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ABSTRACT. – Let (Zn)n�0 be a branching process in random environment represented
sequence of i.i.d. generating functions(fn)n�0. In the subcritical case, E logf ′(1) < 0, the non-
extinction probability at generationn decays exponentially fast, the rate depending on whe
E[f ′(1) logf ′(1)] is less, equal or greater than 0. We determine the exact asymptotic
non-extinction probability P(Zn > 0) in all three cases under suitable integrability assumpti
Moreover, we show thatZn conditioned onZn > 0 has a non-degenerate limit law.
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RÉSUMÉ. – Soit (Zn)n�0 un processus de branchement dans un environnement alé
représenté par une suite(fn)n�0 de fonctions génératrices i.i.d.. Dans le cas sous-criti
E logf ′(1) < 0, la probabilité de survie à la générationn décroït exponentiellement, à u
taux different selon que E[f ′(1) logf ′(1)] est négative, nulle ou positive. Nous détermin
le comportement asymptotique exact de la probabilité de survie P(Zn > 0) dans les trois cas sou
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1. Introduction and main results

In this paper we obtain asymptotics for a branching process(Zn)n�0 in random
environment specified by a sequence of generating functions(fn)n�0. In such a
process it is assumed that, conditioned on the environment, particles reproduc
a Galton–Watson branching process in varying environment, i.e., particles repr
independently of each other and the offspring of a particle at generationn has generating
functionfn. (For details and background on branching processes in random enviro
we refer the reader to [4,5,19].) IfZn denotes the number of particles at generation,
thenZn+1 is the sum ofZn independent random variables, each of which has gener
functionfn, i.e.,

E
(
sZn+1 | Z0, . . . ,Zn;f0, f1, . . .

)= fn(s)Zn, 0 � s � 1. (1.1)

In the following we assume that the process starts with a single founding ancestorZ0=
1. Then the conditional probability generating function ofZn given the environmen
sequence(fn)n�0 is

E
(
sZn | f0, f1, . . .

)= f0
(
f1(· · ·fn−1(s) · · ·)), 0 � s � 1. (1.2)

In particular, the conditional mean generation size and the conditional non-extin
probability atn given the environment are

E(Zn | f0, f1, . . .)= f ′0(1)f ′1(1) · · ·f ′n−1(1) (1.3)

and

P(Zn > 0 | f0, f1, . . .)= 1− f0
(
f1(· · ·fn−1(0) · · ·)). (1.4)

If the random generating functionsfn are i.i.d. and if E logf ′0(1) exists, then, by (1.3
and the law of large numbers,

lim
n→∞

1

n
log E(Zn | f0, f1, . . .)= lim

n→∞
1

n

n∑
i=1

logf ′i−1(1)
a.s.= E logf ′(1),

wheref denotes a random generating function with the common distribution of thfn,
andf ′(1) is the conditional mean number of children per particle.

Here we study thesubcritical caseE logf ′(1) < 0, where the conditional mea
generation size atn decays exponentially for almost every environment. We determ
the exact asymptotic of the non-extinction probability atn and show thatZn has a non-
degenerate conditional limit law. For convenience we assume throughout that P(f ′(1)=
0)= 0. [Note that if P(f ′(1) = 0)= q < 1, thenL(Zn)= (1− qn)δ0+ qnL(Z◦n), where
(Z◦n)n�0 is a branching process in i.i.d. random environment(f ◦n )n�0 with L(f ◦) =
L(f | f ′(1) = 0). In particular, P(Zn > 0)= qnP(Z◦n > 0) andL(Zn | Zn > 0)= L(Z◦n |
Z◦n > 0).]

As was first observed by Afanasyev [1] and later independently by Dekking
the decay rate of the non-extinction probability of a subcritical branching proce
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i.i.d. random environment depends on the sign of E[f ′(1) logf ′(1)]. In the strongly
subcritical case, where E[f ′(1) logf ′(1)] < 0, the first moment estimate P(Zn > 0) �
EZn = (Ef ′(1))n gives the right decay of the non-extinction probability up to a cons
and the conditional limit law ofZn has finite mean.

THEOREM 1.1 (Strongly subcritical case). –Let

E
[
f ′(1) logf ′(1)

]
< 0 (1.5)

and assume that

E[Z1 log+Z1]<∞. (1.6)

Then, asn→∞,
P(Zn > 0)∼ c1(Ef ′(1))n (1.7)

for some0< c1 � 1. Moreover,

lim
n→∞P(Zn = k | Zn > 0)= q1(k), k � 1, (1.8)

where
∞∑
k=1

q1(k)= 1 and
∞∑
k=1

kq1(k) <∞.

The asymptotic (1.7) is due to Guivarc’h and Liu (Theorem 1.2(a) in [14]
was originally proved by D’Souza and Hambly under an extra moment assum
Observe that, by means of Jensen’s inequality, condition (1.5) implies Ef ′(1) < 1 and
subcriticality.

In the intermediate subcritical case, where E[f ′(1) logf ′(1)] = 0, the first momen
estimate still gives the right exponential rate of decay of the non-extinction proba
atn, but differs from the exact asymptotic by a factor of ordern−1/2.

THEOREM 1.2 (Intermediate subcritical case). –Let

E logf ′(1) < 0, E
[
f ′(1) logf ′(1)

]= 0 (1.9)

and assume that the following integrability conditions are satisfied,

E
[
f ′(1) log2f ′(1)

]
<∞, E

[(
1+ log− f ′(1)

)
f ′′(1)

]
<∞. (1.10)

Then, asn→∞,
P(Zn > 0)∼ c2n−1/2(Ef ′(1))n (1.11)

for some0< c2<∞. Moreover,

lim
n→∞P(Zn = k | Zn > 0)= q2(k), k � 1, (1.12)

where
∑∞
k=1q2(k)= 1.
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In theweakly subcritical case, where E[f ′(1) logf ′(1)]> 0, the situation is different
The exponential rate of decay of the non-extinction probability atn is strictly less than
Ef ′(1) (which might possibly be> 1). Let

γ := inf
0�θ�1

Ef ′(1)θ

and letα ∈ [0,1] be defined through

γ = Ef ′(1)α.

For simplicity we assume the following aperiodicity condition: The distribution
logf ′(1) is not supported by any non-centered lattice, i.e.,

P
(
logf ′(1) ∈ x + λZ)< 1, ∀0< x < λ. (1.13)

THEOREM 1.3 (Weakly subcritical case). –Let

E logf ′(1) < 0 and 0< E
[
f ′(1) logf ′(1)

]
<∞. (1.14)

Assume that(1.13)holds and that the following integrability conditions are satisfied

E
f ′′(1)
f ′(1)1−α

<∞, E
f ′′(1)
f ′(1)2−α

<∞. (1.15)

Then, asn→∞,
P(Zn > 0)∼ c3n−3/2γ n (1.16)

for some0< c3<∞. Moreover,

lim
n→∞P(Zn = k | Zn > 0)= q3(k), k � 1, (1.17)

where
∑∞
k=1q3(k)= 1.

Note that condition (1.14) impliesγ < (1∧Ef ′(1)) and 0< α < 1.
In the special case, where thefn are linear fractional with probability one, th

asymptotic behavior of P(Zn > 0) has been determined by Afanasyev [1] under sim
integrability assumptions (see Lemma 11 in [11]). By a comparison argument d
Agresti [3], asymptotics for the linear fractional case imply upper and lower bound
general i.i.d. environment. Assuming Ef ′(1) <∞ Liu [18] showed that limn→∞P(Zn >
0)1/n = γ for a branching process in i.i.d. environment with countable state s
extending a result of Dekking [7]. D’Souza and Hambly [9] obtained this conclu
for branching processes in certain stationary and ergodic environments. In the
fractional case also some functional limit theorems and results for the reduced p
have been derived; see [2,11].

The starting point of our analysis is a formula for the conditional non-extinc
probability at n in terms of a random walk which has been obtained in [13]. T
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result and some frequently used estimates are collected in Section 2. Sections
demonstrate Theorems 1.1 to 1.3. The result in the strongly subcritical case f
rather easily from a change-of-measure argument. In the intermediate and the
subcritical case we need to study the behavior of the associated random walk
conditioned on rare behavior.

2. Preliminaries

In this section we state some preliminary results. We introduce notations

fk,� :=

fk ◦ fk+1 ◦ · · · ◦ f�−1, k < �;
fk−1 ◦ fk−2 ◦ · · · ◦ f�, k > �;
id, k = �.

gk(s) := 1

1− fk(s) −
1

f ′k(1)(1− s)
, 0� s < 1. (2.1)

ηk,n(s) := gk(fk+1,n(s)
)
, 0 � s < 1, 0� k � n− 1.

Sn := logf ′0,n(1), n� 0.

Note that if thefn are assumed i.i.d., then(Sn)n�0 is a random walk started at 0 wi
incrementsXn := logf ′n−1(1), n� 1.

The following formula for the conditional generating function ofZn has been obtaine
in [13].

LEMMA 2.1. – Letfk ≡ 1,0� k � n− 1. Then, for every0� s < 1,

1− f0,n(s)=
(

exp(−Sn)
1− s +

n−1∑
k=0

ηk,n(s)exp(−Sk)
)−1

. (2.2)

In particular,

P(Zn > 0)= E

(
n∑
k=0

ηk,n exp(−Sk)
)−1

, (2.3)

whereηk,n := ηk,n(0),0� k � n− 1, andηn,n := 1.

The following bound for the random coefficientsηk,n in (2.3) is from Lemma 2.1
in [13] (recall (2.1)).

LEMMA 2.2. – Let f ≡ 1 be a probability generating function withf ′′(1) <∞.
Then, for every0� s < 1,

0 � g(s)� f
′′(1)
f ′(1)2

, (2.4)

where

g(s)= 1

1− f (s) −
1

f ′(1)(1− s) .
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We finally state the following monotonicity property.

LEMMA 2.3. – Let (fn)n�0 be a sequence of probability generating functions. Th
for everyk � 0 and0� s � 1,

exp(−Sk+1)
(
1− fk+1,0(s)

)
� exp(−Sk)(1− fk,0(s))� 1− s. (2.5)

In particular,

lim
n→∞exp(−Sn)(1− fn,0(s)) exists (2.6)

for every0 � s � 1.

Proof. –By convexity offk we have for every 0� s � 1,

1− fk+1,0(s)= 1− fk(fk,0(s))
� f ′k(1)

(
1− fk,0(s))= exp(Sk+1− Sk)(1− fk,0(s)).

For the second inequality recall thatf0,0= id.

Remark. – Observe that

exp(Sk)

1− f0,k(0)
= E(Zk | f0, f1, . . .)

P(Zk > 0 | f0, f1, . . .)
= E(Zk | Zk > 0;f0, f1, . . .).

Hence, takings = 0 in (2.5) we see that, given the environment(fk−j )0�j�k and non-
extinction atk + 1, the conditional mean generation size atk + 1 is larger than the
conditional mean generation size atk given the environment(fk−1−j )0�j�k−1 and non-
extinction atk. In fact, a stronger statement holds: The first conditional generation
stochastically dominates the second. This monotonicity is an immediate conseq
of the backward construction of the conditional family tree produced by the bran
process (see [12] for the special case of classical Galton–Watson processes).

3. Strongly subcritical and intermediate subcritical cases

The main objective of this section is to prove Theorem 1.2. However, we will
demonstrate the second part of Theorem 1.1 and give a representation of the conc1
in the asymptotic (1.7). Our first step is to extract the exponential term of the
extinction probability at generationn.

Suppose that Ef ′(1) <∞. Then we can introduce the random probability genera
function f̄ with distribution given by

Eψ(f̄ )= E[f ′(1)ψ(f )]
Ef ′(1)

(3.1)

for every non-negative measurable functionψ on

� :=
{
f (s)=

∞∑
pks

k: pk � 0, f (1)= 1

}
.

k=0
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We identify the set of functions� with the Polish space of probability measures
N := {0,1,2, . . .}. If we refer to the mean of the corresponding offspring distribution
the “size” of a probability generating function, then the law off̄ is what is called the
size-biaseddistribution off. We remark that the law off̄ can also be viewed as th
measure on� induced by tilting the law of logf ′(1). Observe also that the condition
distribution of f̄ given f̄ ′(1) is the same as the conditional distribution off given
f ′(1) (see the monograph [16] for properties of probability measures on Polish s
as existence of regular conditional distributions). Iff̄0, f̄1, . . . are i.i.d. copies of the
random generating function̄f , then

Eψ(f̄0, . . . , f̄n−1)= E[exp(Sn)ψ(f0, . . . , fn−1)]
(Ef ′(1))n

(3.2)

for every non-negative measurableψ on�n,n� 1. (We note that the change of measu
in (3.1) and (3.2) is the same as in [14].)

Using the exchangeability of thefn and takingψ(f0, . . . , fn−1) = exp(−Sn)(1 −
fn,0(s)) in (3.2) we obtain

1−Ef0,n(s)= (Ef ′(1))nE[exp(−�Sn)(1− f̄n,0(s))]. (3.3)

(We use notation�Sn, f̄n,0, ḡk , etc., for the analogues ofSn, f0,n andgk defined in terms o
the f̄j , j � 0; e.g.,�Sn :=∑n

j=1 log f̄ ′j−1(1). In the sequel we will also introduce rando

generating functions̃fj , f̂j andf̌j , j � 0. NotationS̃n, ĝk, η̌k,n(s), etc., will then be used
for the corresponding random quantities without further mentioning.)

By (2.2), replacingfk by f̄n−k−1,

exp(−�Sn)(1− f̄n,0(s))=
(

1

1− s +
n−1∑
k=0

exp(�Sn−k)ḡn−1−k
(
f̄n−1−k,0(s)

))−1

=
(

1

1− s +
n∑
k=1

ζ̄k−1(s)exp(�Sk)
)−1

, (3.4)

where

ζ̄k(s) := ḡk(f̄k,0(s)), 0� s < 1, k � 0. (3.5)

Combining (3.3) and (3.4) gives

1−Ef0,n(s)= (Ef ′(1))nE
(

1

1− s +
n∑
k=1

ζ̄k−1(s)exp(�Sk)
)−1

, 0 � s < 1. (3.6)

Takes = 0 in (3.6) and abbreviatēζk−1 := ζ̄k−1(0) to obtain

P(Zn > 0)= (Ef ′(1))nE(1+
n∑
ζ̄k−1 exp(�Sk)

)−1

. (3.7)

k=1
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Proof of Theorem 1.1. –The asymptotic (1.7) was proved in [14]. Note that, by (3

c1= E

(
1+

∞∑
k=1

ζ̄k−1 exp(�Sk)
)−1

.

The second part of the theorem is an easy consequence of (1.7). Observe
conditional generating function ofZn given non-extinction atn is

E
(
sZn | Zn > 0

)= EsZn −P(Zn = 0)

P(Zn > 0)

= 1− 1−Ef0,n(s)

P(Zn > 0)
, 0� s � 1. (3.8)

By (1.7) and (3.6), we have

lim
n→∞E

(
sZn |Zn > 0

)= 1− c−1
1 E

(
1

1− s +
∞∑
k=1

ζ̄k−1(s)exp(�Sk)
)−1

(3.9)

for every 0� s < 1. Hence,

q1(k) := lim
n→∞P(Zn = k | Zn > 0) (3.10)

exists for everyk � 1. Use (1.7) again to deduce

lim sup
n→∞

E(Zn | Zn > 0)= lim sup
n→∞

(Ef ′(1))n

P(Zn > 0)
= c−1

1 <∞, (3.11)

which implies tightness ofL(Zn | Zn > 0), n� 0. Consequently,(q1(k))k�1 is a proper
probability measure on the positive integers.

Finally, use (3.10), Fatou’s lemma and (3.11) to conclude
∞∑
k=1

kq1(k)=
∞∑
k=1

lim inf
n→∞ kP(Zn = k | Zn > 0)

� lim inf
n→∞ E(Zn | Zn > 0)� lim sup

n→∞
E(Zn | Zn > 0) <∞,

which completes the proof of Theorem 1.1.

We now begin preparations of the proof of Theorem 1.2. By (1.4) and (3.3
prove (1.11) it suffices to show

E
[
exp(−�Sn)(1− f̄n,0(0))]∼ c2n−1/2 asn→∞ (3.12)

for some 0< c2<∞. The key ingredient to establish (3.12) will again be formula (3
Our arguments will follow closely those in [13] where it is shown that in the crit
case the non-extinction probability atn is asymptoticallycn−1/2 for some 0< c <∞.
(Observe that in the intermediate subcritical case the random walk(�Sk)k�0 has mean
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zero. In particular, the random quantity in (3.12), resp. (3.4), resembles the
extinction probability atn given the random environment̄f0, f̄1, . . . However, note the
opposite sign of the random walk and the difference in the random coefficients.
basic idea to prove (3.12) is that only random walk paths(�Sk)0�k�n which have a low
maximum �Mn :=max{�Sk: 0 � k � n} give a substantial contribution to the expectat
in (3.12) (compare (3.4)). To make this intuition precise let 0=: σ̄0 < σ̄1 < σ̄2 < · · ·
denote the strict ascending ladder epochs of the random walk(�Sk)k�0,

σ̄j+1 :=min{k > σ̄j : �Sk >�Sσ̄j }, j � 0,

and let

h(x) :=
∞∑
j=0

P(�Sσ̄j � x), x ∈R.

The renewal functionh is harmonic for the random walk(−�Sk)k�0 (see [6]; and
Chapter 12 in [10] for background material on fluctuation theory of random wa

i.e., if �X d= log f̄ ′(1), then

h(x)=Eh(x − �X), x � 0. (3.13)

By (1.9), the random walk(�Sk)k�0 has mean zero. The first part of assumption (1
and relation (3.1) imply that the walk has positive finite variance,

0< E�X 2= E log2 f̄ ′(1)= (Ef ′(1))−1
E
[
f ′(1) log2f ′(1)

]
<∞.

Hence,h(x)∼ cx asx→∞ for somec > 0 by the elementary renewal theorem.
The probability that the random walk path(�Sk)0�k�n stays belowx decays as

n−1/2. More precisely, if we writem̄n(x) := P(�Mn � x) then there exist positive finit
constantsc′ andc′′ such that (see Theorem A in [17]), asn→∞,

m̄n(x)∼ c′h(x)n−1/2, x � 0; (3.14)

m̄n(x)� c′′h(x)n−1/2, x � 0, n� 1. (3.15)

The asymptotic behavior of the initial piece of the sequence(f̄k)k�0, given the associate
random walk has a low maximum untiln, is described by the following lemma.

LEMMA 3.1. – Letx � 0 and suppose that

E logf̄ ′(1)= 0, 0< E log2 f̄ ′(1) <∞. (3.16)

Then,

lim
n→∞E

(
ψ(f̄0, . . . , f̄k−1) | �Mn � x

)
= h(x)−1E

[
ψ(f̄0, . . . , f̄k−1)h(x −�Sk); �Mk � x

]
(3.17)

for every bounded measurable functionψ on�k, k � 1.



602 J. GEIGER ET AL. / Ann. I. H. Poincaré – PR 39 (2003) 593–620

n

h

ity of
Proof. –Fix x � 0 and let 1� k � n.With no loss of generality we assume 0�ψ � 1.
Conditioning onf̄0, . . . , f̄k−1 shows that

E
[
ψ(f̄0, . . . , f̄k−1); �Mn � x

]
= E

[
ψ(f̄0, . . . , f̄k−1)m̄n−k(x −�Sk); �Mk � x

]
. (3.18)

By Fatou’s lemma and (3.14),

lim inf
n→∞ E

(
ψ(f̄0, . . . , f̄k−1) | �Mn � x

)
� E

[
ψ(f̄0, . . . , f̄k−1) lim inf

n→∞
m̄n−k(x −�Sk)
m̄n(x)

; �Mk � x
]

= h(x)−1E
[
ψ(f̄0, . . . , f̄k−1)h(x −�Sk); �Mk � x

]
. (3.19)

Replacingψ by 1−ψ in (3.19) gives (3.17).

From (3.13) and the fact thath(x)= 0 for x < 0 we see that

h(x)−1E
[
h(x −�Sk); �Mk � x

]= 1

for every x � 0 andk ∈ N. Hence, for eachx � 0, the right-hand side of (3.17) i
particular specifies a probability measureLx on�N := {(f0, f1, . . .): fi ∈�}.We write
(f̃k)k�0 for a sequence of random generating functions with distributionLx and denote
expectation with respect toLx by Ex , i.e.,

Exψ(f̃0, . . . , f̃k−1)= h(x)−1E
[
ψ(f̄0, . . . , f̄k−1)h(x −�Sk); �Mk � x

]
(3.20)

for every non-negative measurable functionψ on�k, k � 1. We remark that, for eac
x � 0, the process(Ỹk)k�0 with incrementsỸk+1− Ỹk := − log f̃ ′k(1), k � 0, is a time-
homogeneous Markov chain underLx. If we choose the initial distributionLx(Ỹ0) to
beδx , then the chain has state space[0,∞) and its transition kernel does not depend onx.

Our next lemma describes the limit of the conditional expectation of the quant
interest in (3.4) given the event that the random walk path(�Sk)k�0 stays belowx until
some time in the near future. Forx � 0 and 0� s < 1 let (compare (2.6) and (3.4))

β(x, s) := lim
n→∞Ex

[
exp(Ỹn − x)(1− f̃n,0(s))]

= Ex

(
1

1− s +
∞∑
k=1

ζ̃k−1(s)exp(x − Ỹk)
)−1

(3.21)

and let�r� denote the integer part ofr ∈R
+
0 .

LEMMA 3.2. – Assume(3.16)and suppose

E
[(

1+ log− f̄ ′(1)
) f̄ ′′(1)
f̄ ′(1)

]
<∞. (3.22)

Then, for everyx � 0 and0 � s < 1, and anyρ > 1,

lim
n→∞E

(
exp(−�Sn)(1− f̄n,0(s)) ∣∣ �M�ρn� � x

)= β(x, s). (3.23)
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Proof. –Fix x � 0, 0 � s < 1 andρ > 1. By (3.4),

exp(−�Sn)(1− f̄n,0(s))=
(

1

1− s +
n∑
k=1

ζ̄k−1(s)exp(�Sk)
)−1

� 1− s.

Hence, by Lemma 3.1, (3.20) and (3.21),

lim
m→∞ lim

n→∞E
(
exp(−�Sm)(1− f̄m,0(s)) ∣∣ �M�ρn� � x

)
= Ex

(
1

1− s +
∞∑
k=1

ζ̃k−1(s)exp(x − Ỹk)
)−1

= β(x, s). (3.24)

Now let 1�m� n. Use firsta−1− b−1 � b− a for 1 � a � b and relation (3.18), an
then (3.14), (3.15) and (3.20) to estimate

E
(
exp(−�Sm)(1− f̄m,0(s))− exp(−�Sn)(1− f̄n,0(s)) | �M�ρn� � x

)
� E

(
n∑

k=m+1

ζ̄k−1(s)exp(�Sk)
∣∣∣∣ �M�ρn� � x

)

= 1

m̄�ρn�(x)
E

[
n∑

k=m+1

ζ̄k−1(s)exp(�Sk)m̄�ρn�−n(x −�Sn); �Mn � x
]

� c̄
(
ρ

ρ − 1

)1/2

h(x)−1E

[
n∑

k=m+1

ζ̄k−1(s)exp(�Sk)h(x −�Sn); �Mn � x
]

= c̄
(
ρ

ρ − 1

)1/2

Ex

(
n∑

k=m+1

ζ̃k−1(s)exp(x − Ỹk)
)

(3.25)

for some finite constant̄c. In view of (3.24) assertion (3.23) will follow if we show th
the right-hand side of (3.25) tends to 0 as firstn and thenm goes to∞. Now recall from
Lemma 2.2 that

sup
0�s<1

ζ̃k(s)� sup
0�s<1

g̃k(s)�
f̃ ′′k (1)
f̃ ′k(1)2

=: η̃k, k � 0. (3.26)

Hence, to complete the proof of (3.23) it suffices to verify the claim of the follow
lemma. ✷

LEMMA 3.3. – Assume(3.16)and (3.22). Then, for everyx � 0,

Ex

( ∞∑
k=1

η̃k−1 exp(−Ỹk)
)
<∞. (3.27)

Proof. –Fix x � 0 and letk � 1. By (3.20),

exp(x)Ex
[
η̃k−1 exp(−Ỹk)]= h(x)−1E

[
η̄k−1 exp(�Sk)h(x −�Sk); �Mk � x

]
. (3.28)
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The fact that the renewal process(�Sσ̄j )j�0 is zero delayed impliesh(x) − h(y) �
h(x − y) for everyx, y � 0. Hence, by the elementary renewal theorem,

h(x)− h(y)� c(1+ (x − y)+)
for some 1� c <∞. Plugging this estimate into (3.28) gives

exp(x)Ex
[
η̃k−1 exp(−Ỹk)]

� h(x)−1E
[
η̄k−1 exp(�Sk)(h(x −�Sk−1)+ c(1+ �X−k )

); �Mk � x
]

� 2ch(x)−1E
[
η̄k−1 exp(�Sk)h(x −�Sk−1)(1+ �X−k ); �Mk−1 � x

]
, (3.29)

where for the second inequality recall thatc � 1 andh(y)� 1 for y � 0. Using first the
independence of thēfk and then (3.20) we obtain

exp(x)Ex
[
η̃k−1 exp(−Ỹk)]

� 2cE
[
η̄k−1 exp(�Xk)(1+ �X−k )

]
h(x)−1E

[
exp(�Sk−1)h(x −�Sk−1); �Mk−1 � x

]
= 2cexp(x)E

[
η̄0f̄

′
0(1)

(
1+ log− f̄ ′0(1)

)]
Ex
[
exp(−Ỹk−1)

]
.

The first expectation being finite by assumption (3.22), assertion (3.27) follows
Lemma 3.1 in [13] (they use notation̂Ex exp(−Sk) for Ex[exp(x − Ỹk)]). Hence, we
have established Lemmas 3.3 and 3.2.

LEMMA 3.4. – Assume(3.16)and (3.22). Then, for everyx � 0 and0 � s < 1,

lim
n→∞n

1/2E
[
exp(−�Sn)(1− f̄n,0(s)); �Mn � x

]= c′h(x)β(x, s). (3.30)

Proof. –Fix x � 0 and 0� s < 1. By Lemma 3.2 and the asymptotic (3.14) we ha

lim
n→∞n

1/2E
[
exp(−�Sn)(1− f̄n,0(s)); �M�ρn� � x

]= c′h(x)β(x, s)ρ−1/2 (3.31)

for anyρ > 1. To get rid ofρ recall from (2.5) that the integrand is bounded by 1. Hen

lim sup
n→∞

n1/2E
[
exp(−�Sn)(1− f̄n,0(s)); �Mn � x < �M�ρn�]

� lim sup
n→∞

n1/2(m̄n(x)− m̄�ρn�(x))= c′h(x)(1− ρ−1/2), (3.32)

where the last equality again follows from (3.14). Lettingρ tend to 1 in (3.31) and (3.32
respectively, establishes the claim of Lemma 3.4.

Note that identity (3.30) shows that

h(x)β(x, s) increases withx for every 0� s < 1. (3.33)

Our final lemma in this section makes precise the statement that only random
with a very low maximum give a substantial contribution to the expectation in (3.1

LEMMA 3.5. – Assume(3.16)and (3.22). Then, for every0� s � 1,

lim
x→∞ lim sup

n→∞
n1/2E

[
exp(−�Sn)(1− f̄n,0(s)); �Mn > x]= 0. (3.34)
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Proof. –Fix 0� s � 1 and letx � 0. By Lemma 2.3,

exp(−�Sn)(1− f̄n,0(s))= min
0�k�n

exp(−�Sk)(1− f̄k,0(s))
� min

0�k�n
exp(−�Sk)= exp(−�Mn).

Consequently,

E
[
exp(−�Sn)(1− f̄n,0(s)); �Mn > x]� E

[
exp(−�Mn); �Mn > x]

�
∑
k��x�

exp(−k)P(k < �Mn � k+ 1)

�
∑
k��x�

exp(−k)m̄n(k+ 1).

Now use (3.15) to deduce

lim sup
n→∞

n1/2E
[
exp(−�Sn)(1− f̄n,0(s)); �Mn > x]� c′′

∑
k��x�

exp(−k)h(k+ 1).

Since the renewal functionh grows only linearly, the claim of the lemma follows
x→∞.

Proof of Theorem 1.2. –Recall from (3.12) that to prove (1.11) it suffices to show t

c2 := lim
n→∞n

1/2E
[
exp(−�Sn)(1− f̄n,0(0))]

is positive and finite. Relation (3.1) shows that under the assumptions of Theore
conditions (3.16) and (3.22) are satisfied. Hence, we may apply Lemmas 3.4 and
conclude

lim
n→∞n

1/2E
[
exp(−�Sn)(1− f̄n,0(s))]

= lim
x→∞ lim

n→∞n
1/2E

[
exp(−�Sn)(1− f̄n,0(s)); �Mn � x

]
= c′ lim

x→∞h(x)β(x, s) (3.35)

for every 0� s < 1. Recalling the representation ofβ(x, s) in (3.21) we see
from (3.26) and Lemma 3.3 thatβ(x, s) > 0 for everyx � 0 and 0� s < 1. Using
the monotonicity (3.33) we see that

lim
x→∞h(x)β(x, s) > 0

for every 0� s < 1. Finally, note that Lemma 3.4 implies

lim
n→∞n

1/2E
[
exp(−�Sn)(1− f̄n,0(s))]

� c′h(x)β(x, s)+ lim sup
n→∞

n1/2E
[
exp(−�Sn)(1− f̄n,0(s)); �Mn > x]

for everyx � 0 and 0� s < 1. Application of Lemma 3.5 shows thatc2 is finite which
completes our proof of the first part of Theorem 1.2.
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For the second part observe that (recall (3.3), (3.8) and (3.35), and use exchang
of thefj )

lim
n→∞E

(
sZn | Zn > 0

)= 1− lim
n→∞

E[exp(−�Sn)(1− f̄n,0(s))]
E[exp(−�Sn)(1− f̄n,0(0))]

= 1− lim
x→∞

β(x, s)

β(x,0)
for every 0� s < 1. Hence,

q2(k) := lim
n→∞P(Zn = k | Zn > 0) exists

for eachk � 1.
We finally have to verify that theq2(k) sum to one. By (1.11), proving tightness

L(Zn | Zn > 0) amounts to show that

lim
x→∞ lim sup

n→∞
n1/2(Ef ′(1))−nP(Zn � x)= 0. (3.36)

Forx � 0 andn� 1 let

Jn,x(f0, . . . , fn−1) := P(Zn � x | f0, f1, . . .).

By exchangeability of thefj and identity (1.4) we have

P(Zn � x)=E
[
Jn,x(fn−1, . . . , f0)

]
� E

[
Jn,x(fn−1, . . . , f0);Mn � x1/2]+E

[
1− fn,0(0);Mn > x1/2]. (3.37)

For the first term on the right-hand side of (3.37) first use Chebyshev’s inequalit
then (3.2) and (3.15) to deduce

E
[
Jn,x(fn−1, . . . f0);Mn � x1/2]� x−1E

[
exp(Sn);Mn � x1/2]

= x−1(Ef ′(1))nP(�Mn � x1/2)
� c′′x−1h

(
x1/2)n−1/2(Ef ′(1))n. (3.38)

Sinceh grows linearly, we have

lim
x→∞ lim sup

n→∞
n1/2(Ef ′(1))−nE[Jn,x(fn−1, . . . f0);Mn � x1/2]= 0. (3.39)

For the second term on the right-hand side of (3.37) use relation (3.2) to obtain

E
[
1− fn,0(0);Mn > x1/2]= (Ef ′(1))nE[exp(−�Sn)(1− f̄n,0(0)); �Mn > x1/2].

Application of Lemma 3.5 gives

lim
x→∞ lim sup

n→∞
n1/2(Ef ′(1))−nE[1− fn,0(0);Mn > x1/2]= 0. (3.40)

Combining (3.39) and (3.40) with (3.37) yields (3.36) completing our proo
Theorem 1.2.
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4. The weakly subcritical case

In the weakly subcritical case the transformation which led to formula (3.7) i
longer helpful. Instead our analysis starts from the representation of the cond
generating function ofZn in (2.2). Our proof of Theorem 1.3 will be similar to th
proof of Theorem 1.2 in that the basic idea is that only random walk paths(−Sk)0�k�n
with a low maximum contribute substantially to the expectation. However, there i
essential difference. In Section 3 we dealt with the mean zero random walk(�Sk)k�0

conditioned to stay below some given levelx until timen. In this case the state atn of the
conditioned random walk is of ordern1/2. In terms of the branching process this behav
of the conditioned random walk path has the following interpretation: In a favo
environment the population will not get extinct once it has survived a dangerous
period. In the weakly subcritical case we study the negative drift random walk(Sk)k�0.

Here, at timen, the random walk path conditioned to stay above−x returns to the
vicinity of −x (see Lemma 4.2 below for the precise statement). This means tha
favorable environment a population having survived the starting period might get e
in the final generations prior ton, even though it has been very large in the meanti
This makes the analysis more involved.

We begin with recalling some facts about random walks with negative drift co
tioned to stay positive (see [6,15,20]). We remark that in what follows next the fac
the random walk(Sk)k�0 has an interpretation in terms of the branching process is o
importance.

Let ϕ be the moment generating function ofX = logf ′(1),

ϕ(θ) := E exp(θX)= Ef ′(1)θ , θ ∈R.

Note that assumptions (1.13) and (1.14) from Theorem 1.3 imply

ϕ′(0)= EX< 0. (4.1)

ϕ(θ) <∞ for 0 � θ � 1. (4.2)

ϕ′(α)= 0 for some 0< α < 1. (4.3)

The distribution ofX is not supported by any non-centered lattice. (4

We introduce the random walk(S∗k )k�0 started at 0 which plays the role of(�Sk)k�0 from
the previous section. The incrementsX∗k+1= S∗k+1−S∗k , k � 0, of this random walk hav
distribution

P(X∗ ∈ dx)= γ −1 exp(αx)P(X ∈ dx), (4.5)

whereγ := ϕ(α).We note thatX∗ has finite absolute moments of all orders and tha

EX∗ = γ −1ϕ′(α)= 0, 0< EX∗2= γ −1ϕ′′(α). (4.6)

We introduce the following two renewal functions associated with the random
(S∗k )k�0. Forx ∈R let



608 J. GEIGER ET AL. / Ann. I. H. Poincaré – PR 39 (2003) 593–620

dom

ns

nal
15).

al
uel
tend

s a

v’s

ate
u(x) :=
∞∑
i=0

P(S∗τ∗
i
�−x) and v(x) :=

∞∑
j=0

P(S∗σ ∗
j
� x), (4.7)

where 0=: τ ∗0 < τ ∗1 < τ ∗2 < · · · are the strict descending ladder epochs of the ran
walk (S∗k )k�0,

τ ∗i+1 :=min{n > τ ∗i : S∗n < S
∗
τ∗
i
}, i � 0,

and 0=: σ ∗0 < σ ∗1 < σ ∗2 < · · · are the strict ascending ladder epochs of(S∗k )k�0

σ ∗j+1 :=min{n > σ ∗j : S∗n > S
∗
σ ∗
j
}, j � 0.

Note thatu(x) = v(x) = 0, if x < 0, andu(x), v(x) � 1, else. Under our assumptio
both functions grow linearly asx→∞.

Let Ln := min{Sk: 0 � k � n}, n � 0, denote the successive minima of the origi
random walk(Sk)k�0. The following result provides the analogues of (3.14) and (3.

LEMMA 4.1. – Let conditions(4.1)–(4.4)be satisfied. Then, asn→∞,
P(Ln �−x)∼ cexp(αx)u(x)n−3/2γ n, x � 0, (4.8)

for some0< c <∞.
Moreover, for eachθ > α there is a finite constantcθ > 0 such that

P(Ln �−x)� cθ exp(θx)n−3/2γ n, x � 0, n� 1. (4.9)

Remark. – If the distribution ofX = logf ′(1) is supported by a lattice with maxim
spanλ, then (4.8) holds for everyx ∈ λZ. For convenience, we will assume in the seq
that the distribution ofX is non-lattice. We note, however, that all our arguments ex
to the centered lattice case with only minor changes.

Proof. –Assertion (4.8) is the first part of Lemma 7 in [15] which also give
representation of the constantc in terms of the renewal functionv. The third part of
the same lemma states that, for eachθ > α,

E exp(θLn)∼ c′θn−3/2γ n asn→∞ (4.10)

for some 0< c′θ <∞. Estimate (4.9) follows from (4.10) by means of Chebyshe
inequality.

The following result (Lemma 8 in [15]) identifies the limiting distribution of the st
of the random walk atn, if conditioned to stay above level−x until timen.

LEMMA 4.2. – Letx � 0 and assume that conditions(4.1)–(4.4)are satisfied. Then

lim
n→∞P(Sn+ x � z | Ln �−x)= c−1

0

z∫
0

v(y)exp(−αy) dy, z� 0, (4.11)

wherec0 :=
∞∫
v(y)exp(−αy) dy.
0
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We will need more detailed information on the asymptotic behavior of the ran
walk path (Sk)0�k�n given the event{Ln � −x}. A refined description of the pat
is as follows. The initial and the (time-reversed) final piece of the random walk
shifted byx converge in distribution towards independent homogeneous Markov c
on [0,∞) (the precise statement is in Proposition 4.3 below).

We first construct the limiting objects. The renewal functionsu andv are harmonic
for the random walks(S∗k )k�0 and(−S∗k )k�0, respectively (see, e.g., Lemma 1 in [15]

u(x)=Eu(x +X∗), x � 0; (4.12)

v(x)=Ev(x −X∗), x � 0. (4.13)

Hence, we can define transition kernelsQ andR on [0,∞) by

Q(y;y +B) := u(y)−1E
[
u(y +X∗);X∗ ∈ B],

R(y;y +B) := v(y)−1E
[
v(y −X∗);−X∗ ∈ B]

for every y � 0 and Borel setB ⊂ [−y,∞). We introduce two independent Marko
chains(Ŷk)k�0 and(Y̌k)k�0 with transition kernelsQ andR, respectively. We writeLπ
for the laws of the chains when started with initial distributionπ. If π = δx , we writeLx.

The connection of the laws of(Ŷk)k�0 and(Y̌k)k�0 with those of the random walk
(S∗k )k�0 and (Sk)k�0 is easily verified to be as follows (compare (3.20) and (4.5),
recall thatS∗0 = S0= 0): For eachx � 0,

Exψ(Ŷ0, . . . , Ŷk)

= u(x)−1E
[
ψ(x, x + S∗1, . . . , x + S∗k )u(x + S∗k );L∗k �−x]

= γ −ku(x)−1E
[
ψ(x, x + S1, . . . , x + Sk)exp(αSk)u(x + Sk);Lk �−x] (4.14)

and, lettingν denote the distribution on the right-hand side of (4.11),

Eνψ(Y̌0, . . . , Y̌k)

= E
[
ψ(Y,Y − S∗1, . . . , Y − S∗k )

v(Y − S∗k )
v(Y )

;M∗
k � Y

]
= γ −kE

[
ψ(Y,Y − S1, . . . , Y − Sk)exp(αSk)

v(Y − Sk)
v(Y )

;Mk � Y
]

(4.15)

for every non-negative measurableψ on R
k+1, k � 0. Here, the random variableY

in (4.15) is independent of(S∗k )k�0 and(Sk)k�0 with distributionν. The random variable
L∗n andM∗

n , n� 0, are the successive minima and maxima of the random walk(S∗k )k�0.

The following result is Lemma 10 in [15]. We use⇒ to denote weak convergence.

PROPOSITION 4.3. – Letx � 0 and assume that(4.1)–(4.4)hold. Then, asn→∞,
L(S0+ x, . . . , S�+ x;Sn + x, . . . , Sn−m + x | Ln �−x)
⇒ Lx(Ŷ0, . . . , Ŷ�)⊗Lν(Y̌0, . . . , Y̌m) (4.16)

for every�,m� 0.

Now recall that the random walk(Sk)k�0 was defined as a functional of th
environment sequence(fk)k�0. Hence, one might expect Proposition 4.3 to hav
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correspondence in terms of thefk. Indeed, the limit law (4.16) induces a conditional lim
law for the initial and final pieces of the sequence of generating functions(fj )0�j�n.We
first define the limiting measure on�N ×�N and then state the result. Let(f̂k)k�0 and
(f̌k)k�0 be two independent sequences of random probability generating function
x � 0 the lawLx of the first sequence is given by

Exψ(f̂0, . . . , f̂�−1)

= γ −�u(x)−1E
[
ψ(f0, . . . , f�−1)exp(αS�)u(x + S�);L� �−x] (4.17)

for every non-negative measurable functionψ on ��, � � 1. The distribution of the
second sequence is characterized through

Eνψ(f̌0, . . . , f̌m−1)

= γ −mE
[
ψ(f0, . . . , fm−1)exp(αSm)

v(Y − Sm)
v(Y )

;Mm � Y
]

(4.18)

for every non-negative measurable functionψ on�m,m� 1, whereY is independen
of (fk)k�0 with distributionν.

PROPOSITION 4.4. – Let x � 0 and assume that(1.13) and (1.14) hold. Then, as
n→∞,

L(f0, . . . , f�−1;fn−1, . . . , fn−m;Sn + x | Ln �−x)
⇒ Lx(f̂0, . . . , f̂�−1)⊗Lν(f̌0, . . . , f̌m−1; Y̌0) (4.19)

for every�,m� 1. The joint distributionLν of (f̌j )j�0 and Y̌0 is characterized through

Eνψ(f̌0, . . . , f̌m−1; Y̌0)

= γ −mE
[
ψ(f0, . . . , fm−1;Y )exp(αSm)

v(Y − Sm)
v(Y )

;Mm � Y
]

(4.20)

for every non-negative measurable functionψ on �m × R
+
0 ,m � 1, where Y is

independent of(fk)k�0 with distributionν.

Proof. –Fix x � 0 and bounded continuous functionsψ1 andψ2 on�� and�m×R
+
0 ,

respectively. Writeln(x) := P(Ln �−x) and

ψ91(S0+ x, . . . , S� + x) := E
(
ψ1(f0, . . . , f�−1) | S0, . . . , S�

)
, (4.21)

ψ92(Sn + x, . . . , Sn−m + x) := E
(
ψ2(fn−1, . . . , fn−m;Sn + x) | Sn, . . . , Sn−m). (4.22)

Let 1� l � n−m� n− 1. By independence of thefj and Proposition 4.3, we have

E
(
ψ1(f0, . . . , f�−1)ψ2(fn−1, . . . , fn−m;Sn + x) | Ln �−x)
= ln(x)−1E

(
E
(
ψ1(f0, . . . , f�−1)

×ψ2(fn−1, . . . , fn−m;Sn + x)1{Ln �−x} | S0, . . . , Sn
))

= ln(x)−1E
[
ψ91(S0+ x, . . . , S� + x)ψ92(Sn+ x, . . . , Sn−m + x);Ln �−x]

→Exψ
9
1(Ŷ0, . . . , Ŷ�)Eνψ

9
2(Y̌0, . . . , Y̌m) asn→∞. (4.23)
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ability

(4.19).

se the
Using (4.14), (4.21) and (4.17) we obtain (recall thatS0= 0)

Exψ
9
1(Ŷ0, . . . , Ŷ�)

= γ −�u(x)−1E
[
ψ91(x, x + S1, . . . , x + S�)exp(αS�)u(x + S�);L� �−x]

= γ −�u(x)−1E
(
E
(
ψ1(f0, . . . , f�−1)exp(αS�)u(x + S�)1{L� �−x} | S0, . . . , S�

))
= Exψ1(f̂0, . . . , f̂�−1). (4.24)

For the second factor on the right-hand side of (4.23) observe that, by exchange
of thefj and independence of thefj andY ,

ψ92(z0, . . . , zm)

= E
(
ψ2(f0, . . . , fm−1; z0) | S1= z0− z1, . . . , Sm = z0− zm)

= E
(
ψ2(f0, . . . , fm−1;Y ) | Y = z0;Y − S1= z1, . . . , Y − Sm = zm) (4.25)

for everyz0 � 0 andzi ∈R,1� i �m. From (4.25) we see that

ψ92(Y,Y − S1, . . . , Y − Sm)=E
(
ψ2(f0, . . . , fm−1;Y ) | Y ;S1, . . . , Sm

)
.

Hence, using (4.15) and (4.20) we have

Eνψ
9
2(Y̌0, . . . , Y̌m)

= γ −mE
[
ψ92(Y,Y − S1, . . . , Y − Sm)exp(αSm)

v(Y − Sm)
v(Y )

;Mm � Y
]

= γ −mE
(

E
(
ψ2(f0, . . . , fm−1;Y )exp(αSm)

× v(Y − Sm)
v(Y )

1{Mm � Y } | Y ;S1, . . . , Sm

))
= Eνψ2(f̌0, . . . , f̌m−1; Y̌0). (4.26)

Combining (4.24) and (4.26) with (4.23) establishes the weak convergence result

We now begin preparations of the proof of Theorem 1.3. For convenience we u
notation

Lx,ν
(
(f̂�)��0, (f̌m)m�0, (Y̌m)m�0

)
:= Lx

(
(f̂�)��0

)⊗Lν
(
(f̌m)m�0, (Y̌m)m�0

)
, (4.27)

where

Y̌m := Y̌0−
m∑
i=1

log f̌ ′i−1(1), m� 1.

Also, we will write

Ŷm := Ŷ0+
m∑
j=1

log f̂ ′j−1(1), m� 1,

with Lx,ν(Ŷ0)= δx.
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The following proposition shows that the conditional probability generating func
of the generation size atn has a weak limit when the associated random wal
conditioned to stay above−x. The joint convergence stated in (4.28) below will la
be used to show that the limit is non-degenerate.

PROPOSITION 4.5. – Let x � 0 and and suppose that the conditions of Theorem1.3
are satisfied. Then, asn→∞,

L
(
f0, . . . , f�;fn−1, . . . , fn−�−1;Sn + x;f0,n(s), . . . , f�,n(s) | Ln �−x)
⇒ Lx,ν

(
f̂0, . . . , f̂�; f̌0, . . . , f̌�; Y̌0;U0(s), . . . ,U�(s)

)
(4.28)

for every�� 0 and0 � s < 1. Here,(Uk(s))k�0 is a sequence of[0,1]-valued random
variables satisfying

Uk(s)= f̂k(Uk+1(s)
)
, k � 0. (4.29)

Proof. –Fix x � 0 and 0� s < 1. Note that we cannot apply Proposition 4.4 direc
since thefk,n(s) depend on allfj , k � j � n − 1. We circumvent this difficulty by
justifying a linear approximation tofk,n(s): We will show that for everyk � 0,

lim
j,m→∞ lim sup

n→∞
E
(∣∣fk,n(s)− r(j,m)k,n (s)

∣∣ | Ln �−x)= 0, (4.30)

where

r
(j,m)
k,n (s) := fk,j

([
1− f ′j,n−m(1)

(
1− fn−m,n(s))]+), k � j � n−m� n.

Repeatedly use convexity and monotonicity of thefi,j and the mean-value theorem
estimate

0� fk,j
(
fj,n(s)

)− r(j,m)k,n (s)

� f ′k,j (1)
[
f ′j,n−m(1)

(
1− fn−m,n(s))− (1− fj,n(s))]

= exp(−Sk)[exp(Sn−m)
(
1− fn−m,n(s))− exp(Sj)

(
1− fj,n(s))],

where for the last equality recall thatf ′k,�(1)= exp(S� − Sk) for �� k. By Lemma 2.2,
replacingfi by fn−m+i (respectively,fj+i), the right-hand side above equals

exp(−Sk)
[(

exp(−Sn)
1− s +

n−1∑
i=n−m

ηi,n(s)exp(−Si)
)−1

−
(

exp(−Sn)
1− s +

n−1∑
i=j
ηi,n(s)exp(−Si)

)−1]
.

Usez−1− (y + z)−1 � yz−2 for y, z > 0 to bound above this term by

exp(2Sn − Sk)
n−m−1∑
i=j

ηi,n(s)exp(−Si).
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Since the difference between two generating functions is bounded by 1 the est
above show that

lim sup
n→∞

E
(∣∣fk,n(s)− r(j,m)k,n (s)

∣∣ | Ln �−x)
� lim sup

n→∞
E

((
exp(2Sn − Sk)

n−m−1∑
i=j

ηi,n(s)exp(−Si)
)
∧ 1

∣∣∣∣ Ln �−x
)

� exp(2y + x) lim sup
n→∞

E

(
n−m−1∑
i=j

ηi,n(s)exp(−Si)
∣∣∣∣Ln �−x

)
+ lim sup

n→∞
P(Sn � y | Ln �−x) (4.31)

for eachy �−x. By Lemma 4.6 below, for anyy, the first term on the right-hand sid
of (4.31) tends to 0 asj,m→∞. By Lemma 4.2, the second term vanishes asy→∞
and (4.30) will follow.

For the asymptotic behavior of the linear approximationr(j,m)k,n (s) we may ap-
ply Proposition 4.4: Sincef ′j,n−m(1) = exp(Sn−m − Sj ) depends onf0, . . . , fj−1;
fn−1, . . . , fn−m andSn only, we have (using continuity of thefi)

L
(
f0, . . . , f�;fn−1, . . . , fn−�−1;Sn + x; r(j,m)�,n (s) | Ln �−x)
⇒ Lx,ν

(
f̂0, . . . , f̂�; f̌0, . . . , f̌�; Y̌0;U(j,m)� (s)

)
(4.32)

asn→∞ for every�� 0 and 0� s < 1, where

U
(j,m)
� (s)= f̂�,j([1− exp(Y̌m − Ŷj )(1− f̌m,0(s))]+). (4.33)

We claim that (4.32) implies the weak convergence result (4.28), where

Lx,ν
(
f̂0, . . . , f̂�; f̌0, . . . , f̌�; Y̌0;U�(s))

is the weak limit of the right-hand side of (4.32) asj,m→∞ and theUk(s),0 � k �
�−1, are recursively defined through (4.29). Indeed, letLx,ν(f̂0, . . . , f̂�; f̌0, . . . , f̌�; Y̌0;
U�(s)) be the weak limit of the right-hand side of (4.32) along some subsequ
(ji,mi)i�0 with ji ∧ mi →∞ as i →∞ (note that this sequence of distributions
tight since 0�U(j,m)� (s)� 1). Then, by (4.30), it is the weak limit of

L
(
f0, . . . , f�;fn−1, . . . , fn−�−1;Sn + x;f�,n(s) | Ln �−x)

asn→∞. Since the latter limit does not depend on the subsequence(ji,mi)i�0, we
have

L
(
f0, . . . , f�;fn−1, . . . , fn−�−1;Sn + x;f�,n(s) | Ln �−x)
⇒ Lx,ν

(
f̂0, . . . , f̂�; f̌0, . . . , f̌�; Y̌0;U�(s)) (4.34)

asn→∞. Assertion (4.28) with theUk,0 � k � �− 1, satisfying (4.29) now follows
from (4.34) and (4.33). Thus, to complete the proof of Proposition 4.5 it remai
establish Lemma 4.6.
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LEMMA 4.6. – Let x � 0 and suppose that the conditions of Theorem1.3 are
satisfied. Then,

lim
�,m→∞ lim sup

n→∞
E

(
n−m−1∑
k=�+1

ηk,n(s)exp(−Sk)
∣∣∣∣ Ln �−x

)
= 0 (4.35)

for every0 � s < 1.

Proof. –Fix x � 0 and 0� s < 1, and let 0� k � n− 1. Recall from (2.1) and (2.4
that ηk,n(s) = gk(fk+1,n(s)) � f ′′k (1)/f ′k(1)2 =: ηk. Conditioning onf0, . . . , fk thus
shows that (again we use notationln(x) :=P(Ln �−x))

E
[
ηk,n(s)exp(−Sk);Ln �−x]� E

[
ηk exp(−Sk)ln−k−1(x + Sk+1);Lk+1 �−x].

UsingLk+1 �Lk and estimate (4.9) withθ = 1 we bound above the right-hand side b

cexp(x)(n− k)−3/2γ n−kE
[
ηk exp(Xk+1);Lk �−x]

for some finite constantc. Combining these estimates and using first the independ
of thefj and then (4.9) again, we obtain

E
[
ηk,n(s)exp(−Sk);Ln �−x]� cexp(x)(n− k)−3/2γ n−klk(x)E

[
ηkf

′
k(1)

]
� c′x

(
k(n− k))−3/2

γ nE
[
η0f

′
0(1)

]
(4.36)

for somec′x <∞. Use z−1 � z−(1−α) + z−(2−α) for z > 0 to see that the expectatio
E[η0f

′
0(1)] = E[f ′′(1)/f ′(1)] is finite by assumption (1.15) of Theorem 1.3. Hen

combining (4.36) with (4.8) yields

E

(
n−m−1∑
k=�+1

ηk,n(s)exp(−Sk)
∣∣∣∣ Ln �−x

)
� c′′x

n−m−1∑
k=�+1

(
n

k(n− k)
)3/2

(4.37)

for somec′′x <∞. A simple exercise shows that

lim
n→∞

n−1∑
k=1

(
n

k(n− k)
)3/2

= 2
∞∑
k=1

k−3/2.

Hence, we deduce from (4.37) that

lim sup
n→∞

E

(
n−m−1∑
k=�+1

ηk,n(s)exp(−Sk)
∣∣∣∣ Ln �−x

)
� 2c′′x

∞∑
k=(�∧m)+1

k−3/2. (4.38)

Letting �,m→∞ establishes the claim of Lemma 4.6.

Proposition 4.5 demonstrates that the conditional generating function of the
ation size atn has a weak limit when conditioned on the event{Ln �−x}. Our next
lemma gives a representation of the expectation of the limit (recall (2.1) and (3.5)
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rgence
LEMMA 4.7. – Let x � 0 and suppose that the conditions of Theorem1.3 are
satisfied. Then, for every0 � s < 1,

exp(x) lim
n→∞E

(
1− f0,n(s) | Ln �−x)=w(x, s), (4.39)

where

w(x, s) := Ex,ν

( ∞∑
i=0

ĝi
(
Ui+1(s)

)
exp(−Ŷi)+ exp(−Y̌0)

1− s +
∞∑
j=1

ζ̌j−1(s)exp(−Y̌j )
)−1

.

(4.40)

Proof. –Fix x � 0 and 0� s < 1. To prove the lemma we will show that, asn→∞,
L
(
exp(−x)(1− f0,n(s)

)−1 | Ln �−x) ⇒

Lx,ν
( ∞∑
i=0

ĝi
(
Ui+1(s)

)
exp(−Ŷi)+ exp(−Y̌0)

1− s +
∞∑
j=1

ζ̌j−1(s)exp(−Y̌j )
)
.

(4.41)

The assertion of Lemma 4.7 is an immediate consequence of the weak conve
result (4.41) since 1− f0,n(s) is bounded by 1.

For 0� � < n−m� n decompose (recall (2.2))

(
1− f0,n(s)

)−1=
�∑
k=0

ηk,n(s)exp(−Sk)+
n−m−1∑
k=�+1

ηk,n(s)exp(−Sk)

+
m∑
k=1

ηn−k,n(s)exp(−Sn−k)+ exp(−Sn)
1− s . (4.42)

By (4.42), if (1− f0,n(s))
−1 � y, then

�∑
k=0

ηk,n(s)exp(−Sk)+ exp(−Sn)
1− s +

m∑
k=1

ηn−k,n(s)exp(−Sn−k)� y

for any y � 0. Hence, by Proposition 4.5 (recall thatηk,n = gk ◦ fk+1,n and that thegk
are continuous), letting firstn and then�,m→∞, we obtain

lim sup
n→∞

P
((

1− f0,n(s)
)−1 � y | Ln �−x)

� Px,ν

( ∞∑
i=0

ĝi
(
Ui+1(s)

)
exp(Ŷ0− Ŷi)+ exp(x − Y̌0)

1− s

+
∞∑
j=1

ζ̌j−1(s)exp(x − Y̌j )� y
)
. (4.43)

On the other hand, decomposition (4.42) and Proposition 4.5 yield
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the
en the
lim inf
n→∞ P

((
1− f0,n(s)

)−1
< y | Ln �−x)

� Px,ν

(
�∑
i=0

ĝi
(
Ui+1(s)

)
exp(Ŷ0− Ŷi)+ exp(x − Y̌0)

1− s

+
m∑
j=1

ζ̌j−1(s)exp(x − Y̌j ) < y − ε
)

− lim sup
n→∞

P

(
n−m−1∑
k=�+1

ηk,n(s)exp(−Sk)� ε
∣∣∣∣ Ln �−x

)
for any 0< ε � y. By Lemma 4.6, letting first�,m→∞ and thenε→ 0, we obtain

lim inf
n→∞ P

((
1− f0,n(s)

)−1
< y | Ln �−x)

� Px,ν

( ∞∑
i=0

ĝi
(
Ui+1(s)

)
exp(Ŷ0− Ŷi)+ exp(x − Y̌0)

1− s

+
∞∑
j=1

ζ̌j−1(s)exp(x − Y̌j ) < y
)
. (4.44)

SinceLx,ν(Ŷ0)= δx, combining estimates (4.43) and (4.44) gives (4.41).

The following lemma shows that the limiting distribution in (4.41) is proper.

LEMMA 4.8. – Let x, y � 0 and suppose that the conditions of Theorem1.3 are
satisfied. Then,

Ex

( ∞∑
i=0

η̂i exp(−Ŷi)
)
+Ey

( ∞∑
j=1

η̌j−1 exp(−Y̌j )
)
<∞. (4.45)

In particular, for every0� s < 1,

Px,ν

( ∞∑
i=0

ĝi
(
Ui+1(s)

)
exp(−Ŷi)+ exp(−Y̌0)

1− s +
∞∑
j=1

ζ̌j−1(s)exp(−Y̌j ) <∞
)
= 1.

(4.46)

Proof. –Fix x � 0 and leti � 0. We proceed in very much the same way as in
proof of Lemma 3.3. Using first (4.17) and the estimates that led to (3.29), and th
independence of thefk and again (4.17), we obtain

exp(x)Ex
[
η̂i exp(−Ŷi)]

= γ −(i+1)u(x)−1E
[
ηi exp(−Si)exp(αSi+1)u(x + Si+1);Li+1 �−x]

� 2cγ −(i+1)u(x)−1

×E
[
ηi exp(αXi+1)exp

(
(α− 1)Si

)
u(x + Si)(1+X+i+1);Li �−x

]
= 2cγ −1E

[
ηi exp(αXi+1)(1+X+i+1)

]
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rst

in

d the

gh a
× γ −iu(x)−1E
[
exp
(
(α− 1)Si

)
u(x + Si);Li �−x]

= 2cγ −1 exp(x)E
[
f ′′(1)
f ′(1)2−α

(
1+ log+f ′(1)

)]
Ex exp(−Ŷi).

Usez−(2−α) log+ z � z−(1−α) for z > 0 to see that (1.15) implies finiteness of the fi
expectation. Hence, application of Lemma 3.1 in [13] gives

Ex

( ∞∑
i=0

η̂i exp(−Ŷi)
)
<∞.

The second sum is estimated in a similar fashion. Fixy � 0 and letj � 1. Using (4.20)
and the arguments from above we deduce

Ey
[
η̌j−1 exp(−Y̌j )]
= γ −j v(y)−1 exp(−y)E[ηj−1 exp

(
(α + 1)Sj

)
v(y − Sj );Mj � y

]
� 2cγ −1E

[
ηj−1 exp

(
(α+ 1)Xj

)
(1+X−j )

]
× γ −(j−1)v(y)−1 exp(−y)E[exp

(
(α+ 1)Sj−1

)
v(y − Sj−1);Mj−1 � y

]
= 2cγ −1E

[
f ′′(1)
f ′(1)1−α

(
1+ log− f ′(1)

)]
Ey exp(−Y̌j−1).

Sincez−(1−α) log− z � z−(2−α) for z > 0, the first expectation is finite by (1.15). Aga
we may apply Lemma 3.1 in [13] to conclude

Ey

( ∞∑
j=1

η̌j−1 exp(−Y̌j )
)
<∞,

which completes our proof of (4.45). Assertion (4.46) easily follows from (4.45) an
upper bound (3.26).

Our final lemma shows that the unlikely event of survival can only happen throu
fortunate pick of the environment.

LEMMA 4.9. – Let the conditions of Theorem1.3be satisfied. Then,

lim
x→∞ lim sup

n→∞
n3/2γ −nP(Zn > 0,Ln <−x)= 0. (4.47)

Proof. –The first moment estimate

P(Zk > 0 | f0, f1, . . .)� E(Zk | f0, f1, . . .)= exp(Sk)

implies

P(Zn > 0 | f0, f1, . . .)= min
0�k�n

P(Zk > 0 | f0, f1, . . .)� exp(Ln). (4.48)

Use (4.9) to obtain
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he

4.50)
n3/2γ −nP(Zn > 0,Ln <−x)� n3/2γ −nE
[
exp(Ln);Ln <−x]

� n3/2γ −n
∑
k��x�

exp(−k)P(−(k + 1)�Ln <−k)
� cθ exp(θ)

∑
k��x�

exp
(−k(1− θ)) (4.49)

for any θ > α. Sinceα < 1 we can chooseθ < 1. Letting first n and thenx go to∞
in (4.49) establishes the claim of Lemma 4.9.

Proof of Theorem 1.3. –Application of Lemmas 4.1 and 4.7 shows that

lim
n→∞n

3/2γ −nE
[
1− f0,n(s);Ln �−x]= ū(x)w(x, s), x � 0, 0 � s < 1, (4.50)

whereū(x)= cexp((α− 1)x)u(x) andw(x, s) as defined in (4.40). Lemma 4.9 and t
monotonicity off0,n imply

lim
n→∞n

3/2γ −nE
(
1− f0,n(s)

)= lim
x→∞ lim

n→∞n
3/2γ −nE

[
1− f0,n(s);Ln �−x]

= lim
x→∞ ū(x)w(x, s), 0� s < 1, (4.51)

where for the existence of the limit on the right-hand side of (4.51) note that (
implies monotonicity of̄u(x)w(x, s) for everys. To prove (1.16) with

c3 := lim
x→∞ ū(x)w(x,0),

it remains to show thatc3 is positive and finite. Use (4.48) and (4.10) withθ = 1 to
conclude

c3= lim
n→∞n

3/2γ −nP(Zn > 0)� lim sup
n→∞

n3/2γ −nE exp(Ln) <∞.

Sinceū(x)w(x,0) is increasing, to provec3> 0 it suffices to show that̄u(x)w(x,0) > 0
for somex � 0. However, in view of the representation ofw(x,0) in (4.40) this is an
immediate consequence of (4.46).

For the second part of Theorem 1.3 recall (3.8) and use (4.51) to obtain

lim
n→∞E

(
sZn |Zn > 0

)= 1− lim
n→∞

E
(
1− f0,n(s)

)
P(Zn > 0)

= 1− c−1
3 lim
x→∞ ū(x)w(x, s), 0� s < 1. (4.52)

Hence,

q3(k) := lim
n→∞P(Zn = k |Zn > 0) exists

for eachk � 1.
By the first part of the theorem, to prove tightness ofL(Zn | Zn > 0) it suffices to

show

lim
x→∞ lim supn3/2γ −nP(Zn � x)= 0. (4.53)
n→∞
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Diss.
Clearly,

P(Zn � x)� P
(
Zn > 0,Ln <−xδ)+P

(
Zn � x,Ln �−xδ) (4.54)

for everyδ � 0. By Lemma 4.9,

lim
x→∞ lim sup

n→∞
n3/2γ −nP

(
Zn > 0,Ln <−xδ)= 0 (4.55)

for any δ > 0. For the other term on the right-hand side of (4.54) use Chebys
inequality to deduce

P
(
Zn � x,Ln �−xδ)=E

[
P(Zn � x | f0, f1, . . .);Ln �−xδ]

� E
[(
x−1 exp(Sn)

)∧ 1;Ln �−xδ]. (4.56)

From (4.54)–(4.56), the asymptotic (4.8) and the fact thatu grows linearly, we see tha
to prove (4.53) it is sufficient to show that

lim
x→∞

[
xδ exp

(
αxδ

)
lim sup
n→∞

E
((
x−1 exp(Sn)

)∧ 1 | Ln �−xδ)]= 0 (4.57)

for someδ > 0.
By Lemma 4.2,L(Sn | Ln �−xδ)⇒ L(Y − xδ), whereY has distributionν. Hence,

by the bounded convergence theorem,

lim
n→∞E

((
x−1 exp(Sn)

)∧ 1 | Ln �−xδ)= E
((
x−1 exp

(
Y − xδ))∧ 1

)
. (4.58)

The fact thatv grows linearly implies

P
(
x−1 exp

(
Y − xδ)� 1

)= c−1
0

∞∫
xδ+logx

v(y)exp(−αy) dy

� cxδ−α exp
(−αxδ) (4.59)

for some 0< c <∞. Finally, note that

E
[
x−1 exp

(
Y − xδ);x−1 exp

(
Y − xδ)� 1

]
= x−1 exp

(−xδ)c−1
0

xδ+logx∫
0

v(y)exp
(
(1− α)y)dy

� c′xδ−α exp
(−αxδ) (4.60)

for some 0< c′ <∞. Relation (4.58) and estimates (4.59) and (4.60) show that (4
holds for allδ < α

2 .
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