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The excessive domination principle is equivalent
to the weak sector condition

ZORAN VONDRACEK
University of Florida and University of Zagreb

1. Introduction.

Let X=(Q,F,F;,X,0¢,P%) be a transient Hunt process with lifetime ¢ on a locally
compact space (E,€) with countable base. Assume that there is an excessive reference
measure §(dz) also denoted by dz and a potential kernel u = u(z,y) such that for all
nonnegative Borel functions f

(11) 0w =7 [ 1 at| = [ ute) 1)

Let(P;) be the transition semigroup of X. A Borel measurable function s > 0 is called
excessive if

(1.2) P;s < s and tlu% Pis = s.

An excessive function s is called a natural potential function, if s is finite and
(1.3) nl_l_’rgo Pr s(z)=0

for every z, whenever {Ty,} is an increasing sequence of stopping times with limit T' > (
almost surely P*. Here Pr, s(z) = E®[s(XT,); Tn < (]

It is well known that each natural potential function s is generated by a unique
integrable natural additive functional A, i.e.,

(1.4) s(z) = E*(Aoo).

Let us recall the definition of the energy of the natural potential function. Details
may be found in [6]. Definitions given there are for almost everywhere finite class (D)
potential functions. Since every natural potential function is of class (D), the results are
applicable here as well.

The mass functional of an excessive function s is defined as

(1.5) | L(s) =sup{jsd); AU 55}.

Let s be a natural potential function and A the corresponding natural additive func-
tional. If p = F (A?,o) is finite, then p is necessarily a natural potential function. If
L(p) < oo, we say that s has finite energy and put

(1.6) s = L(p).

If r and s are natural potential functions of finite energy generated by natural additive
functionals A and B, respectively, their mutual energy is defined by

(1.7 (r,8)e = L(E'[AcoBw))-

Let R denote the linear space of differences of natural potential functions of finite
energy. The above definition extends to R.
Let us now introduce the excessive domination principle.
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(ED): there exists a positive constant K such that for every s € R there exists a

natural potential function p satisfying |s| < p and ||p|le < K||s]le-
In [7] it was proved that if (ED) holds, then Hunt’s hypothesis (H) holds, i.e., every

excessive function is regular.
In this note we give a sufficient condition such that (ED) holds. We prove our result in

the setting of the dual Hunt processes as described in [1-VI]. We show that the excessive
domination principle is equivalent to the weak sector condition (S) defined as follows:
(S): for each signed measure v such that (U|v|, |v|) < co and for each positive measure

p, (Uv,p)? < M(Uv,v)(Up, p) where M is a positive constant not depending on y and
v.

This result gives the potential-theoretic characterization of the weak sector condition.

The main tools in proving this result are capacitary inequalities for energy established
by M.Rao in [7]. He proves that the energy of a natural potential function is comparable
with its capacitary integral. Precisely,

1 o ¢]
gl < [ 10> e < 2l

(see Thm.3.1). He also proves that for s € R the capacitary integral Lo tC(ls| > t)dt
is finite and that there exists a natural potential function p dominating |s| such that
mllp||2 < [52tC(Is| > t)dt < M||p||Z where m and M are positive constants not depend-

ing on s (see Theorem 3.2).
The missing link was the estimate of the capacitary integral of s € R in terms of the
energy of s. In Proposition 2.2 we obtain this estimate for the not necessarily Markov

kernel U which satisfies the weak sector condition and both U and U/ satisfy the weak

maximtim principle. We use the symmetric kernel V = U + U and modify the argument
from [5].

In Section 2. we provide the details of the estimate, while in Section 3. we recall all
necessary results and obtain the announced equivalence.

2. The Estimate.

Let E be a locally compact space with countable base. A kernel on F is a nonnegative
lower semi-continuous function u defined on the product E x E.

For a positive Radon measure g we define

(2.1) Un(z) = [ u(e,y) ) and Up(o) = [ u(y,) ua).

We also define Uy and U u for a signed measure . For signed measures y and v let
us denote

(2.2) (Up,v) = /U,u(x)u(dw) whenever /Ulul(w)|u|(d:c) < oo.

Then
i = [[ utevuldnutiz) = @),
Let v(z,y) = u(z,y) + u(y,z) and Vu(z) = [v(z,y)u(dy). Hence V =U + U and v

is the symmetric kernel.
We define the capacities with respect to U and V as follows: for A C E,

(2.3) Cy(A) = sup{u(FE); p measure with compact support S(p) C A
and Up <1on S(u)},
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(2.4) Cy(A) = sup{u(E); 4 measure with compact support S(u) C A
and Vu <1on S(p)}.

It is well known that such capacities are inner regular (e.g., [2] p.153)
(2.5) Cy(A) =sup{Cy(K) ; K C A, K compact}

and similarly for V.
s From now on we assume that U satisfies the weak sector condition (S) as defined in
ection 1.
The weak sector condition immediately implies the positivity of U: if v is a signed
measure such that (Ulv|,|v|) < oo, then (Uv,v) > 0. Thus both U and U are positive.
Therefore V is also positive and by using symmetry we have

(26) (Vit,w) < (Vi w)3 (Vo)

for p, v signed measures.
N For each compact set K there exists a positive measure A with the support in K such
that

@27 (VM) =Cp(K) = MK), VA<1in S(A) and VA> 1 Cy — ace. on K

(e-g., (2] p.159). X is called the equilibrium measure for K.
It is necessary to compare the capacities with respect to U and V. The following
lemma shows that they are comparable.

LEMMA 2.1. For every set A
(2.8) Cy(4) < Cy(4) <2Cy(A).

PROOF: By the inner regularity of Cpy and Cy it is enough to show the inequalities for
compact sets.

Let K be compact, p a measure such that S(x) C K and Vu < 1 on S(p). Then
Up <1 on S(p), so trivially Cy(K) < Cy(K). Therefore, if Cyy(K) =0, then Cy(K) =
0.

Assume that Cyy(K) > 0; then there is a measure 4 on K such that Up <1 on S(u)
and p(E) = p(K) > 0. For the symmetric kernel V,

Cy(K) = [inf(Vy,v)] !

where v ranges over all measures concentrated on K ([2]). Let A = u/u(E); then (Vv,v) <
(VA,A) =2(UX, ) =2/pu(E) < oo which implies Cy (K) > 0.
Hence, the sets of Cy-capacity zero are precisely these which are of Cy-capacity zero.
Now we show the second inequality in (2.8). We may assume that Cyy(K) > 0. Let
4 be a measure on K such that Uy <1 on S(u) and let v be a V-equilibrium measure
of K. Since (Up,p) < (1,4) < 00, p does not charge sets of Cy-capacity zero, and hence
Cy-capacity zero. Therefore

w(E) = (1,4) < (Vi,p) < (Vo,0) (Vi )t = Cy(K)E2(Up, w)]? < V20y (K)3p(E)?

so u(E) < 2Cy(K). Hence Cy(K) < 2Cy(K). 1
For the following result we need an additional assumption on U. We assume that

both U and U satisfy the weak maximum principle:
(Mw): there exists a positive constant A such that for every positive measure p with
compact support, Uy < 1 on S(u) implies Up < A everywhere.
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(Mw) is defined similarly. Then V' also satisfies the weak maximum principle (with

constant 24).
Now we prove the main estimate.

PROPOSITION 2.2. Assume that (S),(Mw), (Mw) hold for U. Let v be a signed measure
such that Uv > 0 and

o0
(2.9) / tCy(Uv > t)dt < oo.
0
Then
(o o]
(2.10) / tCy(Uv > t)dt < 24M A2(Uw, v).
0
PROOF: For each integer n let B, = {Uv > 2"}. Then
(2.11)
00 2"
tCy(Uv > t)dt = / 10y (Uv > t) dt
| tcuwy >y 5 s 10>
2"
>y / 10y (Un > 2" dt = 2 322y (B,)
n J21 8 n
Similarly
(2.12) * Cy Uy > tydt < 3 22"Cy (B,
. A v(Uv > t) _Ezn: U(Bn).

Let € > 0. For each integer n let Ky, be a compact subset of By, such that
(2-13) CV(Bn) S CV(Kn) + €n,

where 3, 22"¢,, < e

Let pn be a V-equilibrium measure of Kp, i.e. Bn is a positive measure on Kp,
pn(E) = Cy(Ky) and Vi, <1 on S(pn). By the weak maximum principle Vi, < 24
everywhere. Define the measure y as

(2.14) u= 22"/1“.
Then
(2.15) (Vi) =33 2™ ™V, )

S2)0 3 2 (Vim, ) <23 3 2724, 1)

n m<n n m<n

=4A4) Cy(Kn) 3 2™™ =44 > 20y (Ky).
n

m<n n

Using (2.11), (2.9) and Lemma 2.1, we get Vi, p) < oco.
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On K, we have Uv > 2". Hence
222"0‘/(](,.) = 2227'(1, pn) = Zzn(zn, k)
n n n

< 3 2% (U, pn) = (Uv, 1) < VMU, 0)% (Up, )}

_\/1\_4 1 1 1 m :
——2-<Uu,u>z(vp,p)zszﬁﬁmwu,u)z > 2Cy(Kn)| -

Therefore

(2.16) Y220y (Kn) < 8MA*(Uv,v).

n

Further, by (2.13),
3 270y (Kn) 2 ) 22" Cy(Bn) — €
n n

Using the above, (2.16), (2.12) and Lemma 2.1 we get
(2.17)
: 00
tCy(Uv > t)dt <3  2*"Cy(By)
n

<3 22"Cy(Kn) +3e< 24M A% (Uv,v) + 3e.
n

Thus (2.10) holds. B

Now we show that the excessive domination principle for this situation implies the
weak sector condition.

PROPOSITION 2.3. Assume that for each signed measure v such that (U|v|,|v|) < oo,
there exists a positive measure ) satistying [Up| < UX and (U, A) < M(Uv,v), where
M is a positive constant not depending on v.

Then the weak sector condition holds.

PROOF: Let v be a signed measure and p a positive measure. Then
U, 1)? < (|Uv], )% < (UA, )2 < (UNN(Up, p) < MUy, v)(Up,p)- B

3. Proof of the equivalence. R

In this section we assume that X and X are transient Hunt processes on the LCCB
space (E,E) with respect to a o-finite excessive measure £(dz) as described in [1-VI].
Let u(z,y) be the potential density of the potential operator U which is excessive in the
first variable and coexcessive in the second variable. We assume that U and U satisfy
conditions (2.1), (2.2), (4.1) and (4.2) from [1-VI]. Then u is a lower semi-continuous
function. By Proposition 2.10 in [1-V]] every natural potential function s is a potential
of measure. .

We assume that U satisfies the weak sector condition (S). Then U and U are pos-
itive kernels. By Theorem 3.2 in (3], both U and U satisfy the maximum principle (in
particular, hypothesis (H) holds). Therefore, we may apply the results from Section 2.
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In this setting the energy of a natural potential function s = Uy is simply 2(Ug, p)
(see [6]).
In [1-V1] the capacity C(B) of a relatively compact Borel set B is defined as

(3.1)
C(B) = sup{u(E); p positive measure with support B and U # <1 everywhere }.

By the maximum principle, C(B) = Cy(B) where Cy; is defined in Section 2.
The following two theorems are Theorem 2.4 and Theorem 2.5 from (7).

THEOREM 3.1. Let s be a natural potential function of finite energy. Then
Lo [ 2
(3.2) 5"3“6 < tC(s > t)dt < 2||s||z.
0

THEOREM 3.2. Let F be a Borel measurable function. Put 9(z) = E*[F*), where F* =
supys0 |F(Xt)|. Then g is excessive, g > |F| except for a semipolar set and

(3.3) Iol? <16 [ T (IR > vyt

Further, if F is finely lower semi-continuous, then g > |F| everywhere and
(3.4) | e > v < 2.

By Theorem 3.1 we get that for s = s; —sg € R
(3.5) /0 40| > 1) dt < oo.

Indeed, |s| < s1 + s9 and s; + s9 is the natural potential function of finite energy.
Hence

00 lo o}
/ 1C(Js| > t) dt 5/ tC(s1 + s > t) dt < 2ls1 + sy|2 < co.
0 0

We are now ready to prove

PROPOSITION 3.3. Let s € R and assume s 2 0. Then there is a natural potential
function p of finite energy such that

(3.6) s <pand ||p|? < K|s|)?,

where K is independent of s.

PROOF: By the remarks above, s = Uv for a signed measure v and f0°° tC(Uv >t) < oo.
Using Proposition 2.2, we get

(o o]
(3.7) / tC(Uv > 1) dt < UM(Uv,v) = 12M U2
0

Since Uv is finely continuous, we may apply the second part of Theorem 3.2. The
function p(z) = E%(s*) is finite, p > s = Uv and

(o o]
(3.8) Ipll2 < 16 / t1C(Uv > t)dt.
0

P is necessarily a natural potential function, so by combini 3.7) and (3.8) we get
(3.6) with K = 172M. g ng (3.7) (3.8) we ge
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We have obtained the excessive domination principle for s € R nonnegative. To
extend the result to an arbitrary s € R we need the following result which is proved in
[4] (see Theorem 5).

PROPOSITION 3.4. Let s € R. Then u = |s| € R and ||u|le < ||s]|e-

Using the last two propositions, for each s € R there is a natural potential function
p such that |s| < p and ||p||2 < K||s||2. Together with Proposition 2.3 this gives

THEOREM 3.5. Excessive domination principle (ED) is equivalent to the weak sector
condition (S).

Acknowledgement. The author thanks Prof.M.Rao for his valuable comments and
many inspiring discussions. Without his help this note would have never been written.
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