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Remarks on the Yamabe Problem
and the Palais-Smale Condition.

D. FORTUNATO - G. PALMIERI (*) (**)

0. Introduction.

Let M be a C* compact Riemannian manifold of dimension »>3.
Let g(x) be its metric and R(z) its scalar curvature. An important
problem concerning the scalar curvature is the Yamabe problem:
does there exist a metric g’ conformal to g, such that the scalar curva-
ture R of the metric is constant?

Since the pionering paper of Yamabe [11] appeared, several authors
have studied this problem (cp.[1,9,10] and the references contained
in [3]).

If we consider the conformal deformation in the form g'=u%®"2 ¢
(with w € C®, u > 0), the Yamabe problem is reduced (cp.[1,9,11])
to the following eigenvalue problem:

findue 0®, >0 and ReR s.t.,
(0.1)

yAu + R(@)u = Ru>-1,

where y = 4(n — 1)/(n — 2), 4 denotes the Laplace-Beltrami operator
corresponding to g and 2* = 2n/(n — 2).
We denote by H* the Sobolev space on M, i.e. H! is the completion

(*) Indirizzo degli AA.: Dipartimento di Matematica, Universitd di Bari,
Via G. Fortunato, 70125 Bari, Italy.

(**) Work supported by Ministero Pubblica Istruzione Italy (fondi 409,
e 609%) and by G.N.A.F.A. of C.N.R.
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of the space C°(M) with respect to the norm
N E
o = ( [Ggl=+ 191 aa)

M

where |Vo|2 = 9" P, Pa, -
L*(az > 1) denotes the space of the functions on M which are «-
integrable. Moreover we set

1/
ol =( f lde) -
M

‘Clearly if » minimizes the functional

(0.2) p(w) = [(y[Vul + R(z)u) ane
M

on the manifold in H?
(0.3) V ={ueH|ul, =1}

w is a weak solution of (0.1) and R is the minimum of » on V. Then
by a regularity result of Trudinger (cp. [9, Th. 3]) « is C*. Moreover,
since |V|u|| = |Vu| (cp. [3, prop. 3.49]), we can assume that w>0.
Then (cp.[3, prop. 3.75]) we deduce that « > 0.

Therefore the Yamabe problem is solved if the functional ¢ can
be minimized on V. Since H! is not compactly embedded into L2
it is not easy to find a minimum directly. In [1,9,11] the following
approximation-procedure has been used. Since the embedding H* < L¢
(¢ < 2*) is compact the problem

—ydu 4+ R(x)u = wutt  |ul, =1
can be easily solved; then, by taking the limit for ¢ — 2%, it is possible,

in some cases, to solve (0.1).
If Q2 is a bounded domain in R, set

8 = inf {f{V(dew: e =1, @€ os(Rn)} (n>3).
o
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It is known (cp. [2, 8]) that § is independent of £ and

2[n

S = 4 n(n —2)

where w, denotes the area of the unit n-dimensional sphere S,.
Using the « approximation-method » Aubin [1, Th. 7] proved the
following Theorem.

THEOREM 0.1. Suppose that
inf {y(u): ue Vi< 8y.

Then there exists w eV which minimized vyly.

In [1] Aubin has also pointed out that
w = inf {y(u): we V}
is a conformal invariant and that the inequality
u<y8

holds for any compact n-dimensional Riemmanian manifold.

In this paper we prove that y|, satisfies the Palais-Smale (P-S)
condition in the range ]— oo, »S[ (cp. lemma 1.1). Then Theorem 0.1
can be proved directly using standard variational arguments.

Moreover we show that y|, does not satisfy the (P-S) condition
at ¢ = y8 (ep. Th. 2.1, 2.2).

It can be proved also that slight perturbations of (0.1) have always
a solution. More precisely we consider the following perturbed eigen-
value problem:

find ue C*, 4> 0 and ReR s.t.,
(0.4)

—y Au + (R(@) — &) = Ru*, e>0,

and we prove the following

THEOREM 0.2. Let n>4, than for any ¢ > 0, (0.4) possesses a solution.
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Observe that Theorem 0.2 is similar to a result obtained by Brezis
and Nirenberg (cp. [4, Th.11]) in the context of elliptic boundary
value problems on a bounded domain £ c R~

Let us finally recall that another direct proof of Theorem 0.1 is
contained in [10].

1. Proof of Theorem 0.1, 0.2.

The following lemma plays a fundamental role in proving Theo-
rems 0.1, 0.2.

LemMA 1.1. The functional |, defined by (0.2) and (0.3) satisfies
the Palais-Smale condition in ]— oo, y8[ in the following sense:

(P-S) If {u;}cV st as j—> o0

(1.1) dy|y(u;) — 0 strongly in H-
and
1.2) plu;)—~e¢, <yl

Then {u;} contains a subsequence converging strongly in H.

ProOF. Let {u;} cV be a sequence which satisfies (1.1) and (1.2).
Then, by (1.2), we easily deduce that we can select a subsequence,
which we continue to denote by {u;}, such that

u; —u weakly in H!,
(1.3)

u; —u strongly in L7, 1<p<2*.

Set ¢(u) = |ul2e weH.
From (1.1) we deduce that there exists a sequence {4,} CR s.t.

(1.4) dy(u;) — A dp(u;) -0 in H-'= (HY)'.

Then, since |u;,» =1 and by using (1.2), we obtain

(15) 2= LR oy 2 ) 1ot) = 2o+ o))
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We show now that « solves the equation
(1.6) —ydu + R(z)u — culu|™2=0.

Let ¢ € C°(M), then by (1.4), (1.3), (1.5) we deduce that
o(1) = <dip(u;) — &, dplas), & = (), 0 — o oddpln), £ + o(1) =

= 2{—y Adu + R(x)u, &> —ZGIu[ulz‘—2'CdM +0(1).

M

Then u is a weak solution of (1.6). Then (cp. [9, Th. 3])u is a O solu-
tion of (1.6).
To show that u;— u strongly in H'(M), let
V= Uy — U .
Testing (1.4) with v;, we obtain
1.7)  0(1) = Lady(w,), v;) — A{do(u;),v,) =
= 2{[y((VulVv) + |Vo,l*) + E(@) (w0, + v})dl —
M

— A < do(uy), v;) .
By (1.3) we have

(1.8) [ty (VulVo,) + Ri@) (v, + e)1dM = o(1).
M

‘Whenece from (1.7), (1.8) we deduce that

(1.9) 2p|Vo,|2 = 4; < do(w,), v; > + o(1) =
— 2*/1,j|u 10,2 (u - 0,)0,d M + o(1)
M

Now we claim that

(1.10) y|v;]2 = p|Vo,|2 + o(1) = e|v;|2e + o(1) .
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In fact, following an analogous argument as in [5, lemma 2.1], we obtain:

U [(w + v,)|w + v,]**~20,— |v,]*"] dMl -
M
u(x) 5
= . ff bl [(v; + &)|v,; + 5[2’_2]'Did§dMl =
M0

1
— (2*—1)'ff]vj+tu|2‘—2vjudth.<
MO0

<const(f(|u] [9,2°=1 + |o,] |u|2*-Y) dM) .
74

Then, by (1.3) and since u € L** (M), we have

(1.11) [+ o)t + o, =20,ad = fo,f22 + o(1).

M

So (1.10) easily follows from (1 v), (1.11) and (1.5). If ¢<0 from (1.10)
we deduce that

lo;ll = o(1) .
Whence
u, — u strongly in H*,
Now suppose that
(1.12) 0<c<yS.
Using Theorem 2.21 in [3] (cp. also [5,lemma 2.5]) we have

(1.13) Jo,]1*> 80,2 + o(1) -
By (1.10), (1.13)

oste> 8+ L o2+ o1y ,

(L.14) o1+ (% 82— o, 1=2) <ot
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Let us now prove that

‘ e O
(1.15) o] <7,

Easy calculations show that

(116) i) = plu +v) = y[(IVul: + [Vo,) ad +
M

+fR(a;)u2dM 1+ o(1).
M
By (1.16) and (1.2) we deduce that
(1.17) ylosl= ¢ —f(ywu[z + R(z)u?)dM + o(1) .
M
Moreover, since % solves (1.6), we have
(1.18) j(yquP -+ R(x)u)dM = clul;: .

M

From (1.17) and (1.18) we easily deduce (1.15).
By (1.14) and (1.15) we have

(119) nv,-nz(é sz*n—(ﬁ)‘””’”)@(l) .

Since ¢ << ¢S, we have

(1.20)

N

(2*—2)/2
s
e

Finally from (1.19) and (1.20) we deduce that
lo;] =0 Q.E.D..

PROOF OF THEOREM 0.1. The proof of Theorem 0.1 can be deduced
from lemma 1.1 using standard variational arguments. Suppose

= inf p|, < 8
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and arguing by contradiction assume that x4 is not a critical value
for y|,. Since the (P-8) condition holds in ]— oo, y8[ by well known
results (cp. [6, 7]) there exists ¢> 0 and an homeomorphism

7n: V- Vs.t.

(we V, plu)<p + &) =(p(n(w)) <p—e).

Obviously this contradicts u = inf ypl,. Q.E.D.

REMARK 1.2. From the proofs given before it is easy to see that
lemma 1.1 and Theorem 0.1 still hold if R(x) is any smooth function
which does not represent necessarily the scalar curvature of M.

Moreover lemma 1.1 and Theorem 0.1 hold also, with obvious
changes, if we replace M with a bounded open set £ c R®, n>3, and
H! with the Sobolev space Hy(2). In this setting Theorem 0.1 becomes
a variant of Lemma 1.2 in [4].

REMARK 1.3. In order to apply Theorem 0.1 it is important to
find conditions which guarantee

(1.21) p = inf ply < p8S.

It is easy to see that if we assume fR(m)dM < (meas M) ygQ,
M
then (1.21) is verified (cp. also [1, 3, 9]).

Other classes of manifolds which satisfy (1.21) can be found
in [1, 3].
2. Remarks about the (P-S) condition and Proof of Theorem 0.2.
For any Riemannian manifold [1, lemma 4] we have

Moreover there exist manifolds, which we call eritical, for which

w=78.
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An example of critical manifold is the n-dimensional sphere S,(n>3)

[1, cor. 4].
For this class of manifolds the (P-S) condition does not hold in
p=y8.

In fact the following Theorem holds

THEOREM 2.1. Let M be a critical Riemannian manifold i.e.
p =infpl, = 98

Then y|, does not satisfy the (P-8) condition in u = y8, i.e. there ewists
a sequence {u;} C V s.t. p(u;)—y8 and dyly,(u;)—0 and which is not
precompact in H.

Proor. By a result of Aubin [3, Th. 2.21] there exists a sequence
{w;} c Vs.t.

lw;ls—>0 and |Ve,i— 8.
Then
(2.1) p(w;)— 8 .

Since the manifold M is critical, by (2.1) we deduce that {w;} is a
minimizing sequence for y|,.

Now we argue by contradiction and suppose that vy, satisfies
the (P-8) condition at 4 = 8. Then by using standard variational
arguments (cp. prop. A.1 in Appendix)

dyly(w;) = 0.

Then {w,} is precompact in H?, therefore it contains a subsequence,
which we continue to denote by {w,}, such that

w;— o strongly in H! (and in L2°).

Then, since |w,|,» = 1, we have ||, = 1. On the other hand |w|, = 0.
Therefore we get a contradiction. Q.E.D.

Also manifolds which are not critical do not satisfy the (P-S)
condition at ¢ = y8. More precisely the following Theorem holds
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THEOREM 2.2. Let M be a C° Riemannian compact manifold of
dimension n>3. Then the functionl y|, does not satisfy the (P-S) condi-
tion in ¢ = 8.

In order to prove this result we need to introduce some notations.

Let 6 be a positive number less than the injectivity radius of M.

If Pe M we set B(P,d) the ball of M centered at P and radius 4.
Using geodesic local coordinates, if @ € B(P, §) we have

(2.2) Q= (r0€l0,0]X8,,, r=rPQ =dPQ).

The metric tensor g can be expressed by

(2.3) ds® = dr? + r2gg,0,(r, 0)d0*dO’ .
Set
(2.4) lg] = det (gp,) -

Fix a> 0. Suppose R(P)> 0 we choose

o« = R(P)/n(n —1) .
It is not restrictive to assume also
(2.5) ad <.

In order to prove Theorem 2.2 we need to introduce a suitable
sequence in V.
Following Aubin [1] we consider the sequence of functions

keN, v(0)=
1  1—cosar\'™2 (1 1—cosad\'"? .
G TG E) if r<9,
0 ifr>9.

Observe that the functions r—[1/k -+ (1 — cosar)/a2]'=™2 solve the
Yamabe equation for M = §,.
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Obviously v, have supports contained in B(P, d). We set

Vg

A

(26) Uy

In order to prove Theorem 2.2 we need the following lemma

LeMMA 2.3. For k — -+ co we have the following asymptotic estimates

(2.7) w(ux) = y8 + oy
where
O(k-2) if n>6,
(2.8) o,=1 O(lgk k2 if n=286,
O (k—n—2/2) if n=3,4,5.
Moreover
gwf,/"k‘l + o(k™1) if n>5, w,= meas s, ,
2__
(2.9)  Juslo= gwilg% to(ktlgh)  ifn—4,
const k% 4 o(k %) if n=3,

and the same asymptotic estimates hold for |T|Vuk||§ with different constants.

The proof of lemma 2.3 is quite technical and it will be sketched
in Appendix.

ProorF oF THEOREM 2.2. Consider the sequence defined in (2.6).
Obviously |ugl = 1.
Moreover by lemma 2.3

plug)—y8  and  Juel,—0.

Then {u,} is not precompact in H'. Therefore, in or..r to verify that
yly does not satisfy the (P-8) condition in 8, we need only to prove
that

dyly(u,) — 0 strongly in H.



58 D. Fortunato - G. Palmieri

Now
n —
r

n 1 7 I; 0 )
Au(r) = wi(r) + == i(r) + wi(r) - 1gVg]
and there exists A > 0 such that

(2.10) I—%lg\/m‘<Ar.

By the above expression for Awu,(r), we have

(2.11) —y Aus, 4 B(@) u— n(n — 1) o2/ - u{rtdin-2) —

= Lu,—n(n — 1) w2/ry(nt2in—2 |

+ puy, a—ar [lg (sinrocr)"—l_ Ig v m] + u[B(x) —a*n(n —1)] = x;

where

gin ar\n-1
r

(2.12) ZLu,= ——y(u,f + nT—l Uy, +- u,’ca—arlg( ) + a?n(n —1)u, .

Moreover it can be verifed that

(2.13) —v Au, + R(P)uy, = ol % p

2 oc? 1  1—cosoad\n?2
B )G ) J

_ ’"r(n —1) [(1 1 —cos ar)——l-nm .

using (A.10) in the Appendix

l”klé/'("—z) — /A [2—1-}—7;/260"_1 I;vtnl2 L O (%)]2/7& .

Moreover

w, = 9n—1 Wn_y I;l+n/2.

where
+ oo

I;1+n/2 :f(l + t)rt-rnl2 gy,
0
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Then

2 1 (n+2)/(n—2) 1 2/n
2.14 —_— = Aw, + 0= .
(#14 i~ () (o 08)

Inserting (2.14) into (2.13) and setting
1 1—cosad\ "2
"= (70 + "T’) ’

we get

o 1 2/n Vi (n+2)/(n—2)
(2.18)  Lu, = n(n—1) (1 -+ ﬁ)(wn + 0 (TC)) [uk + m;] +

Vi
|V

—a?n(n—1)

by (2.15), (2.10), (2.11) and lemma 2.3 it is easy to verify that y,— 0
in L®+2) — (L2") < H-1; in fact

(R@) — oe2n(n — 1)) up—>0  in L* <> L+
Ve[ [Vk]er —> 0 in L= by (A.10)

and also

f[(uk )= gyt DD enlntD G 0,
M
0 sin or\»—! —
14 . - 1
f ) ar(lg( - ) g\/lgl)
M

Finally we can argne in an analogous manner if R(P)<0 for
any P.

2
aM —0

Q.E.D.

PROOF OF THEOREM 0.2. We shall prove that for any ¢ > 0 the func-
tional

we(u) = f [y|Valt + (B(@) — &)uz]dM
M
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has a minimum on the manifold
V ={ueH!: |u|. = 1}.
By theorem 0.1 (see also remark 1.2) we need only to show that
(2.16) p = infyely < p8.

If R(z)<0 for any € M, (2.16) is obviously satisfied.

Suppose now that there exists Pe M such that R(P)>0 and
consider the sequence {u;} defined by (2.6).

By lemma 2.3 we have

1
yS—sgwf,’”-]E—l-o(—llz) ifn>56,

Ye(ur) = p(wp) — eluel; = ok
yS——-egw*gT Lo(ktlgk) ifn=4.

Then we can choose ke N s.t.

inf 1/)3|7<1/Je(uk) < ys Q.E.D. .

Appendix.

In proving Theorem 2.1 we have used the following result:

PROPOSITION A.1. Let f be a C* functional on an Hilbert manifold V.
Suppose that f is bounded from below and that it satisfies the Palais-
Smale condition at y = inff, in the following sense:

If {u,}cV st. as j— oo
(i) df(u;)—0
(i) f(u;)—p

then {u,} is precompact. Under the above assumption for every minimizing
sequence {w,} for f we have df(w,)— 0.
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The proof of proposition A.1 is deduced by following standard
variational arguments. For completeness we shall give a sketch of
the proof.

Since f satisfies the (P-S) condition at u, the set

K, = {ueV:flu) = u, df(w) = 0}

is compact.
Let k€ N and consider the neighborhood of K, defined by

N,V.»—{weV: d(x, Ku)<%}.

In correspondence of N,, there exists ¢ > 0 and an homeomorphism
n: V=V s.t.

1 (1= o0, ENN:) ¢ f (1= 00, p—e]) = 0.

Then

(A.0) (1= oo, + €l) C Ny
Now consider {w,} c V s.t.
fwn) = p .
Then by (A.0) there exists n, s.t. for n > n,
w,EN,.

Therefore, since K, is compact there exists subsequence {w, } converging
to u e Ky, then df(w,)—0. QE.D.

Let us give a sketeh of the proof of Lemma 2.3. Set

S(r) = {we M: d(x, P) = r} = 0B(P,r)
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Then (cp. [1, lemma 1]) we have

(A1) f\/lﬂdﬁ — o, { [1 " a(l —ng ocr)z] (sin lxr)"-l N 0(75)}
S(r)

ar

where a is a suitable constant depending on the metric. Set

+ o0
(A.2) It = f (1 +t)rtedt,

0
(A.3) v = (—1 — LA %)1_,,,2 .
Then

9 9
(A.4) |0g]2 = f [(% + 1_—5:8—“—")1_"/-—%]2 yn-1 f ViglaQ .
0 S(r)

Inserting (A.1) in (A.4) we have

) e
(A5)  |oult = wns f { [(% + t) —vk] :
(1)

2 #\(n—2)/2
- (2t) 22 (1 — %t) 1 + at2) + 0(t<4+">/2)} dt

where
1—cosoar _1—cosad

t=——r, o=

o oc?

Then by using the Taylor formula for the factor

Zt (n—2)/2
z ) (1 + at)?

(n—2)/2 —_—
(2t) (1 :

and observing that for p and ¢q positives

91 Iekr——1 4 0(1) if p—g—1>0,

—p
J‘(E-}-t) tedt = 4 logk + 0O(1) if p—qg—1=0,
0(1) if p—qg—1<0,



we get

(A.6)

where

(A.7)
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2(n»~2)2wn_l[k(n~4)/21(nn~—22)/2 + 0’,1,] if n> 5 ,

l’vklg — 2(ﬂ—2)/2wn_1{10g k _I.. 0(1)} if n=14 9
0(1) if n=3,
2—m .
azk(n—s)/zI:/_zz -+ o(k(n—s)/z) if n>6 ,
1 __ J—
On = noczlogk—]—o(logk) if n=6,
0(1) if n=56.

Moreover it can be verified that the following asymptotic expansions

hold:
(A.8)

where

(A.9)

(A.10)

where

(A.11)

(A.12)

— 2\2
Vvk 2 __ n 2n/2wn_1 [In/2k(n—2)/2 _|_ 0‘2]
2 2 n n

non + 2 .
_ n[2 Jon/2—2 (n—4)/2
T n—4I k + o(k ) if n>5,
2_
On = ——n%logk—}—O(l) it n—4,
0(1) if n=3,

2* (n—2)/2 ¢y kn/zI(n—z)/z na?
[vk]3s = 2 1——— + oy,

O (Fn/2-2) if n>6,
o(k) if n=>5,
oy =
— 4kv, I + O(log k) if n=4,
— 6k, I + O(logk)  if n=3,
va: aM =
M
wn_lz(nﬂ)lz M—(ﬁéj_ly azI:/zk(n—n/z + ot if n>bH ’
n— n
w32%-3-a2 log k + O(1) if n=4,

0(1) if n=3,
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where
O(Ftn—6)/z) it n>6,
(A.13) o= 1 O(log k) if n=26,
0@1) if n=>5.
Moreover

(A.14) fﬂ Vo |2dM =

M

n — 2\?2 .
2(n+2)/2( 2 ) a),,~11(,;"+2)/2k(”“4)/2 + O‘;'; if ,n>5 ,

230w, log k + O(1) it n=4,
0(1) if n=3,
where
O(k-9r2)  if n>6,
(A.15) ol =1{ O(log k) if n=286,

0Q1) it n=>5.

Then, since u,= v,/|v;|,», the asymptotic expansions (2.7), (2.9), are
easily derived. Q.E.D.

Notes added in proofs. After submission of this paper we have known that
R. Schoen (Conformal deformation of a Riemannian metric to constant scalar
curvature, preprint) has proved that for a manifold conformally different
from 8=, the conformal invariant y is (strictly) less then y8; then the Yamabe
conjecture is positively solved.
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