ)ε(F )

)
|SF |2p+2

F

for all θ > 0 andη ∈ (0,1]. Chooseη(n) andθ(n) so small that(
1− η

1+ θ

)(
1+ 2

n

)
� 1.

Then we infer
1

2
�F |SF |2p

F � p2|SF |2p−2
F |	∇|SF |F |2F − p

(
1

λ(F )
+ C(η, θ)ε(F )

)
|SF |2p+2

F ,

whence
1

2
�F f 2 � |	∇f |2F − C3(n,F )p|SF |2F f 2.

We now multiply this inequality byη2 and integrate by parts. This gives∫
M

|	∇f |2F η2 dµF � −2
∫
M

f η	∇f 	∇η dµF + C3p

∫
M

f 2η2|SF |2F dµF

and in view of Young’s inequality

2f η|	∇f |F |	∇η|F � 1

2
|	∇f |2F η2 + 2f 2|	∇η|2F

the desired estimate follows.�
Combining (14) and (15) we obtain(∫

M

(f η)2q dµF

) 1
q

� C4(n,F,K)p

∫
M

f 2η2|SF |2F dµF + C5(n,F,K)

∫
M

f 2|	∇η|2F dµF . (16)

We now employ the integral curvature estimate to estimate the first integral on the right-hand side.
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Lemma 3.3. We have∫
M

f 2η2|SF |2F dµF � C6γ

(∫
M

(f η)2q dµF

) 1
q + γ − 1

s−1

∫
M

f 2η2 dµF (17)

for all γ > 0, whereC6 = C6(n,F,K, τ) ands = s(n,F ) > 1.

Proof of Lemma 3.3. We need the following interpolation inequality from [10, p. 145]

ab � γ as + γ − 1
s−1 b

s
s−1

for a, b � 0, γ > 0 ands > 1. Lettinga = |SF |2F andb = 1, we obtain∫
M

f 2η2|SF |2F dµF � γ

∫
M

f 2η2|SF |2s
F dµF + γ − 1

s−1

∫
M

f 2η2 dµF

for arbitraryγ > 0 ands > 1. Applying the Hölder inequality with1
q

+ 1
q ′ = 1 and noticing that supp(η) ⊂ Bτ (x0),

it follows that∫
M

f 2η2|SF |2F dµF � γ

(∫
M

(f η)2q dµF

) 1
q
( ∫
Bτ (x0)

|SF |2sq ′
F dµF

) 1
q′

+ γ − 1
s−1

∫
M

f 2η2 dµF . (18)

We now chooses in the following way: According to the definition ofδ�(n) there exists a numbert = t (F ) ∈
(4,4+ √

8/n) with t > n, such that‖F − A‖C4 < δ(n, t). Choose

s =
{

t
n
, if n � 3,

t
4, if n = 2.

Then, clearly,s = s(n,F ) > 1. Moreover, on account of

q ′ =
{ n

2, if n � 3,

2, if n = 2

we have

2sq ′ = t. (19)

Now, letϕ be the cut-off function defined by

ϕ(x) := Φ

(
r(x) − τ

1− τ

)
, x ∈ M,

whereΦ ∈ C1(R) is a nonincreasing function withΦ(y) = 1 for y � 0, Φ(y) = 0 for y � 1 and|Φ ′(y)| � 2 for
all y ∈ R. Thenϕ = 1 in Bτ (x0), ϕ = 0 in M \B1(x0) and using (7) we see that

|	∇ϕ|F � C(F)|∇ϕ| � 2C(F)

1− τ

µF -a.e.. Also note thatϕ is compactly supported inM subject toB1(x0) � M . Hence, we can applyϕ in the
integral curvature estimate (9) with exponentt and together with (19) andµF (B1(x0)) � C(F)K this leads to∫

|SF |2sq ′
F dµF �

∫
|SF |tF ϕt dµF � C(n,F, t)

∫
|	∇ϕ|tF dµF � C(n,F,K)

(
2C(F)

1− τ

)t

.

Bτ (x0) M B1(x0)
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stimate
Thus, we have( ∫
Bτ (x0)

|SF |2sq ′
F dµF

) 1
q′

� C6(n,F,K, τ)

and inserting this into (18) gives the desired result.�
According to (16) and (17) we now have(∫

M

(f η)2q dµF

) 1
q

� C7(n,F,K, τ)pγ

(∫
M

(f η)2q dµF

) 1
q

+ C4pγ − 1
s−1

∫
M

f 2η2 dµF + C5

∫
M

f 2|	∇η|2F dµF

for all γ > 0, and choosingγ := 1
2C7p

we finally arrive at(∫
M

(f η)2q dµF

) 1
q

� 2C4p
1+ 1

s−1 (2C7)
1

s−1

∫
M

f 2η2 dµF + 2C5

∫
M

f 2|	∇η|2F dµF

� Cpα

∫
M

f 2η2 dµF + C

∫
M

f 2|	∇η|2F dµF ,

whereα = α(n,F ) := s
s−1 > 1 andC = C(n,F,K, τ). This completes the proof of theLp-estimate. �

4. Proof of the curvature estimate

Before we turn to the proof of Theorem 1.1, let us make sure that it suffices to establish the curvature e
(4) for R = 1.

Indeed, suppose thatX satisfies the assumptions of Theorem 1.1. We then consider the hypersurface

X̃ :M → R
n+1, X̃ := 1

R
X.

On account of

δF(X̃, ϕ̃) = d

dε
F(X̃ + εϕ̃Ñ)

∣∣∣
ε=0

= 1

Rn
δF(X,Rϕ̃) = 0

and

δ2F(X̃, ϕ̃) = 1

Rn
δ2F(X,Rϕ̃) � 0

for all ϕ̃ ∈ C∞
c (M), we see that̃X is F -stable as well. Moreover, ifr denotes theabstract distance functionof X,

i.e. the Lipschitz function withr(x0) = 0 and|∇r| � 1 µ-a.e., then

r̃ :M → R, r̃ := 1

R
r

defines an abstract distance function forX̃ and for the corresponding balls we have

B̃θ (x0) := {
x ∈ M: r̃(x) < θ

} = BθR(x0)
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for all θ > 0. In particular, we see that̃B1(x0) � M and since the measure scales with 1/Rn we obtain

µ̃
(
B̃1(x0)

) = 1

Rn
µ

(
BR(x0)

)
� K.

Assume now, that the curvature estimate (4) holds forR = 1. Then we can apply it tõX and obtain

sup
B̃θ (x0)

|S̃|2g̃ � C(n,F,K, θ)

for all θ ∈ (0,1). Moreover, since the principal curvatures scale withR, we have

|S̃|2g̃ = R2|S|2g
and therefore

sup
BθR(x0)

|S|2g = sup
B̃θ (x0)

|S̃|2
g̃

R2
� C(n,F,K, θ)

R2

with the same constantC. Hence, the curvature estimate (4) holds for everyR > 0.

Proof of Theorem 1.1. According to the discussion above we only have to consider the caseR = 1, so let us
assume thatX :M → R

n+1 is F -stable,B1(x0) � M andµ(B1(x0)) � K . It is our goal to prove the following
estimate

sup
Bθ (x0)

|SF |2F � C(n,F,K, θ) (20)

for all θ ∈ (0,1) since this will imply the desired curvature estimate

sup
Bθ (x0)

|S|2 � C(n,F,K, θ)

in view of (6).
To establish (20), let̃θ := 1+θ

2 , τ := 1+θ̃
2 and letρ′, ρ be radii satisfying

θ < ρ′ < ρ � θ̃ < τ < 1 (21)

and

ρ′ � ρ − 1

2
(ρ − θ). (22)

Define a cut-off functionη by

η(x) := Φ

(
r(x) − ρ′

ρ − ρ′

)
, x ∈ M,

whereΦ is to be chosen as in the proof of Lemma 3.3. Then we haveη = 1 in Bρ′(x0), η = 0 in M \Bρ(x0) and

|	∇η|F � 2C(F)

ρ − ρ′

µF -a.e.. Insertingη into theLp-estimate (13) we infer( ∫
Bρ′ (x0)

f 2q dµF

) 1
q

� C1p
α

∫
Bρ(x0)

f 2 dµF + C1

(
2C(F)

ρ − ρ′

)2 ∫
Bρ(x0)

f 2 dµF ,

whereC1 = C1(n,F,K, τ) andα = α(n,F ) > 1. Sincep > 1 and θ̃−θ ′ � 1 it follows that
2(ρ−ρ )
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( ∫
Bρ′ (x0)

f 2q dµF

) 1
q

� C2(n,F,K, θ)

(ρ − ρ′)2
pα

∫
Bρ(x0)

f 2 dµF

with C2 = C1(θ̃−θ)2

4 + 4C1C(F)2. Now, let u := |SF |2F . Then we havef 2 = |SF |2p
F = up andf 2q = uqp, and

therefore( ∫
Bρ′ (x0)

uqp dµF

) 1
qp

� C
1
p

2 p
α
p (ρ − ρ′)−

2
p

( ∫
Bρ(x0)

up dµF

) 1
p

.

Hence, abbreviating

I (σ, t) :=
( ∫
Bσ (x0)

ut dµF

) 1
t

we obtain

I (ρ′, qp) � C
1
p

2 p
α
p (ρ − ρ′)−

2
p I (ρ,p) (23)

for all p > 1 andρ′, ρ satisfying (21) and (22).
From here we intend to employ a well-known iteration scheme originally due to Moser [15]. Let

ρk := θ + 2−k(θ̃ − θ),

ρ′
k := ρk+1 = ρk − 1

2
(ρk − θ)

and

pk := qkp0 with p0 > 1

for k = 0,1,2, . . . . Then we infer from (23)

I (ρk+1,pk+1) = I (ρ′
k, qpk) � C

1
pk

2 p

α
pk

k (ρk − ρ′
k)

− 2
pk I (ρk,pk)

= C

1
pk

2 p

α
pk

0 q
αk
pk 4

k+1
pk (θ̃ − θ)

− 2
pk I (ρk,pk) � C

k+1
pk

3 p

α
pk

0 I (ρk,pk),

whereC3 = C3(n,F,K, θ) := max(4C2(θ̃ − θ)−2,4qα), and iterating this inequality yields

I (ρk+1,pk+1) � C

∑k
j=0

j+1
pj

3 p

∑k
j=0

α
pj

0 I (ρ0,p0).

Now we have
∑∞

j=0
α
pj

= αq
p0(q−1)

and
∑∞

j=0
j+1
pj

= q2

p0(q−1)2 . Consequently,

I (ρk+1,pk+1) � C

q2

p0(q−1)2

4 p

αq
p0(q−1)

0 I (ρ0,p0) (24)

for k = 0,1,2, . . . with C4 = C4(n,F,K, θ) := max(C3,1). Now we need the following simple lemma:

Lemma 4.1. We have

sup
Bθ (x0)

u � lim inf
k→∞ I (ρk,pk).
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rk.

us,
Proof of Lemma 4.1. Givenε > 0, there exists a setAε ⊂ Bθ (x0) with µF (Aε) > 0 and

u � sup
Bθ (x0)

u − ε

in Aε. Hence,

I (ρk,pk) =
( ∫
Bρk

(x0)

upk dµF

) 1
pk �

(∫
Aε

upk dµF

) 1
pk �

(
sup

Bθ (x0)

u − ε
)(

µF (Aε)
) 1

pk ,

and lettingk → ∞ we obtain

lim inf
k→∞ I (ρk,pk) � sup

Bθ (x0)

u − ε.

The assertion now follows asε → 0. �
We now apply Lemma 4.1 to (24) and find

sup
Bθ (x0)

u � C

q2

p0(q−1)2

4 p

αq
p0(q−1)

0 I (ρ0,p0) = C

q2

p0(q−1)2

4 p

αq
p0(q−1)

0

( ∫
B

θ̃
(x0)

up0 dµF

) 1
p0

.

Here,p0 > 1 can be arbitrarily chosen. In particular, lettingp0 → 1 we obtain

sup
Bθ (x0)

|SF |2F � C5(n,F,K, θ)

∫
B

θ̃
(x0)

|SF |2F dµF ,

whereC5 := C

q2

(q−1)2

4 .
Finally, using a suitable cut-off function in a similar fashion as we did before, we infer∫

B
θ̃
(x0)

|SF |2F dµF � C(F,K, θ̃)

from our stability inequality (10). Hence, we have

sup
Bθ (x0)

|SF |2F � C6(n,F,K, θ)

which is the desired estimate (20), and this completes the proof of Theorem 1.1.�
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