RENDICONTI
del

SEMINARIO MATEMATICO
della

UNIVERSITA DI PADOVA

L.CARLITZ
Stirling pairs

Rendiconti del Seminario Matematico della Universita di Padova,
tome 59 (1978), p. 19-44

<http://www.numdam.org/item?id=RSMUP_1978 59 19 0>

© Rendiconti del Seminario Matematico della Universita di Padova, 1978, tous
droits réservés.

L’acces aux archives de la revue « Rendiconti del Seminario Matematico
della Universita di Padova » (http://rendiconti.math.unipd.it/) implique 1’accord
avec les conditions générales d’utilisation (http://www.numdam.org/conditions).
Toute utilisation commerciale ou impression systématique est constitutive
d’une infraction pénale. Toute copie ou impression de ce fichier doit conte-
nir la présente mention de copyright.

‘NuMbDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=RSMUP_1978__59__19_0
http://rendiconti.math.unipd.it/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

RenD. SEM. MaT. UN1v. PADOVA, Vol. 59 (1978)

Stirling Pairs.

L. CARLITZ (*)

1. Introduction.

The Stirling numbers of the first and second kind can be defined by

(1.1) z(z 4 1) ... (w—i—n—l):isl(n, k) x®
k=0
and
(1.2) "= iS(n, kyx@—1)...(x—k+1),
k=0

respectively. Since 8,(n, n — k) and S(n, n — k) are polynomials in n
of degree 2k, it follows readily that

e . n
(1.3) 8i(n, n — k) =j§081(k, 7) (2k _ ?.) (k>0)
and

k—1 ) . n
(1.4) S(ny, n — k) 2,208 (k, 7)(215— ?.) (k> 0).

The coefficients S;(k, j), 8'(k, j) were introduced by Jordan [8, Ch. 4]
and Ward [12]; the present notation is that of [2]. The numbers are
closely related to the associated Stirling numbers of Riordan [10, Ch. 4].

(*) Indirizzo dell’A.: Department of Mathematic - Duke University -
Durhan, N.C. 27706.
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The Stirling numbers and the associated Stirling numbers are related
in various ways. We have

8y(n, n — k) =§(k )(k+")8(3+k, 7))

(1.5) i=o\k +j
) _* [k E+n
S(",n_k) _520(’6 "I‘?)( )S(j‘i"k’?)
and
k —_ —
S,('"” k) :520(_ 1),-('”/ A i:' 1) S{(/'% ?)7
(1.6) , . il
Sitn, 1) = 3 (— 1)’( v )S (ny §) -
Also
k—1 —
Simyn—1) = 3 (- 1)f(” T 1) 8'(k, j)
(1.7) ” (k> 0).

Sto,n—k) =3 (—1y(" T,

i=0

k=1 (n—}—k—;i——l)s,(k i)

The first half of (1.5) is due to Schliafli [11]; the second was proved
by Gould [7].

The writer [3] has defined another triangular array of numbers
that is closely related to (8,(n, k)) and (S(n, k)). Analogous to (1.3)
and (1.4) we have

1.8)  Sin,n—k) = zBl(k,n(”“ ) k>0),

and

k y
(1.9) S(n, n—k) = X B(k, i) (” +2’k 1) (k> 0).

The coefficients B,(k,j), B(k,j) are positive integers and satisfy the
recurrences

(1.10) By(k, j) = jBy(k—1, j) + (2k—j)By(k—1,j—1), (k>1)
and
(L11)  B(k,j) =

=(k—j+1)Bk—1,j)+ (k+j—1)B(k—1,j+1), (k>1),
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respectively. Moreover
(1.12) Bl(k,j)zB(k,k—j+l), (1 <j<k)-

The writer [1] proved (1.5) by making use of the representations

Sa(n, m— 1) = (" A ”) By,

(1.13) .
S(nyn —k) = (k) Bmh

where BY is the Norlund polynomial [9, Ch. 6] defined by

z Y _Spe®
(1.14) (ez—l) = > B, .

n=0 n!

(The polynomial BY” should not be confused with the Bernoulli poly-
nomial B,(2).) Incidentally it follows from (1.13) that

(1.15) Si(—n+k,—mn)=8(n,n—Fk).

In a recent paper [6] the writer showed that the above results
can be generalized considerably in the following way. Let {fu(2)}
denote a sequence of polynomials such that

(1.16) deghie) =k;  H0)=0,  (k>0).
Put

Fimn— ) =(* ") tm
(1.17)

Fln,n—k) = (:)n(— 0t k).

Then all the above results generalize. The proof makes use of two
arrays (Gy(k,j)), (G(k,j)) that generalize (B,(k,j)), (B(k,j)), respec-
tively. They are defined by

B n—) =S ek (" )
(1.18) =
Py n—%) = zG(k,y)(”“ )
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and satisfy

(1.19) Gi(k, j) = Gk, k—j + 1), 1<j<k).
Incidentally it follows from (1.17) that

(1.20) P(—n+1,—n)=Fn,n—Fk);

F\(z,y), F(v,y) are defined for arbitrary x, y such that x—y is
equal to a nonnegative integer.

In order to generalize the orthogonality relations for the Stirling
numbers, an additional condition on {f,(2)} is assumed, namely that

(1.21) ((x))? Zéofk(z)w"/k!

for some

p@) =1+ X c,a"/n!.
n=1
It is proved, using (1.21) that

(122) S (1, BE ) = 3 (— 1P, D Fy(k,5) = dur

k=3

In the present paper we generalize the definition (1.17) further,
Let r be a fixed positive integer and define

FO(n, n—rk) = (mr; ") fr(n),
(1.21)
FO(n, n—rk) = (:;c) f(rk—m),

where f.(z) is a polynomial in z that satisfies (1.16). For r =1,
(1.21) reduces to (1.17). We call a pair of polynomials

(1.22)  gi(n) = F(n, n—rk), g9 (n) = F(n, n—rk)

a Stirling pair of order r, or, briefly, a Stirling pair. Clearly each of
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the polynomials is of degree (r 4-1)% in n. Moreover, by (1.21), g, (2)
and ¢\”(z) are defined for arbitrary (complex) 2.

We shall show that the results previously obtained in the case
r =1, when properly modified, hold for all r>1. We show also that
a condition similar to (1.21) suffices for orthogonality in the general
case.

Finally we consider the possibility of recurrence of the type

(1.23)  FPn+1,m)=FOn,m—1) + p,(0) FP(n—r + 1, m)

and

(1.24) Fon+1,m) =F(n,m—1)+ g, (m)F(n, m +r—1).

For r =1, p.(n) =n, (1.23) reduces to the familiar recurrence for
8,(n, m); for r =1, g,(m) =m, (1.24) reduces to the recurrence for

8(n, m). Recurrences for the numbers defined by the generating func-
tions [5]

oo n xr ” 1 _+_ x z/2
(1.25) 143 3 n,m s :(l_m) ,
(e} n n
(1.26) 143 3T, m)%zm — exp (¢ tanh z) ,
n=1 m= . '

are of the form (1.23) and (1.24), respectively, with » = 2. Indeed
it was the study of such arrays that motivated the generalization (1.21).
We show that (1.23) holds if and only if

(1.27) pon) = (=1)r +1)e, (’;) :

where f”(z) = ¢,2. Similarly (1.24) holds if and only if

r

(1.28) ¢.(m) =—(r+1)c,(’”+“1).

Thus
Qr(n) = (—' 1)'—1171-(’”' + r— 1) .

The two conditions (1.27), (1.28) are equivalent.
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Moreover when (1.27) is satisfied we have

14 Z EF"’("% m)—z” = exp {zy(2)}

n=1m=1
and
oo n n
+3 3 Fn,m) e = exp {—za(— o)},
e e
where
X apgmtt . r(r—l—l)c,
po) =3 oo, a=(=1)
and

p(o@) =o(p@) =2,  ©0)=0.
2. — We first prove the following generalized version of (1.5).

THEOREM 1. For all integral r>1, we have

Fomn—k) =5 (”” )(”‘ + ") Foj + 1k, )

2.1) ~o\rk 43 ]
) , T frk—n rk—l—n) .
FO(n, r—k) _,-Zo(rk+j)( j FY(j + rk, j) .

Proor. It suffices to prove the identity

(=5

For z =rk—mn, (2.2) reduces to the first of (2.1), for 2 = n, (2.2)
reduces to the second of (2.1).

Each gide of (2.2) is a polynomial in z of degree (r 4-1)k. Hence
it is only necessary to show that (2.2) holds for (r + 1)k + 1 distinet
values of z. For 2 =¢t=0,1,...,7rk—1, the LHS of (2.2) is equal to
zero; since

rk—t\(—7\ _ . .
(F2)(G)=0  ost<rocicn,
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it follows that (2.2) holds for these values of z. For z =rk we get

1o =2 () (G 20) )i+ o,

i=0 rk—j

which is evidently correct. Finally, for z =—¢, where 1 <t{<k, the
RHS of (2.2) reduces to the single term (j =1)

(NN~

so that (2.2) holds for these values of z.
This completes the proof of (2.2) and therefore of Theorem 1.
It is of some interest to ask whether the polynomials in a Stirling
pair can be equal. By (1.21) and (1.22), ¢",(2) = ¢¥’(2) if and only if

(2.3) (rkr; z) fu(2) = (;c) folrk —2) .
Sinece
rk—z A7 1
(%) =0 (3),

(—1)*(z — rk) f(2) = 2fu(rk —2),

(2.3) reduces to

so that
(—1)™(z—1) fulrke) = 2fi(rk(1 —2)) .
Hence we have

(2.4) Qr_1(1—2) = (—1)"* g _4(2)
where
fe(rke) = rkep;_y(2) , (k>1).
Note that ¢,_,(2) is a polynomial of degree k —1.
We may state

THEOREM 2. The polynomials ¢\(2), gy (2) in the Stirling pair

o rk—=z a7 .
=" e, e = () nor—a
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are equal if and only if
fr(rke) = rkeg;_1(2) (k>1),
where @i_,(?) 18 a polynomial of degree k—1 that satisfies (2.4).
For r odd, the condition (2.4), or, what is the same,
(2.5) Pe(l —2) = (—1)*@i(2)
is a familiar one. An equivalent condition is
(2.6) Pe(—2) = (—1)*@i(2) ,

where §,(2) = (% + 2).
The Bernoulli and Euler polynomials B,(2), F,(2) defined by

we:cz [oed 1
(2.7) 1 =ﬂ§03n(z)—,
and
(2.8) 22 _Smes
e+ 1 o o m!’

n=

respectively, are well known examples of polynomials satisfying (2.5).
It therefore follows from Theorem 2 that, for » odd,

k—=z\ 2 2 z2\rk—=z rk—=z
2.9 M) — gP(z) = (" —B )= = B o °
(2.9)  g1x(2) = 9°(2) ( rk )rk k=1 (rk) ('rk) rk k"’( rk )

and

. . rk—z\ 2 2
(2.10)  gin(2) = gi'(2) = ( rk ) 77 Dot (Fk) -

are instances of Stirling pairs consisting of equal polynomials.

Another example with f.(2) = (zg\’ is

— % —
o a-eo- (S0 - ()7
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For even r, (2.4) becomes

(2.12) Pra(l —2) = — @p,4(?) .

For k =1, this implies ¢,(2) =0, so that f,(z) =0. Hence, for even 7,

91x(2) and ¢(z) cannot be equal for all k. However if we require

only that g{7,(2) = gii(¢) then the previous discussion (for odd r)
applies.

Clearly, by (1.21), F{(%,y), F"(x,y) are defined for arbitrary
@, y such that  — y = rk, where % is any nonnegative integer. Indeed

F{(a,y) = (‘;k?/) fel@)
(2.13) .
o, g) = (5 h-v).

Moreover it follows from (2.13) that
(2.14) P2, y) = FP(—y,—a), (@—y=r1k).

3. — We now consider

k . n+j—1)
(r) —_ —_ (r
FP(ny n— rk) j;lGl (k’?)((r—}—l)k )
n—l—j—l)

(r+1)k

(3.1) .
F(n, n—1k) = 3 Gk, j) (

where G{(k, j), G"(k,j) are independent of n. That such representa-

tions hold follows from (1.21); for the general situation see [4].
Inverting each of (3.1) we get

Gk k—j+1) =

e e L R R T

(3.2)
Gk k—j +1) =

zéo (_1),((7’ T 13" + I)F"’(rk bt i—1).
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We shall now show that
(3.3) (— 1)+ @O(E, §) = Gk, k—§ + 1), (1<j<k).

It follows from (1.21) and (3.1) that

n R i nfr i1
(3.4 ()= = S (500
and

rk—mn N L o
(3.5) ( rk )/k('n) —jZIG{)(ky ?)((T-i-l)k)

Both (3.4) and (3.5) are polynomial identities in n». Thus in (3.5) we
may replace n by rk—n. This gives

(n)"’""—’” = > 60k, i (rk-n +j_l)-
rk P

(r+1)k
Since
(rk—n +7._~1) =(— 1)(r+1>k(” + k_7)
(r+1)k (r+1)%)’
we get

n . B N (e o 2
(st =m = = xyeem Sapas i (1)

and therefore

n _ r 1’;_”1 2 ] n+j_1
(3.6) (rk)f,,(rk—n) = (—1)irtD 1zl(i‘{)(k, ?)((T—{—l)k)'

Comparison of (3.6) with (3.4) yields (3.3).
We may state

THEOREM 3. The coefficients QV(k,j), G7(k,j) defined by (3.1)
satisfy the symmetry relation

3.7 (—1)EY(k, j) = Gk, k—j + 1), 1<j<k).

Theorem 3 can be used to give another proof of Theorem 1. How-
ever we shall not take the space to do so.
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4. — The generalized versions of (1.3) and (1.4) are

) _ . < ) y " )
1) B (n, n—rk) = 3 F{” (k, 7)((,«+1)k-7‘
and
12 o Sro ("
(4.2) (ny m —rk) = —’_go ( ’j)((r—}—l)k—j)’

respectively.
To invert (4.1) multiply both sides by z"—* and sum over h. Thus

=) k—1 oo
S FQO(n + vk, n)an = 3 B (k, ot >
n=0 i=0 n=(r+1)k—ij
( n gn—(r+Dk+i Zkilpgr)’(k, j)wk—j(l — )R- —
(r+1)k—j i=0

k
= > F{(k, k — j)a’(1 — @)1
i=1
so that

k o
P (ky k— j)@i(1— @)~ = (1 —x)*1 Y FO(n + rk, n)an .
=1

n=0

I

Put

R l—o=

ok

+
Eo
-t

+
[

and we get

J

k 0

1F‘{"(lc, k—j)z= EOF‘I')(n + rk, m)z*(1 + 2)~nrk-1,

= ne

Expanding the right member and equating coefficients, we get
’ .

@)  Fw k=i = S0 ) pra .
t=0 -

Similarly we have
itk
j—t

(4.4) P (ky k— j) = ﬁ (— 1),-_,( )Fm (t+ %, 1) .
=0
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30
By (4.3) and (3.1) we have
. 3 7+ rk P t+rk+s—1)
(k=) = 3 (- (?_t)za (k,s)( T )_
N am : i TR\ (t+ 1k 4+s—1
=Seran gev- (L)),

By Vandermonde’s theorem the inner sum is equal to (}i—ly), 80

that
k
(4.5) FE'(ky ) = Y ( )G"’( 5).
8=j+1
Similarly
k
(4.6) F'(k, §) z ( )G"’(k s).
$=j+1

The inverse formulas are
k-1 s ,
— 1) (t ° 1)Fi” (k, 9)

(4.7) G (ky 1) = > (—
§=t—
and
k—1 s
(4.8) GO, t) =D (— 1)““’1( )F""(k, s).
s=t—1 t—1

Next, by (3.7) and (4.8), we have

% Ty — & ) (”'i't*l):
Fi"(n, n—rk) t=21G1 (ky 2) r 4+ 1)k

__k (r n+k—t — rlkk T nt+k—t =
—gGl)(k,k—t+1)(( +1) )_(—1)(+)t§1G( )(k’t)((r-l—l)k)_
k ,
_(_1)(r+1)k2(7:—:_1)k) z (~ 1)8——t+1( _sl)F(r) (ky 8) =
r+1)k r)’ S s—t+1 $ ’ﬂ—‘—k—t
= (1 S Oy ) 3 (— 1) (t_l)((,.H)k)-

The inner sum is equal to

Jfrt+k—s—1
(=1) ((r-{—l)k——s)’
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gso that

4.9)  FP(n,n—rk) = i 1) (”r_’t f}-_y 1)F(n'(k, E—7j).

The companion formula is

T — = < — rk— %+j—1 () .
(4.10) F(n,n rk)—Z( 1) ,( bt j )1«’1 (ky ke —1).

Again, by (4.5) and (4.8),

F (n, k) i ( )Gm(”% §) =

s=k+1

= (—1)tr+om S: (s; I)G(r)(n’ n—s4+1) =

s=k+1

=(— 1)(r+1)n"§:k(n ; 3) GO (n, s) =

8=1

= (= 1)on S (”;S) 5 (_1)t—s+1(

s=1 t=s—1
n—1 t+1 _

=<-—1)"“’"ZF">'(n,t>z<—1>‘“’“( t )(n 8)'
i=o s=1 s—1 k

The inner sum is equal to

‘ N (P8 —1) _ fr—t—1
o)) e ()
and therefore
@11 F(n k) = (— 1)y (— 1>‘(" it l)F ™ (n, 1) .
=0 k—1

Similarly

(4.12)  F'(n, k) = (— 1)<r+nn"f(— 1)t (" ;t__t 1)F§f"(n, t).

t=0

t ,
1)14’") (n,t) =

8_.

To sum up the results of § 4 we state

THEOREM 4. The coefficients F¢'(n, n—rk), F©'(n, n— rk) defined
by (4.1) and (4.2) satisfy (4.5), (4.6), (4.9), (4.10), (4.11) and (4.12).
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5. — For the results obtained above it sufficed to assume that the
{fx(2)} were a sequence of polynomials in z satisfying

(5.1) deg fi(2) =k ; fx(0)=0, (k>1).

In order to obtain orthogonality relations more is needed. We-shall
make use of a sufficient condition that is convenient for applications.
Let

(5.2) () =1+ oZo:c,.av"‘/(rn)!
n=1

denote a function that is analytic in the neighborhood of # = 0 and
such that ¢(0) =1. Put

(5.3) (p(@))* :kz)ﬁ:’(z)w"‘/(rk) !

It is easily verified that the (f{(2)} are polynomials in z that satisfy
(5.1). The Norlund polynomials B{ are given by ¢(x)= x/(e*—1)
and r=1.

We remark that a sequence of polynomials {f{(2)} satisfies (5.3) if
and only if it satisfies.

e I ree=fots  6=012.).
It follows from (5.3) that

o

2= (@)@’ (@) = 2 fP(@)e™(rk—1)!,

(v + Aoy’ (0) = 300y + ) (rk— 1)1

Since
v+ 9@ @) =112 o) 2pm o) (0)
we get
k
5.5 (r) (r) (r) .
(5.5) o+ =2 3 (07 ) ene
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THEOREM b. Let

F;r)(n’n—rk):( )f(’) n),

(5.6)
F(n,n—rk) = (rk) ﬂ:)(rk —n),

where the {f{(2)} are defined by (5.2) and (5.3). Then we have

(6.7) Z( 1)*FP(n, n—rk) FO(n—rk, n—1rj) =

j
= > (— 1)V BF(n, n—rk)FO(n—rky n—1rj) = 8;,.

Proor. — Put

(5.8) H(n,j) = 3 (—1)*FP(n, n—rk) FO(n—rk, n—1rj) .

By (5.6),
. i % —
< n—1 (r) () ; _
kgo( )(r(:' )f () fiT(rj —m) =
- (”) 3 o rk)( ,ﬂ) £ £l — ).

nA7)
By (5.4) and (5.5), for j >0,

5 n—rh) ( ) ) [ari—m) = —n 3 (”)f"’(n)ﬁﬂk( j— ) —
k=0 k=0

43 (” )f"’(n) F0uri — n = nf(rf) — ri'ri;f}"(fi) —0.

Thus
(5.10) H(n,j)=0, (j>0).
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For j =0, it is evident from (5.8) that
(5.11) H(n,0)=1.

This proves the first half of (5.7). The second half then follows
as a corollary.

6. — We recall that the Stirling numbers 8,(n, k), S(n, k) satisfy
the respective recurrences

{ 8y(n +1, k) = 8,(n, k— 1) + nSy(n, k) ,
(6.1)

S(n+1,k) =8mn,k—1)+ ks(n, k) .
Algo it is proved that in [5] that

(6.2) Tyn+1,k) = Ti(n, k—1) + n(n—1)Ty(n—1, k)

and
(6.3) T(n+1,k) = T(n, k—1)— k(k + 1) T(n, k + 1),
where
1) ” xn . 1 _+_w z/2

(6.4) 1 +n§1 kgl T.(n, k) mz" = (1 — w)
and
(6.5) 14+35 37,1 % 2 = exp (s Tanh o) ;

n=1 k=1 n:

(Ty(n, k)) and (T(n, k)) are reciprocal arrays.
Another example from [5] is

(6.6) Un—+2,k)=U(n,k—2)+ k*U(n, k),

where

(6.7) 14+ i i Un, k) ﬂ'z" = exp (2 sinh x) .
n=1Kk=1 n.

Thus it is clear that, for » > 1, there are apparently numerous
possible recurrences for F¢(n, k) and F)(n, k). The instances (6.2),
(6.3) and (6.6) illustrate the case r = 2,
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To begin with, we consider the possibility of recurrences of the
type

(6.8) FPm+1,n—rk+1)=
=FP(nmyn—rk) + p,n)FPn—r +1,n—rk + 1),

where p.(n) is independent of k.
By the first of (5.6), the recurrence (6.8) becomes

CONN (G VTR

—(rk )fk(") +pr(n)( (k )fk__l(’”/ r+1).

We now take k=1 in (6.9). Since fo(2) =1, f,(2) = ¢,2, where ¢, is
independent of z, we get

n n—1
(— 1) p.(n) :c,(n—}—l)(r)—c,n( , ):
n—+1 n
:"+1’“'{(r+1)—(r+1)}-
Hence

(6.10) po(n) = (—1)7(r +1)e, (’:) .

Thus we have proved that (6.10) is a mecessary condition for the
existence of the recurrence (6.8).
Now let

xn
(6.11) GN=G"(x,2) =1 -1—1; ZF"’(n, )mzm .
Since, by (6.8) #nd (6.10),

(6.12) Fi”(’n +1,m) =
=F"(n,m—1)+ (—1)(r+ 1)0,(7:)17"1"(%— r+1,m),
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it follows from (6.11) that

1 ’ n ym
D,ap =26 + (— 1) T S PO~ 1, m) s =

(m—r)!

— zG;r) _|_ (_ 1)'(,’.——1:;"1)—0'.’19'1) G(r)
where D, =0d[/ox. Thus we have

(6.13) D.GP =~

_ ,(r+1)
1—a,z’ a,=(—1)

For example, for r =2, a, =1, (6.13) reduces to

z
D, G? = 1T—2’
which yields

(6.14)

G(la)(w, z) _ (i -_{— 5;)5/2

in agreement with (6.4).

For the general case (6.13), we have

(6.15)

oo mpmr+1
G (w, )—exp{ 3 - el }

m—omr + 1
Conversely, given (6.15) we get the recurrence (6.8) with p.(n)
satisfying (6.10).

Thus (6.10) is both necessary and sufficient for
the recurrence (6.8).

Note that substitution of (6.10) in (6.9) gives

P+ 1) =" e (7 ) ian—r +1)

By (6.11) and (5.6) we have

(6.16)

(n>0).

D, G (w,2) = z i_lf’"’(n +1,m) 5 ol

z

[ gmtrk gm
m'kz= 1) (m + rk + 1)m'(rk), .
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Hence (6.15) becomes

3 (1) fm vk 1) ,(’k), D.fexp (zp(@))} ,

m,k=

so that

i 1) fOm +rk +1) xr*

(6.17) 1+ mé mErk LT ()] = exp (2y(2)) .

where

(6.18) i

akerl

Similarly we have

o m-+rk sm
(@, 2) =1 + z ZF‘”(n, m)— Zn = Zo(m + rk)fk( fn!(rkz)!

=1 m=1 m,k=

and so
(6.19) @7 =3 aren

m=0

00 a}”‘
Z (rk) (rk)!"

7. — Parallel to (6.8) we congider the possibility of a recurrence
of the type

(7.1) Fom+1,n—rk+1)=
= F(n, n—rk) + q.(n —rk 4+ 1) F)(n, n —r(k— 1)).

By the second of (5.6), (7.1) becomes
n+1\ ,, N
( ok )“(rk n—1) =
n (r L
— () =m + an—rk+ (" Vel —1) ).

For k = 1, this reduces to

(n + 1)f.m _ (f) Or—n) + g, (0—r +1).
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Hence

Gn—r+1)= —c,n(”f1)+ c,(n—r)(’:),
so that
(7.2) Gn—r+1) ——(r+ 1)0,(’:).

Thus (7.2) is a necessary condition for the existence of the recur-
rence (7.1).
Comparison of (7.2) with (6.10) gives

(7°3) Qr(n'—r + 1) = (—1)'_1Pr(’n) .
By (7.1) and (7.2) we have
(7.4) F(n +1,m) =

=Fn,m—1)—(r +1)ec, (m +:—— l)F("(n, m+r—1).

As above put

(7.5) Gz, 2) =1+ Z ZF") (n, m )%zm.

n=1m=1

Then

o n+1 n
D.@M(@,2) =3 ¥ FO(n 4 1,m) = am =
n=0 m=1 n.

=3 %l{p”’(”,m—l)-‘(r-l-l)cr(m+r—1)1”"’(n,m+r—1)}'
n=0 m=1
anz”"—zG(')(m, 2) — —I—l)c,zi ”ZH—l(m_l_r )
n=1 m=1

wn
FO(n,m+r—1) mz"‘—l .

Since the double sum on the extreme right is equal to

oo n rid 1
> > (T)F”)(n, m) = ;—'D;G“)(w, 2),
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we get the partial differential equation
(7.6) D, G"(z, 2) = 2G"(x, 2) + (— 1) 'a,2D'G")(x, 2) ,
where, as in (6.13),

(1.7) a, = (— 1)f(’—4—;,1—)c'.

Let w(x) denote the inverse of y(x) that vanishes at the origin:

(7.8) p(o@) =2 = o(yp()),

where as above

[ a;nwrm+l

(7.9) y(x) 2”20 m 1

Let v = p(x), = w(u). Since

V(@) =7 _1arm,
and y'(r)w’(v) =1, it follows that
(7.10) o'w)=1—a,w"(u).
Now put
(7.11) H(z, 2) = exp {en(2)} .

This implies an expansion of the form

(7.12) H(x,2) =1+ i ic(n, m)Z—y:z'" .

n=1m=1
Differentiation of (7.11) gives

D H(z, 2) = 20'(v)H (2, 2),
DiH(z, z) = w"(®)H (z, 2) ,
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Hence, by (7.10),
(7.13) D.H(z, 2) = zH(», 2) — a,2D H(w, 2) .
n (7.6) replace # by — =, z by —2. Then
(7.14) DGV (—x,—2) = 2G"(—2z,—2)—a,zD,H(, ?) .
Thus H(x,z) and G"(— x, — z) satisfy the same partial differential

equation.
Next, since by (7.12),

zD:H(x,z)zr!Z( 1)c(n,m+r—1);i—7;z"‘.

substitution in (7.13) yields the recurrence

(7.15) e(n+1,m) =

— ofn, m—1) + (— 1)=1(r + 1>c,(m et

)c(n,m—l—r—l) .

As for F®W(n +1,m), by (7.4) we have

(1.16) (=1~ FO(n 41, m) = (—1)*"*+1F(n, m—1) +
+ (—1)Hr 4 1) 6, (— 1)-m—rt1 FO(m, m + r—1) .

Since w(x) is of the form

[ bmwmr+1

w(x)=zmr+17 b=1,

m=0

it follows from (7.11) that

(7.17) ¢(n,m)=0, (n#m (modr)).
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Also it is clear from (7.15) that
(7.18) ¢(n,m) =0, (n=0,1,2,..).
We conclude that

c(n, m) = (— 1)* ™ F)(n, m)
and therefore
(7.19) GO (— w, — 2) = exp {z(w(x))} .

Combining the results of §§6, 7 we state the following

THEOREM 6. The function F(n,m) satisfies a recurrence of the
form

(1.20) FP(n+ 1, m) = FOn, m—1) + p,(0) Fn—r + 1, m)
if and only if
(7.21) po(n) = (— 17+ 1)e, (’,f)
where {0(z) = c,2. The function FW(n, m) satisfies a recurrence of the
form
FO(n +1,m) = FO(n, m—1) + g,(m) FO(n, m + r—1)
if and only if
(7.22) g(m) = (—1)=ip,m + r—1),
where p,(m) satisfies (7.21).

Moreover (7.20) and (7.21) are satisfied if and only if

Gz, 2) =1+ Z ZF"’(n, m) — z'" = exp {ey(v)},

n=1m=1
where

mxrm+1 (’r + 1)0,-
78 =( ) ’r' .
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It then follows that

Gz, 2) =1+ z EF")(n m) — z"‘ = exp {— 20 (— )},

n=1m=1

where w(x) ts the inverse of y(x) that vanishes at the origin:

p(o@) = o(yp@)) =

8. - Put
(8.1) exp{ef@)} =1+ 3 Bu—s*,
n=1 k=1 n
where
(o) w”
(8.2) f() =,,Zlb”;b—': ’ b=1.

Let g(x) denote the inverse of f(x):

& xn"
(8.3) )=y  a=1
and put
(8.4) exp {ef(2)} =1 + 210,,,, :% o

It is proved in [5] that (B,:) and (C,:) are reciprocal arrays:
(85) ank Cka z OnkBki - 61»3 .

We now apply this result to

(@, 2) = exp {ep(@)},
and
G")(x, 2) = exp {— zw(— x)} .

It follows at once from

GV (x,2) =1+ z zF")(n, ——nzk

n=1k=1
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and

G(”GD z Sé

nl\/]s

(”(n k) —zk

that

(8.6) 3 (—1)rRFP(n, k) POk, ) = 3 (— 1) Fn, KT, ) = by

k=1 k=¢
We may state
THEOREM 7. Let
GV (x, z) = exp {ep(x)}

or, equivalently,

Q0(2, 2) = exp {—zw(— )},
where
3 amgprmtt . (r+1)e,

p(@) = = (=1

m=07"l4—1’

and p(o(@)) = o(yp@)) = », ©(0) = 0. Then (FP(n, k)), (F"(n, k)) sat-
isfy the orthogonality relations (8.6).
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