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REND. SEM. MAT. Un1v. PADOVA, Vol. 64 (1981)

On a Maximum Principle for Elliptic Systems
with Constant Coeflicients.

PIERMARCO CANNARSA (*)

1. Introduction.

Let 2 c R" be a bounded open set and let N be a positive integer.
Let (|)w, | [~ be the scalar product and the norm in R¥ (). We set
D;,= 0[ow;y t =1,...,n.

Let H'(2, R¥) be the usual Sobolev space of vectors w: Q — R¥
with norm

(1) [#lazn ={ [lul? ao +[ 3 | Dl o}’

and let HYQ, R¥) be the closure of CP(L2, R¥) with respect to norm
(1.1).
Let L>*(Q, R), 0<A<n, be the Banach space defined as follows

I24(Q, RY) = {u eI}, B): [ulbnomn = sup ¢ [ lulay<+ oo}
o>

wel B(z,0)n 2

(here B(z, o) = {y e R": |x —y| < ¢}) and
HY®(Q, RY) = {uw e H'(Q2, R¥): D;u € L**(Q, RY), 1 <i<n}

(*) Indirizzo dell’A.: Scuola Normale Superiore - Piazza dei Cavalieri 7 -
56100 Pisa.
(1) We shall often omit the subscript N and write simply (|), ||
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H“%(Q, R¥) is a Banach space with norm

n
]l moa,mm = [[%]122,2m) + 21 D% zaxc,mm) -
iz

Let A4(x) (4,j =1,...,n) be N XN matrices satisfying the ellip-
ticity condition

(1.2) > EE(Au@nn)y=y|Ealnly, »>0,

i,i=1

Ve e, VEe R, Vne R”.
The following regularity theorem is proved in [1] ()

THEOREM 1.I. Let Qcc R be a C' () open set, u€ H-P(Q, R¥),
fie ¥R, R¥) (0<i<m, i =1,...,n) and let A,; be continuous in 2
and satisfy (1.2). Then, if v is the solution of Dirichlet problem

v—uecHy(Q, RY),

i(f:‘lpi(?) dx V‘PEHé(Qy RY) ’

i=1

(1.3) J 3 (44(@)D;0|D,g) do
Q

ii=1 o

v belongs to HYP(Q, R¥) and

) folmoann <O 3 il o+ [#lmoann)

In this paper we prove a more specific regularity result which
can be summarized as follows

THEOREM 1.II. Let Qcc R" be a C* convex (*) open set, let u belong
to Hu»-2N L2, R¥) and let A}, be N XN constant matrices satisfying

(2) In[1] the result is stated in the case of only one equation; it is known
that it holds unchanged in the case of systems.

(3) We say that a bounded open set 2 c R" is of class (! if for every point
xo €02 we can find an open neighbourhood 2(2° and a C! homeomorfism
& — ¢(x) which maps Q(°) onto B(0, 1), 2(x% N 2 onto the set {x € B(0, 1):
x, > 0} and Q(2°) N 82 onto {xe B(0, 1): =, = 0}.

(*) The hypothesis that £ is convex may be eliminated.
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(1.2). Then, if v is the solution of Dirichlet problem
v—u e Hi(L, RY),

[ 3 @penig)as =0
Q

1,j=1

(1.5)

Ve e Hy(2, RY),

v belongs to HH-"-N L*(Q2, RY) and

(16)  sup ol + 3 |Dvlmmram < Cofsup ul + 3 |Deulrnomm)

A trivial consequence of theorem 1.II is the following maximum
principle

THEOREM 1.III. Let Q c Acc R", be two open sets and let 9 be
convex (*) and of class C'. Let uwe H*N L°(A, R") be such that

.D"u € LZ,”—Z(Q’ RN) 9

1<i<n,
1.7)

n
21]|D,~u” 130,20 < O3 sgp o] -
fom

Then, if v is the solution of Dirichlet problem (1.5), v verifies the fols
lowing inequality
(1.8) sup [lo| < C,sup |u] .

Q2 4

Property (1.7) is quite usual in the study of nonlinear elliptic
systems; consider, for example, the following problem.

Let 4,(x,w) (4,j=1,...,m) be N XN bounded continuous ma-
trices defined in /4 X R”, satisfying the following ellipticity condition

(1.9) 3 (dula, 0)1E) 90 TIE]*, v>0,

V(z, w) e AX{|w| <K}, V&, ..., e RV .

Let f: AXR¥ xR™ — R* be measurable in €4 and continuous
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in (w, p); suppose also that f has quadratic growth

(1.10) [£(@, w, p) v <a(E)[ P[5y + b(K) ,
Y(z, w, p) € AX{|w| <K} xXR".
Finally, let Dw denote the vector (D,w|...|D,w) of R™.

It is then known ([3]) that every solution e H'N L*(A, R") of
system

(1.11) f Ay, w) D,u|D,p)y da = f F(a, 1, D))y d
i = 1
Vpe HyN LA, RY)
which satisfies the following inequality (with M = sup |«|)
4
(1.12) 2Ma(M) < v(M)

is Holder continuous in AN\ A,, where A, is closed in A and such that
H, (A4, = 0 (%) for a certain ¢ > 2.

The proof given in [3] needs a boundedness result of the following
kind:

let we H' N L>(A, RY) be a solution of system (1.11) verifying
(1.12);

let A} (4,5 =1,...,m) be constant N XN matrices satisfying
(1.2);

let v be the solution of Dirichlet problem
v—wue Hy(B(w,, r), R¥) with B(x,,2r)cc A and 0 <r<1

21 %D, D,p) dz =0 Vo e Hy(B(%,, 7), RY) .
Blaor) ¥~

Then
(1.13)  ve L*(B(,, r), R¥) and sup ||v“ < Oy sup [lu
A

Xg,T)

where Oy does not depend on x, and r.

(¢) H,, «>0, is the «-dimensional Hausdorff measure.
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In order to get (1.13), the proof of [3] recalls the maximum prin-
ciple proved in [2], which depends on the possibility of representing v
by adequate potentials.

In section 3 we prove that (1.13) may be obtained in a simpler
way, showing that # verifies the hypotheses of Theorem 1.ITI.

This method can be extended to more general situations, such
as elliptic systems of order 2m>2, even with continuous coefficients,
and C* bounded open sets £ not necessarily convex.

I would like to thank 8. Campanato for the useful discussions
we had on this subject.

2. Proof of Theorem 1.II.
Having fixed y € 2, we define
d = dist (y, 02) = |y —=2| with ze002.

As v solves problem (1.5) and A, are constant, the following
inequality holds ([1], Lemma 7.I)

@1) f”v||2dw<0(v) (%)f o] do Vo<o<d.

B(v,0) B(v,d)
On the other hand
(2.2) f [v)? de< j o] de<
B(y,d) B(2,2d) n 2
<C(n)[d" sup [lu|® + f ||v—u||“dm] .
Q2

B(z,2d)n 2

As v —u € Hy(Q, R¥), Poincaré inequality is valid ([4]):

(2.3) [ lo—upa<cma | S | Dgo—w)|*da ().

B(z,2d)n @ Be2d)na =1

(8) As 2 is convex the constant C(n) does not depend on y (in general we
shall write C(n, », ...) to mean a constant that depends on the algebraic data
n, v, ... ).
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From (2.1), (2.2) and (2.3) we get

n

(2.4) Ql f o] do<
B(v,0)

<0(n,») [sup [|w|? + a2 f i [Ds(v—u)|? dw] .
@ B(2,2d)n Q2 -t

Theorem 1.I implies that
veE Hl,(n—z)(Q’ RN)
and

(2.5) o]l -2,z < Ci[| ] gro-sg, mvy -

Combining (2.4) and (2.5) we prove (1.6) and the theorem.

3. Application to quasilinear systems.

Let A c R" be a bounded open set. Let Ai,-im, u) (1<, j<n) be
N XN bounded continuous matrices defined in A x R", satisfying the
ellipticity condition

n

(3.1) (Aufm, WEE)>HE) S |E*, v>0,

iy =

V(x, u) € Ax{||u| <K}, VE,...,E"c RV .

Let f: AXR"XR™ — R" be measurable in x €4, continuous in
(4, p) and with quadratic growth

(3.2) |f(@, w, )| »<a(E)|p|ny + bIE),
V(@, u, p) € A X {|u] <K} xR™.

Let us consider the quasilinear system in divergence form

(3.3) — i D;(A(x, w) Du) = f(@,u, Du), in A.

i,i=1
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The following lemma can be deduced from a « Caccioppoli ine-
quality » proved in [3].
LEmMA 3.I. Let we H' N L®(A, R¥) be a weak solution of system
(3.3) satisfying the following inequality (with M = sup ”u”)
4

(3.4) Ma(M) < v(M).

Then we HE"=2(A, R¥) and for every ball B(a® r) c B(2® 2r)c A
n
(3.5) 21 ”Di’u”Li,n—n(B(xo,.)’RN) <0’ S:llp l[u”
<

where C' depends on M, but neither on r nor on 2°.

Proor. As we H'N L™(A, R") is a weak solution of (3.3)
(3.6) f A2, w)D;u|D,p) dz _f (x, u, Du)|p) da
ti=1
Ve Hi N L=(A, BY) .

Having fixed y € B(2° r) and 0 < ¢ < r/2, we choose 0 € 07 (B(y, 20))
with 0<f6<1,0 =1 in B(y, o) and |D6| <2/o.

If we substitute ¢ = 02« in (3.6), we get as in [3] the following
« Caccioppoli inequality »:

f 3 1D.u] dz < 00) {Gi f Hu”“dw-{—[b(M)]“a"“}.
B(q.v,a')l -1 B(v,20)
Hence, if ¢ is such that
[b(M)PPo* <sup [ul?
4
we get

2 [ D;u|? de< O om2 sup [le® .

B(y,0) *
This proves (3.5) and the lemma.

REMARK 3.I. Let we H' N L”(A, R¥) be as in Lemma 3.I and
consider a ball B(z° r) c B(2°, 2r)c 4,0 <r<1. Let A}, (i,j =1, ...,n)
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be N XN constant matrices satisfying the ellipticity condition

S L& Ainln)y>v|Ealnly,  VEES R, VneRT.

1=

Let v be the solution of the following Dirichlet problem
v—u € Hy(B(xy, ), RY) ,

2 (44D,v|D,p)dw =0 Vo € Hy(B(x,, 1), B¥) .
Bzor)

From Lemma 3.I and Theorem 1.IIT we draw the conclusion that

sup [o] < 0% sup Ju] .
B(xo,r) P

Moreover, C* does not depend on «° and r.
The last statement can be shown by a homothetical argument.
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