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Some Remarks
on an Operational Time Dependent Equation.

G. DA PrATO (*)

Introduction.

Let E be a complex Hilbert space and {A(t)}e0,m; {B(*)}icro,m
two families of linear operators (generally not bounded) in E.
Consider the Cauchy problem:

U'(t) =A@t) Ut) + U@)B*(t) + f(t, U@®)) ,
U0) = U,,

where f is a mapping [0, 7] xQ — £(#) and @ c £(E).

Problems of this kind arise in several fields as Optimal Control
theory ([21,[3],[7],[8],[9]) and the Hartree-Fock time dependent prob-
lem in the case of finite Fermi system ([1]).

In this paper we generalize the results contained in [3] and we
give some new regularity result for the case where A(#) and B(f) gen-
erates « hyperbolic » semi-groups.

1. The semi-group T — ¢!4T ¢!,

Let E be a complex Hilbert space (norm | |, inner product (,)).
We note by L£(E) (resp. H(E)) the complex (resp. real) Banach space
of linear bounded (resp. hermitian) operators E — E and by H,(E)
the cone of positive operators.

(*) Indirizzo dell’A.: Dipartimento di Matematica - Universita :di Trento -
38050 Povo (Trento).
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Let A and B be the infinitesimal generators of two semi-groups
et4 and e'®; we assume that:

(1.1) le*4| < M, exp (w4l) , |6*B| < Mp exp (wgl) .

We note finally by £,(E) (resp. H,(E)) the set L(E) (resp. H(E))

endowed by the strong topology; £,(E) is a locally convex space.
Consider the following semi-group in £,(E):

(1.2) G(T) = e*4Tet5 VTel(E), t>0,

@, is not strongly continuous in £(E), but it is sequentially strongly
continuous in £,(E), that is:

T, T in £,(E) = G,(T,) — G(T) in £,(B)

and the mapping:
R,—>L(B), t— GQ(T)

is continuous V7 € £,(E).
If B= A* (1) it is:

(1.3) G(T)eH(E), VT eH(E).
Put:
(1.4) D(L) {T etL(E); 13 hm (G,,(T)ac — Tx), Va e E}

(1.6) L(Tx —hm (G,,(T)m—— Tx) , VTeDL), VzeE.

LeEMMA 1.1. If T e D(L) and x € D(B) then Tx e D(A) and it is:
(1.6) L(TYr = ATx + TBx.
ProoF. Let T € D(L), z € D(B), y € D(A*); it is:
(L(D)a,9) = & (T2z, 04'y) |y = (TBz, y) + (T, 4*y)

() A* is the adjoint of A4.
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It follows that the mapping:
D(4*) —~C, y — (Tw, A*y) = (L(T)@, y) — (TBz, y)
is continuous, Tz € D(A) and:
(AT=», y) = (I(T)x, y) — (IBz, y)

The following proposition is clear:

ProrosITION 1.2. If T € D(L) then G,(T)e D(L) and it is:
) L(G(T)) = e4L(T) e,

(1.8) %(G,(T)w) = e4L(T)etP .

PRrROPOSITION 1.3. L s closed in £,(E) and in L(H).

Proor. Let T,e D(L), T,—T, 8,= L(T,) — 8 in £,(E); due to
(1.8) it is:

t
etAT etBy — T, :fe“Sne'Bw ds
0

recalling the dominate convergence theorem we obtain:

t

(@D — T2) = - J'Gs(S)wds

(]
it follows 7 € D(L) and L(T) = 8. Therefore L is closed in £,(F)
and consequently in £(E).

ProPosITION 1.4. D(L) is dense in L,(H).

Proor. Put:

t
Q. :%fG,(T)mds, VTet(E), Voek,

17
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it is:
limQ, =1 in £,(E),
t—0+
moreover
t+h &

1 1
7 (Gh(Qt) - Qt)a" = h [ J.-J‘Gs(T)ﬁdg]
t 0

it follows D,e D(L) and therefore D(L) is dense in L£,(H). *
ProPoSITION 1.5. (L) > Jw, + ws, oo and it is (?):

oo

(1.9) R(4, L)(T)w:je-lfe‘ATe'det , VeeE, VA>w,+ wg,
0
(1.10) "R(l, L)"E(C(E)) < MAMB(A— Wy— wB)_l ) Wy -I— wB< l (3) .
ProoOF. Put

P(T)w = f eitetaTeBgdt,  YTel(E).
0

For every T'e D(L) it is:

P(L(T))o = f e G)(T)a dt = (AF(T)— T)a
[\]
moreover if T'e £(F) it is:
oo h
fe—“Gt(T)x dat — % fe*“G,(T)a; dt

h 0

e —1

h

% {G.(F(T)) — F(T)}z =

it follows
L(F(T))a; = (AF(T)— T)x. #

(2) If L is a linear operator, ¢(L) is the resolvent set and R(4, L) the
resolvent of L.

(%) £(L(E)) is the Banach space of the linear bounded operators L(E) —
—L(E). We note | || the norm in £(L(E)).
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ProPosITION 1.6. If T,— T in C([0, T1; L.(E)) (*) then
Gi(T.(t) = G(T()) in O([0, T]; £L(B)) .
Proor. Let x € E; for every ¢> 0 there exists n,eN, f,,...,f,,

in C([0,T]) and @, ..., %, € E such that:

ero—Sftlaf<e,  Vte[o, 1],

i=1
it follows:
|G (T () — Ta(t)) x| < Mg exp (|ws|T)|(T(t) — Talt)) 6| <
< My exp (|ws|T)&(|T(t)] + |Tat)]) +

o Mz exp (j0al) 3110 Z(@)a— Tult)o]
Choose N such that |T,(¢) < N|, then:

|G+(T(t) — Ta(t))w| <2N My exp (|ws|T) & +

+ My exp (|ws|T) 12'1 lp(t)] | T (@)@, — To(x),] .

i

Choose 7, such that:

|T(t) e, — Ta(t)w:| <e/(neMax {|@:|; ¢ =1,2,...,ne}), Vn > ne,
then

n>mn, =|G,(T() H T.(2))#|<(2N + 1) Mgexp (jws|T)e.

2. The linear problem.

Let £ = {A(t)}ier0,m1y B = {B(?)}icr0,m be two families of linear oper-
ators in K.

Let F be a Hilbert space (norm | |, inner product ((, ))) con-
tinuously and densely embedded in E.

() O([0, T1; £,(B)) is the set of the mappings [0, T] — £,(E) continuous;
due to the Banach-Steinhaus theorem every w e C([0, T']; £,(E)) is bounded.
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Let finally Z be an isometric isomorphism in £(F, E).
We assume:

a) & (resp. B) 18 (M,, w,)-stable and w,measurable (resp.
(M3, wp)-stable and wg-measurable) in E (°).

b) It is F c D(A(t)) (resp. D(B(2))), A(2) (resp. B(t)) € £(F, E)
and |A(t)| (resp. |B(t)|) 18 bounded in [0, T] ().

¢) The mapping A(-)x (resp. B(-)®) is continuous Ve e F.

d) There exists a mapping H (resp. K): [0, T] — £(E) such

(2.1)

that:

d,) H (resp. K) is bounded in [0, T] and strongly measwur-
able in E.

d,) It is:
ZA(W)Z 1w = A(t)e + H()z, Vo e D(A()),
ZB(t)Z'x = B(t)z + K(t)z, VaeD(B(t)) .

If [2.1) is fulfilled it is known ([4], [6]) that there exists an evolution
operator Gu(t,s) (resp. Gs(t,s)) for the problem:

w=At)u, u0)=z (vesp. w'= B(t)u, u(0)==wx).
Moreover G, (resp. Gs): 4= {(t,s)e[0, T]?; t>s} —L(E) is strongly

continuous and G(r, s) € L(F).
Finally it is:

lim Gy, = G,
9 n—>o00 . . E
( ‘2) lim GB’n — BB , mn O(A’ g@( )) )

(%) A is wy-measurable in E if o(A(t)) > Jw,, +oo[ and R(4, A(:)) is
strongly measurable V1 > w,.
A is (M, w,)-stable in E if o(A(t)) > Jw,, + oo and it is:

k
TIR(A, At))| < M4J(A—w)*
i=1
VkeN, t,>t,>...>t, t,e[0,T], i =1, ..., n.
(®) With the topology of L(F, E).
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where G,, (resp. Gs,) is the evolution operator associated to the
problem:

u/ = An(t)un ’ ’M”(O) = (resp. ’M/; = Bn(t)un ] uv(O) = 50)

n

where A,(t) = n2R(n, A(t))—n and B,(t) = n*R(n, B(t))— n.
Consider now the problem:

3 T'(t) = A@)T@) + T@)B*@) + F(t), FeC(o, T1; £.(B)) ,
(2. T(0) = T,c L(E).

We define L(t) as in (1.4), (1.5) and write (2.3) in the following form:

T'(t) = L(#)(T F@),
2.4) { (t) = L) (T() + F(t)

T0)=1T,.
We consider also the approximate problem:

T! =
(2.5) { n(t) = L,)(T(t)) + F(2),

Tn(O) = TO?

where L,(t)(T)= A,(t)T + TBX).
We say that T is a strong solution of (2.4) if there exists:

(2.6) {T,,} C D(L(t)) N 01([0, T1; L(E)) (7)
such that:
{ Ti— L(Ty) - F in 0([0, T1; £.(B)) ,
T(0) — T, in £(E).

If T e D(L(t)) N CY[0, T]; £,(E)) and (2.4) is fulfilled we say that T
is a classical solution of (2.4).

THEOREM 2.1. Let A and B be two family of linear operators in E
verifying (2.1). Then for every T,c L(E) and F € C([0, T]; £(E)) the

() OY([0, T; £,(E)) is the set of the mappings [0, T] —£,(E) strongly
continuously differentiable.
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problem (2.4) has a unique strong solution given by:
|2
(2.7) T#)x = G4t 0) T, G4, 0)x +fGA(t, 8)F(8)G%5(t, s)wds .
0

If Toe L(F) and F e 0([0, Y]; £,(F)) then the solution T is classical.

PrOOF. Let first T, € £(F) and F e C([0, T]; £,(F)); in this case
we can eagily verify that T is a classical solution.
In the general case by approximating 7, and F we can show that
T(t), given by (2.7) is a strong solution.
Agsume finally that T is a strong solution of (2.4) and take {Tk}
as in (2.6). Put F,= T,— L(T,); it is:

‘% (G4(ty 8) Ti(s) Gs(2, 8)x) = Gu(t, 8) Fr(s)Gs(t, 8) , VeeE,

by integration in [0, ] it follows:

t
To(t)® = Galt, 0) To(0)Gslt, 0)@ + [Gult, 8) Fu(s) Gilt, 5 ds
0
and, taking the limit for % — oo, the conclusion follows.

3. The quasi-linear problem.
Let @ a closed convex set in £(F) and f a strongly continuous
mapping
f: 10, T1xQ —L(E), (t, 8) - f(, 8) .

Consider the problems:

51 U'(t)— L) (U@) +1@¢, U@) =0,
(3-1) U(0) = U,,

{ UL(t) — L) (T (@) + f(t, Ual®)) =0,
U,

(3-2) (0) =U,.
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We say that U is a strong solution of (3.1) if there exists {U,}C
c D(L(t)) N C¥([0, T]; £,(E)) such that:

{ Up— L(Us) + f(t, Up) >0 in C([0, T1; £,(B)) ,
U,(0) — U, L.(B).

If U belongs to D(L(t)) N C([0, T]; £,(E)) and fulfils (3.1) we say
that U is a classical solution of (3.1).

The following proposition is an immediate consequence of the
Theorem 2.1.

PrOPOSITION 3.1. U s a strong solution of (3.1) ¢f and only if it is:
t
(3.3) U(t)yw = G4(t, 0) U,BX(t, 0)w— j Ga(t, $)f(s, U(s))GA(2, s)w ds .
0

We remark now that C([0, T]; £,(E)) is not a metric space, but
we can define in it the following norm:

(34)  |U| =Sup{|U@I,telo0, T]}, VU e([o, T]; £.(H)),

by virtue of the Banach-Steinhaus theorem.
C([0, T1; £,(E)) endowed by the norm (3.4) is a Banach space
which we note by B([0, T1; £,(E)).

LEMMA 3.2. Let K be a closed subset of B([0, T]; £,(E)) and y,, y
mappings K — K. Assume that:

(3.5) I[yn(U)—y"(V)|I<a|]U——Vn R x€lo,1[, U,VekK,
(3.6) Ya(U) = p(U) in C([O, Ti; £,(E)) , VUeK.
Then there ewists {U,} and U wnic in K such that:

(3.7) Ya(Un) = Un, y(U)=10,
(3.8) U,—U in C([O, T, ﬁ,(E)) .

Proor. By virtue of the contractions principle there exists U,
and U such that (3.7) is fulfilled,
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To prove (3.8) fix Z in K; it is:
U,=lmypZ), U=lmy™2)  in B(0, T]; L,(B))

m—>oo m—>oo

and
10— 72(2)| <37 (Iya(D)] + 121)

therefore there exists M > 0 such that:
(3.9) 1T =y (2)| < Me™.
It is easy to show that:

(310)  Limy™T) =y™T) in C([0, T]; £,(E)), VUeK, meN

if x€ E and te[0, T] it follows:
|U(W)a— Ta(t)a| <| U@z —y™2)(t)a]| +
+ Y™(2)@)— yu (Z) ) 2| + | U, ()2 — yi(2) (1) 2|
due to (3.9) it follows:
|U@)z— Un(t)o|<2Ma™ |#| 4 |y™(Z2) &)z — y3(Z) ()|

and the conclusion follows from (3.10). =

We prove now the existence of the maximal solution for the
problem (3.1).
We assume:

a) feC([0, T1XQ, (); £(E)) N O([0, T1XQ; L(H)),
b) du: R, —R_ such that:
(3.11) \f(¢, T)— f(t, O)Z<pu(r)|T— 8| 3f |T|<r, |8]<r,
¢) Jou: R, >R, such that:
r>0, |T|<r, TeQ, fel0,alr)l =T —pf¢, T)€Q .

We remark that ¢) is trivial if @ = £,(¥) or H(E).

(®) @, is endowed by the topology of L ().
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LEMMA 3.3. Assume that:
i) A& and B verify (2.1), U,€Q,
ii) Te@Q =-exp (sA(t)) T exp (sB(t)) €@, Vte[0, T],
iii) f verifies (3.11).
Take a, 3 such that:

a>M,Mgexp ((|w4| + le|)T)|U0| ’
f<a(2a) .

Then there exists T > 0 such that the problem (3.1) has a unique strong
solution in [0, T].

Proor. Put:
o, T) =T — pf@t, T)

then ¢ maps [0, T]x (@ N P(0, 2a)) in @ (°) and it is:
(3.13) |o(t, T)— g(t, 8)| <(1 + Bu(2e)(|T— 8|, VT,8€Q N P(0,2a).

Problem (3.1) is equivalent to:

1
U—Lt)U+3
(3.14) WU+ B

U(0) =0,

o(t, U) =0,

put U = exp (—t/f)V, then it is:

(3.15)  V(t)w = G.(t, 0) Uy Gi(t, 0)& +
t
+ ,13 e8G (1, 8)g(s, U(s)) 3t 8)o ds

which is equivalent to the equation:
[

(3.16)  T(t) = Gult, 0) Uo (1, 0)e—"ﬂ+% e -8G(t, 8)p(s, U(S))
0

@3ty 8) ds = y(U)(2) -

() P(0,7) = {TeL(E); |T|<r}.
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It is:

()= y(V)] < Ma My 0xp ((10a] + o) T)(1 — e0)| U — V],
VYU, Ve 0([0, 7]; (@ N P(0, 2a)),)
and
IO <a+ MiMaexp ((jwi] + lwsl) T)(1 + p(2a)) 20 +
+ Sup {|¢(t, 0)|, [0, T]}(l — e8|
Therefore there exists 7> 0 such that ¢ is a contraction in
(10, 71; (@ N P(0, 20)),) .
The following theorem is an immediate consequence of Lemma 3.3,

Proposition 1.6, Lemma 3.2 and standard arguments.

THEOREM 3.4. Assume that £, B, f verify the hypotheses of Lem-
ma 3.3. Then there exists the maximal solution U of the problem (3.1).
If I is the interval where U is defined it is:

U,.—-U n C(I, L(E))
U, being the solution of (3.2). Finally if |U| is bounded it is
I=1[0,T]
PROPOSITION 3.5. Assume that the hypotheses of Theorem 3.4 are

fulfilled. Assume moreover:

i) 'MA = MB == 1 I}

ii) dw,€R such that

1T|<’T+“(ﬂt7 T)—f(¢, 0) +w1T)| y

VYa>0, te[0,T], Teq.

(3.18)

Then the mamimal solution of (3.1) verifies the following inequality:

(3.19) IU(t)]<eXP((’wA+ wp + wl)t)lUOl +

t
+ [exp (104 + 15+ w1)(1—5)) (5, 0)| s -
(1]



Some remarks on an operational time dependent equation 259
ProOF. We remember (Kato [5]) that (3.18)-ii) is equivalent to:
(3.20) @, T)— 1@, 0), I'> > — | T, vIeo|T|,

o|T| being the sub-differential of the norm in £(E).
Due to (3.18) for every T € D(L(s)) there exists I" € 9|T'| such that

(3.21) CL)T), Ty < (wa+ ws)|T| .

Suppose first that U is a classical solution of (3.1); then

(3.22) U(t)| =inf {<U(), I, I'e8|Ut)|} <

=l
<L@(U®), I'> — <f(t, U@®) —1(2,0), I'> + <f(2,0), I'>
if we take I' such that
CLO(U®)), I'y < (wa+ ws)|U(2)]
it is

(3.13) fid——t |U(#) | <(wa+ ws+ @) |[U#) | + |f(t, 0)]

which implies (3.19). If U is a strong solution the conclusion follows
by approximation.
4. Regularity.
If for every V e L(F) it is f(t, V) € L(F) we put
14t V) = Zf(t, Z*VZ)Z.

THEOREM 4.1. Assume that the hypotheses of Theorem 3.4 are ful-
filled. Moreover assume that f maps [0, T1 X L(F) in L(F) and that f,
verifies (3.11); then if U, € L(E) N L(F) the maximal solution of (3.1)
48 classical and U(t) € L(F), Vte [0, T].
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ProOOF. Consider the problems:

B(0) = ZU, %,
Vi(t) = (Aa() 4 Ha(0) Valt) +

(4.2) + Vo) (Balt) + K1) + Zfalt, Un) 27,
Va0) =202,

w) { V'(t) = (A(t) + H(t)) V) + V(t)(B(t) + K(t)) +1s, V),

where
{ H,(t) =n*R(n, A(t)) H(t) R(n, A(?)) + H(?),

(:3) K.(t) = n*E(n, B()) E) E(n, B(t)) + (1) -

By virtue of Theorem 3.4 the problems (4.1) and (4.2) have maximal
solutions in [0, 7[, 7 being the maximal time for U; moreover

Va—>V in C([0, 7[; L(E)) .
It is easy to see that V,= ZU.Z™*, therefore
U,—U in 0([0, 7[; L.(B)), ZU,Z-*—V in L,(B)

it follows Uet(F), V=2UZ"'. +#

REMARE. If 4 and B are independent of ¢ we have the following
result (cf. [3]).

THEOREM 4.2. Assume that the hypotheses of Theorem 3.4 are ful-
filled. Suppose moreover that f € cy[o, 11, £,(E)) and U, € D(L).
Then the maximal solution of (3.1) is classical.

5. Exemples.

1) Let fe C*R), put:
+ o0
(6.1) (D) =[fhaE,,  VIeH(),

B, being the spectral projector attached to T,
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If we choose @ = H(E), B= A then f fulfils (3.11) (cf. Tartar [8])
and (3.1) has a unique maximal solution.
Assume now

(5.2) Q= {TeH(E); a<T<b}, a,beR.
LemMA 5.1. If f(a)<0 and f(b)>0 then Vr>0, 38,> 0 such that:
(5.3) le|<r, r>a, pelo, Bl =>2—pfx)>a.

ProOF. If f(a) <0 the thesis is evident. Assume f(a) = 0; then
it is f(x) = (r—a)p(®) and if x>a it is

z—a— Bf(x) = (z— a)(1— Py(z)) >0

for suitable 8. =
The following proposition is now evident

PROPOSITION 5.2. Assume that (2.1) is fulfilled with B—= A. Assume
moreover that f e C*(R), f(a)<0, f(b)>0. Then if a<U,<b there exists
a unique global solution U such that a < U(t)<b.

2) Riccati equation.

Assume @ = H_ (E), B = A, |et4 <1 and (2.1) fulfilled; assume
f(T)y= TPT— F(t) where P>0, F(t)>0; then it is easy to see that
f verifies (3.11); therefore (3.1) has a maximal solution in . More-
over it is

T <|T + «TPT|, Va>0, VI>0,
because

((T 4 «TPT)®, x)> (T, x)

therefare if U,>0 (3.1) has a global solution. _

Finally assume P e £(F), put P = ZPZ~* then f,(V) = VPV and
the hypotheses of the Theorem 4.1 are fulfilled and the solution is
claggical.
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