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REND. SEM. MAT. UNIVv. PADOVA, Vol. 84 (1990)

A Maximal Regularity Result with Applications
to Parabolic Problems
with Nonhomogeneous Boundary Conditions.

DAVIDE GUIDETTI (*)

Introduction.

The aim of this paper is to study mixed problems of parabolic
type with nonhomogeneous (possibly nonlinear) boundary conditions.

The main tool is a certain maximal regularity result (theorem 2.1)
allowing to study the general problem by simple contraction mapping
arguments. The basic idea comes from B. Terreni’s [TE1] and starts,
from an explicit representation of the solution (formula 12) together
with suitable estimates in the linear autonomous case.

However, while Terreni’s results are ultimately based on time
regularity assumptions, here everything is done starting from a
suitable spatial regularity of the data on the lines of Da Prato-
Grisvard’s work in the case of homogeneous boundary conditions
(see [DPG]). Also we remark that this approach allows to avoid
regularity assumptions on the initial datum of the kind of Terreni’s
conditions 5.1, which seems to cause some difficulties, for example
in the study of global solutions. Finally, we consider equations and
not system. The extension to this more general case does not seem
to introduce further difficulties.

The paper is arranged as follows: the first paragraph contains the
general properties of little Nikolskii spaces, which are the basic spaces

(*) Indirizzo dell’A.: Dipartimento di Matematica, Piazza di Porta S. Do-
nato 5, 40127 Bologna, Italy.
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we shall use, with a brief study of linear elliptic problems, which is
necessary in the following and some variants of the results of sec-
tion 2 in [TE]. Here the basic results are propositions 1.4 and 1.5.
The second paragraph is dedicated to the study of the parabolic auto-
nomous problem and is directed to prove the basic maximal regularity
result, theorem 2.1. The third paragraph contains a simple result of
perturbation, with the study of linear nonautonomous problems. The
fourth and final section is dedicated to quasilinear problems.

Finally, we specify that the expressions C and «const» will be
used to indicate constant which may change from time to time.

1. Elliptic problems in little-Nikolskii spaces.

‘We shall be concerned with a class of subspaces of L?(R"), the
so called little-Nikolskii spaces A**%(R=): if ke Nu {0}, 6€]0,1],
p€e[l, + oo}, it is defined as

{u € Woo(R): Ve, || = k, [~ [|0%u(@ + ) — 82u()|?dw — O(h —,»0)} ,
Rn

with the usual modification if p = + oo and the natural norm. We
remark that the space A*YRn) is exactly the space of function of
class C* which are bounded and little-hglder continuous with all the
derivatives of order not exceeding k.

Now, let 2 be an open (nonempty) subset of R* with suitably
smooth boundary. We indicate with T, the trace operator Tof = f|sq.
We pose

Q) = {uly: we AETORm)}
with the natural norm of quotient space | |;+0,5,0-

The proof of the following result is routine (see also [ZO] for other
results of multiplication in Besov and Nikolskii spaces):

PrOPOSITION 1.1. — Let Q be an open (nonempty) subset of R»,
ae 1l (Q), ue Q). Then aue A)(Q) and

[aw]o,», o< [l@]o,c0,2 |%]6,0,2 -

An easy consequence of proposition 1.1 is the following: consider a
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differential operator

B(@,0) = Y b,(x)?

lrI<a

with b, € ALF°(Q); if we A*(Q), s =g+ 7, B(®,0) uei"(Q).

Our interest in these spaces lies on the following facts: if 4,, 4,
are a couple of compatible Banach spaces (see [BL] 2.3), and if we
denote with (4,, 4,), (o€ ]0, 1[) the continuous interpolation space
determined by 4,, 4, (see [DPG]), for j, ke N U {0},

(Wi»(R~), Whe(R")), = A7°(R") ,
with

l=[1—0)j+ k], 0=Q1—0)j+ ck—[(1—0)j+ ok],

(here and in the following, if A € R, [A] will be the integer part of 1).
The well known Calderon-Stein extension theorem implies (see [ST],
ch. VI, th. 5):

PROPOSITION 1.2. Let 2 be an open subset of R* satisfying the as-
sumptions of [ST], ch. VI, 3.3. Let 6€10,1[, j, ke NU {0}, (1—o0)j +
+ ok ¢ Z. Then, (Wi»(Q), Wer(Q)),= 1F0(RQ), with

l=[1—o0)j+ok]l, 0=1—0)j+ ok—[(1—0)j+ ok].

Assume A4,, 4,, A are compatible Banach spaces and let se]0, 1[.
We recall that A is of class K,(4,, 4,) (see for example [GR] def. 4)
il (Agy A4),1CAC (4o, Ay1)s,c (continuous inclusions) (here (, ).
is the real interpolation functor ot indexes s, w).

PropPOSITION 1.3. Let 2 be an open subset of R™ satisfying the as-
sumptions of [ST], ch. VI, 3.3. For pell, + oof, ke NU {0}, we
put 25(Q) = Wha(Q). Assume 8o, $1,8:€R, 0<8,< 1< 8,.

Then 23(2) is of class K s, /ss—s)(A2(2), 2(2)).

ProoF. If is sufficient to consider the case 2 = R~
One has

(A2(R"), 25(R")) (s, — s0)i(s— 501 = By (R")
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(see [GR] 1.10), as A%(R") is of class K 141 (L?(R"), WEIHLI(R7)),
22(R7) is of class K, s, +1)(L?(R?), WiI*12(R")) and by the re-
iteration property. In the same way,

(lz)o(R")’ l;’(Rn))(31_30)1(3:—30),°° = B;:OO(R”) .
It remains to show that
BjL(R") C A3 (R") © B (R").

If s, ¢Z, A(R") is the closure of CP’(R") in B (R"). As B} (R")C
€ B} (R*) and C(R") is dense in B;: (R"), the result follows. If s, €Z,
by theorem 6.4.4 in [BL.], for p € ]1, 2],

B1(R") € By (R € H,, ,(R") = 43(R") € By (R")
and, for 2<p < + oo,
By (R") € Byo(R™) € Hy, ,(R") = A3(R") € By ,(R") € By oo(R") .

So the result is proved.

Now we consider a bounded open subset 2 of R* with boundary
of class C**! and a linear differential operator A(z,d) = > a,(x)0*
of order 2m. We assume that: la[<2m

(41) Vo, |a|<2m a, e A% R"), 6€ 10, 1[.
(A2) A(x, 0) is properly elliptic.
(43) There exists ¢, € In/2, n[ such that Vz e 2, V&e R— {0},

(— 1) Az, §)/|A%, &) # e V§ € [— By, ol(4%, &) = D a,(@)8) .

a|=2m

For & =1, ..., m a linear differential operator B(z,0) = > b s(x) o
is given, in such a way that: 1Bl<me

(B1) 0<m,<2m—1 and VP, VE, by, g€ A2+ O(Rn),
(B2) For k1 m,+# m,.

(B3) For k= 1,..., m, the boundary 0% is noncharacteristic in
each of its points with respect to Bi(x, 0).
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(B4) At each point xe€ 02, if »(x) is the inward unit vector
to 02 in x and £~ 0 any real vector parallel to the boundary in «,
we indicate with ¢/ (£, 1) the j-th root with positive imaginary part
of the polynomial in z(— 1)"A4%®, £ 4+ 2v(x)) — A. Then, if [Arg 2| <d,,
the m polynomials {Bj(z, & + 2»(x)): k =1, ..., m} are linearly inde-

m
pendent modulo [] (¢ — #/(§, 4)) (Bi(«, &) :l IZ by, o) £P).
j 8

i=1 =mk

We shall consider the problem

1) A(x,du=7Ff in Q By(x, 0)u — groa=0, k=1,...,m.

We remark that a priori estimates for (1) (case of regular prob-
lems) were obtained, for example, in [ADN], [BR1, 2, 3], [AR], [TR].
Here, we need the following

ProposiTION 1.4, Consider (1) with the assumptions (A1)-(A3),
(B1)-(B4). If fe /'Lz(.Q) Gel01,1<p<+ oo), gkelﬁ”‘_’"“”(ﬂ),
u € Wem?(Q) and solves (1), then ue A2"+°(Q) and

@) [elanso.0,0<O(Ifl0.5.0+ 3 [9elon-mero,0+ [@lo.0)
with C independent of wu.

Proor. First of all, we look for an appropriate a priori estimate.
We start by assuming that u e A2"+°(Q), supp » C B(2®, ) with #°€ 2,
r < dist (2%, 02). By the a priori estimates of [BR1, 2, 3] and [ADN],
one has

l%lem, 5,2< Co([fllo,5, 2+ [u]

0,1),-0)

For 0 < |[£] < dist (2%, 02) — 7, @ € B2, 7),

Az, O)[u(@ + &) — u(@)] =
= [A(®, 0) — A(z + & O)u(z + &) + f(@ + &) — f(@),

which, by assumption (41), implies

lu(.+ &) — %lom, 5,0 < CIE" (|%]2m, 0,2+ [flo,n,2+ [%]o,5,2)
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and
|%]l2m+0,», 2 < const (@ )([Iflo,0,2 + [%lo,5,2)
(here const (2%, r) indicates a constant depending on a? 7).

Next, let a°€ 02, r > r' > 0, w € 22" +%(Q), w(x) = 0 if x ¢ B(a®, r').
Then, u solves

A(m07 a)'u/ = [A(.’x;", a) - A(J/‘, a)]'ll, + f in 2 ]
(3)

By (% 0)u = [By(2’, 0) — Bi(®y 0)]% + Grion, k=1,...,m.

If r is sufficiently small, there exist operators A"(x, 0), Bj(x, 0) with
coefficients in €*(2) and C*"~™*+1(Q) respectively, satisfying (41)-(43),
(B1)-(B4) and coinciding with A(2° 0) and By (a° 9) in B(z% r)N Q.
By well known results (see [AG]), there exists 4,€ C such that

ANw, 0)u— Agu = f
(4)

Bi(#, 0)% — gron= 0
has a unique solution » = W2™?(Q) Vie L*(Q), (gi);., € [ W2~ ™>(Q),
k=1

which belongs to W2m+12(Q) if fe Wh?(Q), (gu)i=1€ [ W~ m™+12(Q).
1

m k=
By interpolation, if fe A%(Q), (gu)i-1€ [ Azm—met0(02), uelﬁ"‘*o(!))
and k=1

[l +,5,2< O(Ifl0,0,0 + 3 19ellam—me+0,5,3) -

Applying this estimate to (3) and using the fact that, if »’ is small

enough

ll (A(xo, a) - A(my a))““ﬁ,p,!) ‘I‘kE ” (Bk(wo7 a) - Bk(wy a)) u"2m—m:;+6,p,9<
=1

<é&l%|am+0,0,2 + C"“"2mw,9 ’

by localization one draws (2), under the assumption = 22m+9(Q).
Now assume ouly that w € W2m?(Q). Again using Agmon’s results,
one proves that there exists 4, € C such that

(5) (A2, 0) — A)uw =f in Q, B.(x, )4 — grjoa= 0,
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has a unique solution u € W2m»(Q) Vfe L*(Q), V(g)i-1€ [ W™~ ™ *(Q)
and k=1

®) [#len,5,2<(Clflo,0,0+ 3 19 len-ms,s,) -
Consider
AN(@, 0) = Y a(w)0%, By (w, 0) = z bis(
|x|<2m Bl<ma
with
a7’ € O°R"), bse C°R"), [a,— aP]o,0,0>0 (r—>+ o0),
”b(nﬁ'— bk,ﬂ”2m—mk,+0,oo,o' -0 (t = + o0)

(the existence of a, b{" s follows from the density of C®(Rn) in A%, (R™).
For r large enough the problem

AW (2, O)u— Agu = |
B (2, 0)% — grjoe= 0
has a unique solution % in

Wem(Q),  VieIQ), V(g)i-1€ H wEm—mer(Q)

which belongs to W2n+12(Q) if fe W»(Q), (gu)i—, € [] W~ m+12(Q).
The usual interpolation argument proves that, if fe A%(Q), (g.)r. €

€ H AmmeO(Q), we A2mtOQ).
k=1iTow assume ue€ W2m2?(Q) is a solution of (1), with f e A%(Q), (g.)r- €
ekﬁl Amm*%(Q). Let u be the solution (belonging to 2m+%(£)) of
Az, Q)u — Au = f— Ayu
BY (%, 0)u” — grio0= 0.
One has
A(z, 0)u” = [A(w, 0) — A" (x, 0)Ju"— Lgu” + f— Ayu,
By(w, 0)un + [BY(w, 0) — By(®, 0)]u" — gyjag= 0

and, using (2), 4| zm+0,»,0<C, independent of r.
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Then, for r,s€eN,
Az, 0)(u"— u®) =

= Ao(u— u®) 4 [A(w, 0) — A" (@, 0)]u” — [A(z, 0) — A“)(z, 0)]u,
By(@, 9)(u— u) =

= [Bi(w, 9) — By (@, 0)]u"— [Bu(, 9) — BY(w, 0)]u®]aq -
The a priori estimate gives
47— % | 2m 10,0, 0 < ClU"— u?|o,5, 0 4 &(r, 8)

with ¢(r,8) -0 as r,8 - 4 oo.

It is easily seen that |u®— %|sp,p,0—0 (r— -+ o). From this the

result follows.
The following proposition is on the lines of inequality (2.13) in [TE1]:

PROPOSITIOH 1.5. Assume (A1)-(43), (B1)-(B3) are satisfied. Let
A= |Ale, with |p|<do, 1<p <+ o0, 0<O<pt There ewists
C>0 such that, if u e Wmr(Q) solves A(x, 0)u— Au=f in Q

Bk(w, B)u—gklag= 0 k=1,..,m,
with & (@), @) [T B7™Q), 121>,
2m
(M ZAErem ], ,,0<
r=0

< 0( ”f”o,p.9+ z |M(2m—mk-—0)/(2m)”gk”0’1,’Q_I__ z M’I_6/(2M)Hgk“2m—mk+0,p,.0) .
k=1 k=1

For the proof we need the following lemma:

LEMMA 1.6. Assume p>1, 0 <0 <p~' If {f}ocr<1 98 & family
of O fumctions in R such that

(@) % @) =0 if t>r, |x@)]|<C (independent of r),
(d) 7|y @)|<C VteR,

we pose, for g€ A, (RY), 9.(@) = x(@n)g(@).
Then ng"e,p,ng<*‘1"9"o, »,RY? with A independent of g and r.
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PROOF. As 0 < p~, if we define g*(x) = g(x) if #,>0, g*(®) =0
if #,< 0, we have that g"€ A(R") and [g"|o,»,r"<Clgl,,,, R, (see the
result of [SH] and interpolate).

One has also

”g']|0,p,R+< “gA“"’ p,R* = "gAxr(mn “0,0 Ro -
+ sup (|40 19" @ + 1) 2000+ o) — 9°(0) @) P )
R

First of all,

9" 2-(@n) 0,0, R0 < Cg" 0,5, R -
Algo, if h,= 0,

(lhI—Op IgA(m + h)Xr(mn + hn) - gA(w)Xr(wn)lpdw)llp< GI]gAIIO,D,R" .
Re

Agsume h = (0,7), with #>r. Then

(1m1=22[lo"@ + 1) (@0 + ) — 9(@) () Pd2) =
Rn»

- "—0( f |2 (@n + 1) (@ + ne™)|Pdo + f Ix,(wn)g“(m)lvdw)llp<

— <AL 0ganr
/
<oro( [ lgr@pds)e—oro( [ lg"@ - g*@— reeds) <
0Langr 0<ear

<On°r0g"[o,5,Rn< C[|g"] 0,0, R .
Assume h = (0,7), 0<n<r.

(18122 19*@ + 1) g0(a + hu) — 9" (@) gelan)lode) " =
Rﬂ

= n“’( f |2 (@0 4+ 1)g" (@ + ner)|?da +

—NL<en<<0

+ f |2r(@n 4 79" (@ + ne") — x(@a) g(@)|? dc +

0<anr—n

+ f Ix,(w,.)g“(w)l"dm)w

r—NLenr
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One has

lgr(@n + n) g (@ + ner)Pde< O f lg(@)|Pde< (n°]9"]6,p,rn)""
0

—N<Ing 0gLenn

( f |2r(@n £ m)g " (@ + ne") — x,(w,,)g(m)|»dw)up<

0 ZaLr—"

<( f |2+ (@ + 1) — 2e(@n)[? 19" (@ + ne7) {Pdm)l/v+

0<EnSr—1

+( [ In@llg @+ ne) — g @)rdo)ir <

0L TagLr—n

<oonst[( ] sprloreibas) +

N<TnLT

+ ( f 9" (x + ner) — gl\(w)|1)dm)1/p] _

0Leagr—"

—const [ [ prolgtie) = gM@— refeda) it g o] <

N<ear

<const7%((n/r)*~=°+ 1) |g"[o,»,rR» < const 7’9" 0,5, Rn*
f |2 (@) g (@) |7 dar = f |%e(@a) = 2r(@n + M)|? |g" (@) 7 dw <

r—n<Tnr r—nLanlr

< eonst r-ry? .[ |9* () |? dz < const (r®—Vy|g"[6,p,Rn)” .

r—n<enr

The case kh = (0,7), with <0, can be treated in the same way.
So,

19: 16,5, r2 < C19"2+(@) 0,0,R» < C19" 6,0, R2 < Ol 0,5, Rz
and the result is proved.

PROOF OF PROPOSITION 1.5. From [AG1] one draws the existence
of 0>0 such that, if [|>C, |Arg A|<@o,

2m
® X [AEmem g, ,,0<
r=0

<O(Iflowa+ 3 (™™g o 10+ 3 [glam—men,s) -
k=1 k=1
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For every a°c 02 there exists an open neighbourhood U of a°
@: U —R" of clags C?n+1, such that

P(a) =0, SUNW)=dU)N{{y,0:y R},
DUNQ)=DU)NRE.

As Q is bounded, there exist #9,...,2%, with corresponding neigh-
bourhoods U,,..., Uy and diffeomorphisms @, ..., Dy, such that

oc U U,: Let {yy, ..., py} be a partition of unity in a neighbourhood

of 89 such the supp 9, C U; (j = 1, ..., N). Let (x.)o<r<1 be a family
of 0> functions in R, such that x,( ) =1if [t|<r/2, x.() =0 if t>7,

|£9(#)|< C;r—7 and put g, . (@) = Z rr,;(#) With

i=1

Gr,r,i(@) = ’Pi(w)gk(w)Xr(@i(w)n) .
Then, Vr > 0, Bi(x, 0)% — gx,rja0= 0, so that Vr >0
2m .
> [A[Em=em g, 0<
i=0

O (Iflon0+ 3 1AW g, fo 004 3 I98,rl2m-ms,0,3) -
k=1 k=1

Now we remark that, if ge A%R%), 1<p <+ o0, 0 <O <p! and
suppg C {z e R*: 0< @, <7}, ”g”o,p’m<r"”g” “0,0,R% This implies that

N N
l|gk,r”0ﬂ’:9< c zlllgk,r,5°¢;1 Ho,p,R:< Cro _zl”gk,r,io :i_ll,o,p,R+<
i= i=
N
<(by lemma 1.6) Or® 3 [ (y;0®;)(goD; )lo,p,rp< Or’lgille,0,
i=1

With the same method,

2m—mg os
"gk,ruzm—mhﬂ,9<0 z r _1”gk"2m—'mx—i+0,v,9 y

=0
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so that

m
[A|em=miem g o o o+ 3 |Gk, e lomeme,p,2<
k=1

2m—me
< O(|a|@m—mCEmg0lg.ls » o+ D 7 Gl em—me—ito,0,2) -
i=0

Choosing r = |A~Y?™ and using the moment inequality implied by
prop. 1.3, the result follows.

2. Linear autonomous parabolic problems.

Now we shall use the results of paragraph 1 to obtain a maxima
regularity result for linear autonomous parabolic problems like

%?(t7w)=A(x7 a)u(t"f‘v)’l‘ﬂt’w)a t [0, T]7 ze

(9) Bi(z, 0)ult, @) = gu(t, ), te[0,T], wedR, l<k<m.

(0, ) = uy(x), x€L.

As already declared, the main tool will be an explicit representation
of the solution, following a method developed in [TE1l]. We remark
that theorems of maximal regularity with nonautonomous boundary
conditions were also obtained, for example, by Solonnikov in a series
of papers (see [SO1, 2]) in the more general case of systems, by
Agranovich-Vishik [AV] (anisotropic Sobolev spaces), Lunardi [LU]
and [TE2] (spaces of continuous and hdlder continuous functions).
However the result of theorem 2.1 seems to be new.

Now, assume that A(w, 0) ——]—IZ a,(®) 0%, Bz, 0) =|ﬁlz by, p(@) 0°

xl<2m <Mme

satisfy the assumptions (41)-(43), (B1)-(B4). Fix pe]l, 4+ oo|.
Define:

D(A) = {ue Wmn(Q): By(®, d)ulsg= 0, k =1,...,m} .

(10)
Au(z) = Az, 0)u(z) .

A is the infinitesimal generator of an analytic semigroup {exp (t4):
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t>0} in L»(Q). For simplicity, we shall assume (this is not restrictive
at all) that ¢(4)C {#ze€C: Re2< 0}. Fix 0€10,p [ and let » be a
solution of (9), we Ci([0, T1; A2(R2)) N C([0, T1; A2"*+°(2)) (here and
in the following we identify mappings of (f,2) with corresponding
mappings of ¢ with values in a space of functions of domain £).

Then necessarily fe O([0, T1; 25()), u,€ 22"+9(Q).

Further, By(., 9)u € 0([0, T1; 22m~™*+%(Q)) (k=1,...,m). By the
moment inequality, which is a consequence of proposition 1.3,
w € At~mICm)([0, T; Am+0(Q)) (if E is a Banach space, a€]0,1],
2([0, T1; B) = {we C(10, TT; E): lim sup {(t— &)~*|u(t) — u(s)], 5, t €

e[0, T, 0< [t— s|< 8} = 0}, 2([0, T1; E) = C([0, T1; E), A([0, T]; E)=
= C*([0, T]; B)). This implies

Bu(+, 0)u € 21~ mIEm([0, TT; 2,(R)) -
Therefore, we can assume
gv€ O([0, T1; "~ m+0(Q)) N 21=™/Em([o, T1; A(9)) -

Finally, necessarily, By(:, 0)uy— gx(0)|so=0, for k=1, .., m
Now, suppose A€ p(4). For k =1,..., m the problem

Ju— A(, 0)u =0 in Q
B.,(', a)ulag= 0 if r+#k
Bk(',a)u_glaozo

has a unique solution # = N,(1)g, Vge W2»~ ™). By proposi-
tion 1.4, if ge A2m~™+9(Q), we 22"*%(Q) and

(1) E [A[En=DIEm | N, (2)g lr,p,0<

<O((1 + [a)E= =Ml g4 (1 [A) g inmms02)

Put
y = {r exp(— ig): r € [0, + oo[} U {r exp (igh): 7 € [0, 4 oo} ,

oriented from — oo exp(— id,) to -+ oo exp (idy).
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We have the following
THEOREM 2.1. Assume (A1)-(43), (B1)-(B4) are satisfied.
Let pell, + o[, 0<6<p, feO([0, T]; 23(R2)) and, for k=
=1,..,m
ge€ 0([0, T1; AZv=m+0(Q)) N A+=mEm([0, T; 45(R)) ,
Bk(', 6)uo— gk(0)|6!)= 0.

Then, (9) has a unique solution

we CY([0, T1; 22(2)) N C([0, T1; 22m+9(2))

t t
(12) u(t) = oxp (t4)o+[exp (1 — 9)4) f(s)ds + 3 [Kult—9)g(5)ds ,
0 Tto

with K,(t) = (2n5)~[exp (A) Ny(2)dA (t € 10, + oof).
Y
We start by remarking that, owing to (11),

I Ew(®)gllo,5,0< O™+ VM= ]gly,5, 0 + ™~ glom—m+0,5,0) 5

Vg e AZm—m+9(Q), so that the last integral in (12) converges, at least
in Z»(Q). To prove theorem 2.1, we start by considering the first
integral in (12):

LEMMA 2.2. Let
t

0<0<p, feC(0,T];2%Q), u(t)=|exp((t—8)A4)f(s)ds.

(V]
Then, u € C[0, TT; 25(2)) N C([0, TT; A2"*°%(RQ)) and solves

du
&

By(z, 0)u(t,®) =0, te€[0,T], €02, 1l<k<m.

(t, 2) = A(, 0)u(t, ) + f(t,»), te€[0,T], wvel

w(0,2) =0, z€f.
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PROOF. As 0<0<p?, AYQ)= (L»(Q), D(4))ojem (see [DPG],
th. 6.10). So, by [DPG] th. 3.1, we conclude that ue C([0, T1; W*™?(R2))
and A(-, 0)ue C([0, T]; 25(2)). Therefore the result follows from
proposition 1.4.

LemmA 2.3. Let
1<k<m, ge ([0, T]; 23" ™+°(Q)) N 21=m/Em)([0, T1; 29Q)) ,
with g(0) = 0. Put

t
w(t) = f K, (t— 8)g(s)ds .
0
Then u is the only solution in C*([0, T1; L»(Q)) N C([0, T1; Wams(Q)) of

g—q:(t, z) = A(x, O)u(t,x), te[0,T], 2
B,(z, 0)u(t,x) =0, ¢€[0,T], €0, r+k
By(x, O)u(t,x) = g(t,x), te[0,T], xecof
w(0,2) = 0.

PrROOF. Omne has u(t) = w,(t) + u,(), with
i t
wl®) =[Eut— 9)g(t)ds,  u(t) = [Kult— 9)igls) — g(0)1ds
[1] 0

We indicate with y, the positively oriented boundary of
{A€C: |[ArgAl<g} N {A€C: |A|>t  (¢>0).
Then
o(t) = (27i)1 J' A-1 exp [A) No(A)g(£) dA .

Y

[%6() |2m, 5, 2 < C|exp (¢ Re A)(|A|~m+0Em) | gt) g , o+

Ye

+ A7 g(8) | om— et 0.9, 2| 44| <

< C1o/zm) exp (Re l)(|}.[’(""'+°)’(2'”)||9“;.1-"'N”">(l0, T];;_g(g)) -+

Y1
+ |47 biczm) lg] (10, T1; zgm—mk+0(9))) [da] .
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This proves that

uo(t) € W*™2(Q), Vtelo,T], [w(t)|em,p,a—>0 (t—0).
Further, Vte [0, T,

A(+, 0)(A* exp (X) Ni(A)g(t)) = exp (A1) N(2)g(?)

and

[4(-, 9)(4* exp (4) Ny(D)g(®)lo,0,< €112~ €XD (1) Ne(A)9(1) 2m, 5,0
so that we have

A(+, 0)uo(t) =
= (2ni)‘1J.eXp (AN (A)g@t)dr if ¢e€]0,T], A(-, 0)us(0)=0.

14

If r£ &,
ToB.(-, 9)(A~* exp (4) N:(A)g(t)) = O

and this implies
ToB,(*, 0)u(t) =0 Vte[0,T], r+*k.
Further,
ToBi(+, 0)(A~* exp (A) Ni(2)g(t)) = A~ exp (At) Tog(t)

and so

ToB.(-, 8)us(t) = To((2i)* (27 exp (A)g(t) d2) = Tog(t)

by the residue theorem, as the integral is absolutely convergent in
wen=mes(0), So

u€ 0([0, T]; W*™*(Q)),

A(-, D)aft) = (2)*[exp () Nu(Dg(1)dA,

Y

t
wn(t) = (@)1 ( [exp (6 — 9) Na(Dlg(s) — 9] dA) s .
0

4
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Analogous considerations take to u, € C([0, T]; W2m»(Q)),

¢

A, Byuntt) = (i) ( [2exp (26— ) Bu()lglo) — gt 1) as,
1

0

ToB,(-, Q)us(t) =0 if r#k,

t
TyBui(-, )uy(t) = T(,((zm')—lf ( fexp (At — 8))[g(s) — g(t)]ou) ds) -0
0

¥

(as (4, 8) —exp (A(t — $))[gx(s) — gu(t)] € LY([0, t] X p; W2m=™2(Q)), ap-
plying Fubini and Cauchy theorems). So we can say that e C([0, T7];
Weno(@),

A( 9)ult) = (2mi)™? f exp (A1) Ni(4)g(t) dA +

11
+ @iy ( [Aexp (A0 ) VuWlgs) — g(01d1) ds,
(4
ToB,(+, dult) =0 if t£k,
T\By(-, a)'”'(t) = Tog(t) .

Now fix £€]0, T[ and define, for € [¢, T,

t—e

w,(t) = (2ai) | ( f oxp (At — 8)) Nu(A)g(s) d}.) ds .

0 Y

Thinking of %, as a function with values in L?(£2), one can differentiate
and obtain

(1) = (2i)* [exp (1) Nu(2)g(t — ) a2 +

e
t—e

+ @iy ( [2exp (4t — ) Nu(A)gls) az)ds =
Y

= (2mi)*[exp () Fu(D)lg(t — &) — gt)] 44 +

Y
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t—e
+ (2mi)1[ ( [ exp (At — ) Na(lgle) — g(o)]dA) ds +
o v
+ (2mi) f exp (At) V() g(t) dA .

4

<
0,,2

|(20)[exp (e1) Nuldlat— &) — 99114

v

< const | exp (Re A)[|A|~(me+0M@m) 1 |3 —-1=0/2m)] O/Zm)G3| 0  (¢—0).

Y1

So we have proved that, for every ¢ e ]0, T], »'(¢) exists in L#(£2) and
equals A(-, 0)u(f). A passage to the limit as ¢ — 0 gives the final
result.

LEMMA 2.4. Let
1<k<m, ge C([0, T]; 22m=m™+0(Q)) N A—m/Em([0, T]; A5(Q)) ,

t
with g(0) = 0 and 1<m,<2m—1. If u(t)= dfK,,(t— 8)g(s)ds,

u e ([0, TT; 23(L2)) N C([0, T; ZmtoQ)) .
Proor. By Lemma 2.4,
u € 01([0, T1; L»(2)) N C([0, T'1; Weme2(Q)) ,

A(-, D)u(t) = (@) [oxp (20) Nu(A)g(t) 4 +

Y

¢
+ (2mi)2[ ( [4exp (At — 9) FuiDlg(s) — 9(011a2) ds
[/ 4

As already mentioned, 23(2) = (L#(82), D(4))o/zm); 80, by theorem 2.5
in [DPG], if fe L?(2), then fe A%(Q) if and only if

lim g9/em A(§ — A)1f = 0.
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Further, an equivalent norm in A%(Q) is

17,0, 2 + Sup |§°7Em A (& — A)2f]o,0,0 -

We pose, for

0<6<T, x(8) = sup {(t— &)™™= |g(t) — g(s)[lo,p,0 +
+ "g(t) - g(s)”2m—mk+0,p,!2: 0<3 < t< T, t— 8<6} .

We recall that y(d) -0 (6 — 0).
One has

£01Cm 4 (£ — A)-1A(-, d)u(t) =
= (2mi) £ [ A& — 27" exp () Nu(R)g()di +

t

+ @iy 28em [ ([ — 1) exp (40— ) Nu(Dlg(s) — (0] az)ds.

(U

”(27:@')‘15"’(2"‘)‘[1(5 — A)~texp (M) No(A)g(t) M“M’,S

(owing to proposition 1.5)
-+ oo
<const x(t)(tl—mk/&m) go/(zm) f L= e+ 0)/@m) ooy (38,) —

0
4 o0

— &7t exp (treos (¢)) dr) + 50/(2"‘){ r=0Cm)|yr oxp (ighy) — &[-1-
0
-exp (treos (¢o)) dr = const y(t)(I,(¢, t) + L,(&, ?).
If v = ¢,

+ oo
I(& t) = rol(zm)—lf pl= (met O/Em)pr—1 exp (i) — 1|~ exp (rcos (¢o)) dr—0 .
0

On the other hand,
L(¢ t) =

+ oo
= 1:9/(2m)fr1‘(m"+")/(2'”)lr exp (i) — 7|~* exp (rcos (¢o)) dr — 0(z — 0) .
0
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Further,

+ oo

I,(&, t) = %™ f r=0em) |y oxp (igh) — 7|71 €xp (rcos (¢o)) dr =
0

+ oo

=Jr‘ 0/2m)|p oxp (i) — 1|~* exD (7 Teos (Bo)) dr <
0

<const (independent of 7),
so that

(13) ?up | £0/2m A (& — A)-2A(", O)Us(?)] 0,0, 2<cOmSE %(2) .
>1

It is also easily seen that, for a fixed ¢, I (&, t) 4 Iy(&, t) =0 (§ -+ o).
So A(+, 8)us(t) € 2%Q) Vie[0, T, |A(+, d)to(t)]o,5,0>0 (¢ —0)

which implies us(t) € AZ+%(82), [s(t)]zms+0,5,0—>0 (£—0) by Pproposi-

tion 1.4. Analogous estimates prove that w(t) € C([0, T'1; ,""%(R)).
Next, we consider A(-, 0)u,(?).

58/(2m)A(§_ A)-IA(-, a)ul(t) =

t
— (2mi)-1£0em f ( f 23(E — 2)~ exp (At — 8)) Nu(Ag(s) — g(t)]dz) ds .
0 Y

t +oo
1E9em 4 (8 — A)1A(-, D)ua(t) o,p,0< [const goizm) f ( f 2= (ma+0)[(2m) .
0 0
- |r exp (¢o) — &7 exp ((t — 8) TCOS Po) %(t — 8)(t — ) dr) ds + &£olem .

t +oo

[ ([ 7=l exp (ige)— 12 exp ((6— s) veos ) y(t— ) dr) ds] =
o0 = const (L,(, t) + ILa(&, 1)) .

+ 00
L,(&, 1) = §m [ r=01m|y exp (i) —

0
+ oo

0
—¢ |_1( fx (s/r) exp (scos g,) s mlEm ds) dr = f y=0lEm).

0
Ert

- |1— 7 exp (igy)|2 ( J. x1(8/(€r)) exp (scos g,) sEm—mwl(a=m) ds) dr—0
V]
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(§ - 4 oo) and is uniformly majorized by

+ oo

constfr‘ 0IZm)1 — ¢ exp (i) | 2dr .
V]

Also,

+ oo &rt

I,(&, t) < const f r0Em|1 — y exp ()| (f x(8/(€r)) exp (scos @) ds) dr
(1]

which can be treated as the foregoing integral.
To prove that u, € C([0, T]; 22"*%)) it is sufficient to remark
that, for

O<t<t<l,  EUEMAE— A)A(, O)(ml) — w(t)) =
t
= (2i)£%em [ ( {226 — 1) exp (28) Nu(Wlg(t — 5) — (9] a2) ds +
L
)
+ (2iy 200 [ ( {236 — 27 exp (28) Na() -

k4

[g(t— 8)— g(0) — g(t'— ) + g(t)]d2) ds,
and to observe that
lg(t — s) — g(t) — g(t' — ) + g(t') |6, », < x(t — t') '~ mCEm
lg(t — 8) — g(t) — g(t' — 8) + 9(t') |2m+0,p,0< x(E— ')

and apply methods analogous to the foregoing estimates.

So we have proved that «e C([0, T]; A22"*%(2)). As (du/dt)(t) =
= A(-, 9)u(t), we CY[0,T]; 2%(£2)) and the lemma is completely
established.

Proor oF THEOREM 2.1. First of all, we remark that it is not
restrictive to assume B, (z, 0)u = u if m,= 0, so that B,(-, 0)u —

— gxjoa becomes u — g0 = 0, With

gr€ CY([0, T1; 2%R)) N O([0, T1; 22m+°(R)) .
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Substituting v = w— ¢, to u, the problem is reduced to the case
0= 0 if m,= 0. Now, u(f) = v,(t) + v4(t), with

i ¢
wlt) = 3 [Eult— 9)ig) = 0u(0)]ds +[exp (6— 0)4) f(e) ds
0

t
n(t) = exp (t4) o + 3 [Kult —5) gu(0) ds
)
By lemmata 2.2 and 2.4, v, € CY([0, T]; A2(R2)) N C([0, T]; A2"+°(RQ)).
ou(t) = exp (H4)y + 2i) 1 11 exp () 3 Nu(R)gu(0)di,
k=1
Y1

g0 that, Vi e 0, T, v,(t) € W2™?(Q) and

A(+, 9)ou(t) = A exp (t4A)uo + (2078)1 f oxp (M) 3 Ny(4)g.(0)dA .
k=1
71

One has

m

2 Nu(1)gu(0) = uo— (A— Ay (A— A(+, 9))uo

k=1

and so,

A(+y 0)0y(t) =
— A exp (t4)ug— (27i)1 f exp (M)(A— A)(A— A(-, 8)) o dA =

Y1

= exp (t4)A(-, 0)u, -
Again for t€]0, T}, 1<r<m, 1<k<m,
12
ToB,(+, 0)[Hult — 5)gs(0)ds =
0

= T, ((2m')-lf A-1exp (M)B.(-, a)Nk(z)g,,(O)dz) —0 ifrek,

Y1

t
TyB,(-, 0) ka(t— 8)gx(0)ds = Togu(0) if r=F,
0
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so that
ToBy(+, 8)vy(t) = Tog,(0) if te10, T].
From this
A(-, 0)vy(t) = exp (tA)A(-, O)u,, ifte]0,T].
ToBx(, 0)0s(t) = Togx(0)
As A(-, d)u,€ 2%(R2), by [DPG] th. 2.6,
t —exp (t4)A(+, 0)u,€ C([0, T1; 22(2)) .

Therefore the result follows from proposition 1.4.

3. Perturbations and linear nonautonomous parabolic problems.

In this section we shall consider certain perturbations of problem (9)
of the kind

’aa‘tu‘/(t, x) - A(xy a)“ = M’M(t) + f(t, w) ’

(14) Bu(@, d)u(t, ¥) — Nou(t, ) — gult, @)|jae = 0,
u(0, 2) = uy(x) .
For 6> 0 we define
By= {ue C([0, 8]; A22"+9(Q)) N CY([0, 6]; A°(R2)): u(0) = 0} .
We have:

LemmA 3.1. Let X, be a Banach space of type « (o € [0, 1[) between
A2(Q) and 22m+°(Q), Me L(X,; 22(R2)). For 6> 0, define

2
M,:E,—~E, M,u(t) =fexp ((t— 8)A) Mu(s)ds .

0

Then, | Ms|gzy—0 (6 —0).
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Further, assume that, for 1<m,<2m — 1, Y; , i8 a space of type o
between A%(RQ) and A™*%(Q), Zy . a space of type a between A2m—mx+0(Q)
and 22mH0(Q), Ni€ LYy a) AUR)) N (2, oy A2m—™+0(Q)).  Define, for
é>0,

¢

Nio: By~ By, N sult)= ij(t — 8)Nyu(s)ds .
0

Then, |Ny,s

e —> 0 (6 —0).

Proor. In force of lemmata 2.2 and 2.4, M; and N, ;< C(Hs)
V4> 0. Moreover, by lemma 2.2,

| M s%| g, < const "M“"o(m,a];zgm)) (const independent of é€ 10, T1) .
For ¢ € [0, 4],
M) lo,5,0< | M lg(x,, 1900y %0 | x. <
<oonst ([4(®)]s,5,2)"~* (1%(®) lzm+0,5, 0)" < const 6= u]lg, .
This proves the result for M;. An analogous proof is applicable to N, 4.
THEOREM 3.2. Consider the problem (14), with M, N, satisfying the
assumptions of lemma 3.1, N, = 0 if m; = 0. Then (14) has a unique
solution we O([0, T1; 22"+%(Q)) N CY([0, T]; A%(R)) for every
fe ([0, T7; 25()),
(97-1 € TT{0(10, 73; m=me+4(@)  2=miemjo, 775 23@)}
Uo € AZmHQ), By(+, 0)thy— Nytto— gi(0, )|oo=0 (1<k<m).
Proor. Exchanging u with v — u,, it is seen that it is not restrictive

to assume %, = 0, g(0, *)Jso=0 (L<k<m) and look for a solution
in Eyp. So we can conrider the equation

t 17
(18)  u(t) =[exp ((— 9)4)f(s)ds + 3 [Kuli— s)gu(s)ds +
0 (1]

¢ t
—|—fexp ((t— 8)A) Mu(s)ds —l—kzl ka(t— s) N u(s)ds .
0 o
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By lemma 3.1, if 8 is suitably small, by the contraction mapping prin-
ciple, (15) has a unique solution in E,. Then one can repeat the process
taking as initial value w(d). As the length of definition of the local
golution does not depend on the starting point, the solution is de-
fined on [0, T1].

To give an example of operators and spaces satisfying the assump-
tions of lemma 3.1, consider the space W2m?({2) which is of type
a = 1— 0/(2m) between A9(2) and A2"+°(Q) (see proposition 1.3) and
define

Mu(z) = > f Ka(w, y)0*u(y)dy -
lel<2m o
Assuming K,: QX2 - C, K,e L2 x Q),
[Ka(® + hy y) — Ka(@, y)| <w(|h|)|h|"

with w(d) - 0 (6 — 0), one has that M e L(W?2m2(Q), 1%(Q)).
If m,>1,

N u(a") |ﬁ|<zmk“1 af ﬁ(‘”; f’/) "'(f’/) 0(?/) ’
with Kze C*~™(Q x 08),

|07 By(@ + hyy) — LKz, y)|<w(|B])[2]° Vy, |y|=2m—m,,
Nye L(W™a(R), A2(82)) N £(W2m2(Q), 2m—m+0(Q)) .

Now we consider the problem

0
= @) — At @, 0u=ft,a), te[0,1], v,

(6) | B.(t, x, 0)ult, 2)— gult, D)pecsn=0, t€[0,T], k=1,...,m,
w(0, z) = uy(x), z€.
We h: ve:

THEOREM 3.3. Assume the assumptions (Al)-(43), (Bl)-(B4) are
satisfied by Q and the operators A(t,,9), (By(t,w, 0)7~,, Vie[0, T]).
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Further:

(k1) A(t,2,0) = 3 aalt, )0* with t — aa(t, ) € ([0, TT; 25,(2)) .

|| <2m

(k2) If my>1, Bu(t,2,0) = 3 by(t, )",

Bl < me
with t — by(t, *) € C([O, T1; lim_m"+9(9)) N ﬂ.l_m"/@m)([(), T, ).2!(.9)).

Then problem (16) has a unique solution w in the space

C([0, TT; 23" *°(82)) N O%([0, T1; 25(R))  Vfe O([0, TT; 1) ,

(gr)i=1 EkUl {O([0, TT; A"~ m™+0(R)) N a=mEm([o, T7; A5(2))}
U € 1?)""“’(9) ’

such that By (0, ..., 0)uo— gx(0, *)|oo= 0.

ProoOF. For m, = 0, we can divide by b(¢, ) and assume b(¢, ) = 1.
Now, we put v() = u(t) — %,. Then, we have

B - aawny = 1°0),  vel0, 11,

By(t)v(t) — gi(t)]ea = 0,

2(0) =0,
with

At) = Aty -, 0) ’ By (1) = Byft, -, 9),

1) = A@ue+ (), g2(t) = — Bi(t)uo +- gx(?) -
Owing to the assumptions,
fre 0([0, T1; 43(92)) »
ghe 0([0, T7; 22m—m™+0(Q)) N At=m/m) ([0, TT; 25(Q2)) .

This shows that we can assume u%,= 0, ¢,(0) = 0, for k =1, ..., m.
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Under these (more restrictive) conditions, (16) can be written as

1) = 4©O)u®) + (40 — AO)u) + 10, €00, T],

17) | Bu(0)u(t) + [Bi(t) — Bi(0)]u(t) — gif)sa= 0,
te[0,T], k=1,...,m,

u(0) =0.

Define R(f, (9:)%™") as the solution of

dv
=0 — 40)0(t) = 1),

B (0)v(t) — g(t)oe= 0,
2(0) =0,
in the space C([0, T]; 22™*°(Q)) N CY([0, T1; 23(R2)). Then,
u = R((A(-) — 4(0))u + f, (9 + [Bu(0) — Bu(*)]u)i-1) .
For ue E; (0 < < T), put
Tu = R((A(-) — 4(0))u + f; (g + [Bi(0) — Bu(*)]u)i-y) -
The assumptions (k1)-(k2) assure that, if J is sufficiently small, 7 is
a contraction in E;, so that (16) has a solution in [0, §] with 0 < 6< 7.
Starting from the initial value in 6 one can prolounge the solution

until 26 (if 26< T), as the length of the interval of definition of the
local solution does not depend on the starting point and the data.

THEOREM 3.4. Consider the problem
du
=7 (1) — A@)u() — M()u(t) = 1),

(18) Bu(t)u(t) + Nu(®)u(t) — gul)|oa =0,

%(0) = %, ,
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with A(t) = A(t, @, 0), Bi(t) = Byl(t, x, 0) satisfying the assumptions of
theorem 3.3. Further assume that M e C([O, T1; £(Xa, }{:(!2))), with X,
intermediate space of type «(€[0,1[) between 23(R2) and A2"t(Q),
Nee A=mleEm ([0, T1; £( Yy, 5, 45(8)) N O((10, T1; £(Zs, 5, 25"~ "°(2))),
with Y; 5, Z;, , intermediate spaces of type B,y between, respectively,

Q) and A™*0Q), 22 met(Q) and 22mTYQ), Ni=0if m,=0.
Then (18) has a unique solution
ue 0Y([0, T]; A%(R2)) N C([0, T; A2+°(Q)), Vfe C([0, T1; 23(2)) ,

(gi)e-1€ ﬁ {o([0, T7; A3m—m+0(R)) N At=™IEm([0, T]; 25(2))}
k=1

o € 22mH0(Q), such that Bi(0, ..., 0)ty— gi(0, *)|so = O.

ProoF. Analogous to the proof of theorem 3.3, using A(f) +
+ M (t) and B(t) + N.(t) instead of A(f) and B,(f).

4. Quasilinear problems.

Now, we shall consider quasilinear parabolic problems like

ou
Fr (t, @) [_"‘|§ Aa(ty @, U, ...y 02m10)0%u = f(t, &, U, ..., 0> 1u) ,

> Brp(ty @y ...y O™ 1u) 00U — gi(t, @, ..., O™ 1U) o0 =0

| B=ms
aA<sk<m),

w(0, x) = up(x) (ref,te[0,T]).

(0'u is the set of the derivatives of order j of u).

We mention that quasilinear problems with nonlinear boundary
were considered for example in [FR] (very particular equations of
second order), [AM] (systems in variational form), [AT] (applying the
linear results of [TE1] and finding, by the linearization method, solu-
tions in C'*%([0, 7]; L2(2)¥) N C%([0, ©]; W*»(2)¥), [GM] (existence of
classical solutions for equations with smooth coefficients and data), [LU]
(applying the results of the linear part).
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Here we shall apply the linearization techniques to (19) using the
results of sections 2 and 3 and finding solutions in C([0, 7]; 22" *%(Q)) N
N 0Y([0, 71; 4}(R)), for some 7€ 10, T]. We shall employ the follow-
ing assumptions: first of all £ is a bounded open subset of R», with
boundary of class C=. If N(j) is the number of multiindexes of length
not overcoming j, we assume that:

(L1) Va, |a| = 2m, As: [0, T]X Q xRYE=D-R of clags (.

(L2) f: [0, T]1x Q x RN™—=1-R of clags (.

(L3) For 1<k<m, g,: [0, T1x Q2 xRYm—1=>R of clags >,

(L4) For 1<k<m, |B| = my, By :[0, T]X 2 xR¥m—D->R of
class C*,

(Lb) V(t, 2, p) €[0, T] X 2 XR¥Em=1_ 3" 4,(¢, », p)0* is properly
[[=2m

elliptic, there exists ¢,€ Jn/2, [ such that

lalZ:zmAa(t’ x, p)&=
’ i Aa(t, x, p)le 7 exp (’L¢) y V¢ e[— ¢0, ¢0] ,

[a]=2m

VEERN {0}, Voef, VpeRvem,

(=1)

(L6) For k=1, ..., m, m;<2m — 1 and the system of operators

{ > Byt , Qk)}i"=1 is normal in 9Q Vte [0, T], Vq,€ R¥™~1 guch
|l =mx
that, for m, << m,, the coordinates of ¢, coincide with the correspond-

ing coordinates of g;.

(L7) Vte [0, T], » € 02, g€ R¥?"~1), let »(x) be the inward unit
vector to 02 in # and & % 0 any vector parallel to the boundary at .
Denote by ¢/(&; 1) the j-th root with positive imaginary part of the
polynomial in z(— 1)»A4°(t, ®, ¢; £ + 2»(w)) — A. Then, if |Arg A|<d,,
the m polynomials in 2{Bg(f, , ¢x; £ + 2»(w))}i-, are linearly inde-

m
pendent modulo [] (2— #/(£; A)) (with the coordinates of ¢ coincid-

i=1
ing with the corresponding coordinates of ¢;).

(L8) p>m, 0<0<ply ue A2m+9(Q).
(L9) 3 By, 50, @, ..., 0™ Lug) Puy= (0, , ..., 0™ 1uy)|a0

)
|B] =mx
A<k<m).



30 Davide Guidetti

For te [0, T], x€ 2, p, e RY®"~1  we pose

Ra(t, @, p; q) = As(t, @, 0 + @) — Aty 2, p) — Z Op, A o(t, @, P)qy,

|yl <em—1

0
r(t, x, p; q) = f(t, @, p + ¢) — (¢, @, p) — z ‘a“f‘(t’@"p)%ﬂ
lvI<2m—1 OPy

Vie [0, T], z€ 2,r,s€ R¥™= 1 we pose, for 1<k<m, |B] = m,,

8, 6(t, @, p; ¢) = Bs,(t, @, p + q) — Br,p(¢, @, p) — Z ?mBk,ﬂ(t’ 2, P)q

|7I<me—

0
$i(ty @, p; @) = Gi(ty 2, » + @) — 9i(t, @, P) — Z 29t (2 p)q -

[7]<me—1 0Py

We remark that, if m,= 0, 8, 5= 0, 8= 0.
We have:

LEMMA 4.1. Let
Ae 0°([0, TIXQXR¥m=D) = p>n, n>2m+1+npt+0.

Define A(u)t)(®) = A(t, @, ..., 0*™1u(l, »)).
Then A€ 01(0([0, T1; 23(2)); €([0, T1; 2%(Q))) and

A'@)@) (@)= 3 0,44t @, ..., *"1u(t, x)) 0,v(t, ®) .

|7l<2m—1

PROOF. As 23(Q)C 22~ 1*9(Q), Vie [0, T], A(u)t)e A% (2). From
the inequality

IA(t’ T, p) - A(37 977]’) - A(t, Y, Q) + A(sy Y, Q)I<
< o(p, 9t — s|[le— y| + lp — ¢l]
(w bounded on bounded subsets of R¥2m—1x RNEm—1) the belonging

of A(u) to C([0, T7; 25,(£2)) follows. The continuity of A is a conse-
quence of the estimate

|At, @, p) — A2, 2, q) — Aty y, ) + Aty ¥, Q)| <w(p, Dz — y||[p— 4|

(w bounded on bounded subsets of R¥3m—1 x R¥NEm—1),
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We define
A, (u)(t, ®) = 0, Aalt, @, ..., 0 1u(t, ®)) .

Then 4, € G(()([O, T1; 2(82)); C([0, TT; lfo(.Q)). From this the com-
plete result follows easily.

LeMMA 4.2. Let Be 0°([0, TIX Q2 xXR¥™=1) (1<m,<2m — 1).
Define B(u)(t)(®) = B(t, @, ..., 0™ ‘u(t, z)). If

p>n, E>mpt4+60+4 m—1,
B e Cr{(a=mEm ([0, T1; 25(82)); A=m1Cm([0, T1; 25,(2)) -

If E>2m—1 4 np~*+ 0,
Be C(C([0, T1; 4(8)); C([0, T; A2n=m+%(Q))) .
In each case,

B@@)O)@ = 3 8,B(a,.., 0™ u(, ) 670(, o).

ProoF. The proof does not differ essentially from the proof of
lemma 4.1, taking into account that, if £>2m—1 + np-1+4 6,
Q) A2m=1+0Q) and, if £>np~t+ 04 m,— 1, 2(Q)CATHQ).

LemmA 4.3. Let

w e 0Y([0, TT; 23(2)) N C([0, T1; 22" T%R2)), w(0)=0.
Then Vo € [0, 1[, w e 22([0, TT; AL~92m+5(Q)) and
ldi_{rg ”w”zn(m,a];zg—e)zmw(n))(g)) =0.

PRrROOF. A standard consequence of proposition 1.3.

THEOREM 4.4. Assume (L1)-(L9) are satisfied. them there exists
0 €10, T such that (19) has a unique solution in the space

([0, 81; A5(R2)) N O([0, 315 5" *°(9)) .
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Proor. Defining v = u— %,, we can write (19) in the form

[ ov (t x) = l 122 Aty Ty Ugy .oy 02 1) 0%V 4
&|=zam

9 (b, @, Ugy oy 02 20k) 0%y 070 —+
Em-10py °

|x]=2m |v|<2 1ava“(t’ By thoy -y O ) 0%+
= —

+ S Aa(ty @y gy ey 02 o) 0% 4 F(Ey @y oy -oey 0P M) +

a| 2m

+ 3 Rty @, gy ooy 02" U5 0, oy 02m10) 0%0

Jo]=2m
+ 7(t, @y gy --ey O U3 Dy ..ny OPTIV) +
4+ 3 Ra(ty @, oy ooy 02 thg; 0y .oy 02m10) 0%+

o] =2m

a Y 4 t e azm—l a'y aa
( ) ) +_|“l In |yl<im=1 oy Aa( y Ly Uo y ’ u'o) vo*v,
B t,@,y..., 0™ 19,) 0PV — E t, x, a’“* 1y, aV’D—l—
5 mn k,ﬂ(y 9oy 0) 171 <5 lapy( 9. o)

S 0p,Br,p(ty @y - om—1q1,) (0P u,) 0¥V —+

[Bl=me |7|<me—1

+ 2 By, p(ty @, ...y 0™ Ug) 0Bty — Gilty 5 toy ---s om—ly,) +

=ml‘.‘
4+ > Sk, @y ..ny Om=1a3 D, ...y O™ 10) 0PV —
| 8] =mx
— Sty @y oeey O™ U5 D,y oeny om—1y) -
+ Z S, 8(ty Ty ooey O™ Vg3 Uy oury O™10) 02Uy -

=
18] |,,|<z laﬂ’v O, 8(ty @, ...y O™ 10h) 060 00 = Ojo
Sme |yl<me—

| v(0,7) =0.

Put
A(t, z, 0) :l 122 Aty @y Uy ...y 02 1U) 0% -+

f
t, x, U , 02m=1g,) 0¥
]yl<mk—1 apv( 3 Yy %oy - 0) 1

Mityv(z) = 3 S Op,Aalty @y Ugy oeey 02 10g) OV0 0%y

la]=2m| y|g2m—1

+
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1@, @) = z Au(ty Ty Wy -evy 02 L0g) 0%Ug 4 f(E, Ty Ugy +oey 02m1y,) ,

|o]=2m
Bk(t, w, a) =
0
Iﬁlzkak gty 2y ...y O™ 1yy) 08 — lyl<‘§x—1 8;: (ty @, ..., 0" 1u,) 07,
Vilywlw) = 2 12 00, B, sty @, ..., 0 ) (00uy) 9700(w)
9:(y ) :lﬂlg k. (% y 0™~ 2u,) 0P ay — @ity @y Ugy ...y 0™ 1ugy)

and consider the problem

aa_%:(t’ x) = A(t, x, ))w(t, ) + M(t)w(t, ) + f(t, x) ’

(21) By(t, @, 0)w + Ni(t)w(t, @) + gu(ty @) = 0loe, k=1,...,m,

w(0, ) = 0.

The operators A(t, z, 0) and B,(t, z, 0) (L<k<m) satisfy the assump-
tions of theorem 3.3, while the operators M(t) verify those of
theorem 3.4, whith X,= 2{(2), for 2m—1+mp 1+ 0<E<2m + 0,
owing to lemma 4.1. Further, by lemma 4.2, the operators N,(t)
are conformal to the conditions of theorem 3.4, with ¥, .= 15(Q),
my—1+npt+0<éE<m,+ 0, Z; .= A)(R2) with 2m —1 + np~* -+
+o0<np<2m+ 0.

Therefore, (21) has a unique solution we C([0, T]; A5(2)) N
N O([0, T1; 22m+%(Q)). Put 2 = v— w. Then,

%j(ty @) = A(t, @, 0)2(¢, @) + M(t)2(¢, x) + R(t, @, 2 + w),

(22) ) B, @, 8)2(t, @) + Nu()2(t, @) + ity @ w + 2)|oa = 0,

#(0,2) = 0,
with

R(t, w2+ w) = > Ra(ty @, gy ..y 02 2tg; w + 2, ..., 02" Lw + 2))-

121 5%m

0%z + w) + 7(t, @, ..y 0*™1Ug; ..ny 0PNz 4 w)) +
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+ 3 Ralt, @, thgy vy 0 U3 & A 2y .oy 02w - 2)) 0% Uy

|x|=2m
Opy
|a|=2m |v]<2m—1
) =|ﬂl§ S, 5(ty @y ooy O™ g3 0, .0e, O™ Mz + w)) P2 + w) —
— 8ty @y oy O™ Taug; ey 0™ M2 + w)) +

-Flﬁlz S, p(ty @y ooy 0™ s 0, ...y 0™ (2 + w)) 0Pue

Aty @y Ugy ...y 0% 1g) 0(2 + W) 0%z + w) ,

sty 2y w42

> 0B gty @y ...y 0™ 1usy) 07(2 + w) 0Pz + w) .

[Bl=me |v|<me—1

Véelo, T1, Vie0([0, 8]; A%RQ)),
V(g , € ﬁ {ar—mlEm([0, 815 23(2)) N C([0, 815 AZm~m+0(0Q))}
k=1

(21) has a unique solution Ry(f; (g)iy) in C*([0, 8]; A2(2)) N
N O([0, 61; 22m+°()). So (22) is equivalent to

(23) 2= Ry(R(+, -,z 4 w), (5:(+, * 2 + 0))i%s) -

Owing to proposition 1.1 and lemmata 4.1, 4.2, 4.3, Ve > 0 there exist
8 €10, T}, M(e) > 0, such that Vz,, 2, € E;, with 0 < d < &y, [21]g,<
<M(e), |22]z< Me),
|B(-5 - 2+ w)”C([O,&];ZZ(!)))<8(¢(6) + l2lz,) »
]IR('y %y 2+ w) - R('a ) 2+ w) Hc([o,d];zg(s’)))<€”zl"_ z2”Ea ’
“810('7 %y % + w)"Zk.a<8(¢(6) + "zl "Ea) -

(Z,s = 21=™IEm([0, 8]; 25(2)) N O([0, 815 A"~ ™+(Q))),

”'S'k('9 et w) — sty st w)“z»,o<8“zl— 22"1;7

with ¢(6) — 0 (6 — 0), so that, for § suitably small, by the contraction
mapping principle, there exists M > 0 such that (23) has a unique
fixed point in the set {z € Ey: |2|gz,< M}.

We conclude with a simple result of unicity.
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THEOREM 4.5. Under the assumptions (L1)-(L9) ere satisfied, if
u € C([0, 6]; L»(2)) N O([0, 6]; W2m»())

is a solution of (19) in [0, 81, u € C([0, 8]; A%(R)) N C([0, 8]; A2"+°(Q))
(so the local solution is unique in C1([0, 81; L*(2)) N C([0, d]; WZ’””’(Q))).

Proor. Put
@) = ft, 2y ..., ™ 1u),  gult)(x) = g, @, ..., O™ P y) .
Then
f e C([0, 61; W-*(2)),
gr € O([0, 6]; Wan—m™+L2(Q)) N A([0, 61; Wlﬂm"/(zm)”’(ﬂ)) ,
as(t, @, ..., 0" tu) € O([0, 6]; A%(R)) V6'€10,1— np~1[,
by gty @, ..., 8™ 1u) € C([0, 8]; AZW—™+0(Q)) N

N At=mlem([0, 615 29(2)) VO €10, 1 — np~1 .

Fix 6'€10,1 —np~'[. By theorem 3.3, the problem

o0

ot (t, ) :_szlzzmA“(t’ @y ...y 02m=1u) 0%0 = f(t, @, U, ..., O*"1u) ’
(24) “3]2 Bk,ﬂ(t, Ly eeey aMg—lu) 0Bp — gk(t’ Ly oeey amk—lu)!ag =0 ,

0(0, 2) = uy(w) ,

has a unique solution » e 0*([0, 81; 2°(Q)) N O([0, 81; 22m*+%(Q)).
By theorem 5.4 in [SO1], the solution » is unique in

wh([0, 615 L*(2)) N L*([0, 8]; W*™*(Q)) .

As w solves (24) in this space, » = v and so u e C*([0, 6]; A2(2)) N
N C([0, 81; A2m+9(2)). Therefore the result is proved if § < 1 — np~_.
Viceversa, one can iterate the method, starting from the assumption
ue 01([0, 81; 2%(2)) N O([0, 81; A2m+¥(Q)).
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