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An Asymptotic Evaluation of Heat Kernel for Short Time!

In Honor of P.A. Meyer and J. Neveu

J.A. Yan

Consider the following heat equation

TG vm, )
where A is the Laplacian operator on IR? and V' is a continuous function on IR?. Under
mild assumptions on V' the fundamental solution of equation (1) exists and can be
expressed by the Feynman-Kac formula (cf.[2]). This fundamental solution is called the
heat kernel.

The purpose of this paper is to prove the following theorem, which gives an asymptotic
evaluation of the heat kernel for short time.

Theorem. Let V be a continuous function on JR?. Assume there exist positive

constants C', C; and C; such that
Vet <O+ [2f), @)

Vizg)”™ £ Cy21l, (3)

Let ¢(t,z,y) be the fundamental solution of the heat equation (1). Then we have
1 g(tay) /‘ :
lim - log ————— = V{(1-3s)z + sy)ds, 4
tll%lt 8 p(t.x.y) o (« ) sy) (4)
where p(t.z,y) is the transition density of a standard Brownian motion.
The main tool for proving this theorem is the Feynman-Kac formula. We recall it for

the reader’s convenience.

Let @ =C ( [0, oo),]Rd) be the collection of all continuous functions from [0, 00) to
R®. Forw € Q, let Xi(w) = w(t). Let Fy = 0{X,, s <t},F = 0{Xs, s < o0}. We
denote by (IP,, = € IR%) the unique family of probability measures on (Q, F ) such that
(Q,F,Ft, Xy, IP;) is a standard Brownian motion. Let y € R and t > 0. Put
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};(w) = -Ys(“") - (-Yl(“"') h y) , 20

Then under [P, the process (Y,.0 < s < t) is a Brownian bridge from z to y on [0,1]
and (Y,,t < s < oc) is a Brownian motion with ¥; = y. Moreover, under IP, these
two processes are independent. We denote by IP; . the distribution of the process
(Ys,5 > 0)on (R, F) under IP,. We call IP; ,, the (0, z;t,y)—Brownian bridge measure.
Under mild asumptions on V it was shown that the heat kernel for (1) can be expressed

by the following Feynman-Kac formula( cf.[2,Theorem 3.2]) :
plt.x, y)Er.y,l[ef° VX ds]

Pt 2, y)Eo[efo \;(,;+f(y—z)+.\’,—f,\’,)ds] (5)
)Eo[et fol Viz+s(y—1)+VUX,—3X1)) d.s]

Il

g(t.x.y)

plt,z.y

k]
where

2
plt.z.y) = (27t)"% ezp{_lro_tyl}.

We are going to prove the theorem. To begin with we prepare a lemma.
Lemma. Let {{(¢),¢ > 0} be a family of integrable random variables such that

liﬁl FE[¢(¢c)] exists and is finite. If
lim E[E(e)(e( = 1)] =0, (6)

then we have

lim 1 log Efe9)] = lim E[¢(e)). (7

Proof. Since 1 + o <e* <1+ x+ a(ef — 1), we have

£(c) < [655(!) 1)< &) + 6(5)[656(6) -1].

[

This together with (6) imply
lim l(E[fffw] - 1) = lim E[¢(e)] (8
€l0 € €10 ’ )

which is equivalent to (7). g

Corollary 1. If instead of (6) we assume

Liflgfflf(e)z(e‘“" +1) =0, 9)

then (7) holds.
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Proof. Immediate from Ll}e fact that z(e® — 1) < 2%(e* 4+ 1). We leave the proof of
this fact to the reader. g

Corollary 2. Let {£(¢),e > 0} be a family of integrable random variables such that
13{3 E[¢(¢)] exists and is finite. If there exists an o > 0 such that {£(¢),0 < ¢ < g} is
uniformly integrable (u.i. for short ) and IE[e®$"Po<eseo 5(‘)+] < oo for some § > 0, then
(6) is satisfied. In particular, we have (7).

Proof. For any ¢ > 0, we have

+oeb(et < 1 (et
Ee)Te < pe .

Thus, by assumption we can find an €; > 0 with ¢; < g¢ such that {{(e)+e55(‘)+,0 <

¢ < €1} is ud.. On the other hand, we have
lE(e)[e€() < E(e)* et + |g(e)].

Consequently, {£(¢)[e®¢®) — 1],; > ¢ > 0} is w.i.. Therefore, (6) holds, because e£(¢)
tends to 0 in probability as ¢ tends to 0. j

Now we are in a position to prove our theorem. Put
1
&(e) = / V(z + s(y — ) + Ve(Xs — sX1)) ds. (10)
0
We may assume C; > C,C2 > 1. Then by (2) and (3) we get

1
sup [é(e)] < G / €07 WPogeeg I oly= ) HVEX,=aX )P g

0<eLep 0

IN

1
< Cl/ ezc?lz'*"’(y_lnzdse407€°s“p05fslIX'II_
o

Thus by Fernique’s theorem ([1]) for sufficiently small g > 0,{£(¢),0 < € < go} is
u.i. and we have .
lim BIEE)] = [ Vot sy —2)de.
On the other hand, by (10) and (2) we have
SPogeseo €O
< efs Pogegen COFlztaly=2)+VE(X,—sX1)[P) ds

1
< efo CO+2|z+s(y=2)I") ds L4Ceo supog, <1 1Xal?

. +
Thus, once again by Fernique’s theorem, for sufficiently small e, IE[e*"Poge<<o €07 < oo.

Consequently, in view of (5) and (10) we can apply Corollary 2 to conclude the theorem.
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