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Abstract

We introduce a class of nonstationary adic transformations generalizing the Pascal adic transformation. We ide
invariant ergodic measures, show that there are no rational eigenvalues, and construct a topological model. We give
lower bounds for the complexity function and show that the systems are topologically weakly mixing. We also show th
adics are loosely Bernoulli.
 2005 Elsevier SAS. All rights reserved.

Résumé

On introduit une classe de transformations adiques non-stationnaires généralisant la Pascal-adique. On détermine
des mesures invariantes ergodiques et on montre qu’il n’existe pas de valeur propre rationnelle. Ces systèmes adm
modèles en dynamique topologique pour lesquels nous donnons des bornes inférieures et supérieures pour la foncti
plexité et montrons qu’ils sont topologiquement faiblement mélangeants. On démontre aussi que ces transformation
sont lâchement Bernoulli.
 2005 Elsevier SAS. All rights reserved.
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1. Introduction

In this paper we introduce a class of nonstationary adic transformationsTd defined on a Bratteli diagram iden
tified to {0,1, . . . , d − 1}N, with the particularity that the number of finite paths from the root(0,0) to a vertex
(n, k) is given in terms of certain generalized binomial coefficients. When the number of such paths is given
ordinary binomial coefficients (the cased = 2), the system is just the Pascal adic [20,15,16].

E-mail address:mela@iml.univ-mrs.fr (X. Méla).
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The ergodicity of the Bernoulli or Markov measures for these adics is related to the questions of exchang
and triviality of tail sigma-algebras in probability theory. It is a well-known result (de Finetti, Hajian–Ito–Kaku
Vershik, [7,21]) that the nonatomic invariant ergodic measures for the Pascal adic are the Bernoulli m
µα,1−α . Here we extend this result to the adicsTd , establishing that the set of nonatomic invariant ergodic m
sures is formed by a one-parameter family of Bernoulli measures{µp(a) | a ∈ (0,1)} for a certain probability vecto
p(a) (Theorem 3.6). We show that these measures are totally ergodic, equivalently that there are no ration
values (Proposition 4.5). For both of the previous results we avoid direct calculations on the generalized b
coefficients, using instead arguments of isotropy or measure-theoretic tricks. Alternate proofs could be ob
we had a deeper understanding of the arithmetics of these coefficients.

In Section 3.2 we show that the adicTd is isomorphic to the Pascal adic on a certain subshift, whose study
in fact the original problem. The ergodic Bernoulli measures forTd are carried to a family of(d − 1)-step Markov
measures for the Pascal on the subshift (Theorem 3.11).

The adicsTd are homeomorphisms but not on the whole space, and extensions lead to many discontinuit
topological model, which we present in Section 5, is “almost minimal” and metrically isomorphic to the or
one. For this homeomorphism on a compact space, which can be viewed as a dynamical system defined by
many substitutions (or infinitely many letters), we estimate the asymptotics of the complexity function an
that the system is topologically weakly mixing. The question of metric weak mixing (already difficult in the
d = 2) seems however to require a more complete understanding of the divisibility properties of the gen
binomial coefficients.

Finally, in Section 6, using the result of de la Rue and Janvresse [3], we show that the adicsTd are loosely
Bernoulli.

2. Description of the systems

2.1. The graph construction

Let d ∈ N be fixed. Consider the infinite graph divided into levelsn = 0,1, . . ., with a root vertex labelled(0,0)

and with(d − 1)n + 1 vertices labelled(n, k) at each leveln for k = 0, . . . , (d − 1)n. From each vertex leaved
edges labelled 0 throughd − 1 connecting to the next level in such a way that for all finite paths going from(0,0)

to a given vertex(n, k) the sum of the labels of the edges is equal tok — see Fig. 1. Ford = 2 this is the Pasca
graph — see [15].

Let Xd be the space of infinite paths starting at the root and going down the graph, which we identify
space{0, . . . , d − 1}N via the labelling of the edges. We denote by(n, kn(x)) the vertex crossed by the pathx ∈ Xd

at leveln. We define a partial order onXd , writing x < y for x, y ∈ Xd wheneverx andy coincide below a certain

Fig. 1. Bratteli diagram in the cased = 4. The picture shows the pathx = 102. . . and the label of its vertex at level 3.
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leveln andxn < yn. Equivalently,x < y if there is ann such thatxn < yn, xi = yi for all i > n, andkn(x) = kn(y).
Let Xmax

d andXmin
d be respectively the sets of maximal and minimal paths. Thegeneralized Pascal adicis defined

by
{

Td :Xd \ Xmax
d → Xd \ Xmin

d ,

Td(x) = smallesty > x.

In order to determine the image ofx one has to look for the first appearance of a block of the typeij , where
1� i � d − 1 and 0� j < d − 1. Indeed, ifx = 0l ij . . . andj �= d − 1, we can always find an edge on the right
j and leading to the same vertex asj (giving therefore room for a successor). If there is no such occurrence
we are in the case of a maximal path, and we see a string of 0’s followed byi(d − 1)∞, where 0� i � d − 1. The
reverse situation happens for minimal paths; we therefore have:

Xmax
d = {

0l i(d − 1)∞ | l ∈ N, i = 0, . . . , d − 1
} ∪ {

0∞, (d − 1)∞
}
,

Xmin
d = {

(d − 1)li0∞ | l ∈ N, i = 0, . . . , d − 1
} ∪ {

0∞, (d − 1)∞
}
.

There is a way to extendTd as a bijection to the whole spaceXd by sending maximal paths to minimal ones:

Td0l i(d − 1)∞ = (d − 1)li0∞,

Td0∞ = 0∞,

Td(d − 1)∞ = (d − 1)∞.

The resulting extended transformation is not a homeomorphism onXd , but the discontinuities only occur at th
minimal and maximal paths. Furthermore, all but the two edge paths (0∞ and(d − 1)∞) have infinite orbits.

Remark 1. In [23,21] another generalized version of the Pascal adic is defined called then-dimensional Pasca
adic. Its graph lies on the multidimensional latticeNN and is (a priori) not related to the one described here.

2.2. Generalized binomial coefficients

A simple combinatorial argument shows that the number of finite paths from the root(0,0) to a vertex(n, k) is
equal to the coefficient ofxk in the polynomial(1+ x + x2 + · · · + xd−1)n:

(1+ x + x2 + · · · + xd−1)n =
(d−1)n∑

k=0

Cd(n, k) xk.

The coefficientsCd(n, k) can be obtained from the relations

Cd(n + 1, k) = Cd(n, k) + Cd(n, k − 1) + · · · + Cd(n, k − d + 1),

with the convention thatCd(n, k) = 0 if k > (d − 1)n or k < 0. In the cased = 2 we get the ordinary binomia
coefficients satisfying the well-known relationC2(n + 1, k) = C2(n, k) + C2(n, k − 1). The name “generalize
binomial coefficients” has various different definitions in the literature, but here it will refer only to theCd(n, k).
The Pascal-type triangle formed by theCd(n, k) is sometimes called ageneralized Pascal triangle of orderd [2,1];
we will refer to it as the∆d -Pascal triangle.



106 X. Méla / Ann. I. H. Poincaré – PR 42 (2006) 103–123

ents

ry
ne-
–Savage
, we use

r

Fig. 2. The picture showsT3(01210∗) = 20020∗.

Example 2.1.The∆3-Pascal triangle starts as follows:

1

1 1 1

1 2 + 3 +
=

2 1

1 3 6 7 6 3 1

1 4 10 16 19 16 10 4 1

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

One can writeCd(n, k) in terms of regular binomial coefficients or as a sum of multinomial coeffici
(see [1,2]):

Cd(n, k) =
[k/d]∑
i=0

(−1)i
(

n

i

)(
n − 1+ k − di

n − 1

)
=

∑ n!
(n − k1)!(k1 − k2)! . . . (kd−2 − kd−1)!kd−1! ,

where the summation is over all(k1, . . . , kd−1) such thatk1 + · · · + kd−1 = k andki � ki−1.

3. A one-parameter family of ergodic measures

As one would suspect, the invariant ergodic measures forTd are Bernoulli measures. However, not eve
Bernoulli measure is invariant for the adicTd ; for eachd the set of invariant Bernoulli measures forms a o
parameter family. The fact that each invariant Bernoulli measure is ergodic is a consequence of the Hewitt
0,1 law. To show the converse, which is that every invariant ergodic measure is in fact a Bernoulli measure
an argument of “isotropy”, giving at the same time a new proof for the cased = 2 of the Pascal adic.

Proposition 3.1.The set of Bernoulli measures invariant for the adicTd on {0, . . . , d −1}N forms a one-paramete
family{

µp(a) | a ∈ [0,1]},
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where the vectorp(a) ∈ [0,1]d−1 is eitherp(0) = (0, . . . ,0,1), or if a �= 0

p(a) =
(

a, ta,
t2
a

a
,

t3
a

a2
, . . . ,

td−1
a

ad−2

)
,

whereta is the unique solution in[0,1] to the equation

ad−1 − ad−2 + ad−3t + ad−4t2 + · · · + atd−2 + td−1 = 0.

Proof. Let’s start by examining the cased = 3. Denote by[a1a2 . . . ar ] the cylinder of all pathsx whose firstn
edges are labelleda1a2 . . . ar . Let p = (p0,p1,p2) with p0 + p1 + p2 = 1, and letµp be a Bernoulli measure o
{0,1,2}N such thatµp[i] = pi > 0 for i = 0,1,2. First note thatµp[20] = µp[11] is a necessary and sufficie
condition forµ to be invariant. Indeed, assume thatµp[20] = µp[11] holds and letC be a cylinder set. Since th
set of maximal paths has measure zero (it is countable), it follows thatC is a disjoint union up to measure zero
(non-maximal) cylinders of the form

C1 = [0i11], C2 = [0i10], C3 = [0i2j 21], C4 = [0i2j 20], C5 = [0i12j1], C6 = [0i12j 0],
wherei � 0 andj > 0. Then respectively

T C1 = [0i02], T C2 = [0i01], T C3 = [2j 10i2], T C4 = [2j 10i1],
T C5 = [2j 0i02], T C6 = [2j0i01].

Note thatµp(T Cl) = µp(Cl) is automatically satisfied forl = 2,3,6, and that forl = 1,4,5 the equality follows
from our hypothesis thatµp[20] = µp[11]. Hence ifµp[20] = µp[11] thenµp(T C) = µp(C) for any cylinder
setC. Thusµp is invariant under the action of the adicT3 if and only if the following relation holds:

p0p2 = p2
1.

Since in additionp0 + p1 + p2 = 1, we can solve forp1 andp2 in terms ofp0; lettingp0 = a, we get

p1 = [−a + √
a(4− 3a)

]
/2,

p2 = 1− a + [
a − √

a(4− 3a)
]
/2.

For the general case, letp = (p0,p1, . . . , pd−1) with p0 + p1 + · · · + pd−1 = 1, and letµp be a Bernoulli
measure on{0,1, . . . , d − 1}N such thatµp[i] = pi > 0 for i = 0,1, . . . , d − 1. Arguing as previously we se
that µp is invariant if and only ifpipj = µp[ij ] = µp[kl] = pkpl for all i, j, k, l ∈ {0,1, . . . , d − 1} such that
i + j = k + l. The previous condition impliesd(d − 1)/2 nontrivial relations onp0,p1, . . . , pd−1. Out of those
d(d − 1)/2 nontrivial relations onlyd − 2 of them are independent; these arep0pj = p1pj−1 for j = 2, . . . , d − 1
(the other ones follow from them). For simplicity we letp0 = a andp1 = t . For allj = 2, . . . , d − 1 we have

pj = p1

p0
pj−1 = t

a
pj−1.

We can therefore express eachpj as a function ofa andt :

p2 = t

a
p1 = t2

a
,

p3 = t

a
p2 = t3

a2
,

...

pd−2 = t

a
pd−3 = td−2

ad−3
,

pd−1 = t
pd−2 = td−1

d−2
.

a a
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Now, using thatp0 + p1 + · · · + pd−1 − 1= 0 we get

a + t + t2

a
+ t3

a2
+ · · · + td−1

ad−2
− 1 = 0.

Multiply by ad−2 on both sides to obtain

ad−1 − ad−2 + ad−2t + ad−3t2 + · · · + atd−2 + td−1 = 0.

To conclude thatp1,p2, . . . , pd−1 can all be expressed as a function ofp0 = a it remains to show that the previou
polynomial has a unique root in[0,1] for eacha ∈ (0,1]. This can be seen by using the intermediate value theo
let f (t) = ad−1 − ad−2 + ad−2t + ad−3t2 + · · · + atd−2 + td−1. Thenf (0) = ad−1 − ad−2 � 0 andf (1) =
ad−1 + ad−3 + ad−4 + · · · + a + 1 > 0, showing thatf has a root in[0,1]. This root is unique sincef is strictly
increasing on[0,1]: f ′(t) = (d − 1)td−2 + a(d − 2)td−3 + · · · + 2ad−3t + ad−2 > 0 for all t ∈ [0,1].

Finally observe that ifp0 = a = 0, the only “trivial” Bernoulli measure which is invariant isB(0, . . . ,0,1). �
Proposition 3.2. Let µp be a Bernoulli measure on{0, . . . , d − 1}N, wherep = (p0, . . . , pd−1). If µp is Td -
invariant, then it is ergodic.

Proof. Simply note that theσ -algebra of invariant sets for the adicTd is trivial by the Hewitt–Savage 0,1 Law.�
Definition 3.3.Let (n, k) be a vertex in the graph. We defineΛ(n, k) to be the number of finite paths from(0,0) to
(n, k). For every pathx ∈ X let Λ(xn) = Λ(n, kn(x)). For every cylinder setC ⊂ X and every pathx ∈ X define
Λ(C,xn) to be the number of paths inC which coincide withx after thenth level.

Lemma 3.4.Let µ be an invariant nonatomic ergodic Borel probability measure for the adicTd . Then for every
cylinder setC andµ-almost everyx ∈ X

µ(C) = lim
n→∞

Λ(C,xn)

Λ(xn)
. (3.1)

Proof. Note that sinceµ is nonatomic, minimal and maximal paths form a set of measure zero. For any
x ∈ Xd \ Xmin

d ∪ Xmax
d , let in(x) andjn(x) be the integers such thatT −in(x)x is the smallest path agreeing withx

after thenth level, andT jn(x)x is the greatest path which agrees withx after thenth level — see Fig. 3. Note tha
we have the relations

Λ(xn) = in(x) + jn(x)

and

Λ(C,xn) =
jn(x)∑

i=−in(x)

1C

(
T i

d x
)
.

The result follows from the Ergodic Theorem.�
Remark 2. If µ is invariant but not necessarily ergodic, then the limit in (3.1) is just the conditional expec
E(1C |I)(x), whereI is theσ -algebra ofTd -invariant sets.

The following lemma shows in particular that the invariant ergodic measures for the adicTd are invariant for the
(one-sided) shiftσ on {0, . . . , d − 1}N.
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Fig. 3.

Fig. 4.

Lemma 3.5.Let σjx = jx0x1 . . . , for j = 0, . . . , d − 1. If µ is invariant and ergodic for the adic, then for an
Borel setB

µ(B) = µ(σ0B) + · · · + µ(σd−1B) = µ(σ−1B).

Proof. Let C be a cylinder set. By Lemma 3.4, forµ-almost everyx we simultaneously have

µ(C) = lim
n→∞

Λ(C,xn)

Λ(xn)
,

µ(σjC) = lim
n→∞

Λ(σjC,xn)

Λ(xn)
for all j = 0, . . . , d − 1.

For everyj = 0, . . . , d − 1 let xj be the path whose vertexvj
n at leveln − 1 connects to(n, kn(x)) along the edge

labelledj , i.e. vj
n = (n − 1, kn(x) − j) — see Fig. 4. Every path inC which coincides withx after thenth level

must go through one of the verticesv
j
n ; therefore

Λ(C,xn) = Λ
(
C,x0

n

) + · · · + Λ
(
C,xd−1

n

)
. (3.2)

The following relation can be seen from the “isotropic” structure of the graph and is illustrated in Fig. 5:

Λ(σjC,xn) = Λ
(
C,x

j
n

)
, for all j = 0, . . . , d − 1. (3.3)
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Fig. 5. The number of paths inC which coincide withx after thenth level is exactly the number of finite paths inside the dashed rectangle
number of paths inσj C which coincide withxj after the(n + 1)’th level is exactly the number of finite paths inside the dot-dashed recta
Since these two rectangles have the same dimensions these numbers are equal.

Dividing (3.2) byΛ(xn) and then using (3.3) we get

Λ(C,xn)

Λ(xn)
= Λ(C,x0

n)

Λ(xn)
+ · · · + Λ(C,xd−1

n )

Λ(xn)
= Λ(σ0C,xn)

Λ(xn)
+ · · · + Λ(σd−1C,xn)

Λ(xn)
.

The result follows for cylinder sets after taking the limit whenn → ∞, and since cylinders generate theσ -
algebraBd the lemma is proved. �
Remark 3. The previous result remains true ifµ is not ergodic since the argument in the proof would yi
E(χC |I) = E(χσ0C |I) + · · · + E(χσd−1C |I) µ-a.e. (see Remark 2), and integrating we would get the same r

Theorem 3.6.The invariant ergodic measures for the adicTd are the nonatomic Bernoulli measures described
Proposition3.1, andB(1,0, . . . ,0) andB(0, . . . ,0,1), which are atomic.

Proof. Let µ be an invariant nonatomic ergodic probability measure. Ifµ[j ] = 0 for somej , thenµ[i] = 0 for
all i. Indeed, suppose that for somei �= j µ[i] > 0. Then, unlessµ only gives masses to maximal and minim
paths in[i], there has to exist ak ∈ Z such thatµ(T k[i] ∩ [j ]) > 0, which contradictsµ[j ] = 0. In the following
we assume thatµ[j ] > 0 for all j ∈ {0, . . . , d − 1}.

We first introduce some notation. For any cylinder setC andj, k ∈ {0, . . . , d − 1}, let Ck denote the cylinderC
extended by the edgek and letCjk be the cylinderC extended by the edgesjk; more precisely, ifC = [a1a2 . . . ar r]
thenCk = [a1a2 . . . ark] andCjk = [a1a2 . . . arjk]. To prove thatµ is a Bernoulli measure it is enough to sho
that there is a numberpk independent ofC such thatµ(Ck)/µ(C) = pk for all k ∈ {0, . . . , d − 1}. To show this we
establish the equality

µ(Ck) = µ(Cjk)

j
, j, k ∈ {0, . . . , d − 1}. (3.4)
µ(C) µ(C )



X. Méla / Ann. I. H. Poincaré – PR 42 (2006) 103–123 111

e

se
rgument

s

Then for any cylinder setC = [a1a2 . . . ar ] we have

µ(Ck)

µ(C)
= µ[a1a2 . . . ar−1]ar k

µ[a1a2 . . . ar−1]ar
= µ[a1a2 . . . ar−1]k

µ[a1a2 . . . ar−1] = · · · = µ[a1]k
µ[a1] . (3.5)

On the other hand, the invariance ofµ underTd implies that for allj, k, l ∈ {0, . . . , d − 1}
µ[j l] = µ[lj ] and µ[j lk] = µ[ljk],

and again using (3.4) we get

µ[j ]k
µ[j ] = µ[j ]lk

µ[j ]l = µ[j lk]
µ[j l] = µ[ljk]

µ[lj ] = µ[l]jk

µ[l]j = µ[l]k
µ[l] . (3.6)

Together (3.5) and (3.6) show thatµ(Ck)/µ(C) is independent of the cylinderC.
We now give a proof of the identity (3.4). By Lemma 3.4 we can find a set of full measureE such that for all

x ∈ E and allj, k ∈ {0, . . . , d − 1},
µ(Cjk)

µ(Ck)
= lim

n→∞
Λ(Cjk, xn)

Λ(Ck, xn)
and

µ(Ck)

µ(C)
= lim

n→∞
Λ(Ck, xn)

Λ(C,xn)
.

Again using the “isotropic” aspect of the graph (see Fig. 6) we have that

Λ(Ck, xn) = Λ
(
Cjk, (σj x)n+1

)
and (3.7)

Λ(C,xn) = Λ
(
Cj , (σjx)n+1

)
. (3.8)

If we divide (3.7) by (3.8), we get

Λ(Ck, xn)

Λ(C,xn)
= Λ(Cjk, (σj x)n+1)

Λ(Cj , (σj x)n+1)
.

Now choosingx ∈ E such thatσjx ∈ E and taking the limit asn → ∞ yields (3.4). (SinceE is a set of full
measure, ifµ(σjE) = 0 for somej ∈ {0, . . . , d − 1}, then by Lemma 3.5

1= µ(E) =
∑
k �=j

µ(σkE) �
∑
k �=j

µ[k] � 1.

This forcesµ[j ] = 0, which contradicts our assumption made in the beginning. Thereforeµ(E ∩ σjE) > 0 for
all j . It follows thatE ∩ σjE �= ∅ and hence there is ay ∈ E such thaty = σjx for somex ∈ E, proving that some
x ∈ E is such thatσjx ∈ E.) �

Remark 4. In the previous proof we showed thatµ(Ck)/µ(C) was independent ofC avoiding calculations on th
generalized binomial coefficients. On the other hand, letting(r, s) be the vertex at which the cylinderC ends (where
s = a1 + · · · + ar), we could have tried to show instead that limn→∞ Cd(n − r − 1, kn(x) − s − k)/Cd(n, kn(x))

(= limn→∞ Λ(Ck, xn)/Λ(C,xn) = µ(Ck)/µ(C)) is independent ofC. But if such calculations are easy in the ca
of ordinary binomial coefficients they seem very messy in the general case. Furthermore our geometric a
implies that these calculations are true; in particular, forC = [0r ] we have thatCd(n − r, kn(x))/Cd(n, kn(x))

converges topr
0 for almost everyx, which will be useful in Section 6.

3.1. The cutting and stacking equivalent

Start with the unit interval and cut it intod columns (subintervals in this case)I1
1 , I1

2 , . . . , I1
d of equal

width (step 1). At each stepn we cut every columnIn for i = 1, . . . , (d − 1)n + 1 into d equal subcolumn
i
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Fig. 6. The number of paths inCk which coincide withx after thenth level is exactly the number of finite paths inside the dashed recta
The number of paths inCjk which coincide withσj x after the(n + 1)’th level n + 1 is exactly the number of finite paths inside the dot-das
rectangle. Since these two rectangles have the same dimensions these numbers are equal.

Fig. 7. Cutting and stacking in the cased = 3.

In
i,1, I

n
i,2, . . . , I

n
i,d of equal width, then stackIn

i,j underIn
i+1,j−1 for i = 1, . . . , dn andj = 2, . . . , d . This produces

(d − 1)(n + 1) + 1 new columnsIn+1
1 , . . . , I n+1

(d−1)(n+1)+1. If we repeat indefinitely, the resulting mapT (which
maps every open interval of each stack to the one above it) is defined everywhere except at thed-adic rationals
(which correspond to the paths which are eventually diagonal in the graph construction). Denote bym Lebesgue
measure, and letB([0,1]) be theσ -algebra of Borel sets in[0,1]. ([0,1],B([0,1]),T ,m) is a measure-preservin
system which we will refer to as thegeneralized binomial transformation. See Fig. 7 for an illustration of th
cutting and stacking in the cased = 3.
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We can show that the generalized Pascal adic transformation equipped with theσ -algebraBd of Borel sets and
the Bernoulli measure with equal weights is isomorphic to the generalized binomial transformation:

Proposition 3.7.The systems([0,1],B([0,1]),T ,m) and(Xd,Bd , Td,µp) wherep = (1/d, . . . ,1/d) are isomor-
phic.

Proof. The isomorphism is given byψ : [0,1] \ {d-adic rationals} → X \ {y: x ∈ Xmin
d ∪ Xmax

d andy ∈ O(x)},
which at everyx with d-adic expansion

∑∞
i=1 xid

−i associatesψ(x) = x1x2 . . . . �
Remark 5. If we cut and stack with proportionsp0, . . . , pd−1 where(p0, . . . , pd−1) is a probability vector as
described in Proposition 3.1, which guaranties that the intervals that are being stacked one on top of the o
the same length, then Lebesgue measure carries to the Bernoulli measureB(p0, . . . , pd−1).

We now give a direct proof that the generalized binomial transformation is ergodic.

Proposition 3.8.The system([0,1],B([0,1]),T ,m) is ergodic.

First we need a standard result from probability, which can be found in [19, p. 85]

Lemma 3.9.Let Xn andYn be two independent stationary processes on([0,1],B([0,1]),m) with values in{0,1}
such that

∫
Xn dm = ∫

Yn dm. Then for almost every(x, y) in X × X there are infinitely manyn for which∑n
i=0 Xi(x) = ∑n

i=0 Yi(y).

Let I = [0,1] \ {d-adic rationals}. For anyx ∈ I , let In(x) be thed-adic interval of length 1/dn to which x

belongs. Let(x, y) ∈ I × I haved-adic expansions

x =
∞∑
i=1

xi

di
and y =

∞∑
i=1

yi

di
.

Then it is not difficult to prove by induction thatx andy belong to the samekth stack at stepn in the cutting and
stacking iffk = ∑n

i=1 xi = ∑n
i=1 yi . Lemma 3.9 implies that for a.e.(x, y) ∈ I × I there are infinitely manyn for

which In(x) andIn(y) belong to the same stack at leveln.
We will also need the following lemma which is a consequence of the Lebesgue density theorem and

proved using a martingale argument:

Lemma 3.10.LetA ⊆ [0,1] be a set of positive measure. Then for almost everyx ∈ A

lim
n→∞

m(A ∩ In(x))

m(In(x))
= 1.

Proof. Let Fn denote theσ -algebra generated by thed-adic intervals[k/dn, (k + 1)/dn), for 0 � k � n − 1.
ThenFn ↗ B([0,1]), andXn = E(IA | Fn) is anFn-martingale. By the martingale convergence theorem
for example [18]),Xn converges almost everywhere tom(A). Since for almost everyx ∈ A E(IA | Fn)(x) =
m(A ∩ In(x)), the result follows. �
Proof of the proposition. Let A be aT -invariant measurable set such that 0< m(A) < 1. Then, by Lemma 3.10
for almost everyx ∈ A and almost everyy ∈ Ac = X \ A
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lim
n→∞

m(A ∩ In(x))

m(In(x))
= 1, (3.9)

lim
n→∞

m(Ac ∩ In(y))

m(In(y))
= 1. (3.10)

On the other hand, for a.e.(x, y) ∈ I × I there is a sequenceni ↗ ∞ such thatIni
(x) andIni

(y) belong to the
same stack at levelni . Therefore, sinceA is T -invariant andIni

(x) maps ontoIni
(y) (under some iterate ofT ),

we have

m
(
A ∩ Ini

(x)
) = m

(
A ∩ Ini

(y)
)
.

This contradicts (3.9) and (3.10), som(A) = 0 or 1. �
3.2. A relationship betweenTd and the Pascal adicT2

Let X{11} be the subset ofX2 of all paths in the Pascal graph which do not go along the edge labelled 1 twic
row.X{11} can identified with the subshift of finite type of all infinite sequences not containing the block 11. D
by T{11} the Pascal adic onX{11}, that is, the map defined forx ∈ X{11} by T{11}x = smallesty ∈ X{11} greater
thanx. We haveT{11}0r (10)s100. . . = (10)s0r010. . . . In [21, Theorem 2.11] it was shown that the Pascal a
T{11} on the subshift of finite typeX{11} is isomorphic to the Pascal adicT = T2 on the space{0,1}N. Furthermore,
the preimage of a Bernoulli measureµp is the Markov measure with transition matrix[

p 1− p

1 0

]

and initial distributionP(0) = p andP(1) = 1− p. The Markov shift has the following graph representation:

0

p

1−p

1.
1

Let X{1d } be the subset ofX2 of all paths in the Pascal graph which do not go along the edge labelled
times in a row.X{1d } can be identified with the subshift of finite type consisting of all sequences of 0’s and 1
containingd 1’s in a row. Denote byT{1d } the Pascal adic on the subshiftX{1d }, i.e. the map defined forx ∈ X{1d }
by T{1d }x = smallesty ∈ X{1d } greater thanx. We generalize the previous statement by relatingT{1d } andTd as
follows:

Theorem 3.11.There is a continuous bijective mapψ from the generalized Pascal adicTd on Xd to the Pascal
adic T{1d } on the subshift of finite typeX{1d }. Furthermore,ψ commutes with the actions of the two adics, and
images of the Bernoulli measures are(d − 1)-step Markov measures.

Proof. Define a mapψ from Xd to X{1d } by the following block codes:

0→ 0

1→ 10

2→ 110
...

d − 1→ 1d−10.

It is easy to check thatψ is continuous and bijective. To show thatψ commutes with the actions of the two adic
i.e. Td ◦ ψ = ψ ◦ T{1d }, it is enough to check that for allx, y ∈ Xd if y > x thenψy > ψx. Settingx = x1x2 . . . ,
y = y1y2 . . . and assumingy > x, there exists ak � 1 such that
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• yk > xk ,
• xj = yj for all j > k,
• ∑k

i=1 xi = ∑k
i=1 yi .

Then

ψx = 1x101x20 . . .01xk 0 . . . = 1x10 . . . . . .0

xk︷ ︸︸ ︷
1 . . .10. . .

ψy = 1y101y20 . . .01yk 0 . . . = l1y10 . . .1 . . .1 . . .1︸ ︷︷ ︸
yk

0 . . .

Therefore, lettingl = (x1 + 1) + (x2 + 1) + · · · + (xk−1 + 1) be the index of the 0 preceding the string ofxk 1’s in
ψx, we have

• (ψy)l = 1> 0= (ψx)l ,
• (ψx)j = (ψy)j for all j > l,
• ∑l

i=1(ψx)i = ∑k
i=1 xi + k = ∑k

i=1 yi + k = ∑l
i=1(ψy)i ,

showing thatψy > ψx.
The fact that the image underψ of a Bernoulli measure is a(d − 1)-step Markov measure is straightforwa

since in order to determine the probability that thenth symbol is 0 or 1 depends only on knowing thed −1 previous
ones. �
Example 3.12.In the cased = 4, ψ is defined by

X4
ψ−→ X{1111}




0 → 0,

10 → 1,

110 → 2,

1110 → 3
and the subshift of finite typeX{1111}, with Markov transition probabilities corresponding toB(p0,p1,p2,p3)

onX4, has graph representation:

001

p2+p3
p1+p2+p3

p1
p1+p2+p3

011

p1
p2+p3

p2
p2+p3

000

p0

1−p0

101

p2+p3
p1+p2+p3

p1
p1+p2+p3

010

p0

1−p0

111

1

100

p0

1−p0

110

p0

1−p0
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4. Existence of eigenvalues

In this section we show that the generalized Pascal adics do not have any “rational” eigenvalue, i.e. no
numberλ = e2π ia/b, wherea andb are nonzero integers, can be an eigenvalue forTd . The existence of “irrational”
eigenvalues (λ2π iα , α /∈ Q) is still an open question.

First note that if a pathx is such thatxn+1xn+2 = 10, thenx comes back close to itself afterCd(n, kn(x)) steps,
more precisely:

Lemma 4.1.Letx ∈ Xd be path such thatxn+1xn+2 = 10. ThenT
Cd(n,kn(x))
d x andx coincide on the firstn edges.

Proof. Let r (resp.s) be the number of iterations ofTd (resp.T −1
d ) necessary to bring the pathx to coincide

with then first coordinates of the maximal (resp. minimal) path going through(n, kn(x)). Note thatr + s + 1 =
Cd(n, kn(x)). SinceTd(T r

d x) coincides with then first coordinates of the minimal path going through(n, kn(x)),
it follows thatT r+s+1

d x andx coincide on the firstn edges. �
This previous observation enables us to formulate a simple eigenvalue condition — cf. [16,8,13,22].

Proposition 4.2.If λ is an eigenvalue for the generalized Pascal adicTd , then for almost every pathx in Xd (with
respect to a Bernoulli measureB(p0, . . . , pd−1)) λCd(n,kn(x)) converges to1.

Proof. Let λ be an eigenvalue forTd andf be a corresponding measurable eigenfunction (f ◦ Td = λf ). For n

large, by Lusin’s Theorem we may assume thatf is continuous and almost constant on the cylinder sets determ
by finite paths from(0,0) to the vertices(n, k) for k = 0, . . . , (d − 1)n. For every pathx the set of pathsx′
very close tox such thatx′

n+1x
′
n+2 = 10 has positive measure, i.e.µp([x1 . . . xn10]) > 0. By Lemma 4.1, for all

x′ ∈ [x1 . . . xn10] T
Cd(n,kn(x))
d x′ andx′ coincide on the firstn edges. Therefore for almost everyx′ ∈ [x1 . . . xn10]

f (x′) � f (T
Cd(n,kn(x))
d x′) = λCd(n,kn(x))f (x′), so thatλCd(n,kn(x)) � 1. �

In the cased = 2 it is well known that the Pascal triangle modulo a prime number has a self-similar structu
In particular, a consequence of Lucas’s Theorem [14] is that for any prime numberq and any natural numbers the
binomial coefficientC(qs − 1, k) is not divisible byq for anyk = 0, . . . , qs − 1. Hence, in the Pascal triangle the
are infinitely many levels where all binomial coefficients are not divisible byq. If λ = e2π ia/b (gcd(a, b) = 1) is
an eigenvalue, thenλC(n,kn(x)) has to converge to 1 a.e., by Proposition 4.2. But ifq is a prime divisor ofb, this
is possible only ifC(n, kn(x)) is divisible byq for all n large enough. The existence of entire rows of binom
coefficients not divisible byq, forming “blocking lines”, prevent this from happening.

In the general case things are a little trickier. One has an analogue of Lucas’s Theorem for generalized
coefficients, unfortunately it does not imply the existence of “blocking lines”. For example, in the case
∆3-Pascal triangle modulo 2 it can be shown [1] that there are no such “blocking lines” — see Fig. 8. Ho
according to Proposition 4.2, in order to prove that a givenλ = e2π ia/b is not an eigenvalue, it is enough to sho
that the set of paths which hit infinitely many times vertices corresponding to nonzero coefficients moduloq (where
q is a prime factor ofb) has positive measure. This is what we will do.

First recall the Lucas type theorem for the generalized binomial coefficientsCd(n, k):

Theorem 4.3[1,2]. Letq be a prime number. Letn, k ∈ N be such that0� k � (d − 1)n. Then

Cd(n, k) =
∑ s∏

Cd(ni, ri) modq,
(r1,r2,...,rs ) i=0
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Fig. 8. The∆3-Pascal triangle modulo 2.

wheren = n0 + n1q + · · · + nsq
s , with 0 � ni < q, is theq-ary representation ofn, and the sum is taken over a

(r1, r2, . . . , rs) such that

• r1 + r2q + · · · + rsq
s = k,

• 0� ri � (d − 1)ni

if such a representation exists; otherwiseCd(n, k) = 0 modq.

Note that ford = 2 this is just Lucas’ Theorem [14]. It has the following immediate consequence:

Corollary 4.4 [2]. Letq be a prime number. Lets ∈ N. Then in the rown = qs of the generalized Pascal triang
of orderd , we have

Cd(n, k) =
{

1 modq if k = 0, qs,2qs, . . . , (d − 1)qs,

0 modq otherwise.

This corollary tells us that at each leveln = qs we see, moduloq, a row composed ofd 1’s each separated b
n − 1 0’s. The 1’s propagate from one level to the next forming diagonal lines (as shown in bold in Fig. 9) a
seed −1 similar adjacent triangles of 0’s. For example, in the cased = 3, we see two adjacent such triangles be
each leveln = qs — see Fig. 9. Recall that in this case the paths have the freedom to go straight, left, or righ
the graph. The 1’s in bold do not form a “hermetic barrier” playing a similar role as the “blocking lines” in the
d = 2. But we will show that with positive probability (independently ofn) paths are forced to hit one of those 1
This argument will be sufficient to show that there are no rational eigenvalues.

Proposition 4.5.Noλ = e2π ia/b, wherea andb are nonzero integers, can be an eigenvalue forTd .
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Fig. 9. Two adjacent triangles of 0’s with 1’s on the outside shown in the cased = 3 starting at leveln = 23.

Proof. Assume thatλ = e2π ia/b is an eigenvalue forTd , wherea andb are nonzero integers with gcd(a, b) = 1.
Let q be a prime number dividingb. By Proposition 4.2, for almost every pathx Cd(n, kn(x)) = 0 modq whenn

is large enough. We show that for set of positive measure of pathsx this situation cannot happen.
First we introduce some notation. Lets a positive integer, and setn = qs . Let {vn

1,j = (n, jn): j = 0, . . . , d −1}
be the set of vertices corresponding to thed 1’s at leveln. A part from the two 1’s on the edges atvn

1,0 and
vn

1,d−1, eachvn
1,j produces at the next level a 1 to its left (connected by the edge labelledd − 1) and a 1 to its

right (connected by the edge labelled 0); we get 2d − 2 1’s at that we denote byvn
2,j for j = 0, . . . ,2d − 1.

More precisely, forj = 0, . . . , d − 2 we havevn
2,2j = (n + 1, jn + (d − 1)) andvn

2,2j+1 = (n + 1, jn). Define
in a similar mannervn

4,j , vn
5,j , . . . , vn

in,j , where the recurrence relation isvn
i+1,2j = vn

i,2j + (1, d − 1) = (n +
1, jn + i(d − 1)) andvn

i+1,2j+1 = vn
i,2j+1 + (1,0) = (n + 1, jn), and wherein is the largest positive integer suc

n − 1− in(d − 1) > 0 (corresponding to the smallest possible spacing of 0’s between the 1’s at the same
The verticesvn

i,j correspond to the 1’s in bold forming the edges of the triangle of 0’s in Fig. 9. Forj = 0, . . . , d −1
let V n

j be the set of infinite paths that go through the vertexvn
1,j . Fork = 0, . . . , d − 1 let Wn

k be the set of infinite
paths going through some vertexw corresponding to a 0 and connected to a vertexvn

i,j by the edge labelledk. The
setWn

k is the set of all sequences going through one of the 0’s in bold in Fig. 9; note that there can be
have connections with several 1’s. For any givenn = qs , every infinite path in the space must either be inWn

k for
somek, or go through one of thevn

i,j for somei andj . HenceXd is the (nondisjoint) union ofV n
j andWn

k over
j, k = 0, . . . d − 1, and therefore:

d−1∑
j=0

µp

(
V n

j

) +
d−1∑
k=0

µp

(
Wn

k

)
� µp(Xd) = 1. (4.1)

Denote byCn the set of paths caught in a 1 just after going through a triangle of zeros below thenth level, i.e. the
set of paths which go through one of thevn

i,j for somei andj . Then, in particular, if a path inWn
k takes the edge

labelledk connecting to somevn
i,j it must be inCn. From this inclusion it follows that

µp(Cn) �
d−1∑
k=0

pkµp

(
Wn

k

)
. (4.2)

Since
∑d

i=1 µp(V n
i ) tends to 0 asn = qs goes to infinity, (4.1) and (4.2) imply that there has to exist a cons

c > 0 independent ofn such thatµp(Cn) �
∑d−1

k=0 pkµp(Wn
k ) � c. It follows that there is a set of paths of positi

measure that hit 1 infinitely many times, which concludes the proof.�

5. Topological model

Recall from Section 2.1 thatTd is not a homeomorphism on the whole space, since it has countably
discontinuities. A natural way to study the adic as a topological dynamical system is to consider only th
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Fig. 10. Triangle of the blocksBn,k ’s up to leveln = 4 (cased = 3).

which are not in the same orbit as a minimal or maximal path, and which therefore have a bi-infinite o
we code all these paths according to the partition determined by the first coordinate we get a system
“almost minimal”, and where the action of the adic is replaced by the action of the shift on the space of
infinite sequences on an alphabet withd letters. This viewpoint can be interpreted as the analogue of associa
substitution to a stationary adic (see [8]).

Let X′
d be the set of pathsx ∈ Xd such thatT i

d x is minimal or maximal for some integeri. Note thatX′
d is

countable and that every path inXd \ X′
d has a well defined orbit which is bi-infinite under the action ofTd . Let P

be the partition ofXd whose atoms are[j ] = {x ∈ Xd : x1 = j} for j = 0, . . . , d − 1 and letA = {a0, a1, . . . , ad−1}
be a finite alphabet. For everyx ∈ Xd \ X′

d we defineφ(x) = . . .ω−2ω−1ω0ω1ω2 . . ., whereωi = aj if T ix ∈ [j ].
Let Σd be the closure ofφ(Xd \ X′

d). It is not hard to describe all the sequences inΣd : they are all doubly infinite
sequences in{a0, a1, . . . , ad−1}Z for which any finite subblock can be found as a subblock of one of the wordsBn,k

defined as follows:

B1,0 = a0, B1,1 = a1, . . . , B1,d−1 = ad−1,

Bn+1,k = Bn,kBn,k−1 · · ·Bn,k−d+1 for n > 1 and 0� k � (d − 1)n,

(with the convention thatBn,k is the empty symbol for eachk < 0 or k > (d − 1)n).
The construction of the blocksBn,k ’s is similar to the construction of the∆d -Pascal triangles, the addition

simply replaced by the concatenation of symbols. We will refer to this construction as thetriangles of blocks. The
blocksBn,k , for 0� k � (d − 1)n, will be calledn-generation blocks. Note that wheneverm < n we can always
write Bn,k as the product ofm-generation blocks. We like to think of the blockBn,k as the “DNA” of the generalized
binomial coefficientsCd(n, k), because not only it contains the number itself but the actual history of creat
that number.

Let µp(a) be one of the Bernoulli measures described in Proposition 3.1, setνa = µp(a)φ
−1, and letσ be

the shift transformation on{a0, a1, . . . , ad−1}Z (σ(ω)i = ωi+1). The system(Σd,σ ) can be viewed ascountable
substitution dynamical system. The language associated withΣd is the set of all words which are subblocks o
Bn,k for some integersn andk; we will denote it byL(Σd). (In what follows we use the appellationblockor word
indifferently, as well assubblockandsubword.) Then

Proposition 5.1.φ is a measurable isomorphism between(Xd,Td,µp(a)) and(Σd,σ, νa).

Proof. One can easily check thatφ separates points, or, equivalently, thatP is a generating partition.�
The system(Σd,σ ) is a homeomorphism on a compact space. It has two fixed points,a∞

1 anda∞
d−1, and only

a countable set of sequences do not have dense orbits. For this system we study the complexity of the la
defines, and show that it is topologically weakly mixing (Σd × Σd topologically transitive).

Complexity. Let N be a positive integer. The complexity functionpd(N) is the number of words of lengthN (or
N -words) inL(Σd). We are interested in the asymptotic growth ofpd(N). In [16] it was shown that the Pasc
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adic transformation (or at least its topological model as presented here) has complexity asymptotic toN3/6. Here
we show that

Theorem 5.2.

o(N3) + N3

6
� pd(N) � (d − 1)

N3

6
+ o(N3).

Proof. We start counting theN -words of the language from the root of the triangle of blocks. We examine
many newN -words are created from one level to the next, one question being how far down do we need
until we have seen all theN -blocks. Recall that at each leveln there are(d −1)n+1 blocks. The(n+1)-generation
blocks are made of successive concatenations of adjacentn-generation blocks of thenth level and there are exact
(d − 1)n different concatenations performed. Observe that only the first and last lettersa0 and ad−1 can have
several successive occurrences, but that any other letterai is preceded and followed by a different letter. Callleft
diagonalsthe set of blocks corresponding to the set of vertices{(n, i): i = 0, . . . , d − 2 andn > i}; similarly, call
right diagonalsthe set of blocks corresponding to the set of vertices{(n, (d −1)n− i): i = 0, . . . , d −2 andn > i}.
For our counting we restrict our view to the triangle of blocks with these diagonals removed and explain la
their contribution is little. Note that in the truncated triangle every block starts with a power ofad−1 and ends
with a power ofa0, more precisely, at thenth level we see, in order from left to right (and this can be shown
induction), the follow list of blocks:

an−1
d−1 · · ·a0

an−2
d−1 · · ·a0 an−2

d−1 · · ·a0 . . . an−2
d−1 · · ·a0 an−2

d−1 · · ·a2
0 (d − 1) terms

an−3
d−1 · · ·a2

0 an−3
d−1 · · ·a2

0 . . . an−3
d−1 · · ·a2

0 an−3
d−1 · · ·a3

0 (d − 1) terms

. . .

a2
d−1 · · ·an−3

0 a2
d−1 · · ·an−3

0 . . . a2
d−1 · · ·an−3

0 a2
d−1 · · ·an−2

0 (d − 1) terms

ad−1 · · ·an−2
0 ad−1 · · ·an−2

0 . . . ad−1 · · ·an−2
0 ad−1 · · ·an−1

0 (d − 1) terms

(Note that the total number of terms in the list is 1+ (n − 2)(d − 1) which is exactly the total number of term
in the triangle at leveln, i.e. (d − 1)n + 1, minus the 2(d − 1) terms corresponding to the diagonals that w
removed.) Note also that when we writeak

d−1 · · ·an−k−1
0 we mean that the letter followingad−1 is notad−1 and

that the letter precedinga0 is nota0). To look for newN -words that were not subwords ofn-generation blocks we
must look at words overlapping two consecutive blocksW andW ′ in the above list. Write them as the product
(n−1)-generation blocks:W = A1 · · ·Ad andW ′ = A′

1 · · ·A′
d . Assume that the lengths of|Ad | and|A′

1| are greater
thanN , which is the case whenn >

√
2N + 1 and(d − 1) � k � (d − 1)n − 1 (sinceCd(n, k) � C2(n,2) > N ).

Then observe that any newN -word overlappingW andW ′ is a subword ofAdA′
1 and must contain a central bloc

ak
0an−k−1

d−1 otherwise it would have already appeared at some earlier level. In particular, since the length|ak
0an−k−1

d−1 |
of a central block isn − 1, this shows that allN -words are seen as subblocks at levelN + 2. It follows from
this discussion that there are exactlyN − n + 2 newN -word overlappingW andW ′, providedn >

√
2N and

2� k � 2n − 1. For the remaining pairs(n, k), including those in the left and right diagonals, one can easily s
using a coarse estimation that the proportion ofN -words occurring there is ao(N3). Now observe that there ar
n − 2 types of overlapping central blocks: the blocksak

0an−k−1
d−1 , for k = 1, . . . , n − 2. Each one is seend − 1

times. The present analysis does not enable us to decide whether two different appearances of a given cen
ak

0an−k−1
d−1 could produce the sameN -word, therefore we estimate that a newN -word can be seen up tod −1 times.

It follows that
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1

d − 1

N+1∑
n>

√
2N

(N − n + 2)
[
(d − 1)(n − 2)

] + o(N3) � pd(N)

�
N+1∑

n>
√

2N

(N − n + 2)
[
(d − 1)(n − 2)

] + o(N3),

which after simplification leads to the result we announced.�
Remark 6. It would be interesting to find more precise asymptotics or even an exact formula forP(N), but a
deeper understanding of the structure of the blocksBn,k is required.

Remark 7. Does the system(Σd,σd) satisfy arecognizabilityproperty (see [6] for the definition)? In particula
we conjecture that fork/n � α, there isδ > 0, such that forn large enough, ifW is anN -word (N = Cd(n, k)),
thend̄(Bn,k,W) < δ implies thatW = Bn,k . This is connected to the question of rank of the systems.

Topological weak mixing.It is well known that for minimal systems topological weak mixing is equivalent to
having any nonconstant continuous eigenfunctions. Here the system is not minimal, but as in [16] we ca
that(Σd,σ ) is topologically weakly mixing using a criterion from [12]. The proof is a straightforward adapt
of the one given in [16], and we therefore refer the reader to that previous paper for full details.

Keynes and Robertson’s result says that (under certain hypotheses) a system is topologically weakly m
one can show that for every bounded measurable eigenfunctionf such thatf ◦ T = λf everywhere, is constant on
its set of continuity points.

Theorem 5.3.(Σd,σ ) is topologically weakly mixing.

Proof. The outline of the proof is as follows:

(i) We know already from Proposition 4.5 that there are no rational eigenvalues, so letλ = e2π iα with α /∈ Q be
an eigenvalue associated to some bounded measurable functionf whose points of continuity is a residual s

(ii) Show that every pointω ∈ Σd which has a dense forward orbit and a dense backward orbit is also a po
continuity off .

(iii) Use Weyl’s criterion on uniform distribution (in particular implying that{Cd(n, k)α: n � 1} is dense modulo
1) to produce a pointω ∈ Σd with a dense forward and backward orbit and a sequence of integersNk → ∞
such thatλNk → −1 andσNk (ω) → ω.

(iv) Conclude that the equalityf ◦ σ = λf together with the previous facts give a contradiction. Thereforeλ = 1
and by topological ergodicityf is constant on its set of continuity points.�

6. The loosely Bernoulli property

The notion of loosely Bernoulli was introduced by Feldman [4] in the context of Kakutani equivalenc
also [9–11]). Examples of zero entropy transformations which are loosely Bernoulli include irrational rot
ergodic interval exchange transformations, and the horocycle flow. For further details see Ornstein, Rud
Weiss [17,5]. In this section we use the ideas and results of de la Rue and Janvresse [3] to show that the
(Xd,Bd,µp(a), Td) are loosely Bernoulli.
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First we recall the definition of thēf distance which Feldman (and Katok independently) used to defin
notion of loosely Bernoulli. Given two wordsw andw′ in {0,1, . . . , d − 1}l ,

f̄ (w,w′) = 1− s

l
,

wheres is the largest integer for which we can findi1 < i2 < · · · < is andj1 < j2 < · · · < js such thatwik = w′
jk

for 1� k � s. (For example:f̄ (101010,010101) = 1/6.)
In the following assume that(X,A,µ,T ) is an invertible measure-preserving system with zero entr

Given a partitionP = {P0,P1, . . . ,Pd−1} of X andx ∈ X, we callP -l-name ofx, denoted byPl(x), the word
ω0ω1 . . .ωl−1, whereωi = j if T ix ∈ Pj .

Definition 6.1. The system(X,A,µ,T ) is loosely Bernoulli if for every finite partitionP and everyε > 0 there
is an integerL such that for alll > L we can find a setE ∈ A with µ(E) > 1 − ε such that for allx, y ∈ E,
f̄ (Pl(x),Pl(y)) < ε.

If the previous statement holds for a generating partitionP then it holds for any partition.
The following result, which does not assume ergodicity, provides a simplification of the previous definiti

Lemma 6.2(de la Rue and Janvresse [3]). If P is a generating partition, and for allε > 0 andµ ⊗ µ a.e.(x, y) ∈
X × X there is an integerl such thatf̄ (Pl(x),Pl(y)) < ε, then(X,A,µ,T ) is loosely Bernoulli.

Using the previous lemma, it is not difficult to see that our systems(Xd,Bd,µp(a), Td) are loosely Bernoulli. Le
P be the partition defined by the first coordinate as in Section 5. SinceP is a generating partition (Proposition 5.1
it is enough to check the statement of Lemma 6.2 forP . The idea is the following: If two pathsx, y ∈ Xd cross
at some vertex(n, k) it means that each of theirP -names begins with a suffix of the blockBn,k . But say they
also crossed at the vertex(n − 1, k) (so that they follow the same edge labelled 0 from leveln − 1 to leveln).
Then, sinceBn,k = Bn−1,kBn−1,k−1 · · ·Bn−1,k−d+1, it means that theP -l-names (wherel = |Bn,k|) of x andy

both actually start somewhere inBn−1,k and hence thef̄ distance between them is not too large. Now supp
that x andy actually crossed at some vertex(n − r, k) and coincided up to(n, k); for a good choice ofr large
enough, this would mean that thePl-names ofx andy start in the sameBn−r,j in the decomposition ofBn,k into
(n − r)-generation blocks, which would imply that thēf (Pl(x),Pl(y)) is small. If we can show that this situatio
is actually generic, then Lemma 6.2 implies loosely Bernoulli. We now turn to the formal proof which begin
a simple lemma which is an exercise in probability:

Lemma 6.3 (see also [3]). Let Xn and Yn be two independent i.i.d.(Bernoulli) processes on the probabilit
space(Ω,F ,P ) with initial law P(X0 = j) = P(Y0 = j) = pj , for j = 0, . . . , d − 1 (for all j , pj > 0 and∑d−1

j=0 pj = 1). SetSn = ∑n
i=1 Xi , Rn = ∑n

i=1 Yi , and letr ∈ N be given. Then almost surely there are infinit
manyn such thatSn = Rn andXn−j = Yn−j = 0 for j = 1, . . . , r .

In our context (Ω = Xd , Xn(x) = xn, Yn(y) = yn) the previous lemma implies that forµ ⊗ µ a.e.(x, y) ∈
Xd × Xd , x andy cross infinitely often while joining along the edge labelled 0r times in row.

Theorem 6.4.(Xd,Bd ,µp(a), Td) is loosely Bernoulli.

Proof. Let ε > 0 be given. Chooser so thatpr
0 < ε/2. By Lemma 6.3, forµ⊗µ a.e.(x, y) ∈ Xd ×Xd we can find

arbitrarily largen for which(n, kn(x)) = (n, kn(y)) andxn−j = yn−j = 0 for j = 1, . . . , r . Letn be an integer suc
that the previous statement holds and large enough so thatCd(n − r, kn(x))/Cd(n, kn(x)) � pr

0 (this is possible
sinceCd(n− r, kn(x))/Cd(n, kn(x)) tends toµp(a)[0r ] = pr by ergodicity (see Remark 4) — a direct computat
0
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seems difficult). Letl = Cd(n, k) and observe that theP -l-names ofx andy share a common word of leng
l − 2Cd(n − r, k) (see the preliminary discussion). Hencef̄ (Pl(x),Pl(y)) � 2Cd(n − r, k)/Cd(n, k) < ε. �
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