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ABSTRACT. – In this article we investigate a class of non-autonomous, semilinear, stoc
partial differential equations defined on a smooth, bounded, convex domain ofR

d and driven by
an infinite-dimensional noise; this noise is colored relative to the space variable and white r
to the time variable. Under an appropriate integrability condition regarding the cova
operator of the associated Wiener process, we introduce three notions of solution for th
prove their indistinguishability. We then prove the existence, the uniqueness and the po
boundedness of the moments, along with the spatial Sobolev regularity and the joint spa
Hölder regularity of such solutions. Moreover, we show how to weaken some require
regarding the covariance operator in order to generalize the notions we alluded to ab
introducing a fourth type of solution, whose existence and regularity properties we also a
in detail. Our results represent a preliminary step toward the analysis of the support a
smoothness properties of the corresponding laws.
 2003 Éditions scientifiques et médicales Elsevier SAS

Keywords:Equivalence of solutions; Hölder–Sobolev regularity

RÉSUMÉ. – Dans cet article nous analysons une classe d’équations aux dérivées pa
stochastiques semilinéaires non-autonomes définies dans un ouvert borné convexe à
lisse de l’espace euclidien en dimension quelconque. Ces équations sont dirigées par un
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dimension infinie, coloré relativement à la variable spatiale et blanc relativement à la va
temporelle. Sous une condition d’intégrabilité adéquate concernant l’opérateur de cov
du processus de Wiener correspondant, nous introduisons trois notions de solution p
équations et nous prouvons leur indiscernabilité. Nous prouvons ensuite l’existence, l’
et la bornitude des moments de ces solutions, ainsi que leur régularité höldérienne
temporelle conjointe et leur régularité Sobolev relativement à la variable spatiale. Nous mo
également comment affaiblir la condition d’intégrabilité imposée à l’opérateur de covarian
de pouvoir généraliser les notions auxquelles nous avons fait allusion ci-dessus en intro
une quatrième notion de solution, dont nous étudions également l’existence et la régular
résultats constituent un premier pas vers l’analyse des propriétés de support et de régul
lois correspondantes.
 2003 Éditions scientifiques et médicales Elsevier SAS

Mots Clés :Equivalence des solutions ; Régularité Hölder–Sobolev

1. Introduction and outline

Solutions to certain stochastic partial differential equations may be consider
random variables taking their values in a suitable functional space. As such, the
are identified with probability measures on that space and it thus becomes nat
investigate the support and the smoothness properties of these laws. Recently
works have been devoted to these questions both in the hyperbolic and in the pa
case, particularly when the solutions are jointly space-time Hölder continuous
for instance, [3,37,40,41]). In this case, the functional space in question is typic
Banach space of Hölder continuous functions defined on some part of Euclidean
In the works mentioned above, the deterministic part of the equations is autono
moreover, the driving noise is either white relative to both the space – and the
variable, or colored relative to the space variable and white relative to the time va
in addition, the space variable may vary over the entire Euclidean spaceR

d , which makes
tools from Fourier analysis readily applicable to investigate existence and regu
questions as these relate to the spatial correlations of the noise. One notable ex
to this is the paper [3], in which the authors prove a support theorem in a Ba
space of Hölder continuous functions for the law of the solution to a one-dimens
autonomous, semilinear, initial-Neumann boundary value problem driven by a s
time white noise and defined on aboundedinterval. In this case, the authors’ analy
relies heavily on the existence of the corresponding parabolic Green’s function a
very refined estimates for it.

In this article we investigate the indistinguishability and the joint space-time H
continuity properties of solutions to a class of non autonomous, semilinear, stoc
partial differential equations as a preliminary step toward the analysis of the suppo
the smoothness properties of their laws, this analysis being deferred to a separa
lication. As we shall see, the complication in this case will stem from the fact tha
equations are non-autonomous, defined on a bounded domain ofR

d whered is arbitrary,
and from the fact that there are a number ofa priori non-equivalent possibilities to defin
a notion of solution for them as is the case for deterministic partial differential equa
We can define the class of problems we shall investigate in the following way (her
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below, we use the standard notations for the usual Banach spaces of differentiabl
tions, of Hölder continuous functions and of Lebesgue integrable functions defined
gions of Euclidean space): ford ∈ N

+ letD ⊂ R
d be open, bounded, convex and assu

that the boundary∂D is of classC2+α for someα ∈ (0,1) (see, for instance, [17,18,3
47] for a definition of this and related concepts). LetC be a linear, self-adjoint, positive
non-degenerate trace-class operator inL2(D); this implies thatC is an integral transform
whose generating kernel we denote byκ . In the sequel we write(ej )j∈N+ for an ortho-
normal basis ofL2(D) consisting of eigenfunctions of the operatorC and(λj )j∈N+ for
the sequence of the corresponding eigenvalues. Let(W(., t))t∈R

+
0

be anL2(D)-valued
Wiener process defined on a complete stochastic basis(�,F, (Ft )t∈R

+
0
,P), starting at

the origin and having the covariance operatortC. Recall that this means(W(., t))t∈R
+
0

has independent Gaussian incrementsW(., s + t)−W(., t) of average zero and covar
ance operatorsC for all s, t ∈ R

+
0 , as well as continuous trajectories almost surely. Mo

over, writing(., .)2 for the usual scalar product inL2(D) we have

E
((
W(., s), v

)
2

(
W(., t), v̂

)
2

)= (s ∧ t)(Cv, v̂)2

= (s ∧ t)

∫
D×D

dx dy κ(x, y)v(x)v̂(y) (1)

for all s, t ∈ R
+
0 and allv, v̂ ∈ L2(D); we also assume that(W(., t))t∈R

+
0

is (Ft )t∈R
+
0
-

adapted and that the incrementsW(., s + t)−W(., t) areF t -independent for eachs, t ∈
R

+
0 . Finally, there is another important property of the Wiener process(W(., t))t∈R

+
0

that
we shall invoke below, namely, its Fourier decomposition

W(., t)=
+∞∑
j=1

λ
1/2
j ej (.)Bj (t) (2)

in L2(D)where((Bj (t))t∈R
+
0
)j∈N+ denotes a sequence of one-dimensional, indepen

standard Brownian motions (see, for instance, [14]).
Let T ∈ R

+ and let us consider the following class of real, parabolic, Itô init
boundary value problems:

du(x, t)= (
div
(
k(x, t)∇u(x, t))+ g

(
u(x, t)

))
dt + h

(
u(x, t)

)
W(x, dt),

(x, t) ∈D × (0, T ],
u(x,0) = ϕ(x), x ∈D,

∂u(x, t)

∂n(k)
= 0, (x, t) ∈ ∂D × (0, T ]. (3)

In the preceding equations, the functionk is matrix-valued and the last relation stan
for the conormal derivative ofu relative tok; moreover, we denote byn the unit outer
normal vector to∂D and we assume that the functionsk andn satisfy the following
hypothesis.

(K) The entries ofk satisfy the symmetry relationki,j (.) = kj,i(.) for every i, j ∈
{1, . . . , d}. Moreover, there exists a constantβ ∈ (1

2,1] such thatki,j ∈ Cα,β(D×
[0, T ]) for eachi, j and, in addition, we haveki,j,xl := ∂ki,j

∂x
∈ Cα,α/2(D × [0, T ])
l



706 M. SANZ-SOLÉ, P.-A. VUILLERMOT / Ann. I. H. Poincaré – PR 39 (2003) 703–742

alar

on

ndary
space
to

tely

vant
ale of
tions;
ed over
amics
nces).
them
tly
aining
main
, after
hile
the

hose
having
ties of
edness
s the
most

shows
brings
eneral
ction
ents

rity
kened
d

ns
for each i, j, l; furthermore, there exists a positive constantk such that the
inequalityk|a|2 � (k(x, t)a, a)Rd holds for alla ∈ R

d and all(x, t) ∈D×[0, T ],
where |.| and (., .)Rd denote the Euclidean norm and the Euclidean sc
product in R

d , respectively. Finally, we have(x, t) �→ ∑d
i=1 ki,j (x, t)ni(x) ∈

C1+α, 1+α
2 (∂D × [0, T ]) for each j and the conormal vector-field(x, t) �→

n(k)(x, t) := k(x, t)n is outward pointing, nowhere tangent to∂D for every
t ∈ [0, T ].

Regarding the drift-nonlinearityg, the noise-nonlinearityh and the initial conditionϕ
we have the following hypotheses, respectively:

(L) The functionsg,h :R �→ R are Lipschitz continuous.
(I) We haveϕ ∈ C2+α(D ); moreover,ϕ satisfies the conormal boundary conditi

relative tok.
Relations (3) define a class of non-autonomous, semilinear, stochastic initial-bou

value problems driven by an infinite-dimensional noise which depends on both the
variablex and the time variablet . By virtue of (1), this noise is colored with respect
x and white with respect tot , all properties of its spatial correlations being comple
encoded in the generating kernelκ .

Problems of the form (3) that involve a spatially colored noise are quite rele
to the mathematical analysis of a variety of physical processes in which the sc
the spatial correlations of the noise is much larger than that of its time correla
particular cases of them as well as their deterministic counterparts have been us
the years to model, for instance, certain migration phenomena in population dyn
and population genetics (see, for instance, [4,5,9–11,23,49] and their refere
Furthermore, there are many possible ways to define a notion of solution for
and it is nota priori evident to know which notions lead to indistinguishable, join
space-time Hölder continuous processes. Accordingly, we shall organize the rem
part of this article in the following way: in Section 2, we state and discuss our
results concerning indistinguishability, existence, uniqueness and Hölder regularity
having introduced four notions of solution; two of these are variational notions w
the third and fourth one involve a family of evolution operators defined through
deterministic, parabolic Green’s function associated with the principal part of (3), w
existence and regularity properties are ensured by hypotheses (K) and (I); after
proved the equivalence of the first three notions in Section 3, we use the proper
the Green’s function to prove the existence, the uniqueness, the pointwise bound
of the moments and the joint space-time Hölder continuity of such solutions, a
fundamental heat kernel estimates for the Green’s function turn out to be the
appropriate tools that allow us to do so. Our proof of these properties also
that those solutions exhibit Sobolev regularity in the space variable, and in fact
about the equivalence between two theories hitherto unrelated for models as g
as (3), namely, the variational theory developed in [30,42] and the Green’s fun
theory initiated in [50]. In Section 3, we also show how to weaken some requirem
concerning the covariance operatorC in order to prove the existence and the regula
of a solution of the fourth type, and establish an analogy between those wea
requirements and the so-calledspectral measure conditionsthat have been introduce
recently to analyze some classes ofautonomousstochastic partial differential equatio
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defined on the whole ofRd (see, for instance, [12,25,33,44,46] and their referenc
Finally, we refer the reader to [45] for a short announcement of the above and r
results, and to [29,35,36,39] and their references for other recent results about ex
uniqueness and regularity proved by completely different methods.

2. Statement and discussion of the main results

In the remaining part of this article we write‖.‖s for Ls(D)-norms,‖.‖1,2 for the
norm in the usual Sobolev spaceH 1(D) of functions onD andC([0, T ];L2(D)) for the
space of all continuous mappings from the interval[0, T ] into L2(D) endowed with
the uniform topology. We writec for all irrelevant, positive constants that occur
the various estimates unless we specify the constants otherwise. The first not
introduce is that of a variational solution tested with functions that depend on
the space variable. In addition to (K), (L) and (I) above, this requires the follo
hypothesis regarding the basis(ej )j∈N+ and the eigenvalues(λj )j∈N+ of the operatorC:

(C) We haveej ∈ L∞(D) for eachj and

+∞∑
j=1

λj‖ej‖2
∞ <+∞. (4)

Since we can rewrite the eigenvalue equationCej = λjej as

ej (x)= 1

λj

∫
D

dy κ(x, y)ej (y)

for almost everyx ∈ D, and since‖ej‖2 = 1 for eachj , we can easily infer from
the preceding relation and from Schwarz inequality thatej ∈ L∞(D) for eachj if we
impose, for instance, the integrability condition

x �→
∫
D

dy
∣∣κ(x, y)∣∣2 ∈L∞(D).

In this context, we remark that hypothesis (C) defines a restricted set of trace
covariance operators since condition (4) implies

∑+∞
j=1λj := TrC < +∞ by virtue of

the existence of the continuous embeddingL∞(D)→ L2(D).

DEFINITION 1. –We say that theL2(D)-valued random field(u1
ϕ(., t))t∈[0,T ] defined

on (�,F, (Ft )t∈[0,T ],P) is a variational solution of the first kindto problem(3) if the
following conditions hold:

(1) (u1
ϕ(., t))t∈[0,T ] is progressively measurable on[0, T ] ×�.

(2) We haveu1
ϕ ∈ L2((0, T ) × �;H 1(D)) ∩ L2(�;C([0, T ];L2(D))) and conse-

quently

E

T∫
dτ
∥∥u1

ϕ(., τ )
∥∥2

1,2 = E

T∫
dτ
(∥∥u1

ϕ(., τ )
∥∥2

2 + ∥∥∇u1
ϕ(., τ )

∥∥2
2

)
<+∞ (5)
0 0
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t∈[0,T ]

∥∥u1
ϕ(., t)

∥∥2
2 <+∞. (6)

(3) The integral relation

∫
D

dx v(x)u1
ϕ(x, t)=

∫
D

dx v(x)ϕ(x)−
t∫

0

dτ

∫
D

dx
(∇v(x), k(x, τ)∇u1

ϕ(x, τ)
)

Rd

+
t∫

0

dτ

∫
D

dx v(x)g
(
u1
ϕ(x, τ)

)

+
t∫

0

∫
D

dx v(x)h
(
u1
ϕ(x, τ)

)
W(x, dτ) (7)

holds a.s. for everyv ∈H 1(D) and everyt ∈ [0, T ], where we have defined the stocha
integral by

t∫
0

∫
D

dx v(x)h
(
u1
ϕ(x, τ)

)
W(x, dτ) :=

+∞∑
j=1

λ
1/2
j

t∫
0

(
v,h

(
u1
ϕ(., τ )

)
ej
)

2Bj(dτ).

From the preceding definition and from the above hypotheses, we easily infe
each term in Eq. (7) is well defined and finite a.s.; in particular, our definition o
stochastic integral with respect to(W(., t))t∈R

+
0

as an infinite sum of one-dimension
independent Itô integrals is based on the Fourier decomposition (2) and represent
valued, square integrable random variable. In order to see this we invoke succe
the isometry property of Itô’s integral, Schwarz inequality, Hölder’s inequality betw
L1(D) andL∞(D) along with hypothesis (L) to obtain

E

∣∣∣∣∣
+∞∑
j=1

λ
1/2
j

t∫
0

(
v,h

(
u1
ϕ(., τ )

)
ej
)

2Bj(dτ)

∣∣∣∣∣
2

� ‖v‖2
2

+∞∑
j=1

λjE

t∫
0

dτ

∫
D

dx
∣∣h(u1

ϕ(x, τ)
)∣∣2∣∣ej (x)∣∣2

� c‖v‖2
2

( +∞∑
j=1

λj‖ej‖2
∞

)(
1+ sup

t∈[0,T ]
E
∥∥u1

ϕ(., t)
∥∥2

2

)
<+∞ (8)

as a consequence of hypothesis (C) and relation (6).
Variational solutions such asu1

ϕ have been used in a number of situations (see
instance, [4,9–11]) and the proof of their existence and their uniqueness for pro
such as (3) can be traced to rather standard monotonicity and compactness arg
[30,42,43]. Relation (7), however, does not seem to be suitable for the investigat
the joint Hölder continuity properties ofu1

ϕ as it only defines this random field implicitl
A preliminary step toward getting an explicit relation for variational solutions in te
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of the Green’s function associated with the principal part of (3) can consist in te
them with functions that depend onboth the space and the time variable. For ev
t ∈ (0, T ], let us writeH 1(D × (0, t)) for the Sobolev space of all real-valued functio
v ∈ L2(D × (0, t)) that possess distributional derivativesvxj ∈L2(D × (0, t)) for every
j ∈ {1, . . . , d}, along with a distributional time-derivativevτ ∈L2(D×(0, t)). We denote
the norm ofH 1(D × (0, t)) by

‖v‖2
1,2,t =

∫
D×(0,t )

dx dτ
∣∣v(x, τ)∣∣2 +

d∑
j=1

∫
D×(0,t )

dx dτ
∣∣vxj (x, τ )∣∣2

+
∫

D×(0,t )
dx dτ

∣∣vτ (x, τ)∣∣2. (9)

The following definition requires exactly the same four hypotheses as above.

DEFINITION 2. –We say that theL2(D)-valued random field(u2
ϕ(., t))t∈[0,T ] defined

on (�,F, (Ft )t∈[0,T ],P) is avariational solution of the second kindto problem(3) if the
first two conditions of Definition1 hold, and if the integral relation

∫
D

dx v(x, t)u2
ϕ(x, t)=

∫
D

dx v(x,0)ϕ(x)+
t∫

0

dτ

∫
D

dx vτ (x, τ)u
2
ϕ(x, τ)

−
t∫

0

dτ

∫
D

dx
(∇v(x, τ), k(x, τ)∇u2

ϕ(x, τ)
)

Rd

+
t∫

0

dτ

∫
D

dx v(x, τ)g
(
u2
ϕ(x, τ)

)

+
t∫

0

∫
D

dx v(x, τ)h
(
u2
ϕ(x, τ)

)
W(x, dτ) (10)

holds a.s. for everyv ∈H 1(D× (0, t)) and everyt ∈ [0, T ], wherex �→ v(x,0) ∈L2(D)

andx �→ v(x, t) ∈ L2(D) denote the Sobolev traces ofv onD andD × {τ ∈ R: τ = t},
respectively, and where we have defined the stochastic integral as in Definition1.

Again, we see that every term in Eq. (10) is well defined and finite a.s., and th
structure of (10) is identical to that of (7) up to the appearance of the term that inv
the partial derivativevτ .

It turns out that these two notions of solution are equivalent, which, together
the remark following (8), immediately implies the existence and the uniqueness
variational solution of the second kind to (3); more precisely we have the follo
result whose complete proof we give in Section 3.

THEOREM 1. –Assume that the above hypotheses hold; then, anL2(D)-valued
random field is a variational solution of the first kind to(3) if, and only if, it is a
variational solution of the second kind; in fact, there exists a unique variational soluti
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of the second kind to(3) and we haveu1
ϕ(., t) = u2

ϕ(., t) a.s. as equalities inL2(D) for
everyt ∈ [0, T ].

We can actually prove Theorem 1 under much weaker conditions concernin
regularity of k and ϕ, but we shall refrain from doing so in view of the fact th
hypotheses (K) and (I) are crucial regarding the formulation of the variational solu
in terms of the Green’s functionG associated with the principal part of (3). Recall t
under hypotheses (K) and (I), the functionG :D×[0, T ]×D×[0, T ]\{s, t ∈ [0, T ]: s �
t} �→ R is continuous, twice continuously differentiable inx, once continuously
differentiable int and satisfies the fundamental heat kernel estimates

∣∣∂µx ∂νt G(x, t;y, s)∣∣ � c(t − s)−
d+|µ|+2ν

2 exp
[
−c |x − y|2

t − s

]
(11)

whereµ = (µ1, . . . ,µd) ∈ N
d , ν ∈ N and |µ| + 2ν � 2 with |µ| = ∑d

j=1µj (see,
for instance, [17]). This allows us to define the following notion of mild solution
problem (3).

DEFINITION 3. –We say that theL2(D)-valued random field(u3
ϕ(., t))t∈[0,T ] defined

on (�,F, (Ft )t∈[0,T ],P) is a mild solution to problem(3) if the first two conditions o
Definition1 hold, and if the relation

u3
ϕ(., t)=

∫
D

dy G(., t;y,0)ϕ(y)+
t∫

0

dτ

∫
D

dy G(., t;y, τ)g(u3
ϕ(y, τ)

)

+
t∫

0

∫
D

dy G(., t;y, τ)h(u3
ϕ(y, τ)

)
W(y, dτ) (12)

holds a.s. for everyt ∈ [0, T ] as an equality inL2(D), where for t = 0 we have∫
D dy G(.,0;y,0)ϕ(y) := lim t↘0

∫
D dy G(., t;y,0)ϕ(y) = ϕ(.) and where we hav

defined the stochastic integral as above.

The proof that each term on the right-hand side of (12) defines anL2(D)-valued
function a.s. is complicated by the existence of the singularity on the time-diago
G; for the first term the statement follows from the fact thatϕ is bounded and from (11
for µ = ν = 0, since the right-hand side of (11) then extends to a Gaussian meas
R
d , a fact that we shall use often in the sequel and refer to as the Gaussian prop

G. For the remaining part of the argument we restrict ourselves to the analysis
stochastic term; owing to the isometry property of Itô’s integral, hypotheses (C), (L
the Gaussian property we just alluded to, we first have

E

∣∣∣∣∣
+∞∑
j=1

λ
1/2
j

t∫
0

(
G(x, t; ., τ ), h(u3

ϕ(., τ )
)
ej
)

2Bj(dτ)

∣∣∣∣∣
2

�
( +∞∑

j=1

λj‖ej‖2
∞

)
E

t∫
dτ

(∫
dy
∣∣G(x, t;y, τ)h(u3

ϕ(y, τ)
)∣∣)2
0 D
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� cE

(
1+

t∫
0

dτ

(∫
D

dy
∣∣G(x, t;y, τ)∣∣∣∣u3

ϕ(y, τ)
∣∣)2
)

� cE

(
1+

t∫
0

dτ

∫
D

dy
∣∣G(x, t;y, τ)∣∣∣∣u3

ϕ(y, τ)
∣∣2) (13)

for every x ∈ D, where we obtained the very last estimate by applying Sch
inequality relative to the finite measuredy |G(x, t;y, τ)| on D in order to control the
singularity ofG. We then integrate both sides of (13) with respect tox; through repeate
applications of Fubini’s theorem and by using the Gaussian property once again
with (6) we obtain

E

∫
D

dx

∣∣∣∣∣
+∞∑
j=1

λ
1/2
j

t∫
0

(
G(x, t; ., τ ), h(u3

ϕ(., τ )
)
ej
)

2Bj(dτ)

∣∣∣∣∣
2

� c
(
1+ sup

τ∈[0,T ]
E
∥∥u3

ϕ(., τ )
∥∥2

2

)
<+∞,

which proves thatx �→ ∑+∞
j=1λ

1/2
j

∫ t
0(G(x, t; ., τ ), h(u3

ϕ(., τ ))ej )2Bj(dτ) ∈L2(D) a.s.
Over the years, there have been several results in various contexts that estab

lationships between different kinds of variational solutions and their mild formulat
both in the deterministic and in the stochastic case (see, for instance, [2,8,14,16
50]). In particular, the case of semilinear, non-autonomous, stochastic evolution
tions driven by semimartingales has been analyzed in [32] from a very abstract
point. However, none of the above works has dealt with stochastic reaction–diff
equations such as (3). Moreover, following [50], several notions of mild solutions
involve Green’s functions, Green’s distributions or more general semi-group argu
have been used to investigate the existence and the regularity properties of solu
several classes of hyperbolic and parabolic stochastic partial differential equation
for instance, [6,7,12–14,20,44,46] and their references). In this perspective, we ne
a result which, together with Theorem 1, establishes the existence and the unique
a mild solution to (3).

THEOREM 2. –Assume that the above hypotheses hold; then, anL2(D)-valued
random field is a variational solution of the second kind to(3) if, and only if, it is a mild
solution; in fact, there exists a unique mild solution to(3) and we haveu2

ϕ(., t)= u3
ϕ(., t)

a.s. as equalities inL2(D) for everyt ∈ [0, T ].
As a consequence of Theorems 1 and 2, which prove the equivalence of the

three definitions, it is from now on legitimate to callsolutionto problem (3) anL2(D)-
valued random field(uϕ(., t))t∈[0,T ] that solves (3) in the sense ofany of the three
notions we have introduced. It turns out that such a solution enjoys several imp
boundedness and regularity properties, as stated in the following result.

THEOREM 3. –Assume that the above hypotheses hold; then there exists a uniqu
solution to problem(3) such thatx �→ uϕ(x, t) ∈H 1(D) a.s. for everyt ∈ [0, T ], which
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(C
satisfies the relation

sup
(x,t)∈D×[0,T ]

E
∣∣uϕ(x, t)∣∣r <+∞ (14)

for everyr ∈ [1,+∞). Moreover, there is a version of(uϕ(x, t))(x,t)∈D×[0,T ] such that
uϕ(., .) ∈ Cβ1,β2(D × [0, T ]) a.s. for everyβ1 ∈ (0, α) and everyβ2 ∈ (0, α2 ∧ 2

d+2).

In the preceding statement we remark that bothβ1 and β2 are independent of th
exponentβ of hypothesis (K); moreover,β1 is always independent ofd, whereasβ2

depends explicitly on the dimension but only ford � 3; we shall see that the latt
phenomenon is inherent in the presence of the stochastic term in (3).

As testified by the many references we have quoted in this article, a significan
of the recent literature on stochastic partial differential equations is based on noti
mild solution which differ from ours in that they do not have a built-in requiremen
H 1(D)-regularity. In order to investigate this point in detail, we conclude this sectio
introducing a fourth type of solution for (3); we also state two existence and regu
theorems for it which hold under conditions weaker than (C); the first of these
following.
(Cd) There existss ∈ (d,+∞) such thatej ∈Ls(D) for eachj and

+∞∑
j=1

λj‖ej‖2
s <+∞. (15)

We remark that hypothesis (C) implies hypothesis (Cd ).

DEFINITION 4. –We say that the real-valued random field(u4
ϕ(x, t))(x,t)∈D×[0,T ]

defined on(�,F, (Ft )t∈[0,T ],P) is a strong solutionto problem(3) if the following
conditions hold:

(1) u4
ϕ is progressively measurable onD × [0, T ] ×�.

(2) We havesup(x,t)∈D×[0,T ] E|u4
ϕ(x, t)|r <+∞ for everyr ∈ [1,+∞).

(3) The relation

u4
ϕ(x, t)=

∫
D

dy G(x, t;y,0)ϕ(y) +
t∫

0

dτ

∫
D

dy G(x, t;y, τ)g(u4
ϕ(y, τ)

)

+
t∫

0

∫
D

dy G(x, t;y, τ)h(u4
ϕ(y, τ)

)
W(y, dτ) (16)

holds a.s. for every(x, t) ∈ D × [0, T ], whereG satisfies the same properties as
Definition3.

We note the change of viewpoint in the preceding definition: we consideru4
ϕ along

with each term on the right-hand side of (16) as real-valued random fields index
(x, t) ∈ D × [0, T ], and no longer as random fields taking values in some funct
space; furthermore, we assume the boundedness of the moments from the outse
the preceding definition, it is then immediate that the first two terms on the right-
side of (16) are finite a.s.. The same is true for the stochastic term by virtue ofd );
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in order to see this lets∗ ∈ (1, d
d−2) be the dual exponent ofs2; then, by using the

isometry property of Itô’s integral, hypothesis (L), Schwarz inequality relative to
measuredy |G(x, t;y, τ)| onD, the Gaussian property, (2) of Definition 4 and Hölde
inequality, we obtain

E

∣∣∣∣∣
+∞∑
j=1

λ
1/2
j

t∫
0

(
G(x, t; ., τ )h(u4

ϕ(., τ )
)
, ej
)

2Bj(dτ)

∣∣∣∣∣
2

� c

+∞∑
j=1

λjE

t∫
0

dτ

(∫
D

dy
∣∣G(x, t;y, τ)ej (y)∣∣(1+ ∣∣u4

ϕ(y, τ)
∣∣))2

� c

+∞∑
j=1

λj

t∫
0

dτ

∫
D

dy
∣∣G(x, t;y, τ)∣∣∣∣ej (y)∣∣2

� c

( +∞∑
j=1

λj‖ej‖2
s

) t∫
0

dτ

(∫
D

dy
∣∣G(x, t;y, τ)∣∣s∗)1/s∗

� c

t∫
0

dτ (t − τ)−
d
2 + d

2s∗
(∫
D

dy (t − τ)−d/2 exp
[
−c |x − y|2

t − τ

])1/s∗

� c

t∫
0

dτ (t − τ)−
d
2 + d

2s∗ <+∞ (17)

since 1− d
2 + d

2s∗ > 0.
Whereas hypotheses (K), (L), (I) and (Cd ) allow us to prove the existence of a uniq

strong solution to (3), they do not suffice to imply the existence of a Hölder contin
version; for this we need to strengthen (Cd ) in the following way.

(Cd
η) There existη ∈ (0, 1

2), s ∈ ( d
1−2η ,+∞) such thatej ∈ Ls(D) for eachj and

+∞∑
j=1

λj‖ej‖2
s <+∞. (18)

Our next result is then the following.

THEOREM 4. –Assume that hypotheses(K), (L), (I) and(Cd) hold; then, there exist
a unique strong solution(u4

ϕ(x, t))(x,t)∈D×[0,T ] to (3). Moreover, if hypothesis(Cd
η) holds,

there is a version of(u4
ϕ(x, t))(x,t)∈D×[0,T ] such thatu4

ϕ(., .) ∈ Cγ1,γ2(D × [0, T ]) a.s. for
everyγ1 ∈ (0, α) and everyγ2 ∈ (0, α2 ∧ 2

d+2 ∧ η).

Finally, we note that we can weaken (Cd ) and (Cdη) even further by introducing th
following two hypotheses, which now relate the covariance operator of the W
process to the differential operator in the principal part of (3).
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(H) We have

sup
(x,t)∈D×[0,T ]

t∫
0

dτ

+∞∑
j=1

λj

(∫
D

dy
∣∣G(x, t;y, τ)∣∣ej (y)

)2

<+∞. (19)

(Hη) There existsη ∈ (0, 1
2) such that

sup
(x,t)∈D×[0,T ]

t∫
0

dτ (t − τ)−2η
+∞∑
j=1

λj

(∫
D

dy
∣∣G(x, t;y, τ)∣∣ej (y)

)2

<+∞. (20)

Indeed, in the next section we show that (Cd ) implies (H), that (Cdη) implies (Hη) and
that we can still prove the existence and the Hölder regularity of a strong solut
(3) under hypotheses (19) and (20); however, this is at the expense of having to a
κ(x, y) � 0 for almost allx, y ∈ D; in fact, under this additional restriction we noti
that the third term on the right-hand side of (16) is still finite a.s.: from the isom
property of Itô’s integral, Parseval’s relation relative to the orthonormal basis(ej )j∈N+
and the self-adjointness ofC, we get

E

∣∣∣∣∣
+∞∑
j=1

λ
1/2
j

t∫
0

(
G(x, t; ., τ )h(u4

ϕ(., τ )
)
, ej
)

2Bj(dτ)

∣∣∣∣∣
2

� E

t∫
0

dτ

+∞∑
j=1

λj
(
G(x, t; ., τ )h(u4

ϕ(., τ )
)
, ej
)2

2

= E

t∫
0

dτ

+∞∑
j=1

(
C1/2G(x, t; ., τ )h(u4

ϕ(., τ )
)
, ej
)2

2

= E

t∫
0

dτ
(
CG(x, t; ., τ )h(u4

ϕ(., τ )
)
,G(x, t; ., τ )h(u4

ϕ(., τ )
))

2

� c

t∫
0

dτ

∫
D×D

dy dz
∣∣G(x, t;y, τ)∣∣× κ(y, z)× ∣∣G(x, t; z, τ)∣∣

× (1+ sup
(y,τ )∈D×[0,T ]

E
∣∣u4

ϕ(y, τ)
∣∣2)<+∞ (21)

by virtue of hypothesis (L), Schwarz inequality applied to the expectation functiona
of Definition 4 and the fact that we have

t∫
0

dτ

∫
D×D

dy dz
∣∣G(x, t;y, τ)∣∣× κ(y, z)× ∣∣G(x, t; z, τ)∣∣

=
t∫
dτ

+∞∑
j=1

λj

(∫
dy
∣∣G(x, t;y, τ)∣∣ej (y)

)2

<+∞ (22)
0 D
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because of (19). The last result of this section is then the following.

THEOREM 5. –Assume that hypotheses(K), (L), (I), (H) hold and thatκ(x, y) � 0
for almost allx, y ∈ D; then, there exists a unique strong solution to(3). Moreover, if
hypothesis(Hη) holds, there is a version(u4

ϕ(x, t))(x,t)∈D×[0,T ] of this solution such tha
u4
ϕ(., .) ∈ Cγ1,γ2(D × [0, T ]) a.s. for everyγ1 ∈ (0, α) and everyγ2 ∈ (0, α2 ∧ 2

d+2 ∧ η).

We devote the remaining part of this article to proving the above five theorem
particular, we show that it is precisely conditions (19) and (20) that play a similar rô
our analysis of (3) as the spectral measure conditions we referred to at the very
Section 1 play in the recent works we quoted there.

3. Proof of the main results

We begin by observing that every variational solution of the second kin
problem (3) is trivially a variational solution of the first kind. Therefore, we can red
the proof of Theorem 1 to that of the converse statement. Letp :D × [0, T ] �→ R be a
polynomial inx and t , that is a finite sum of the formp(x, t) =∑

µ,ν cµ,νx
µtν where

cµ,ν ∈ R, whereµ andν have the same meaning as in the preceding section, and w
xµ = x

µ1
1 x

µ2
2 . . . x

µd
d for x = (x1, . . . , xd). Our first auxiliary result toward the proof o

Theorem 1 is the following.

PROPOSITION 1. –Assume that the same hypotheses as in Theorem1 hold and let
(u1

ϕ(., t))t∈[0,T ] be a variational solution of the first kind to problem(3). Then the integra
relation∫

D

dx p(x, t)u1
ϕ(x, t)=

∫
D

dx p(x,0)ϕ(x)+
t∫

0

dτ

∫
D

dx pτ (x, τ)u
1
ϕ(x, τ)

−
t∫

0

dτ

∫
D

dx
(∇p(x, τ), k(x, τ)∇u1

ϕ(x, τ)
)

Rd

+
t∫

0

dτ

∫
D

dx p(x, τ)g
(
u1
ϕ(x, τ)

)

+
+∞∑
j=1

λ
1/2
j

t∫
0

(
p(., τ ), h

(
u1
ϕ(., τ )

)
ej
)

2Bj(dτ) (23)

holds a.s. for every polynomialp and everyt ∈ [0, T ].
The proof of the preceding proposition relies on several lemmas. Let us

introduce the anisotropic Sobolev spaceH 1,0(D × (0, T )) of all real-valued functions
v ∈ L2(D× (0, T )) that possess distributional derivativesvxj ∈L2(D× (0, T )) for every
j ∈ {1, . . . , d}, whose norm we denote by

‖v‖2
1,2,T ;0 =

∫
D×(0,T )

dx dτ
∣∣v(x, τ)∣∣2 +

d∑
j=1

∫
D×(0,T )

dx dτ
∣∣vxj (x, τ )∣∣2. (24)
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While theH 1(D× (0, t))’s are the basic spaces of test functions for variational solut
of the second kind,H 1,0(D× (0, T )) is the fundamental space in which the random fi
u1
ϕ lives since relation (5) immediately implies thatu1

ϕ(., .) ∈H 1,0(D× (0, T )) a.s.. The
preceding remark first leads to the following integrability properties, whose proof
elementary and therefore omitted.

LEMMA 1. –Assume that the same hypotheses as in Theorem1 hold and let
(u1

ϕ(., t))t∈[0,T ] be as in Proposition1. Then we have

(x, τ) �→ (∇v(x), k(x, τ)∇u1
ϕ(x, τ)

)
Rd ∈L1(D × (0, T )

)
and

(x, τ) �→ v(x)g
(
u1
ϕ(x, τ)

) ∈L1(D × (0, T )
)

a.s. for everyv ∈H 1(D).

The preceding lemma now leads to the following identity.

LEMMA 2. –Assume that the same hypotheses as in Theorem1 hold and let
(u1

ϕ(., t))t∈[0,T ] be as in Proposition1. Then, for any real-valued functionχ ∈C1([0, T ])
satisfyingχ(0)= 0, the identity

t∫
0

dτ χ ′(τ )
∫
D

dx v(x)u1
ϕ(x, τ)

= χ(t)

∫
D

dx v(x)u1
ϕ(x, t)+

t∫
0

dτχ(τ)

∫
D

dx
(∇v(x), k(x, τ)∇u1

ϕ(x, τ)
)

Rd

−
t∫

0

dτ χ(τ)

∫
D

dx v(x)g
(
u1
ϕ(x, τ)

)

−
+∞∑
j=1

λ
1/2
j

t∫
0

χ(τ)
(
v,h

(
u1
ϕ(., τ )

)
ej
)

2Bj(dτ) (25)

holds a.s. for everyv ∈H 1(D) and everyt ∈ [0, T ].
Proof. –We may assumet > 0 and then start out from relation (7) att = σ , multiply

both sides byχ ′(σ ) and integrate with respect toσ on the interval(0, t); we obtain
t∫

0

dσ χ ′(σ )
∫
D

dx v(x)u1
ϕ(x, σ )

= χ(t)

∫
D

dx v(x)ϕ(x)−
t∫

0

dσ χ ′(σ )
σ∫

0

dτ

∫
D

dx
(∇v(x), k(x, τ)∇u1

ϕ(x, τ)
)

Rd

+
t∫
dσ χ ′(σ )

σ∫
dτ

∫
dx v(x)g

(
u1
ϕ(x, τ)

)

0 0 D
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t∫

0

dσ χ ′(σ )
+∞∑
j=1

λ
1/2
j

σ∫
0

(
v,h

(
u1
ϕ(., τ )

)
ej
)

2Bj (dτ) (26)

a.s. for everyv ∈H 1(D) and everyt ∈ [0, T ]. Owing to the result of Lemma 1 we ma
then integrate by parts the second, third and fourth terms on the right-hand side o
in this way, by invoking Itô’s formula to handle the stochastic term and by taking
account the fact thatχ is non-random and satisfiesχ(0)= 0 we get

t∫
0

dτ χ ′(τ )
∫
D

dx v(x)u1
ϕ(x, τ)

= χ(t)

∫
D

dx v(x)ϕ(x)− χ(t)

t∫
0

dτ

∫
D

dx
(∇v(x), k(x, τ)∇u1

ϕ(x, τ)
)

Rd

+
t∫

0

dτ χ(τ)

∫
D

dx
(∇v(x), k(x, τ)∇u1

ϕ(x, τ)
)

Rd

+ χ(t)

t∫
0

dτ

∫
D

dx v(x)g
(
u1
ϕ(x, τ)

)−
t∫

0

dτ χ(τ)

∫
D

dx v(x)g
(
u1
ϕ(x, τ)

)

+ χ(t)

+∞∑
j=1

λ
1/2
j

t∫
0

(
v,h(u1

ϕ(., τ ))ej
)

2Bj(dτ)

−
t∫

0

χ(τ)

+∞∑
j=1

λ
1/2
j

(
v,h

(
u1
ϕ(., τ )

)
ej
)

2Bj(dτ) (27)

a.s. for everyv ∈ H 1(D) and everyt ∈ [0, T ]. We then group together all term
containingχ(t) and use relation (7) once again to obtain (25).✷

The preceding considerations now allow us to prove relation (23).

Proof of Proposition 1. –We first split the polynomialp as

p(x, t)= p(x,0)+ p∗(x, t) :=∑
µ

cµ,0x
µ + ∑

µ,ν
ν �=0

cµ,νx
µtν (28)

and we observe thatx �→ p(x,0) ∈ H 1(D) sinceD is bounded. We may then choo
v(.)= p(.,0) in relation (7), so that we have∫
D

dx p(x, t)u1
ϕ(x, t)=

∫
D

dx p(x,0)u1
ϕ(x, t)+

∫
D

dx p∗(x, t)u1
ϕ(x, t)

=
∫
dx p(x,0)ϕ(x)−

t∫
dτ

∫
dx
(∇p(x,0), k(x, τ)∇u1

ϕ(x, τ)
)

Rd
D 0 D
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+
t∫

0

dτ

∫
D

dx p(x,0)g
(
u1
ϕ(x, τ)

)

+
+∞∑
j=1

λ
1/2
j

t∫
0

(
p(.,0), h

(
u1
ϕ(., τ )

)
ej
)

2Bj(dτ)

+
∫
D

dx p∗(x, t)u1
ϕ(x, t) (29)

a.s. for everyt ∈ [0, T ]. In order to deal with the last term of the preceding express
we consider the term that contains the partial derivativepτ in (23), which we rewrite as

t∫
0

dτ

∫
D

dx pτ (x, τ)u
1
ϕ(x, τ)=

t∫
0

dτ

∫
D

dx p∗
τ (x, τ )u

1
ϕ(x, τ)

= ∑
µ,ν
ν �=0

cµ,ν

t∫
0

dτ
(
ντν−1) ∫

D

dx xµu1
ϕ(x, τ). (30)

The next, crucial observation is that the integral contribution in the very last term o
is exactly equal to the left-hand side of (25) when we chooseτ �→ χ(τ) = τ ν andx →
v(x)= xµ there. Since these two functions obviously satisfy the hypotheses of Lem
we may then rewrite the very last term of (30) by means of relation (25) for these ch
of χ andv. By substituting the resulting expression in (30) and by resumming ovµ
andν we obtain∫

D

dx p∗(x, t)u1
ϕ(x, t)=

t∫
0

dτ

∫
D

dx p∗
τ (x, τ )u

1
ϕ(x, τ)

−
t∫

0

dτ

∫
D

dx
(∇p∗(x, τ), k(x, τ)∇u1

ϕ(x, τ)
)

Rd

+
t∫

0

dτ

∫
D

dx p∗(x, τ)g
(
u1
ϕ(x, τ)

)

+
+∞∑
j=1

λ
1/2
j

t∫
0

(
p∗(., τ ), h

(
u1
ϕ(., τ )

)
ej
)

2Bj(dτ) (31)

a.s. for everyt ∈ [0, T ]. We finally replace the last term on the right-hand side of (
by the right-hand side of (31) and group together all terms of the resulting express
means of relation (28). ✷

We can now easily extend the validity of relation (23) by means of Weierst
approximation theorem. Indeed, for everyt ∈ (0, T ] let C1(D × [0, t]) be the space
of all real, once continuously differentiable functionsv defined onD × [0, t], endowed
with theC1-topology induced by the norm
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orem,
‖v‖C1,t = max
(x,τ )∈D×[0,t ]

∣∣v(x, τ)∣∣+ d∑
j=1

max
(x,τ )∈D×[0,t ]

∣∣vxj (x, τ )∣∣
+ max

(x,τ )∈D×[0,t ]

∣∣vτ (x, τ)∣∣. (32)

We then have the following result.

PROPOSITION 2. –Assume that the same hypotheses as in Theorem1 hold and let
(u1

ϕ(., t))t∈[0,T ] be a variational solution of the first kind to problem(3). Then the integra
relation

∫
D

dx v(x, t)u1
ϕ(x, t)=

∫
D

dx v(x,0)ϕ(x)+
t∫

0

dτ

∫
D

dx vτ (x, τ)u
1
ϕ(x, τ)

−
t∫

0

dτ

∫
D

dx
(∇v(x, τ), k(x, τ)∇u1

ϕ(x, τ)
)

Rd

+
t∫

0

dτ

∫
D

dx v(x, τ)g
(
u1
ϕ(x, τ)

)

+
+∞∑
j=1

λ
1/2
j

t∫
0

(
v(., τ ), h

(
u1
ϕ(., τ )

)
ej
)

2Bj(dτ) (33)

holds a.s. for everyv ∈ C1(D × [0, t]) and everyt ∈ [0, T ].
Proof. –Relation (33) clearly holds fort = 0, so that we may assumet > 0. Let

v ∈ C1(D × [0, t]); on the one hand, by the classic Weierstrass approximation the
there exists a sequence of polynomials(pn)n∈N+ such that the estimate

‖v − pn‖C1,t <
1

n
(34)

holds for everyn ∈ N
+ (see, for instance, [28]). On the other hand, we have

∫
D

dx pn(x, t)u
1
ϕ(x, t)=

∫
D

dx pn(x,0)ϕ(x)+
t∫

0

dτ

∫
D

dx pn,τ (x, τ )u
1
ϕ(x, τ)

−
t∫

0

dτ

∫
D

dx
(∇pn(x, τ), k(x, τ)∇u1

ϕ(x, τ)
)

Rd

+
t∫

0

dτ

∫
D

dx pn(x, τ)g
(
u1
ϕ(x, τ)

)

+
+∞∑
j=1

λ
1/2
j

t∫ (
pn(., τ ), h

(
u1
ϕ(., τ )

)
ej
)

2Bj(dτ) (35)
0
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w
ms of

),

the
that

the
a.s. for everyn ∈ N
+ and everyt ∈ [0, T ] by the statement of Proposition 1. We no

show that relations (34) and (35) imply relation (33). The convergence of the ter
the first line in (35) toward the corresponding terms of (33) asn → +∞ is trivial. As
for the gradient term we have, owing to Schwarz inequality inR

d , relation (34), the
boundedness of the coefficientski,j onD × [0, T ] and the definition of the norm (24
the sequence of estimates

t∫
0

dτ

∫
D

dx
∣∣(∇v(x, τ)− ∇pn(x, τ), k(x, τ)∇u1

ϕ(x, τ)
)

Rd

∣∣

�
t∫

0

dτ

∫
D

dx
∣∣∇v(x, τ)− ∇pn(x, τ)

∣∣∣∣k(x, τ)∇u1
ϕ(x, τ)

∣∣

� c‖v − pn‖C1,t

d∑
i,j=1

t∫
0

dτ

∫
D

dx
∣∣ki,j (x, τ )u1

ϕ,xj
(x, τ )

∣∣
� c

n

∥∥u1
ϕ(., .)

∥∥
1,2,T ;0 → 0 (36)

a.s. asn→ +∞. In a similar way we have

t∫
0

dτ

∫
D

dx
∣∣v(x, τ)− pn(x, τ)

∣∣∣∣g(u1
ϕ(x, τ)

)∣∣� c

n

(
1+ ∥∥u1

ϕ(., .)
∥∥

1,2,T ;0
)→ 0 (37)

a.s. asn → +∞ since g is Lipschitz continuous. It remains to investigate
convergence of the stochastic integrals in (35). More specifically, we wish to show

lim
l→+∞

+∞∑
j=1

λ
1/2
j

t∫
0

(
v(., τ )− pnl (., τ ), h

(
u1
ϕ(., τ )

)
ej
)

2Bj(dτ)= 0 (38)

a.s. for everyt ∈ [0, T ] along a suitable subsequence of polynomials(pnl )l∈N+ . In order
to achieve this it is sufficient to prove that

lim
n→+∞ E

∣∣∣∣∣
+∞∑
j=1

λ
1/2
j

t∫
0

(
v(., τ )− pn(., τ ), h

(
u1
ϕ(., τ )

)
ej
)

2Bj(dτ)

∣∣∣∣∣
2

= 0 (39)

for every t ∈ [0, T ]. Using successively the isometry property of Itô’s integral,
definition of the norm (32), Schwarz inequality and the fact thath is Lipschitz continuous
we obtain

E

∣∣∣∣∣
+∞∑
j=1

λ
1/2
j

t∫
0

(
v(., τ )− pn(., τ ), h

(
u1
ϕ(., τ )

)
ej
)

2Bj(dτ)

∣∣∣∣∣
2

�
+∞∑
j=1

λjE

t∫
dτ
∣∣(v(., τ )− pn(., τ ), h

(
u1
ϕ(., τ )

)
ej
)

2

∣∣2

0
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), (37),

x

ow
nding
le the
roof
ave to
ieve
blish
� c‖v − pn‖2
C1,t

+∞∑
j=1

λjE

T∫
0

dτ

∫
D

dx
(
1+ ∣∣u1

ϕ(x, τ)
∣∣2)

� c

n2
TrC

(
1+ E

T∫
0

dτ
∥∥u1

ϕ(., τ )
∥∥2

2

)
→ 0

asn → +∞, because of (34), (5) and the fact that‖ej‖2 = 1 for eachj ∈ N
+. This

proves (39) and hence (38), so that the above remarks along with relations (36
and (38) prove relation (33).✷

The above considerations now lead to the following.

Proof of Theorem 1. –Let (u1
ϕ(., t))t∈[0,T ] be a variational solution of the first kind, fi

t > 0 and letv ∈H 1(D× (0, t)); since the base∂D of the cylinderD× (0, t) is smooth,
there exists a sequence(vn)n∈N+ ⊂ C1(D × [0, t]) such that the estimate

‖v − vn‖1,2,t �
1

n
(40)

holds for everyn ∈ N
+ (see, for instance, [38]). Furthermore, we have

∫
D

dx vn(x, t)u
1
ϕ(x, t)=

∫
D

dx vn(x,0)ϕ(x)+
t∫

0

dτ

∫
D

dx vn,τ (x, τ )u
1
ϕ(x, τ)

−
t∫

0

dτ

∫
D

dx
(∇vn(x, τ), k(x, τ)∇u1

ϕ(x, τ)
)

Rd

+
t∫

0

dτ

∫
D

dx vn(x, τ)g
(
u1
ϕ(x, τ)

)

+
+∞∑
j=1

λ
1/2
j

t∫
0

(
vn(., τ ), h

(
u1
ϕ(., τ )

)
ej
)

2Bj(dτ) (41)

a.s. for everyn ∈ N
+ and everyt ∈ [0, T ], by the statement of Proposition 2. We can n

ensure the convergence of each term of the first line in (41) toward the correspo
term in (33) by means of standard Sobolev trace-inequalities, while we can hand
third and fourth term on the right-hand side of (41) exactly as we did in the p
of Proposition 2. Regarding the convergence of the stochastic integrals, we h
argue slightly differently than we did to establish relation (38) in order to retr
the appropriate norm; in fact, it is sufficient to proceed exactly as we did to esta
relation (8); this gives

E

∣∣∣∣∣
+∞∑
j=1

λ
1/2
j

t∫ (
v(., τ )− vn(., τ ), h

(
u1
ϕ(., τ )

)
ej
)

2Bj(dτ)

∣∣∣∣∣
2

0
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ence
.s. for

ions of
ion of

. Let

lar

e, [1,
rators

first
], that

rt of
in

es
use
proof
� c‖v − vn‖2
1,2,t

( +∞∑
j=1

λj‖ej‖2
∞

)(
1+ sup

t∈[0,T ]
E
∥∥u1

ϕ(., t)
∥∥2

2

)

� c

n2

( +∞∑
j=1

λj‖ej‖2
∞

)(
1+ sup

t∈[0,T ]
E
∥∥u1

ϕ(., t)
∥∥2

2

)→ 0

asn→ +∞ by virtue of (4), (6) and (40). This proves that an appropriate subsequ
of the stochastic integrals in (41) converges to the stochastic integral in (33) a
eacht ∈ [0, T ], thereby completing the proof of relation (33) forv ∈ H 1(D × (0, t));
from this and the standard existence and uniqueness results for variational solut
the first kind [30,42], we can conclude that there exists a unique variational solut
the second kind to (3) such thatu1

ϕ(., t) = u2
ϕ(., t) a.s. as equalities inL2(D) for every

t ∈ [0, T ]. ✷
We now turn to the proof of Theorem 2, which will require one preparatory result

q :[0, T ] ×H 1(D)×H 1(D) �→ R be the symmetric quadratic form defined by

q(t;v, v̂)=
∫
D

dx
(
k(x, t)∇v(x),∇v̂(x))

Rd

and set q(t;v)= q(t;v, v). From this definition and hypothesis (K), we infer in particu
that the Hölder continuity estimate

∣∣q(s;v)− q(t;v)∣∣� c|s − t|βq(t;v) (42)

holds for alls, t ∈ [0, T ] and everyv ∈H 1(D), whereβ ∈ (1
2,1]. From (42), the uniform

ellipticity of (3) and the general theory of linear parabolic equations (see, for instanc
26,34,48]), we conclude that there exists a two-parameter family of evolution ope
U(t; s)0�s�t�T in L2(D) associated with the principal part of (3) given by

U(t, s)v =
{
v if s = t ,∫
D dy G(., t;y, s)v(y) if s < t ,

(43)

whereG is the Green’s function that enters relation (12). We also infer from the
representation theorem for forms [27], or from the general considerations of [34
there exists a self-adjoint, positive realizationA(t) = −div(k(., t)∇) of the elliptic
partial differential operator with conormal boundary conditions in the principal pa
(3); this operator generates the familyU(t; s)0�s�t�T , and its self-adjointness doma
in L2(D) is

D
(
A(t)

)= {
v ∈H 1(D): A(t)v ∈L2(D),

(
A(t)v, v̂

)
2 = q(t;v, v̂)} (44)

for every v̂ ∈ H 1(D). We note that the self-adjointness ofA(t) implies the self-
adjointness of each one of theU(t, s) (see, for instance, [1,48]), which in turn impli
that the Green’s functionG is symmetric in its space variables, a fact we shall
frequently in the sequel. The preparatory result we alluded to above is central to the
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d we
erators
sly

e
ry-

hat
of Theorem 2; it shows that we can cancel out two terms in relation (10) provide
choose an appropriate class of test functions there, which we construct from the op
U(t; s)0�s�t�T . We write C2

0(D) for the space of all real-valued, twice continuou
differentiable functions with compact support inD.

LEMMA 3. –Assume that the same hypotheses as in Theorem2 hold and let
(u2

ϕ(., t))t∈[0,T ] be a variational solution of the second kind to problem(3). For every
v ∈ C2

0(D), definevt(., s) = U(t, s)v for all s, t ∈ [0, T ] such thats � t . Thenvt ∈
H 1(D × (0, t)) for everyt ∈ (0, T ] and the relation

∫
D

dx v(x)u2
ϕ(x, t)=

∫
D

dx vt(x,0)ϕ(x)+
t∫

0

dτ

∫
D

dx vt(x, τ )g
(
u2
ϕ(x, τ)

)

+
+∞∑
j=1

λ
1/2
j

t∫
0

(
vt(., τ ), h

(
u2
ϕ(., τ )

)
ej
)

2Bj(dτ) (45)

holds a.s. for everyt ∈ [0, T ].
Proof. –The symmetry ofG and relation (43) imply that

vt(x, s)=
{
v(x) if s = t ,∫
D dy G(y, t;x, s)v(y) if s < t ,

(46)

for everyx ∈D. Moreover, fors < t the functionG is twice continuously differentiabl
in x, once continuously differentiable ins and is a classical solution to the bounda
value problem

Gs(y, t;x, s) = −div
(
k(x, s)∇xG(y, t;x, s)), (x, s) ∈D × (0, T ],

∂G(y, t;x, s)
∂n(k)

= 0, (x, s) ∈ ∂D × (0, T ] (47)

(see, for instance, [17] or [19]). From these considerations, the fact thatG satisfies the
heat-kernel estimates (11) and from Gauss’ divergence theorem, we easily infer t

∇vt(x, s)=
∫
D

dy∇xG(y, t;x, s)v(y) (48)

along with

vts(x, s)=
∫
D

dy Gs(y, t;x, s)v(y)

= −
∫
dy G(y, t;x, s)div

(
k(y, s)∇v(y)) (49)
D



724 M. SANZ-SOLÉ, P.-A. VUILLERMOT / Ann. I. H. Poincaré – PR 39 (2003) 703–742

),

ility
in

n

using

rtion. It
ft-
and we havevt ∈ H 1(D × (0, t)); we may then choosevt as a test function in (10
which shows that (45) holds if, and only if, the relation

t∫
0

dτ

∫
D

dx vtτ (x, τ )u
2
ϕ(x, τ)=

t∫
0

dτ

∫
D

dx
(∇vt(x, τ ), k(x, τ)∇u2

ϕ(x, τ)
)

Rd (50)

holds a.s. for everyt ∈ [0, T ]. In order to prove (50) we assumet > 0, chooseε > 0
sufficiently small and first show that we have

t−ε∫
0

dτ

∫
D

dx vtτ (x, τ )u
2
ϕ(x, τ)=

t−ε∫
0

dτ

∫
D

dx
(∇vt(x, τ ), k(x, τ)∇u2

ϕ(x, τ)
)

Rd (51)

a.s.. From relation (11) and for a fixedτ ∈ [0, t − ε] we first have (x, y) �→
Gτ(y, t;x, τ)v(y)u2

ϕ(x, τ) ∈ L1(D × D) a.s. as a consequence of the integrab
properties ofv and u2

ϕ(., τ ). Therefore, by invoking successively the first equality
(49), the first equation in (47) and Fubini’s theorem, we obtain

t−ε∫
0

dτ

∫
D

dx vtτ (x, τ )u
2
ϕ(x, τ)

= −
t−ε∫
0

dτ

∫
D

dy

(∫
D

dx div
(
k(x, τ)∇xG(y, t;x, τ))u2

ϕ(x, τ)

)
v(y) (52)

a.s.. Furthermore, relation (11) also implies that
∑d

j=1 ki,j (., t)×Gxj (., t;y, s) ∈H 1(D)

for every i ∈ {1, . . . , d} since theki,j ’s and theki,j,xl ’s are bounded from above o
D × (0, T ) because of hypothesis (K). This property along with the fact thatu2

ϕ(., τ ) ∈
H 1(D) a.s. allows us to transform the integral between the parentheses of (52) by
Gauss’ divergence theorem, the second equation in (47) along with the fact thatk(x, τ)

is a symmetric matrix; we get

t−ε∫
0

dτ

∫
D

dx vtτ (x, τ )u
2
ϕ(x, τ)

=
t−ε∫
0

dτ

∫
D

dy

∫
D

dx
(∇xG(y, t;x, τ)v(y), k(x, τ)∇u2

ϕ (x, τ)
)

Rd

=
t−ε∫
0

dτ

∫
D

dx
(∇vt(x, τ ), k(x, τ)∇u2

ϕ(x, τ)
)

Rd

a.s. as a consequence of (48) and Fubini’s theorem, which is the desired asse
remains to investigate the limitε → 0 in (51). Regarding the convergence of the le
hand side of that expression we have successively
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of

goes to
cond
h

nd
uping
E

∣∣∣∣∣
t∫

0

dτ

∫
D

dx vtτ (x, τ )u
2
ϕ(x, τ)−

t−ε∫
0

dτ

∫
D

dx vtτ (x, τ )u
2
ϕ(x, τ)

∣∣∣∣∣
� ctE

t∫
t−ε

dτ
∥∥u2

ϕ(., τ )
∥∥

1 � ct

t∫
t−ε

dτ E
1/2(∥∥u2

ϕ(., τ )
∥∥2

2

)

� ctεE
1/2( sup

τ∈[0,T ]

∥∥u2
ϕ(., τ )

∥∥2
2

)
<+∞

by virtue of the boundedness ofvtτ in D × (0, t); as for the corresponding estimate
the right-hand side of (51) we get

E

∣∣∣∣∣
t∫

t−ε
dτ

∫
D

dx
(∇vt(x, τ ), k(x, τ)∇u2

ϕ(x, τ)
)

Rd

∣∣∣∣∣
� c

d∑
j=1

( t∫
t−ε

dτ

∫
D

dx
∣∣vtxj (x, τ )∣∣2

)1/2

E
1/2

( T∫
0

dτ
∥∥u2

ϕ(., τ )
∥∥2

1,2

)

as a consequence of Schwarz inequality and (5), so that the preceding expression
zero asε → 0 by virtue of the absolute continuity of the Lebesgue integral in the se
to last factor. Therefore, there exists a sequence(εn)n∈N+ ⊂ R

+ converging to zero suc
that the two relations

lim
n→+∞

t−εn∫
0

dτ

∫
D

dx vtτ (x, τ )u
2
ϕ(x, τ)=

t∫
0

dτ

∫
D

dx vtτ (x, τ )u
2
ϕ(x, τ) (53)

and

lim
n→+∞

t−εn∫
0

dτ

∫
D

dx
(∇vt (x, τ ), k(x, τ)∇u2

ϕ(x, τ)
)

Rd

=
t∫

0

dτ

∫
D

dx
(∇vt(x, τ ), k(x, τ)∇u2

ϕ(x, τ)
)

Rd (54)

hold a.s.. It is now plain that (51), (53) and (54) imply (50).✷
The preceding considerations now lead to the following.

Proof of Theorem 2. –By substituting (46) into (45), by applying the deterministic a
stochastic versions of Fubini’s theorem to the resulting expression and by regro
terms we get∫

D

dx v(x)

(
u2
ϕ(x, t)−

∫
D

dy G(x, t;y,0)ϕ(y)
)

=
∫
dx v(x)

t∫
dτ

∫
dy G(x, t;y, τ)g(u2

ϕ(y, τ)
)

D 0 D



726 M. SANZ-SOLÉ, P.-A. VUILLERMOT / Ann. I. H. Poincaré – PR 39 (2003) 703–742

uality
erty

, and

tory
(14)
+
∫
D

dx v(x)

t∫
0

∫
D

dy G(x, t;y, τ)h(u2
ϕ(y, τ)

)
W(y, dτ)

a.s. for everyv ∈ C2
0(D) and everyt ∈ [0, T ]; from this, we infer that

u2
ϕ(., t)−

∫
D

dy G(., t;y,0)ϕ(y)−
t∫

0

dτ

∫
D

dy G(., t;y, τ)g(u2
ϕ(y, τ)

)

−
t∫

0

∫
D

dy G(., t;y, τ)h(u2
ϕ(y, τ)

)
W(y, dτ)

is orthogonal toC2
0(D) a.s. for everyt ∈ [0, T ], so that(u2

ϕ(., t))t∈[0,T ] is a mild solution
to (3) sinceC2

0(D) is dense inL2(D). Conversely, let(u3
ϕ(., t))t∈[0,T ] be a mild solution

to (3); then, both(u2
ϕ(., t))t∈[0,T ] and(u3

ϕ(., t))t∈[0,T ] satisfy (12), so that we get

E
∣∣u2

ϕ(x, t)− u3
ϕ(x, t)

∣∣2
� cE

∣∣∣∣∣
t∫

0

dτ

∫
D

dy G(x, t;y, τ)(g(u2
ϕ(y, τ)

)− g
(
u3
ϕ(y, τ)

))∣∣∣∣∣
2

+ cE

∣∣∣∣∣
t∫

0

∫
D

dy G(x, t;y, τ)(h(u2
ϕ(y, τ)

)− h
(
u3
ϕ(y, τ)

))
W(y, dτ)

∣∣∣∣∣
2

� c

t∫
0

dτ

∫
D

dy
∣∣G(x, t;y, τ)∣∣E∣∣u2

ϕ(y, τ)− u3
ϕ(y, τ)

∣∣2
by using techniques similar to the ones above. By integrating the preceding ineq
with respect tox, by applying Fubini’s theorem and by invoking the Gaussian prop
for G, we obtain

E
∥∥u2

ϕ(., t)− u3
ϕ(., t)

∥∥2
2 � c

t∫
0

dτ

∫
D

dy E
∣∣u2

ϕ(y, τ)− u3
ϕ(y, τ)

∣∣2

= c

t∫
0

dτ E
∥∥u2

ϕ(., τ )− u3
ϕ(., τ )

∥∥2
2 (55)

for every t ∈ [0, T ]. We now notice thatτ �→ E‖u2
ϕ(., τ ) − u3

ϕ(., τ )‖2
2 ∈ L1((0, t)) by

virtue of (6), so that from (55) and Gronwall’s inequality we can conclude thatu2
ϕ(., t)=

u3
ϕ(., t) a.s. in L2(D) for every t ∈ [0, T ] since u2

ϕ, u
3
ϕ ∈ L2(�;C([0, T ];L2(D))).

Therefore, every mild solution to (3) is a variational solution of the second kind
there exists a unique such mild solution to (3).✷

We now turn to the proof of Theorem 3, which will require several prepara
results as it is nota priori evident that the above random fields should also satisfy
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urable,
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along with joint Hölder regularity properties in(x, t); in fact, we will need quite a few
additional arguments to show that there exists a version of(u1

ϕ(., t))t∈[0,T ] with these
properties. In our next result we prove the existence of a progressively meas
real-valued process(uϕ(x, t))(x,t)∈D×[0,T ] that satisfies (12) along with (14), through
suitable fixed point argument. From now on we taker ∈ [2,+∞) without restricting
the generality, and defineBr as the real Banach space consisting of all real-va
(equivalence classes of) processesu indexed by(x, t) ∈ D × [0, T ], progressively
measurable onD × [0, T ] × �, endowed with the usual pointwise operations and
norm

u �→ (
sup

(x,t)∈D×[0,T ]
E
∣∣u(x, t)∣∣r)1/r <+∞. (56)

LetMϕ :Br → Br be the map induced by (12), that is

Mϕu(x, t)=
∫
D

dy G(x, t;y,0)ϕ(y)+
t∫

0

dτ

∫
D

dy G(x, t;y, τ)g(u(y, τ))

+
t∫

0

∫
D

dy G(x, t;y, τ)h(u(y, τ))W(y, dτ) (57)

a.s.. RegardingMϕ we have the following result.

PROPOSITION 3. –Assume that the same hypotheses as in Theorem3 hold; thenMϕ

possesses a unique fixed pointuϕ in Br for everyr ∈ [2,+∞).

Proof. –We begin by showing thatMϕ is indeed well defined onBr . Owing to the
boundedness ofϕ and the Gaussian property forG we first get

E
∣∣Mϕu(x, t)

∣∣r � c

(
1+ E

∣∣∣∣∣
t∫

0

dτ

∫
D

dy G(x, t;y, τ)g(u(y, τ))
∣∣∣∣∣
r

+ E

∣∣∣∣∣
t∫

0

∫
D

dy G(x, t;y, τ)h(u(y, τ))W(y, dτ)

∣∣∣∣∣
r)
. (58)

Furthermore, as a consequence of hypothesis (L), the Gaussian property and H
inequality relative to the finite measuredy dτ |G(x, t;y, τ)| on D × (0, t), we can
estimate the first expectation in (58) as

E

∣∣∣∣∣
t∫

0

dτ

∫
D

dy G(x, t;y, τ)g(u(y, τ))
∣∣∣∣∣
r

� c

(
1+ E

( t∫
0

dτ

∫
D

dy
∣∣G(x, t;y, τ)∣∣∣∣u(y, τ)∣∣

)r)

� c

(
1+

t∫
dτ

∫
dy
∣∣G(x, t;y, τ)∣∣E∣∣u(y, τ)∣∣r

)

0 D
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), we
y and

lative
at

to
� c
(
1+ sup

(y,τ )∈D×[0,T ]
E
∣∣u(y, τ)∣∣r)<+∞ (59)

sinceu ∈ Br . In order to obtain a similar estimate for the second expectation in (58
invoke successively the definition of the stochastic integral, Burkholder’s inequalit
Hölder’s inequality relative to the measuredτ on the interval(0, t); we get

E

∣∣∣∣∣
t∫

0

∫
D

dy G(x, t;y, τ)h(u(y, τ))W(y, dτ)

∣∣∣∣∣
r

� cE

∣∣∣∣∣
t∫

0

dτ

+∞∑
j=1

λj

(∫
D

dy G(x, t;y, τ)h(u(y, τ))ej (y)
)2
∣∣∣∣∣
r/2

� cE

t∫
0

dτ

( +∞∑
j=1

λj

(∫
D

dy G(x, t;y, τ)h(u(y, τ))ej (y)
)2
)r/2

� cE

t∫
0

dτ

(
1+

∫
D

dy
∣∣G(x, t;y, τ)∣∣∣∣u(y, τ)∣∣r)

� c

(
1+

t∫
0

dτ

∫
D

dy
∣∣G(x, t;y, τ)∣∣E∣∣u(y, τ)∣∣r

)

� c
(
1+ sup

(y,τ )∈D×[0,T ]
E
∣∣u(y, τ)∣∣r)<+∞ (60)

where we have also used hypotheses (L) and (C) along with Hölder’s inequality re
to the finite measuredy |G(x, t;y, τ)| on D. From (58), (59) and (60) we infer th
sup(x,t)∈D×[0,T ] E|Mϕu(x, t)|r < +∞, so thatMϕu ∈ Br . Now let u,u∗ ∈ Br ; then,
from (57) we have

Mϕu(x, t)−Mϕu
∗(x, t)

=
t∫

0

dτ

∫
D

dy G(x, t;y, τ)(g(u(y, τ))− g
(
u∗(y, τ)

))

+
t∫

0

dτ

∫
D

dy G(x, t;y, τ)(h(u(y, τ))− h
(
u∗(y, τ)

))
W(y, dτ)

a.s., so that the Lipschitz properties ofg andh along with arguments entirely similar
those leading to (59) and (60) give

E
∣∣Mϕu(x, t)−Mϕu

∗(x, t)
∣∣r

� c

t∫
dτ

∫
dy
∣∣G(x, t;y, τ)∣∣E∣∣u(y, τ)− u∗(y, τ)

∣∣r

0 D
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ions

s
t
e
ölder
we
diate
olution

wing
� c

t∫
0

dτ sup
y∈D

E
∣∣u(y, τ)− u∗(y, τ)

∣∣r
for every(x, t) ∈D× [0, T ]. The preceding relation along with standard considerat
now show that theN th iterateM(N)

ϕ of Mϕ is a contraction inBr for N sufficiently
large. ✷

It is worth stressing the fact that the preceding construction doesnot imply uϕ should
exhibit any Sobolev regularity inx or any continuity int as (u1

ϕ(., t))t∈[0,T ] does, so
that the preceding result doesnot yetprove thatuϕ is a solution to (3); in fact, thu
far the variables(x, t) ∈ D × [0, T ] merely indexuϕ but we shall show below tha
(u1

ϕ(., t))t∈[0,T ] and (uϕ(x, t))(x,t)∈D×[0,T ] are actually indistinguishable; for the tim
being we prove a series of results that will lead us to the existence of a jointly H
continuous version ofuϕ. For this we also use relation (12), each term of which
investigate separately; we begin with the following proposition, which is an imme
consequence of the theory developed in [17] as the first term of (12) is a classical s
to (3) wheng = h= 0.

PROPOSITION 4. –Assume that hypotheses(K) and (I) hold; then we have(x, t) �→∫
D dy G(x, t;y,0)ϕ(y) ∈ Cα,α/2(D × [0, T ]).

We next turn to the analysis of the second term in (12) for which we have the follo
result.

PROPOSITION 5. –Assume that the same hypotheses as in Theorem3 hold and let
(uϕ(x, t))(x,t)∈D×[0,T ] be the random field of Proposition3; then we have

E

∣∣∣∣∣
t∫

0

dτ

∫
D

dy
(
G(x1, t;y, τ)−G(x2, t;y, τ))g(uϕ(y, τ))

∣∣∣∣∣
r

� c|x1 − x2|r (61)

for all x1, x2 ∈D uniformly in t ∈ [0, T ], along with

E

∣∣∣∣∣
t1∫

0

dτ

∫
D

dy G(x, t1;y, τ)g(uϕ(y, τ))−
t2∫

0

dτ

∫
D

dy G(x, t2;y, τ)g(uϕ(y, τ))
∣∣∣∣∣
r

� c|t1 − t2|γ r (62)

for all t1, t2 ∈ [0, T ] uniformly inx ∈D, for everyγ ∈ (0,1) and everyr ∈ [2,+∞).

Proof. –SinceD is convex, we first invoke the mean-value theorem forG along with
estimate (11) and hypothesis (L); since the measuredy dτ (t − τ)−

d+1
2 exp[−c |x∗−y|2

t−τ ] is
finite onD × (0, t) by virtue of the Gaussian property, we obtain

E

∣∣∣∣∣
t∫

0

dτ

∫
D

dy
(
G(x1, t;y, τ)−G(x2, t;y, τ))g(uϕ(y, τ))

∣∣∣∣∣
r

� cE

( t∫
dτ

∫
dy (t − τ)−

d+1
2 exp

[
−c |x∗ − y|2

t − τ

](
1+ ∣∣uϕ(y, τ)∣∣)

)r

|x1 − x2|r

0 D
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ment
btain

er to

stimate
� cE

(
1+

t∫
0

dτ

∫
D

dy (t − τ)−
d+1

2 exp
[
−c |x∗ − y|2

t − τ

]∣∣uϕ(y, τ)∣∣
)r

|x1 − x2|r

where x∗ belongs to the segment connectingx1 and x2; consequently, by applyin
Hölder’s inequality for this measure to the last integral and by taking (56) into acc
we get relation (61). Without restricting the generality we now chooseσ > 0 sufficiently
small and sett1 = t + σ andt2 = t in order to prove (62); for the left-hand side of (6
we first get the upper bounds

E

∣∣∣∣∣
t∫

0

dτ

∫
D

dy
(
G(x, t + σ ;y, τ)−G(x, t;y, τ))g(uϕ(y, τ))

∣∣∣∣∣
r

+ E

∣∣∣∣∣
t+σ∫
t

dτ

∫
D

dy G(x, t + σ ;y, τ)g(uϕ(y, τ))
∣∣∣∣∣
r

� E

∣∣∣∣∣
t∫

0

dτ

∫
D

dy
(
G(x, t + σ ;y, τ)−G(x, t;y, τ))g(uϕ(y, τ))

∣∣∣∣∣
r

+ c
(
1+ sup

(y,τ )∈D×[0,T ]
E
∣∣uϕ(y, τ)∣∣r)σ r (63)

where we have used the Gaussian property forG, hypothesis (L) along with (56) t
obtain the last inequality. It remains to estimate the integral involving the time-incre
ofG; the first part of the argument is essentially similar to what we just did and we o

E

∣∣∣∣∣
t∫

0

dτ

∫
D

dy
(
G(x, t + σ ;y, τ)−G(x, t;y, τ))g(uϕ(y, τ))

∣∣∣∣∣
r

� c
(
1+ sup

(y,τ )∈D×[0,T ]
E
∣∣uϕ(y, τ)∣∣r)

×
( t∫

0

dτ

∫
D

dy
∣∣G(x, t + σ ;y, τ)−G(x, t;y, τ)∣∣

)r

. (64)

But we now have to proceed differently than we did to establish (61) in ord
control the singularity on the time-diagonal ofG. Let γ ∈ ( d

d+2,1); then, by invoking
successively the mean-value theorem, (11) and the Gaussian property, we can e
the last integral in (64) as

t∫
0

dτ

∫
D

dy
∣∣G(x, t + σ ;y, τ)−G(x, t;y, τ)∣∣

� c

( t∫
dτ

∫
dy
(∣∣G(x, t + σ ;y, τ)∣∣+ ∣∣G(x, t;y, τ)∣∣)1−γ ∣∣Gt∗(x, t

∗;y, τ)∣∣γ
)
σ γ
0 D
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) for

the

5 and

ning
a way
hose
� c

( t∫
0

dτ (t − τ)−
d
2 (1−γ )(t∗ − τ)−

d+2
2 γ+ d

2

)∫
D

dy (t∗ − τ)−d/2 exp
[
−c |x − y|2

t∗ − τ

]
σ γ

� c

( t∫
0

dτ (t − τ)−
d
2 (1−γ )(t∗ − τ)−

d+2
2 γ+ d

2

)
σ γ

� c

( t∫
0

dτ (t − τ)−γ
)
σ γ � cσ γ

sinceσ > 0, t∗ ∈ (t, t + σ ), − d+2
2 γ + d

2 < 0 and− d
2(1 − γ ) − d+2

2 γ + d
2 = −γ . The

substitution of the preceding estimate into (64) along with (63) lead to relation (62
everyγ ∈ ( d

d+2,1), anda fortiori for everyγ ∈ (0,1). ✷
Finally, regarding the third term in (12) we have the following result in which

dimensiond doesimpose a restriction on one of the estimates for the first time.

PROPOSITION 6. –Assume that the same hypotheses as in Theorem3 hold and let
(uϕ(x, t))(x,t)∈D×[0,T ] be the random field of Proposition3; then we have

E

∣∣∣∣∣
t∫

0

∫
D

dy
(
G(x1, t;y, τ)−G(x2, t;y, τ))h(uϕ(y, τ))W(y, dτ)

∣∣∣∣∣
r

� c|x1 − x2|γ r (65)

for all x1, x2 ∈ D uniformly in t ∈ [0, T ], for everyγ ∈ (0,1) and everyr ∈ [2,+∞);
moreover, we have

E

∣∣∣∣∣
t1∫

0

∫
D

dy G(x, t1;y, τ)h(uϕ(y, τ))W(y, dτ)

−
t2∫

0

∫
D

dy G(x, t2;y, τ)h(uϕ(y, τ))W(y, dτ)

∣∣∣∣∣
r

� c|t1 − t2|γ r (66)

for all t1, t2 ∈ [0, T ] uniformly in x ∈ D, for everyγ ∈ (0, 1
2 ∧ 2

d+2) and everyr ∈
[2,+∞).

The proof of this proposition is much more elaborate than that of Proposition
relies on two lemmas; it is based on an extension of the so-calledfactorization method,
which was originally introduced in [15] to deal with regularity questions concer
autonomous, linear stochastic partial differential equations; the method provides
to express the stochastic integral in (12) by means of an auxiliary random field w
moments are uniformly bounded in some sense. For everyδ ∈ (0, 1

2), we defineYδ by

Yδ(x, t)=
t∫
(t − τ)−δ

∫
dy G(x, t;y, τ)h(uϕ(y, τ))W(y, dτ) (67)
0 D
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ite

(12)
for everyx ∈D and everyt ∈ [0, T ]; as before, we can easily prove that this expres
is well-defined and finite a.s.; in fact, this is a trivial consequence of the bounde
property we just alluded to, which we describe in the following result.

LEMMA 4. –Assume that the same hypotheses as in Theorem3 hold; then we have

sup
(x,t)∈D×[0,T ]

E
∣∣Yδ(x, t)∣∣r <+∞ (68)

for everyr ∈ [2,+∞).

Proof. –We show that (68) is a direct consequence of (56) foruϕ . Owing to
Burkholder’s inequality and to hypotheses (C) and (L), we first get the estimates

E
∣∣Yδ(x, t)∣∣r � c

( +∞∑
j=1

λj‖ej‖2
∞

)r/2

× E

( t∫
0

dτ (t − τ)−2δ
(∫
D

dy
∣∣G(x, t;y, τ)h(uϕ(y, τ))∣∣

)2
)r/2

� cE

( t∫
0

dτ (t − τ)−2δ
(∫
D

dy
∣∣G(x, t;y, τ)∣∣(1+ ∣∣uϕ(y, τ)∣∣)

)2
)r/2

.

Furthermore, the measuredτ (t − τ)−2δ is finite on (0, t) since we haveδ ∈ (0, 1
2); by

applying Hölder’s inequality for this measure to the last integral and by invoking
Gaussian property ofG, we obtain

E
∣∣Yδ(x, t)∣∣r � cE

t∫
0

dτ (t − τ)−2δ
(∫
D

dy
∣∣G(x, t;y, τ)∣∣(1+ ∣∣uϕ(y, τ)∣∣)

)r

� cE

t∫
0

dτ (t − τ)−2δ
(

1+
∫
D

dy
∣∣G(x, t;y, τ)∣∣∣∣uϕ(y, τ)∣∣r

)

� c
(
1+ sup

(y,τ )∈D×[0,T ]
E
∣∣uϕ(y, τ)∣∣r)<+∞

uniformly in (x, t) ∈D×[0, T ], where we used Hölder’s inequality relative to the fin
measuredy |G(x, t;y, τ)| onD along with relation (56) foruϕ. ✷

Property (68) along with the following relation between the stochastic integral in
andYδ will be crucial to our proof of Proposition 6.

LEMMA 5. –Assume that the same hypotheses as in Theorem3 hold; then the relation
t∫

0

∫
D

dy G(x, t;y, τ)h(uϕ(y, τ))W(y, dτ)

= sin(δπ)

π

t∫
0

dτ (t − τ)δ−1
∫
D

dy G(x, t;y, τ)Yδ(y, τ) (69)

holds a.s. for everyδ ∈ (0, 1
2) and every(x, t) ∈D × [0, T ].
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nd the
Proof. –Let σ, τ, t ∈ [0, T ] such thatσ < τ < t ; then the evolution operators (4
satisfy the fundamental propertyU(t, τ)U(τ, σ )=U(t, σ ); equivalently, we have

G(x, t; z, σ )=
∫
D

dy G(x, t;y, τ)G(y, τ ; z, σ ) (70)

for the corresponding Green’s function, for allx, z ∈D. Relation (69) then follows from
the substitution of (67) into (69), the deterministic and stochastic versions of Fu
theorem, relation (70) and the identity

∫ t
σ dτ (t − τ)δ−1 × (τ − σ )−δ = π/sin(δπ). ✷

The preceding results now lead to the following.

Proof of Proposition 6. –In order to prove (65), we have to argue differently than
did to prove (61) because of the singular factor(t − τ)δ−1 in (69); owing to the Gaussia
property forG, we first notice that the measuredy dτ (t − τ)δ−1|G(x1, t;y, τ)−G(x2,

t;y, τ)| is finite onD × (0, t); then, by using successively (69), Hölder’s inequa
relative to this measure along with (68) we get

E

∣∣∣∣∣
t∫

0

∫
D

dy
(
G(x1, t;y, τ)−G(x2, t;y, τ))h(uϕ(y, τ))W(y, dτ)

∣∣∣∣∣
r

� c
(

sup
(y,τ )∈D×[0,T ]

E
∣∣Yδ(y, τ)∣∣r)

×
( t∫

0

dτ (t − τ)δ−1
∫
D

dy
∣∣G(x1, t;y, τ)−G(x2, t;y, τ)

∣∣)r

. (71)

Let γ ∈ (0,1); by using the Gaussian property we can estimate the last integral
preceding expression as

t∫
0

dτ (t − τ)δ−1
∫
D

dy
∣∣G(x1, t;y, τ)−G(x2, t;y, τ)

∣∣

�
t∫

0

dτ (t − τ)δ−1

×
∫
D

dy
(∣∣G(x1, t;y, τ)

∣∣+ ∣∣G(x2, t;y, τ)
∣∣)1−γ ∣∣G(x1, t;y, τ)−G(x2, t;y, τ)

∣∣γ

� c

t∫
0

dτ (t − τ)δ−1− d
2 (1−γ )

∫
D

dy
∣∣G(x1, t;y, τ)−G(x2, t;y, τ)

∣∣γ . (72)

In order to control the space-increment ofG in the last line of (72) we now choos
δ ∈ (

γ

2 ,
1
2), and then use successively the mean-value theorem along with (11) a

Gaussian property; writing againx∗ for a point on the segment betweenx1 andx2 we
obtain from (72) the estimates
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the
t∫
0

dτ (t − τ)δ−1
∫
D

dy
∣∣G(x1, t;y, τ)−G(x2, t;y, τ)

∣∣

� c

t∫
0

dτ (t − τ)δ−1− d
2 (1−γ )

∫
D

dy (t − τ)−
d+1

2 γ exp
[
−c |x∗ − y|2

t − τ

]
|x1 − x2|γ

= c

( t∫
0

dτ (t − τ)δ−1− γ
2

∫
D

dy (t − τ)−
d
2 exp

[
−c |x∗ − y|2

t − τ

])
|x1 − x2|γ

� c

( t∫
0

dτ (t − τ)δ−1− γ
2

)
|x1 − x2|γ � c|x1 − x2|γ

sinceδ − γ

2 > 0. The substitution of the preceding estimate into (71) proves (65).
We now show that (66) holds by choosing againσ > 0 sufficiently small,t1 = t + σ

andt2 = t ; owing to (69) we can first bound the left-hand side of (66) from above b

E

∣∣∣∣∣
t∫

0

dτ (t + σ − τ)δ−1
∫
D

dy G(x, t + σ ;y, τ)Yδ(y, τ)

−
t∫

0

dτ (t − τ)δ−1
∫
D

dy G(x, t;y, τ)Yδ(y, τ)
∣∣∣∣∣
r

+ E

∣∣∣∣∣
t+σ∫
t

dτ (t + σ − τ)δ−1
∫
D

dy G(x, t + σ ;y, τ)Yδ(y, τ)
∣∣∣∣∣
r

(73)

and we proceed by investigating each term of (73) separately. Regarding the secon
we notice by arguing as before that the measuredy dτ (t+σ −τ)δ−1|G(x, t+σ ;y, τ)| is
finite onD× (t, t +σ ); then, lettingγ ∈ (0, 1

2), δ ∈ (γ, 1
2) and using Hölder’s inequalit

relative to this measure along with (68) and the Gaussian property, we obtain

E

∣∣∣∣∣
t+σ∫
t

dτ (t + σ − τ)δ−1
∫
D

dy G(x, t + σ ;y, τ)Yδ(y, τ)
∣∣∣∣∣
r

�
(

sup
(y,τ )∈D×[0,T ]

E
∣∣Yδ(y, τ)∣∣r)

×
( t+σ∫

t

dτ (t + σ − τ)δ−1
∫
D

dy
∣∣G(x, t + σ ;y, τ)∣∣

)r

� c

( t+σ∫
t

dτ (t + σ − τ)δ−1

)r

� cσ δr � cσ γ r . (74)

The analysis of the first term in (73) is more complicated; the first part of the argu
is similar to what we just did to derive the first inequality in (74); this remark and
Gaussian property lead to
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let us

ol
ain
E

∣∣∣∣∣
t∫

0

dτ (t + σ − τ)δ−1
∫
D

dy G(x, t + σ ;y, τ)Yδ(y, τ)

−
t∫

0

dτ (t − τ)δ−1
∫
D

dy G(x, t;y, τ)Yδ(y, τ)
∣∣∣∣∣
r

�
(

sup
(y,τ )∈D×[0,T ]

E
∣∣Yδ(y, τ)∣∣r)

×
( t∫

0

dτ

∫
D

dy
∣∣(t + σ − τ)δ−1G(x, t + σ ;y, τ)− (t − τ)δ−1G(x, t;y, τ)∣∣

)r

� c

( t∫
0

dτ
∣∣(t + σ − τ)δ−1 − (t − τ)δ−1∣∣)r

+ c

( t∫
0

dτ (t + σ − τ)δ−1
∫
D

dy
∣∣G(x, t + σ ;y, τ)−G(x, t;y, τ)∣∣

)r

. (75)

On the one hand, in order to control the increment of the line before last in (75),
chooseγ ∈ (0, 1

2) andδ ∈ (γ, 1
2) again; from the mean-value theorem we get

t∫
0

dτ
∣∣(t + σ − τ)δ−1 − (t − τ)δ−1∣∣

� c

t∫
0

dτ (t − τ)(δ−1)(1−γ )∣∣(t + σ − τ)δ−1 − (t − τ)δ−1∣∣γ

� c

( t∫
0

dτ (t − τ)(δ−1)(1−γ )+(δ−2)γ

)
σ γ � cσ γ (76)

since(δ−1)(1−γ )+ (δ−2)γ = δ−γ −1>−1. On the other hand, in order to contr
the increment of the last line of (75) we first invoke the Gaussian property; we obt

t∫
0

dτ (t + σ − τ)δ−1
∫
D

dy
∣∣G(x, t + σ ;y, τ)−G(x, t;y, τ)∣∣

� c

t∫
0

dτ (t + σ − τ)δ−1− d
2 (1−γ )

∫
D

dy exp
[
−c |x − y|2

t + σ − τ

]

× ∣∣G(x, t + σ ;y, τ)−G(x, t;y, τ)∣∣γ + c

t∫
0

dτ (t + σ − τ)δ−1(t − τ)−
d
2 (1−γ )

×
∫
dy exp

[
−c |x − y|2

t − τ

]∣∣G(x, t + σ ;y, τ)−G(x, t;y, τ)∣∣γ .

D
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eding

ng

o

,

We then apply the mean-value theorem to the last two time-increments ofG along with
(11); this leads to

t∫
0

dτ (t + σ − τ)δ−1
∫
D

dy
∣∣G(x, t + σ ;y, τ)−G(x, t;y, τ)∣∣

� c

t∫
0

dτ (t + σ − τ)δ−1− d
2 (1−γ )(t∗ − τ)−

d+2
2 γ

∫
D

dy exp
[
−c |x − y|2

t + σ − τ

]
σ γ

+ c

t∫
0

dτ (t + σ − τ)δ−1(t − τ)−
d
2 (1−γ )(t∗ − τ)−

d+2
2 γ

×
∫
D

dy exp
[
−c |x − y|2

t − τ

]
σ γ .

To go further, we have to impose an additional restriction onγ by choosingγ ∈ (0, 2
d+2);

we then takeδ ∈ (γ, 2
d+2) and use the Gaussian property once again; from the prec

estimates we get

t∫
0

dτ (t + σ − τ)δ−1
∫
D

dy
∣∣G(x, t + σ ;y, τ)−G(x, t;y, τ)∣∣

� c

( t∫
0

dτ (t + σ − τ)δ−1+ d
2γ (t∗ − τ)−

d+2
2 γ

)
σ γ

+ c

( t∫
0

dτ (t + σ − τ)δ−1(t − τ)
d
2γ (t∗ − τ)−

d+2
2 γ

)
σ γ

� c

( t∫
0

dτ (t − τ)δ−1+ d
2γ− d+2

2 γ

)
σ γ

= c

( t∫
0

dτ (t − τ)δ−1−γ
)
σ γ � cσ γ (77)

sinceσ > 0, t∗ ∈ (t, t + σ ), δ − 1 + d
2γ < d+2

2 δ − 1 < 0 andδ − 1 − γ > −1. It is
now clear that ifγ ∈ (0, 1

2 ∧ 2
d+2), then the substitution of (76) and (77) into (75) alo

with (74) imply relation (66). ✷
The preceding considerations now lead to the following.

Proof of Theorem 3. –We first show that the random fields(u1
ϕ(., t))t∈[0,T ] and

(uϕ(., t))t∈[0,T ] are indistinguishable, which will immediately imply the first tw
properties of the theorem. On the one hand, from our construction ofuϕ in the proof
of Proposition 3 we haveuϕ(., t) ∈ L2(D) a.s. for everyt ∈ [0, T ]. On the other hand
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ed,
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t is
(58)
ains

g
ality
from Theorems 1, 2 and Proposition 3 we infer that both random fields satisfy
therefore, arguingverbatim as in the proof of Theorem 2 by means of Gronwa
inequality, we may conclude thatu1

ϕ(., t) = uϕ(., t) a.s. as an inequality inL2(D) for
everyt ∈ [0, T ] sinceu1

ϕ ∈ L2(�;C([0, T ];L2(D))). This proves that the random fie
(uϕ(., t))t∈[0,T ] is a mild solution to (3) which exhibitsH 1(D)-regularity in the spac
variable and satisfies (14). In order to prove that there exists a jointly Hölder conti
version of (uϕ(., t))t∈[0,T ], it is sufficient to invoke Propositions 4, 5 and 6; inde
these propositions together with a multidimensional version of Kolmogorov’s conti
theorem (see, for instance, [24]) imply the result.✷

We now turn to the proofs of Theorems 4 and 5, which rest on the follow
preliminary result and its proof.

LEMMA 6. – (Cd) implies(H) while (Cd
η) implies(Hη).

Proof. –We can argue exactly as in the proof of (17) to get

t∫
0

dτ

+∞∑
j=1

λj

(∫
D

dy
∣∣G(x, t;y, τ ∣∣ej (y)

)2

� c

+∞∑
j=1

λj

t∫
0

dτ

∫
D

dy
∣∣G(x, t;y, τ)∣∣∣∣ej (y)∣∣2

� c

t∫
0

dτ (t − τ)−
d
2+ d

2s∗ � c <+∞ (78)

uniformly in (x, t) ∈D×[0, T ], which proves the first assertion of the lemma; simila
we have

+∞∑
j=1

λj

t∫
0

dτ (t − τ)−2η
∫
D

dy
∣∣G(x, t;y, τ)∣∣∣∣ej (y)∣∣2

� c

t∫
0

dτ (t − τ)−2η− d
2 + d

2s∗ � c <+∞ (79)

sinces ∈ ( d
1−2η ;+∞) implies 1− 2η − d

2 + d
2s∗ > 0, which proves the second ass

tion. ✷
We then have the following.

Proof of Theorem 4. –In order to prove the first statement of the theorem, i
sufficient to show that the conclusion of Proposition 3 holds; since estimates
and (59) are still valid, we need only show that an estimate of the form (60) rem
true. By virtue of (78) we first note that the measureλj dy dτ |G(x, t;y, τ)||ej (y)|2
is finite onN

+ × D × (0, t) uniformly in (x, t) ∈ D × [0, T ]; consequently, by usin
successively Burkholder’s inequality, hypothesis (L) along with Hölder’s inequ
relative toλj dy dτ |G(x, t;y, τ)||ej (y)|2 on N

+ ×D × (0, t) we get
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an

that
derive
s lie in

e case

(81)

at of

tion 1.
t

d

E

∣∣∣∣∣
t∫

0

∫
D

dy G(x, t;y, τ)h(u(y, τ))W(y, dτ)

∣∣∣∣∣
r

� cE

∣∣∣∣∣
+∞∑
j=1

λj

t∫
0

dτ

∫
D

dy
∣∣G(x, t;y, τ)∣∣∣∣ej (y)∣∣2(1+ ∣∣u(y, τ)∣∣2)

∣∣∣∣∣
r/2

� c

+∞∑
j=1

λj

t∫
0

dτ

∫
D

dy
∣∣G(x, t;y, τ)∣∣∣∣ej (y)∣∣2(1+ E

∣∣u(y, τ)∣∣r)

� c
(
1+ sup

(y,τ )∈D×[0,T ]
E
∣∣u(y, τ)∣∣r)<+∞. (80)

As for the proof of the second statement, it is sufficient to show that the concl
of Proposition 6 holds true for(u4

ϕ(x, t))(x,t)∈D×[0,T ] since Propositions 4 and 5 rema
unchanged; for this we need only prove that the conclusion of Lemma 4 is valid f
auxiliary random fieldYη defined by

Yη(x, t)=
t∫

0

(t − τ)−η
∫
D

dy G(x, t;y, τ)h(u4
ϕ(y, τ)

)
W(y, dτ).

But this is immediate, for the measureλj dy dτ (t − τ)−2η|G(x, t;y, τ)||ej (y)|2 is finite
on N

+ ×D × (0, t) uniformly in (x, t) ∈ D × [0, T ] as a consequence of (79); we c
then argue exactly as in the proof of (80) to get

E
∣∣Yη(x, t)∣∣r � c

(
1+ sup

(y,τ )∈D×[0,T ]
E
∣∣u(y, τ)∣∣r)<+∞ (81)

as desired. ✷
Finally, we have the following.

Proof of Theorem 5. –From the preceding considerations it is now clear
inequalities of the form (80) and (81) are the only estimates we need; in order to
such estimates under the hypotheses of the theorem, the only concrete change
the choice of the respective measures to which we apply Hölder’s inequality. In th
of (80) we choose the finite measuredτ dy dz |G(x, t;y, τ)| × κ(y, z)× |G(x, t; z, τ)|
on (0, t)×D ×D (see, for instance, relations (21) and (22)), while in the case of
we choosedτ dy dz (t − τ)−2η × |G(x, t;y, τ)| × κ(y, z)× |G(x, t; z, τ)|, which is also
finite by virtue of (Hη); the remaining part of the proof is essentially the same as th
Theorem 4 and is thereby omitted.✷

We conclude this article by comparing briefly the rôle played by (Cd ) and (Cdη) with
that of the spectral measure conditions we alluded to at the very end of Sec
Assume that the generating kernelκ :D × D �→ R

+ admits a translation-invarian
extensionκ∗ :Rd �→ R in such a way that the measuredy κ∗(y) be positive-definite an
tempered onRd , and writem for the spectral measure associated withdy κ∗(y) (see, for
instance, [21]). We impose the following two conditions onm:
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d
these

f
lation
(Md ) We have ∫
Rd

m(dζ )

1+ |ζ |2 <+∞. (82)

(Md
η) There existsη ∈ (0, 1

2) such that

∫
Rd

m(dζ )

(1+ |ζ |2)1−2η
<+∞. (83)

Condition (Md ) has appeared, for instance, in [12,25,44] while (Md
η) has been introduce

in [33,46]; a comparison of our arguments with the methods of proof used in
references suggests that the analogy between (Cd ), (Cd

η) and (Md ), (Md
η) is best illustrated

if we can show that (Md ) implies (H) while (Md
η) implies (Hη). Regarding the proof o

the first statement our starting point is relation (22); by using successively the trans
invariance ofκ∗, the Gaussian property, the definition ofm along with (82) we obtain

t∫
0

dτ

+∞∑
j=1

λj

(∫
D

dy
∣∣G(x, t;y, τ)∣∣ej (y)

)2

� c

t∫
0

dτ

∫
Rd

m(dζ )exp
[−c(t − τ)|ζ |2]

= c

∫
Rd

m(dζ )
1− exp[−ct|ζ |2]

|ζ |2 � c

∫
Rd

m(dζ )

1+ |ζ |2 <+∞,

which is (H). Starting in a similar way for the proof of (Hη) and writing< for Euler’s
Gamma function we get

t∫
0

dτ (t − τ)−2η
+∞∑
j=1

λj

(∫
D

dy
∣∣G(x, t;y, τ)∣∣ej (y)

)2

� c

t∫
0

dτ τ−2η
∫

{ζ∈Rd : |ζ |<1}
m(dζ )exp

[−cτ |ζ |2]

+ c

t∫
0

dτ τ−2η
∫

{ζ∈Rd : |ζ |�1}
m(dζ )exp

[−cτ |ζ |2]

� c

t∫
0

dτ τ−2η
∫

{ζ∈Rd : |ζ |<1}
m(dζ )exp

[−cτ |ζ |2]

+ c<(1− 2η)
∫

{ζ∈Rd : |ζ |�1}

m(dζ )

(1+ |ζ |2)1−2η
<+∞
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by virtue of the properties ofm, (83) and the fact that 1−2η > 0. It is natural to conclude
therefore, that (Cd ) and (Cdη) play the same rôle in our analysis of the strong soluti
to (3) as (Md ) and (Md

η ) have played in the above references. In this sense, they m
considered as natural substitutes for (Md ) and (Md

η) whenκ is not translation-invariant.
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