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ReExD SEM. Mat. UN1v. PaDpoVvA, Vol. 64 (1981)

Partial Hélder Continuity
of Solutions of Quasilinear Parabolic Systems
of Second Order with Linear Growth.

SERGIO CAMPANATO (*)

1. Introduction.

Let £ be a bounded open set of R", n > 2 (1), with sufficiently
smooth boundary 0%, for instance of class C3. Let N be an integer
>1, (|) and |-|| the scalar product and the norm in R¥ (%). If
u: Q — RY, we set Du = (D,u|...|D,u) where D,= 9/ox;. In general
p = (pY...|p"), pie R¥, denotes a vector of R", x iy a point of R"
teR and X = (x,1).

B(w,, 0) = {w € R": @ — || < 6}.
Q=02%x(—1T,0) with T>0.
If Xo= (,,1t), we set
Q(X,, 0) = B(m,, 6) X (to— 0% 1) .
We say that Q(X,, o) cc @ if
B(zy,0)cc 2 and o<t + T<T

(*) Indirizzo dell’A.: Istituto Matematico L. Tonelli - Via Buonarroti 2 -
56100 Pisa.

(1) This is just to fix ideas; the case m = 2 can be dealt with by trivial
modifications.

(2) In general (|);, ||-[lx are the scalar product and the norm in R*. We
shall omit the index % if there is not ambiguity of writing.
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H"® and H:? are the usual Sobolev spaces. If p =2 we write sim-
ply H* and HE.
Let us consider the quasilinear parabolic system of second order

Ly =3 D,(4,X, w)D,u) + %it” =— éDJ«X, u) + f(X, u, Du)

W=

where A;; are N « N matrices which are uniformly continuous and
bounded in QX R¥ and satisfy the strong ellipticity condition

az S (4ulX, wplp) > St >0,
. V(X, u, p) E@X RY X R,

fi(X,w), ¢ =1,...,m, and fo(X,u,p) are vectors of R¥, measurable
in X €Q and continuous in % and (u,p) respectively. Suppose that
fi, f* have linear growth

(L3) [, 0 <gdX) + oful , i =1y
(1.4 I8, 0, )] <) + el ] + 3 [0}
with

(1.5) 9= (ZDugit @) € L= T, 0, Q) -

We set, for the sake of brevity,

(1.6) Bu = —ZD,-(A”(X, w)D;u) + %‘ ,
1.7) B =— Z_D,»f"(X, u) + (X, u, Du) ,
[
(1.8) au, ¢) = | 3 (4 D,u1D.9) ———(u %‘—;’) X,
(1.9) &, 9> = [ (D) + (g A
Q

(1.10) W(Q) = L*(— T, 0, H3(2, k")) N H{(—T, 0, I}, BY)) .
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A solution of system (1.1) is a vector w € L*(— T, 0, H'(2, R")) such
that
a(u, ) = <F, @),

(1.11) Ve W(@Q): ¢, —T) =¢(@,0) =0 in Q.

A solution of Cauchy-Dirichlet problem

Eu=7F in @
(1.12) u=20 on 92 x(—1T,0)
ux,—T)=0 1in Q2

is a vector u € L*(— T, 0, H(£2, R”)) such that

a(u, @) = <{F, @y,

(1.13) Voe W(Q): ¢(x,0) =0 in Q.

It is known that, even if g is smooth, there are solutions of system
(1.1) which fail to be Holder continuous in @ (3). We shall prove,
in section 3, the following partial Hoélder continuity result:

THEOREM 1.I. If we L*(— T, 0, H(2, R")) is a solution of system
(1.1) and
g9.€L”(Q), t=1,..,m,

(1.14) do EL”(— T, 0, Lpn/(n+2)(Q)) with p>n + 2,

then there is a set Q,C Q, closed in @, such that

(1.15) Sr (@) = 0

(1.16) we 00x(Q\Qo, B¥), Va<1—"12

and for every open subset A cc Q\Qo

(1.17) [u]“’z<c{1 + f [l 43 ||D,~u||2dX} ®)
Q

(3) i.e. on every compact set Kc@. _
(4) C depends on the L*(@)-norm of g,, g, and on the distance of 4 from the
parabolic boundary of Q.
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Here AL, is the n-dimensional Hausdorff measure with respect to
the metric

(1.18) X, Y)=max {Jze—yl, [t—|}}, X= (1), Y= (1)

and also Holder continuity in (1.16) is related to this metric.

The previous result is proved also in [9] with a different tech-
nique, for the special case fi= o= 0 ().

The method of this paper can be exstended to the case of systems
of order 2m>2 and to more general growth conditions on the vec-
tors f¢, f°.

In order to prove theorem 1.I we need a local L” regularity result
of this kind: We set

(1.19) E§=(n+2) (l—g) )
(1200 OEpy0) = o+ [Jult + 3 | D]+ o-fu— o] ax
Q(X,,0) ’
where u, is the average of v on Q(X,, o)
us = +u(X)dX .
Q(X,,0)

TeEOREM 1.II. If w€ L*(— T, 0, H\(Q, R¥)) is a solution of system
(1.1) and (1.14) holds, then we can find q > 2 such that VQ(X,, 20) cc @
with o<1

2/a
(1.21) ( :}: > ||Diu||‘1dX) <co~ "+ P(X,, 20) .
Q(Xa,0)1

Theorem 1.IT easily follows, via Holder inequality, from the fol-
lowing local L? result proved in [5]:

THEOREM 1.III. If w is a solution of system (1.1), we can find

(®) In this case « can be every real number less than 1, because we are
in the situation g, g,€ L*(Q).
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Doy 2 < Poe<2* (8), such that if

gz‘ELq(Q)r 1::1, ey My

1.22
(1.22) pel(—T,0,I49),  2<q<p.,

then YVQ(X,, 20) cc Q@ with o<1

(1.23) (fiZIIDiull"dX)M@( f ;lgilqu)llq’F

Q(X,,0) Q(X,,20)
t

3 1/a
+ 001+n(1/a—%){ f“gonza(m%%)) dt} + ca® =D {P(X,, 20)}E.

to—40?
In fact, by Holder inequality
1/a 1/p
f z lgil"dX) <00-('n+2)(1/a—1/p)( fEL‘M” dX) .
Xz | Q!

In the same way, as pn/(n -+ 2)>2 and we can suppose ¢<p,

0 0
1/a 1/:
f 9 ”L(B(%’M) dt) <cgz(lla—1/p)+(n/2)(1—2(n+2)/pn)( f (A ”I’:M @) dt) ’ .
-7

to—40?
From (1.23), as o<1, we then get

1/a
Z‘ llell" dX) < con+2)(a—1/p) | cg(n+2)(1/a—i)[¢(X0, 20) ]t

i
Q(X,,0)

and therefore (1.21).

2. Some lemmas,

We list in this section a few lemmas that will be used in the rest
of the work.

We set Q(o) = @(0, 6) and B(o) = B(0, g).

(8) 2* = 2n/(n— 2) is the Sobolev exponent.
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LemMA 2.1. For every we L*(— d* 0, H(B(o), B")) N H¥—¢" 0,
L*(B(0), R")) the following inequality holds

f‘lu—ucz(a)\P aX < ’
@1 .
<002{ Jz | Dyu|? dX +fdtfd5f ””’t) ’gl(f’f)” dx}.
Q(o)

Inequality (2.1) is well known; we give the proof for the reader’s
convenience:

f“u — g | X < J(dw dtfl[u(w, —u(y, &)|*dy dé<
Q(o) Q(9) Qo)

0
<el |dt fda:fﬂu @, t) —u(y, t)|2dy +

—o? B(c) B(o)

0 0
+ o afa [ Jutw, o — vty flea}<

—o% —o? B(0)

<c<72{ fZ\\Dullde+fdtfd§ ”“(y’ ;‘i(zy’ u2dy}

—o? —o? B(o

Let B,; be N XN constant matrices which satisfy the strong ellip-
ticity condition

> Bup'lp)>v 2 72, >0,
(2.2) i i
Vp e R .

Let f belong to L*(Q(c), BY) and let v € L*(— 0% 0, HY(B(0), R")) be a
solution of the following parabolic system

S (B Do) — (0| ) ax =[S (1091 0,
ol " ol
Vo e 02(Q(o), RY) .

(2.3)
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LeMMA 2.I1. If hypotheses (2.2), (2.3) hold, then for every T e (0, 1)

(2.4) fEHD @uzax@{wz 3 |Doojax +f2]]f@|2dX}
Q(o)

(o)
@.5) f |lv—kude<c{r"+4 [0 — 0o dX + 722 zuﬁuzdx}.
Qo) alo) alo)

Proor. In Q(c),v =V + W where W is the solution of Cauchy-
Dirichlet problem

W e L¥(— ¢*, 0, Hi(B(0), RY)) ,
2
(2.6) fZ (Bi; D, W|D,9p) —( g) ax =j2 (f'|D:g) dX
Q(o) Q(o)

Vo e W(Q(0)): ¢(x,0) =0 in B(o),

whereas
V e L*(—¢?, 0, H'(B(0), R")),

(2.7) 3 (BuD,V|Dip) — ( ?;p)dX__O Vo e 03(Q(o), RY) .

Q(o)
It is known [11] that W € H}(— o2, 0, L*(B(0), RY)) and

2.8) fan Wllde+fdtfds "W‘“”’t’ — W O oo f's 1) ax
Q(u)@

—o? —0® B

where ¢ is invariant with respect to the homothetical transformation
(2.9) r=o0y, t=a%

V' verifies the following inequalities, as shown in [1]: VT €(0,1)

(2.10) [SIp.v|rax<ees] 3 |D.v|rax,
Q(z0) * aio) *

(2.11) f |V — Ve 2 dX<cr”+‘f [V —Ve|*dX,
Q(z0) Q(9)

here ¢ is invariant under transformation (2.9).
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(2.4) follows from (2.10) and (2.8) in a standard way. On the
other hand, from (2.11) we get

(2.12) f”fu —o|rdX <
Q(z0o)

<efems[ Jo—v2ax + [IW —Woo2ax + =)W — W,|2ax} .
Qo) Q(vo) Qo)

But lemma 2.1 and (2.8) imply that
213) W —We|*dX + z2qu— Wl dX <ovior[ 3 |f]*dX .
Q(z0) Q(o) a@ "
Then (2.5) follows from (2.12), (2.13).
LemMA 2.III. If ve L*(Q(o), R¥) then for every =€ (0,1)
(2.14) [Io]*ax <o {Tmfnvnz ax +[flo— v dX}
Q(z0) Qo) Q(o)
(2.14) is a trivial consequence of the following estimate
[Io* ax <e{ [Io—v,]* X + meas Qo) oo}
Q(70) Q(o)

LEMMA 2.IV. Let @, p be non negative functions defined in (0, o],
let « be positive, A >1, B and M >0 and suppose that Vv € (0,1) and
Vo<o
(2.15) p(re) <At*p(0) + ¥(e),

’ v(re)<Br*y(o) + M,
then V1€ (0,1) and Vee (0, a)
(2.16) g(vo) <Av*~*{p(0) + KBy(0)} + CM

where K, C depend on A, o, e.
The proof is the same as in lemma 2.IV of [4].
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LeMMA 2.V. Let @, w, defined in (0, d], and w,, defined in (0, 4+ oco)
be non negative and nondecreasing functions. Let A, x be positive con-
stants and 0<f << @. Suppose that Vv e (0,1) and Vo € (0, d]

(2.17) @(10) <{A7* + w1(0) + (67 Pp(0))}-p(0) .

If for a fized &€ (0,0 — p) we can find o, (0, d] such that
(2.18) w,(0.) + wy(0 (o)) < (1 + A)~*

then V7 e (0,1)

(2.19) p(ro,) <BT*°¢(o,), B = (1 4)=9k,

See for example [6], lemma 1.IV.

3. The partial Holder continuity theorem.

In this section we prove theorem 1.I.

Suppose hypotheses (1.2), (1.3), (1.4), (1.14) hold and let ue
€ L*(— T, 0, H(2, RY)) be a solution in @ of system (1.1).

As

p>n+2=>¢gel}Q), i=0,..,n
we get from (1.3), (1.4)
(X, u, Du) € I*(Q, RY) and fi(X,u)eLl*Q,R"), i=1,..,n.

Then [11] and a standard localizing argument (see [5], n. 4) imply
that for every cylinder @* = 0Q* x (— AT, 0) with Q*cc £ and A€ (0,1)

u € H¥(— AT, 0, L*(Q*, R"))
and

(3.1) f§||1)u1|2dx+fdtf f”“w’ )@ )|* g,

2
—AT —AT Q* 77[

<eft [lufs + 3 pouteax.
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Here ¢ depends on the L*(Q)-norms of g,, g, and on the distance of Q*
from the parabolic boundary of @ (7).
Hence, by lemma 2.1, V@(X,, o) cc @

(3.2) o~zj||u_ug\|2dz(<c{1 + [l + p) ||p,.u||2dx}

Q(X,,0)

where ¢ depends on the L?(Q)-norms of g,, g, and on the distance of
Q(X,, o) from the parabolic boundary of Q.

For the hypotheses we formulated on matrices 4.;(X, u) we can
find a bounded continuous function w(yn), defined for >0, which is
increasing, concave, such that w(0) = 0 and VX, Ye @ and Vu, v e RY

(33)  {S 140X, 0)— 4T, o) |2} <(0(X, T) + fu—o|?)
where (X, Y) is the parabolic distance (1.18).

We can now prove the following lemmas:

LemMA 3.1I. If u is a solution of system (1.1) under the hypotheses
(1.14), then VQ(X,, o) cc @ with 0<2, VT €(0,1) and VA€ (n, &)

(3.4) D(X,, 10)<KD(X,, 0){r* 4 0°+ [w(co " DP(X,, 0))]' 2"}
where

(3.5) e = 2(1—2)

and o is defined as in (3.3).
Proor. By theorem 1.IT, we can find > 2 such that VQ(X,,

20) cc @ with o<1

(3.6) [ f (z nDiuuz)flz dX]2/"<cG("+2)(2/'_1)¢(X0’ 20) .

QXo,0)

() 2X{—TudRx(—T,0).
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Consider Q(X,, 26) cc@ with o<1. For the sake of brevity we set
A = Aii(Xo, %a(x,,0) 5

anlu, ) = [ 3 (48D,u1Dig) —(u

Q(X,, o)

Og
) ar.

In Q(X,, 0) we write 4 = v 4+ w where
w € L*(ty— 0%, &y, H3(B(%,, o), BY)),
3.7) w0, 9) = [ 3 ([4— 44(X, u)}D,ulD,g) dX + [(Plp) dX

(X,0)" Q(X,,0)
Voe W(Q(Xoy O')): (@, 1) =0 in B(z,, o),

whereas
v € L(ty— 0%, 1y, H(B(,, o), R")) ,
G ame = [ SGIDg)ax,  Vpeli(QE, o), B).
Q(Xllyo)
As

f*(X, u, Du) € LZ(Q)

there is one and only one solution w and

t
2
(3.9) fZIIwaIIZdX +f d,;f fllw @, lt_wl(zw,n N2 g
Q(Xu,a)1 to—0® to—o® B(x0,0) K
2||A?,-A,, (X, u)|? z |D:u|?dX + cazfllf" X, u, Du)||*dX .

Q(Xo,G) Q(X,,0)

By Hdlder inequality

g2(1—2/p)+n—(2/p)(n+2)

f’golz ax< 0[ fdt ( J,golvnl(n+2) dx

Q(X,,0)

)(n + 2)/"] 2/p
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Then, if we take into account (1.14) and if we set

2
(3.10) e = 2(1——)
P
we have
(3.11) e f 19X, u, Du)|2 dX < co* B(X,, o).
Q(X,,0)

On the other hand, from (3.3), (3.6) and the fact that w is concave (&),
we get

(3.12) f 2 4% — 44X, w|*- 3 | D:u|? dX <

Q(X,,0)
<| [(s1omte)"ax]" [ [oler+ ju—uate)ax] <
Q(X,,0) Q(X,,0)

<eD(X,y, 20) [w (0‘2 + JC [l — w2 dx)]1_2/r< )
Q(X,,0)
<eD(X,, 20)[w(co—" B(X,, 0))]1—2r .

From (3.9), (3.11), (3.12) and lemma 2.I we draw the conclusion that
Ve (0,1]

(3.13) f S | Dw|?dX + (w)—zf||w—w,.,ude<
Q(Xy,0) Q(Xo,70)

<eD(X,, 20){o° + [w(coD(X,, 0))]*-*"} .

If we use lemma 2.II, then we get the following estimate on v: Vr €
€(0,1) and go<o

B8 [ ZDo|raX + ()2 v — o] dX <
a(X,,e)" Q(Xy,7e)

<o S Dol 4 g0 — vl aX +-of 3K, w:ax .

aXo,0)" aXs,0"

(®) ch((p)dXSw ftde).

Q(X,,0) Q(X,,0)
(®) By (1.19) and the fact that o<1.
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On the other and, by (1.3) and Holder inequality
[ i@ wlrax<elo + [l ax} = ep(xs, o)
a(Xs,0) " a(Xa,0)

Lemma 2.ITT implies that V€ (0,1) and o<o
(3.15) w(Xy, 10) <ctép(Xy, 0) + cotD(X,, 0) .

From (3.14), (3.15) and lemma 2.IV we conclude that Ve (n,§)
and Vre(0,1)

Z "Dlvnz + (TO')—2“’U—’I)1¢,"2dX<
Q(X.,,w)‘
<cﬂf 2 [ Dw||* + o2 v—0,]* X + eD(X,, 0){7* + 07} .
Q(Xo,0)°

(3.16)

As w =0 + w, from (3.13), (3.16) we get by a standard argument
that V7 e (0,1)

(3.17) D(X,, 10) — p(X,, 10) <
<eP(X,, 20){t* + 0 + [w(co™ P(X,, 20)) 72} .

The previous inequality is trivial for 1 <7 < 2 and we can add y(X,, 70)
to the left hand side because by (3.15)

Y(Xo, 70) <eD(X,, 0){z* + 0°}.

Therefore we have proved (3.4).
We define

(3.18) Qo = {X €Q: minlim o-"[®(X, ¢) — ot] > 0} .

o—>0
For a well known theorem (Lebesgue)
lim J[Hu(Y)—uaszYz() ae. in Q,
a_)OQ(X,o)

lim a—»fuu(Y)n2 + > Du(Y)|2dY =0 a.e. in @
o—>0 i
Q(X,0)
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and then

meas. @, =0.

We can even say something more. We define the Hausdorff measure
A, with respect to the metric J, as usual,

(3.19)  Mox(E) = limint {z 5*(E): JB,>E and 8(E,)< 0}

o—>0

where §(#,) is the diameter of E; with respect to 4. Then, if we argue
a8 in [9] (*°), we can show that

(3.20) Mon(@o) = 0.

LemMmA 3.01. - If u is a solution of system (1.1) and hypotheses (1.2),
(1.3), (1.4), (1.14) are satisfied, then VX,€ Q\Q, and Vn € (0, & —n) we
can find o,<1 and r>0, with Q(X,,r + 0,)CQ, such that VY€
€Q(X,,r) and Ve (0,1)

(3.21) DY, v0,)<cr*"P(Y, 0,) .
In particular, @, is closed in Q.
Proor. Having chosen X,e @\ @,, we define (1)
w,(t) = Kt°,
(3.22) wy(t) = Klw(ct)]*~2",
G(X,, 0) = 0,1(0) + we(07 " D(X,, 0)) .

As XoeQ\Go
(3.23) minlim G(X,, 6) =0 .

o—>0

Having fixed ne(0,&—mn), we choose A =§&—n/2 and 7,=17/2.

(1°) Proof of Theorem 2.
(1) K is the constant which appears (3.4).
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Therefore

Ae(n, &), me(0,A—mn), A—Idoy=E&—1.
By (3.23) we can find ¢,< 1 such that @(X,, ¢,) cc@ and
(3.24) G(Xy, 0,) < (1 -+ K)~me.,

As Y - G(Y, 0,) is continuous in ¢, we can find r such that @(X,,

r 4+ 0,) cQ and
(3.25) G(Y,0,)<(1+EK) M, VYeQ(X,,7).

Then, VYeQ(X,,r) and Vo<1l such that Q(Y, o) cc @, inequality
(3.1) and condition (3.25) hold; therefore hypotheses of lemma 2.IV
are satisfied with

¢lo) = O(¥, 0),
a=4, P=mn, e=mn,

w;, w, are defined as in (3.22).
Hence V7€ (0,1) and VY € Q(X,, r)
(3.26) DY, o) <crt " dD(Y, 0,) = cv*"D(Y, 0,) .

In particular
limo"®d(Y,0)=0.

a—>0
Therefore

XoeQ\Qo = Q(Xo, 7) CO\Do

which means that @\ @, is open and so @, is closed in Q.

Now the partial Holder continuity theorem easily follows from
lemma 3.II. In fact, recalling the definition of @, from (3.21) we
deduce that, if X, O\ Q,, Y € Q(X,, r) and 7 €(0,1), then

[% — %eo, |2 AX <er*T2D(Y,05), Va<A<E.
Q(Y,701)
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By (3.2)

oY, al)<c{1 +[lul*+ p) ||Diu||2dX}.

Therefore VY € Q(X,,r) and 7€ (0,1)

[l — g, | < v+ {1 +[lul*+ > ||Diu1|2dX} .

Q(Y,702)

By [8], the previous inequality implies that u e C%*(Q(X,,r)) (*?)
Va<<1l—(n 4 2)/p and

(8 g <o {1 +[lul* + 3 |Doufax}.

This proves the theorem.
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