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LIMIT DISTRIBUTION FOR 1-DIMENSIONAL DIFFUSION
IN A REFLECTED BROWNIAN MEDIUM

By H. Tanaka

Introduction

In analogy with Sinai’s problem [8] on a random walk in a random
medium, Brox (1) considered the diffusion process X(t) described by
the stochastic differential equation

(1) dx(t) = dB(t) - =W (x(t))dt , X(0)

where {W(x), x€R} is a Brownian medium independent of another Brown-
ian motion B(%t), and proved that (log t)'2X(t) converges in distri-
bution as t »+ o , Similar results in the case of a considerably wider
class of self-similar random media were obtained by Schumacher [7] .
Recently Kesten [5] obtained the exact form of the limit distribution
for Sinai’s random walk as well as for a diffusion in a Brownian medium.
See also [2] for a related problem.

In this paper we substitute W(x) in (1) by a nonnegative reflected
Brownian medium and find the corresponding limit distribution. The
result was already anounced in [9] without proof but the Laplace trans-
form of the 1limit distribution given in [9: §3] is not correct. We
give here a full proof to the whole result of (9: §3) with a correction

(see Theorem 1 and 2 below). Our method is similar to that of C1] .

Theorem 1. Let X(t) be a solution of (1) where W, = {w(x),x > 0}
and W_= {Ww(-x), x > 0} are independent reflected Brownian motions on
the half line [0, ») starting from O which are also independent of
the Brownian motion B(t). Then the distribution of (log t)'zx(t) con-
verges as t + @ to the distribution wu defined by

(2) u =-[mwQ(dW)
where my is the probability measure on R defined by (3.1) and Q 1is
the probability measure on the space of media W = C(R> 0,®))\{wW:W(0)=0}

such that W, are independent reflected Brownian motions on [0, «) .

Theorem 2 u has a symmetric density and for A>0

©o

sinhV2Xx dt
JFK coshV2X + t 51th_X (1 + t)2 .

(3) e” ™ p(dx) =
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The present case is not contained in the framework of(7]since the
nonnegative reflected medium W(x) has (uncountably) many points giv-
ing its minimum. The case of a nonpositive reflected Brownian medium

was discussed in [9) . Some generalizations will be discussed in [5] .

Acknowledgment., I wish to thank Professor H.Kesten for pointing

out mistakes of the first version of this paper.

§1, Preliminaries and exit times from valleys

Let W and Q ©be defined as in Theorem 1., For each W€ W solu-
tions of the stochastic differential equation (1) define a diffusion
process in R with generator

1 w(x)d , -Ww(x)_d
(1.1) 2 e e Y )
1
Such a diffusion can be constructed from a Brownian motion B(t) as
follows (C4)). Let Q be the space of continuous functions
w: [0, ») >R with w(0) = 0, and denote by P the Wiener measure on Q.
Denote the value of w at time t by w(t) or by B(t) and put

%
L(t,x) = iig—:‘ Tey, e (B(s))ds (local time),
. 0
S(x) =J{ ew(y)dy ,
0
b -1 -1
ACt) =j (ST (B o | oM™ Ny xyax , t>o0,
0 R
S'1, A1 = the inverse functions .

Then the process X(t, W) = S™'(B(A"'(t))) defined on the probability
space (R, P) 1is a diffusion process with generator (1.1) starting at
0. If we set (WX)(e) =W(+ + x) , then XX(t, W) = x + X(t, w¥) is
a diffusion process with generator (1.1) starting at x . Let

T(X,', X2) = inf {t > 0 : B(t)¢(x1’ Xz)} ’

1) The Brownian motion here is not the same as the one in (1) but we
use the same notation B(t) .
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L(X.', X2n x) = L(T(X1, xz); X) ’ x€IR ,

X
Sx(x) =J- ekw(y)dy ,
0

]

X, (8) = X(t, W) , X);\(t) = x + X(t, aWX) .

Next we define a valley. Given W€ W , a quartet V = (a,b1,b2,c)
is called a valley of W 1if
(i) a < b1 <0< b2 <ec,
(ii) W(b1) = w(b2) =0, W(a) = W(e) =D,
(iii) 0 < W(x) < W(a) for a < x < by

0 < W(x) < W(e) for by< x < ¢,

"

(iv)  A_ = sup {W(y) - W(x) : a <x<y<by} <D,

A

4 = sup (W(x) - W(y) : by <x<y<e}<D.

We call D (resp. A = ANV A, 2)) the depth (resp. the inner directed
ascent) of V. It is clear that there exist valleys of W with A < 1 < D
for almost all reflected Brownian media W . l
In what follows let W€ W be given and V = (a, b1, b2, c) be a
valley of W with the depth D and the inner directed ascent A . We put

™ = T’;(a, ¢) = inf {t > 0 : X’;(t)¢(a, e)} .

X
A
The following three lemmas were proved in (1] .

Lemma 1. For a < x < c

d ¢ a A -~
Ti(a. c) =~[ L(Sx(a), Sx(c), sk(y))e-xw(y)dy ,
a

where

y
g}\(y) =] exw(z)dz
X

d
and = means the equality in distribution.

Lemma 2. For each A > 0

d
{L()\X1. AXp, Ax), x€R} = {)\L(x.]. Xos x), x€R}.

2) aVvb = max {a, b} , aAb = min {a, b} .
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Lemma 3. For X >0 and We W
d 24
(1.2) {X(t, AWA), t > 0} = {A7°X(A*t, W), t > 0} ,
where W, (€ W) 4is defined by
-1 2
Wx(x) = AT 'W(A"x) , x€R .

The following lemma plays an essential role in our discussions.

Lemma 4. For any A > 0 and [u, vlc(a, ¢)

inf P{eA(D'6) <1¥ < eA(D+6)} 1, A+,
usx<v

Proof. The proof is similar to that of the corresponding lemma of

{1) but even much simpler. Let x €[u, v] be fixed. Setting

y c
s,(y) = gb(y)/§ (e¢) = ekw(z)dz exw(z)dz
A A A
X

X

and applying Lemma 1 and 2, we have

4 c
1% = é}(c)/ L(sy(a), 1, s,(y))e W W)qy |

a
Since
A 3)
SA(C) < (e - x)exp{A max W
(x, c]
d
T§ < (e - x)(c - a)exp{x max W - A min Wj}L' < (¢ - a)2L'eAD,
x,c) (a,c)
L’ = max L(-», 1, y) ,
y<1
we have
P{T}( R ex(mc‘)}
< P{(c - a)2L 6D 5 eA(D+6)}

P{L'> /(e - a)z} +0 , A+,

To obtain an estimate from below first we notice that

(1.3) 1im A™]

A>o0

log CA =D,

3) m;x W = max{W(x), x€I} , min W = min{W(x), x€1I} .
I
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where
~ Pa)
Cy = ISA(a)I/\ISA(c)I ,

and the convergence is uniform in x € {u, v] . Next, for given & > 0
we set

a; = sup{x < b, : W(x) = 8/4} ,

8 =8, ,
LA = min{L(-1, 1, y) : §A(a1) <y < gk(b1)} .

Then applying Lemma 1 and 2 we have
a c
A ~ ~ =AW
x o CAJ L(8,(a), §,(c), &, (y)e M Way
a

=3
b
I

v

b

]

ij (-1, 1, 8 (y))e M Way
&1

v

§

eA(D'Z)(b - a,)L,expy{-A max W

1 177X Gy, b

1771
§

- A(D-3)
= (b1 -a1)LAe 27 .
Since A-1log|§k(a1)| and A'1loglgx(b1)l converges to max W - D
@Aa1,xvaﬂ

max W - D, respectively, which are both negative, we have
[xAb1,xVb1]

)

.A LA _
lim sx(a1) = lim sx(b1) =0,

> >

the convergence being uniform in x €[u, v] . Therefore
P{T’;\ < e)‘(D'é)} < P{LA < (b, - a1)-1e'>‘5/2} >0, A+

uniformly in x €[u, v] , because lim L, = L(-1, 1, 0) >0 .
>

§2, The limit distribution of X(eAr, AW)

In this section we change the notation slightly. Given We W and
a valley V = (a, by, Dby, ¢) of W, we set

Q@ = c(lo, =) »R) ,

ﬁ c(fo, =) » Ca, CJ) ’

and denote by P§ , x€R (resp. ﬁi , vela, c]) the probability measure
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on @ (resp. 6) induced by the diffusion process with generator

(2.1) W) Gl 4

(resp. the diffusion process on ([a, c] with (local) generator (2.1)

and with reflecting barriers at a and c¢). The latter diffusion has the

invariant probability measure my given by

c
mx(dy) = e-AW(y)dizy e-Aw(Z)dz .
a

For any interval [u, v]<C [a, c]
(o]

j e K(tu, v1, £)de

(o]

e * K([a, c), £)ac

n, (Cu, v)) =

where, for an interval I in R , X(I, £) 4is the local time at & for
the reflected Brownian medium, i.e.,

(2.2) K(1,3) = Lin g [T o) (W(s))ds
I

Therefore ®

e x(Cu, v), 2" Te)ae

(2.3) my (Lu, v1) = 22

(o]

et K((a, cJ, X-1€)d€
0

w=m([u, vl) , Ao,
K(Ta, c), 0)

Next we set
A b
- 3y XY - pXoBY X _ pXpo b
Py / m)\(dy)PA » Py PY®PFY , P = PN®P, .
a

R =R(w, ® = inf{t > 0 : w(t) = 0(t)} .

Lemma 5. For any 6§ > 0

1im P?‘{R < e"(“ﬁ)} =1,

P

Proof. First we prove that

(2.4) lim]P))\({R < e*(“‘”} =1 holds for x = b, and b

A+ 1. 2 °
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Without loss of generality we may consider the case x = b2 . We write
b instead of b, for simplicity. For any §>0 such that A + §<D
we define a,€ (a, b.]) y ay€ (a, b.]) , c2€(b2' c) by

max{x<b1 : W(x) =

[
-
1]

a, = max{x <b1 : W(x)

n
’\’I"" m]oo 1.\|0)
s

cy = min{x)b:2 : W(x)

and set
Ty = Tolw) = inf{tzo :w(t) = a1} ,
T, = T, (w) = inf{tzo sw(t) ¢ (ag, )}
T, = Tp(w) = inf{t20 1 w(t) ¢ (ay, cp)}

Then we can prove easily that
Sxlc,) - 8,(b)
b b - _ oA
(2-5) P)\{TO<OO}2P7\{TO = T1} =3 (C ) ~ S)\(a )ﬁ'] ’ A—> 00 ’

and hence

(2.6) IP;’{RsTO}
222 {D(0) € (2, B, BT € By o)
2eP{B(0e v} + 2B e (ay0 D)
((a, b)) +J:/§/\{«3(t)g (aqs c)}P}\’{Toedt} -1

by (2.3) because m({xe(a, e) : W(x) = 0}) =1 . On the other hand
Lemma 4 applied to the valley (az, by, by, 02) whose depth is A +(8/2)

implies
(2.7) P {T <e’\(“5)}>P {T <e ’\(‘”5)}—a1 s A—00

and so

IP))\({R<e)‘(A+5)}
T0<e)\(A+8)} - o(1) (by (2.6))

T1< e)\(A+5)’ T1 = To} - 0(1)

IV

=5
S

IV
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;P;‘{T1<e““5>} - o(1) (by (2.5))
— 1, as A —o00 (by (2.7)) .

Next , to consider the case where the diffusion starts at 0 we
shall consider three diffusion processes starting at 0 , b1 and b2 ,
respectively. By making use of the comparison theorem in one-—
dimensional diffusion processes (for example, see {3: p.352] ) we can
construct, on a suitable probability space (ﬁ)\, 'P';\) » three processes
3(\'0(’0) , ’5(.1(‘0) and Tz(t) such that the probability measure onf§Q b

induced by ’fo(t) (resp. ')E}(t), ’}\(‘2(’6)) coincides with Pg (resp. P)\1’

b

PA2) and
(2.8) X, (6) < Ty (1) 2T (0) V>0, B -a.s.
Put

~ ~ A

B, =508 .

1"

LA inf{t}o : X () = ‘3(’0)} , i=0,1, 2.
?2
Pj\’{ke““”} - ﬁ;{’ﬁ’o<e)\(A+s)}
2@{?{1\/?2@)\(“5)}
EP:I{R <], sz{K e)\(A+S)} »

— 1, A

A ~
Since Ry<R,V by (2.8), we have

by (2.4), completing the proof of Lemma 5.
Lemma 6. For any ry » T, with A<r1 <r2<D and for any interval
{u, v1 in R
. 0 AT -
,\]_.'1011 P)\{w(e )€ (u, V]} = n((u, v]r\[b1, b5])
uniformly in r € [r_], r,] , where m 1is defined in (2.3).

Proof. Denote by T (resp. T) the exit time of (a, ¢) for w(t)
(resp. @(t)), and by ﬁi (resp. E‘\R) the exit time of (a, c) for w(t)
(resp. ©(t)) after the collision time R . Since m,(U)>1 as A» oo
for any open set U containing {x((a, e) : W(x) = 0} , it follows
from Lemma 4 that

B, {er - ’I}<e)\(D+S)}



254

c
=[ m)\(dx)P;f{e)\(D_s)( T<e)\(D+8)}
a

— 1, A 00,

This combined with Lemma 5 implies

" AT AT }
. 0 1 25
p/\ : IP)\{R <e <e <TR

AT AT ~ A A
2!?2{R<e Tce 2« T} (v T<T)
— 1 , A0 .
Therefore for ré[r1, r2]
(2.9) P)O\{w(e"r) € [u, v]}
0 ATq AT ~
>P{R<e ,w(e)e€[u, v], e KTy
AT AT ~
=IP9\{R<e 1, G(e)‘r)€ [u, vl, e 2<TR}
=D, ¢ m)\(l:u, v]) -1

—)m([u ’ V]f\[b1) bQJ) !}\_>°° ;

as for the above equality we used the strong Markov property. Similarly

we have
l_i_m P)?{w(eAr)EEIM V]c}é‘m([u' Vch\Eb»]: b2)) ’
A—> o0

which combined with (2.9) implies
P)(‘){w(e)‘r)G [u’ V]}—)“‘([u9 VJf\[b.], b2]) ’ /\">°° .

The uniform convergence in Tr¢€ [r1, r2] is also clear.

$3. Proof of Theorem 1

Let V = (a, b1, b2, c) be a valley of W such that A <1<D .
Such a valley exists with Q-probability 1. In fact, b1 and b2 are

taken as

b the smallest root of W(x) = 0 in (a', 0)

]

1

b, = the largest root of W(x) = 0 in (O, c'!)

where a' = sup{x(O : W(x) = 1} and c' = inf{x)O : W(ix) = 1} . The
endpoints a and c¢ can be chosen suitably so that a<a' , c>c'! and
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V= (a, by, by, c) is a wvalley with A<l1<D . In what follows
vV = (a, by, Dby, c) denotes such a valley of W . We denote by my; the
probability measure on R defined by

(3.2) my(Car vD) = FHHR Y]

where [u', v']) = (u, V)fﬂb1, bZJ' Then, in the notation of §1 Lemma 6
reads as follows: For any interval I in R and for any family
r(A),A>0 satisfyin lim r(A ) =1,
{ (A) } ying Jered (
(3.2) lim P{X(e)‘r()‘), AW) €I} = m ()
A> 00 W

for almost all W with respect to Q . Now we define [P = P®Q and
/A=‘fmwQ(dW) . Integrating both sides of (3.2) with respect to Q we
have

(3.3) 1im [P{X(e)\r(}\). AW)€ I} =/\l(I) .
A= 00

Next, define W as in Lemma 3. Then W, (x), x€R is again a
A A g

reflected Brownian medium. Therefore (3.3) yields

(3.4) lin Ip{x(e"r(“,/\w,\)u} = M1 .

A0

We now apply the scaling relation (1.2) to (3.4); the result is

. “24044 Ar(A) _
Al_;;no IP{A X(A\%e R W)EI} —/M(I) .

1

Taking r(A) =1 - 4) '+log) in the above, we obtain

lim ]P[)\'ZX(e)‘, W) EI} = MD)
A0
This completes the proof of Theorem 1.

§4. _Proof of Theorem 2

The absolute continuity of M can be proved easily. In fact, if
/ﬂl is the measure in R defined by

K(In{lb,, b,])
/"n(I) = EQ{ K([b,l, sz) H K(Eb1’ b2j>>%} ’

then /ﬁl is absolutely continuous because

P (1) nE0{K (1A Loy, b,0))

= 2nf p(fXI, o, O)dX ’
I
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where p(t,% ,7) 1is the transition density of the Brownian motion with

absorbing barriers at +1 . Thus /M is absolutely continuous because
/un 1 M as n Poo.

We proceed to the proof of (3). Let X(I) = K(I, 0) be the local
time at 0 for the reflected Brownian medium as defined by (2.2) with
€= 0 and consider the number of times dg(t) that the reflected
Brownian path {W(u) : uZO} crosses down from £>0 to O before time
t . Then as found in{4: p.48)

(4.1) Q{lim 2€dg(t) = K(CO, t)), tzo} =1.
EL0
Let a', c', b1 and b2 be defined as in the beginning of §3.

Lemma 7. For o, p>0

EQ{e -O(K([O,b2j)-fsc'g 1 228

. .2 = . N
(4.2) 2+ C(P) em— e_‘/zﬁ

where
e‘rz? + e-‘/Z—F

e(p) = .[2n .
¢ e@-enjzlﬁf?

In Particular, K(LO, bZ]) is exponentially distributed:

(4.3) EQ[e 2 } -1
20 + 1

Proof. Since c(P)~1 as B 4 0, (4.3) follows from (4.2) by
letting P4 0 . To prove (4.2) we first apply (4.1) to write down

(4.4) B e'“K(LO’bZD'/&c'S

- EQ{e-e{K([O,c'J)- pc.}

-2o&d (c')- Be!
= lim EQ{e & P }
clo
=] -AT,.yn+1 -pT n -BT
) -20&n Q{ /35} Q{ 0, } Q{ 1.
= 1lim e E®%{e Elde sTA< T EZlqe ,T1< T0 ,
eLonzz € 0 "1 e

where Eg denotes the expectation with respect to the probability

measure of the reflected Brownian motion starting at € and
T, = inefux0 ¢ W) = x} .

If we set
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-pT -pT
€ = e'2°(£EQ{e E}E%{e O; T0<T1} ,
-RT -BT
Bg = EQ{e g 6}Eg{e ¢ 1; T, <TO}’
then (4.4) yields

Q -uK([O,b2])-pc' ) ®
E {e &118 BSZOAS
n:

Bg
1lim .
glo T - A

A

(4.5)

Next we make use of the well-known formula

’ a<x<b,

-«T J2X(b-x) -2 (b-x)
E{e a;o <Tb}=e =&
X a o/28(b-a) _ -/2%(b-a)

where Ex denotes the expectation with respect to the probability mea-

sure of a standard Brownian motion starting at x . We then have

BT -pT
(4.6) EQ{e § e}= 2Eo{e e ¢, T8<T_£}

- 2(e£f2—/§ - e_e‘/m)
G628 _ -26[2F

=14+ 0(6% , €l0;

of ~FT. (18 /R0
(4.7) Ee{e ,T0<T1} e

€ + o(€), EVO ;

e'2p - e”v?
-pT J2RE  -/2B¢E
Q 1. _e - e
(4-8) Ee{e ’ T1<T0} - . ,—-2[:' ) e_ ’—-ﬁ

,\,—2/5—_{3__.& ’ 6J/0 .
eﬁF_ e"/z_F

From (4.6), (4.7) and (4.8) we obtain
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Bg 1 2 F

1< Ay 20+ @) 2 %]

£EL0,

which combined with (4.5) proves the lemma.

Given x>0 we set

K, = K({by,0)), K, = K(L0,x]), K5 = K((x,b5)) .

Lemma 8. For x>0 and t>0

-t (K, +K,+K,)
(4.9) EQ{Kae 123 x<b2}
2 qf. -tK(C0,x1) \
(20 + 1)3E {(1 W(x))e ; x<c}

Proof. The left hand side of (4.9) equals

-tK -t (K,+K,)
EQ{e I}EQ{KBe 23 H x<b2} .

-tK
Since EQ{e 1} = (2%t + 1)'1 by Lemma 7, for the proof of the lemma it
is enough to show

-t (K, 4K ,)
(4.10) EQ{KBe 23 x<b2}
-tK
- _.___E_EQ{M S Wx)e % x<c'} .
(2t + 1)°

To prove this we introduce the smallest G-field 55( on W which makes
W(s) , 0=s<x , measurable and consider the event [* that the shifted
trajectory W(e + x) hits 0 Dbefore it hits 1 . Then first using the

strong Markov property of the reflected Brownian motion and then (4.3),

-tK
EQ{KBe ’ ﬂr/ozc}
{1 - weo}e (o, b,)e

=72t+—21)2{1 - w(x)} s 8.8,

Since {x<b2'} ={x<c'}r\r’ and {x<c'} € :7\9;{ , we have

-t (K, +K,)
EQ{KBe 23, x<b2}

gy ™ )

we have

-tK([O,bZJ)}
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-tK
- EQ{U S W(x)e 25 x<c'} ,
(2t + 1)

proving (4.10) and hence the lemma.

Lemma 9. For A>0 and t>0
©0

(4.11) f o EQ{m - W(x)) e tE(0,x]), x<c'}dx
0
.1 (2t + 1)S
‘7\'{1 T TC ¥ 2t8 }

C = coshJ/ 2\ , S:EL “2)\.
V2A

Proof. Let @(x) =1 - |xlI . Consulting with (4: Chapter 5] , we

see that the left hand side of (4.11) equals fA(O) where fy is the

where

continuous solution of

A -Afn =9 in (-1, 0)u(o, 1)
(4.12) —12—{1"'(0+) - f'(o-)} = 2t£(0)

£(-1) = £(1) =0 .

To solve (4.12) we first find the solution g, of Af - lzf" =¢ in
(-1,1) with boundary condition f(-1) = £(1) = 0 and then express f,
as follows:

() g5(x) + ¢ sinh /2 X (1+x) for x¢ (-1, 0)
f -
A% {g)\(x) + ¢ sinh/2A (1-x) for xe (0, 1) .

If we determine ¢ so that the above f)\ satisfies the second condition
of (4.12), then the f) 1is a solution of (4.12). Thus f/\(O) can be
computed and we obtain (4.11).

Now Theorem 2 can be proved as follows. By Lemma 8 we have

0 K((x, xvb,J)
IM((X.OO)) = E ‘m

]

Q{ K
E———L——;x<b}
K, K, 7K, 2

o

-t (K. +K,+K,)
EQ{K JRAACSRET LS
3
0

5 x< bz}dt
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0
1 - W -tK([O,X)) ; '
Jm 2201 - wtx)e r<orfar

and hence by Lemma 9
)

[29]
“AX 2 1 (2t + 1)S
((x, 0))d / ——-—-—{1 J it T,
Joe i, o) )dx 0(2t+1)3?‘ C+2ts}dt

1 1 2 S
1 1 - at .
2A )\O(zt+1) C + 2tS

Thus integration by parts yields
o0

o0
Je'kx/u(dx) =—1§-- [ _)‘X/M((x,m))dx (notice that /M((0,00)) :—12-)
0

o0
f 2s dt
(2t + 1)%(C + 2t8)

:f Sdt
o (b + 12+ t8)

and this proves (3).
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