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*

Abstract

M. Yor constructed a family of one-dimensional continuous martingales
in connection with Saisho and Tanemura’s extension of Pitman'’s theorem.
This paper reveals some properties of these martingales and the corre-
sponding stochastic differential equations. In particular, this implies that
the pathwise uniqueness theorem by Yamada and Watanabe cannot be
generalized to a non-diffusion case.

1 Introduction

M. Yor has recently showed the following property based on Saisho and Tane-
mura’s generalization [5] of Pitman’s theorem [2].

Theorem 1.1 (Yor [9], Corollary 12.5.1)  Let (Ra(t)) 1€[0,00) be an a-
dimensional Bessel process starting from the origin on a certain probability space
(Q, F, P). Define

Xa(t) &f g n[lin )Rg+2(s) — R%,,(t)  for t€[0,00).
(o o)

s€E|t,

Then, for each a > 0, (Xo‘(t))tE[O o) 15 ON FXa_martingale, where FXo =

(th") denotes the filtration generated by (X4 (t)).

Remarks. (i) As shown in Revuz-Yor [4] Theorem VI.3.5, we see from Theorem
1.1 with & = 1 and from Lévy’s characterization theorem that (X:(t)) is a one-
dimensional Brownian motion. Therefore, { Xoya> 0} is a family of R-valued
continuous martingales that includes one-dimensional Brownian motion.
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(ii) As known from the literature (e.g. the above cited book of Revuz-Yor), it

holds that
sléll?)‘?g] Xa(s) = 3611[}}’&) Rg+2(8), te [O, 00)7 a.s.,

and hence Pitman’s theorem is equivalent to the above mentioned fact that
(X1(t)) is a one-dimensional Brownian motion. Thus, Theorem 1.1 can be
viewed as an extension of Pitman’s theorem. Yor [9] has actually proved that
Theorem 1.1 holds for a larger class of diffusions; an even further extension is
done recently by Rauscher [3]. It should also be mentioned that in several works,
different generalizations of Pitman’s theorem were studied; e.g. Bertoin [1] and
Tanaka [6] [7].

(iii) Theorem 1.1 is proved in Yor’s book by using the “enlargement of filtra-
tion” technique first introduced by T. Jeulin. Note here that the filtration F- Xa
is strictly larger than FRe+2

vt >0, Fle = ff"“ Vo ( rrlxin Ra+2(s)) .

3€[t,00)

The aim of the present paper is to investigate which properties of one-
dimensional Brownian motion hold for other members of our martingale family
{Xa; a > 0} and which do not. Among others, the following two properties
will be shown:

1) The stochastic differential equations (henceforth SDEs) satisfied by (X4(t)),
a # 1, are of non-diffusion type and do not fulfill the Lipschitz condition. If
a < 1, then pathwise uniqueness holds for our SDE. On the other hand, if
a > 1, even uniqueness in law fails; in particular, for o > 2, our SDEs are
counterexamples showing that the famous Yamada-Watanabe pathwise unique-
ness theorem for one-dimensional diffusion-type SDEs cannot be extended to
non-diffusion cases (Theorem 2.4).

2) For each fixed t > 0, the random variable X, (t) is symmetrically distributed
with respect to the origin, while the processes (X4(t)) and ( — X4(t)) do not
have the same law if o # 1 (Proposition 2.2 and Theorem 2.3).

This paper is organized as follows. In Section 2 we state our results. The
proofs of these properties will be given in Section 3. Throughout this paper, we
frequently cite the book of Revuz-Yor [4] as the basic reference.

Acknowledgements. A stimulating conversation with Professor T. Shiga has
improved Theorem 2.4(iii); sincere thanks are due to him. The author also wishes
to thank Prof. V. Vinogradov and Dr. J. Akahori for their helpful comments.

2 Statement of the results: some properties of
the martingales (X,(t))

As mentioned above in the Introduction, the proofs of all the properties listed
in this section will be given in Section 3.
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Proposition 2.1 (i) If a # 1, then (X4(t)) is not a Markov process, while the

R2-valued process
Xa(t), max X,(s
( ( ) s€[0,t] a( ))tG[O,oo)

is Markov for any a > 0.
(i) For each a >0, (X4 (t)) is self-similar in the sense that

_ d
Ve >0, (C o/2 Xa (Ct)) t€[0,00) (=) (Xa(t)) te[0,00)"

(iti) For each a > 0, (X4(t)) is a divergent martingale:

lim[X,]): = 00 as,
tToo

where ([Xa]:) denotes the quadratic variation process of (Xa(t)).

te[0,00)

The next proposition generalizes well-known results for one-dimensional Brow-
nian motion.

Proposition 2.2 Fiza >0 andt > 0.
(i) The distribution of X, (t) is symmetric with respect to the origin:

Xa(t) D -Xa(t).

In more detail, we have

1 |:L.|2/a

P[Xa(t) Gd(L‘] = a——(—Qt)—a/—zF@—)- exp <—Tt_

) dz, z€eR.
(i) The following four random variables are all identically distributed:

@ mXa) (= min Ra0);

s€[0,t) s€|t,00)

) mE X - Xa®) (=R - min R0);

(©)  |Xa(t) (=
(@) Ra().

2 seﬂllt'f&) R312(s) — R34a(t) |> ;

The two questions which arise naturally from Proposition 2.2 are as follows:
o Is (Xa(t)), as a process, symmetric with respect to the origin?
e Do (b), (c) and (d) of Proposition 2.2(ii) have, as processes, the same law?

since it is well known that the answer is “yes” for both of them if & = 1. The
next theorem, however, answers these questions in the negative for a # 1.
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Theorem 2.3 Suppose o # 1.
(i) The following three martingales have different laws from one another:

(ch (t)) t€[0,00)°
(- Xa(t) t€[0,00)’

( /0 'sgn(Xa(s)) an(s))

(i) It also holds that (b), (c) and (d) of Proposition 2.2(ii) have, as processes,
different laws from one another.

te[0,00)

We now turn our attention to the SDEs satisfied by our martingales.

Theorem 2.4 (i) For each o > 0, (X4(t)) is a weak solution to the one-
dimensional SDE

a—1

X, = a(2 max X, —Xt)Tth;
(21) SE[O,!}

Xo = 0

where (Wy) is one-dimensional standard Brownian motion.

(i) If a > 1, then the above SDE also has the trivial solution X = 0, and so
uniqueness in law fails. Among the solutions of the SDE, the law of (Xa(t)) is
characterized as follows: if a weak solution (X.) satisfies

(2.2) inf{t>0]|X,#0} =0 a.s,

then it is identical in law to (X4(t)).

(i) If a < 1, then pathwise uniqueness holds; (Xo(t)) is the unique strong
solution.

Remarks. If a > 2, then 1 < 221 < 1. The first assertion of Theorem
2.4(ii) thus implies that uniqueness in law does not, in general, hold for the
one-dimensional SDE

dXt = O'(t,X.)th,
where o(t, X.) is a predictable functional and (W;) is one-dimensional Brownian

motion, even if
(2.3)

1
3 <3In<1, 3IK>0 suchthat |o(t,z.) - o(t,y)| <K m[%x] |zs — ys|.
s€(0,t

In contrast, note that if o(t, X.) depends only on t and Xy, i.e. if o(t,X.) =
o(t, X:), and if

1

dn > 3 dK >0 such that ]a(t,x) - U(t,y)] < K|z —y|",
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then pathwise uniqueness follows from the Yamada-Watanabe theorem [8]. It
should also be mentioned that if 7 > 1 instead of 3 <7 < 1 in (2.3), then the
Lipschitz condition is satisfied and pathwise uniqueness holds.

Finally, we deduce the following property from the proof of Theorem 2.4.

Corollary 2.5 (X4(t)) is a pure martingale, i.e., FXa = FB with B being
the time-changed Brownian motion. Consequently, (X4 (t)) has the martingale
representation property.

3 Proofs

Proof of Proposition 2.1 (i) If (X,(t)) were Markov for a # 1, then d[X4]s
would depend only on the value of X,(t) and not on the past history. It holds,
however, that

d[Xa]t = d[Rg+2]t

= (aR%7i())%dt
2(a—1)
= (QSIg[z(s\lx]X (s) — Xa(t)) dt.

The second assertion follows from the Markov property of the R?-valued process

(Ra+2(t)a sé’ﬂ[ti&) Rat2(s) )

t€[0,00) .

(ii) The scaling property of (X,(t)) follows from that of (RZ,(t)).
(iii) It follows from the scaling property of (Ra+2(t)) that

vt >0, Xole = / RXeV(s)ds
0

1
@ [ RG@as

hence

t
VM >0,  P[lim[Xa] < M] lim p[ / o?RXeV(s5)ds <
*® 0

tToo

1
- lim P[/O o?RXD (s)ds <

tToo
= 0. O

A
HES

The next trivial fact will be used in the proof of Proposition 2.2.
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Lemma 3.1 Let r > 0. Suppose Y is a random variable uniformly distributed
on the interval [0,7]. Then 2Y —r is uniformly distributed on the interval [-r,7};
in particular,

2y —r @ —(2Y —r1).

Furthermore, the three random variables Y, 7 —Y and |2Y —r| are all identically
distributed.

Proof of Proposition 2.2 (i) Conditioned by Flet2, min,ep 00) Ro42(8) is
a random variable uniformly distributed on the interval [0, R, ,(t)], since the
scale function of the diffusion (RZ,,(t)) is s(z) = —L. This and Lemma 3.1
imply that for each fixed t > 0, X, (t) and —X,(t) have the same distribution
conditioned by .7-'tR @+2 which yields the desired result. The calculation of the
density function follows along the same lines.

(ii) The same reasoning as in (i) leads to the equi-distribution property of (a),
(b) and (c). Revuz-Yor [4] Exercise XI.1.18 shows that

Ya >0, Vt>0, rrllin Roi2(s) = Ra(t),

s€E[t,00)

so (a) and (d) have the same distribution. O

We also need the following lemma to prove Theorem 2.3.

Lemma 3.2 (c.f. Revuz-Yor [4] Exercise V1.2.32) Suppose M and N are diver-
gent continuous local martingales starting from the origin. Let B and vy denote
the time-changed Brownian motions of M and N, respectively. Then

M) L (V) = (B M1)€ (v IN)).

Proof of Theorem 2.3 (i) We have already shown in Proposition 2.1(iii) that
(Xa(t)) is divergent. Let 8 be its time-changed Brownian motion. Then by
Lemma 3.2 we have

(Xa(t)) (i) (_ Xa(t)) A (ﬁt’ [Xa}t) (?_‘) (_ﬂh [Xa]t)

= (B) @ (—B¢) conditioned by Fgal.

(d)
Thus, to prove (X«(t)) # (— Xa(t)) it is sufficient to show that (5;) and (—0;)
have different laws conditioned by fg ol Thisisa consequence of the following
fact:

-1
]_-olz?-n

FRara since a#1
FX=
> FE.

i

FiXel
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Similarly, we can show that the third martingale in the statement of the theorem
is not identical in law to the other two.

(ii) First, it is easy to see that the law of (d) is different from those of the other
two processes, since only (d) is Markov among the three. Furthermore, as stated
in Revuz-Yor [4] Exercise VI.2.32,

(1Xa(®)]) 2 ( max Xa(s) - Xa(t))

= ([ “sgn(Xa(s) dXa(s) ) @ (- Xa(0),

so by (i) we see that (b) and (c), as processes, do not have the same law. O

Proof of Theorem 2.4 (i) Straightforward.

(ii) We only have to prove the second assertion. First observe that any weak solu-
tion of the SDE satisfying the additional condition (2.2) is a divergent continuous
local martingale. Indeed, for almost all w € €, there exists some tg = to(w) > 0
such that X;,(w) > 0, and hence

tlg)no[X]t(w) = /000 a? (2 max X,(w) — Xt(w))gaa—_ll dt

s€[0,t]

00 2(a—1)
> 2 X, T odt
> [ e (max xw)

oo 2(a=1)
> / o? (Xe(w)) ™ = dt

to(w)
= 0.

Next, define
n ¥ inf{s>0|[X], >t}
ﬂt déf X(Tt).

Clearly, (f;) is a one-dimensional Brownian motion starting from the origin. By
the inverse function theorem we have

th _ -2 _2(00_1
Vvt > 0, G o (2ug}g:§t]Xu—Xn)
_2 a—1
= a‘2(2 max Bu—ﬂt) °
u€(0,t]
thus
t _2 a—1
vt >0, Tt=/ a‘2(2 max ﬂu—ﬁ,) * ds.
0 u€[0,s]

(Note that 7o = 0 a.s. by the condition (2.2).) This implies that

_2(a—-1

Xt=ﬂ<inf{s>0|/osa'2(2vr€n[gatcllﬁv—ﬂu) “ du,>t}).
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The law of a weak solution of (2.1) satisfying the condition (2.2) is therefore
uniquely determined.

(iii) The assertion is trivial if o = 1, so we assume o < 1 in the sequel. We
divide the proof into three steps.

Step 1. We first show uniqueness in law. Since a < 1, it is easy to see that
any weak solution of this SDE must satisfy the condition (2.2). Also, any weak
solution is a divergent continuous local martingale. Indeed, if a solution (X})
were not divergent, then, with positive probability, X;(w) would converge to a
real number as ¢t T co. Then 2 l’él[%)i] Xu(w) — X¢(w) would also converge to a real

u f

number for such an w as ¢t T oo and hence

t 2Aa—1)
. T 2 _ o _
grono [X)t(w) = tl%roré/o e (Qulél[%?g]Xu(w) Xs(w)) ds = oo,

a contradiction. The rest of the proof of uniqueness in law is exactly the same
as in (ii).

Step 2. Suppose (Q, F, P, (F), (Wy), (Xt)) is a weak solution to the SDE
(2.1), ie.,

(Q, F, P, (]-'t)) is a filtered probability space, (X}) is a semimartingale on it,
(W) is an (F;)-Brownian motion starting from the origin, and they satisfy (2.1).
Define

1/
R (2 max Xs—Xt) %
s€[0,t]

Z, ¥ 2 min R, -R,.

s€[t,00)

It then follows from the Ité formula that (Q, F, P, (F), (Wy), (Zt)) satisfies

2 2 max Z, — 2,

_ t
(3.1) Zy = Wyt 2 1/ ds
0 u€[0,s]

(For this equation, see also Revuz-Yor [4] Exercise XI.1.29 and Yor [9] Corollary
12.5.1.) Conversely, if (Q, F, P, (F), (W), (Zt)) satisfies (3.1) and

(3.2) inf{t>0]| Jax Z,>0} =0 as,

then we define

R; df 9 max Zs — Zy;

s€[0,t]

f
X: = 2 min R{ - Ry,
¢ € 2 pin R R
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and it is not hard to see that (X}) satisfies (2.1). Therefore, pathwise uniqueness
holds for (2.1) if and only if a solution of the SDE (3.1) satisfying the condition
(3.2) is pathwisely unique. We have already shown in Step 1 the uniqueness in
law, so it suffices to show that if both Zt(l) and Zt(z) satisfy (3.1) in the same
set-up, then so does Y; def Zt(l) \% Zt(2).

Since (Zt(l) - Zt(z)) is a process with continuously differentiable trajectories,
it is easy to verify that

dY:

dz? +d(z -z "

1 2
= 1{Z§1>>Z§z)}dZt( )+1{Z§1)SZ¢(2)}dZ§ ),

and thus

o — 1 t {Z<1)>Z(2)} {Z(l)<Z(2)}
(3-3)Yt = W;+ —2—/0 d${2 o Z(l) Zgl) + 5 max Z(2) Z§2) .
u€|0,s] 0,s]

If Z(l)(w) > Z§2)(w) then m[%x]Z D(w) > rgl%x} Z?(w), as we will see in Step
€ u B

3, so we can rewrite (3.3) as

a-1 [t Lz Lizm_z0 }
(3.4) Y = Wit == | ds{ T Y. %, T Trax 20 = 2
u€[0,s] u€[0,s)

(Note that max Y, = max ZM v max Z{? .) Similarly, we have

u€[0,s] u€[0,s] u€[0,s]
a—1 [t (ZM 22D} 1{2(1) z3}
(3.5)Yt—Wt+_2_/o ds{2ma.xY Y, +2maxZ(l) zMJ
u€[0,s] u€[0,s]

Comparing (3.4) and (3.5), we see that for almost all w € 2 :

(1) _ 7(2) (1) (2)
u{t €10,00)| 27(w) = 27(w) and max Z0(w) # max. 2 @)} =0,

where u denotes the Lebesgue measure, and hence

ST o) W A ¢ L5 S
o 2 max Z? — z? T Jo 2max Y, - Y,
u€l0,s] s u€l[0,s]

This together with (3.4) implies that

-1 rt
Yt=Wt+a / ds
0
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u€l0,s]
max Z(w). Let
u€|0,s]
def
s0 % sup {u € [0,5) | 2 (w) = ZP(w) }.
Then d
@ (W) — 7@ >
@ (2@ -20w)| =0,
which implies that
a-—1 1 S a-1 1
1 = 2 20’
22 max ZD() - 2 (w) 22 max ZP(w) - 20 (w)
ugf(z)a'.a;o] ZW(w) > ug[l(?,fo] Zd(w)  since a < 1.

Also Z,(‘l)(w) > z3 (w) for u € (so, s], thus we obtain the desired property. O

Proof of Corollary 2.5 We have already shown in the proof of Theorem 2.4
that (Xa(t)) is pure. Note that every pure local martingale has the martingale
representation property; see, for instance, Revuz-Yor [4] §V.4. O
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