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REND. SEM. MaT. UN1v. PADOVA, Vol. 50 (1973)

Saalschiitzian Transforms.

L. CArLITZ (*)

1. Put
@)p,=a@a+1),..,(a+n—1), (a)y=1.

Saalschiitz’s theorem [1, p. 9], [3, p, 48] reads

& (—n)(@)e(d)r (¢c—a),(c—D)
4 Z RO (One—a—b),’
where
(1.2) c+d=a+b—n+1.

If we replace b by ¢—b, (1.1) becomes

o (=nh(a)lc—0b)  (c—a)a(b)a
Skle)a—b—mn-+1), (c)(b—a),”

Since
(a—b—n+1)=(—1)b—a+n—k),
b—a), (B
@—bFn—1) (—1)¥b—a)a-x,
we get
13 (n ), 6= (c—a),
(1'3) (b)nkgo (k) (a)k(b a’)'n—k (0);‘ (C)ﬂ .

(*) Indirizzo dell’A.: Dept. of Mathematics, Duke University - Durham.
N.C. 27706, U.S.A.

Supported in part by NSG grant GP-17031.



96 L. Carlitz

We may think of (1.3) as a linear transformation from the set of
rational functions

(i’%)ii)'-‘ n=0,1,2,..)
to the set
(0—0/),, .
. n=0,1,2,..).

We accordingly define the linear transformation

1 n
(1.4) Top: ®w= ON > (;:) (@)e(b —a)n-sYr (n=0,1,2,..).

k=0
We shall assume that neither a nor b is equal to zero or a negative
integer.
It follows at once from (1.4) that
(1.5) Toa=1,

the identity transformation. We shall show that

(1’6) Ta.bTb,az I
and that
(1'7) Ta,ch.dz Tc.dTa.b .

Moreover a relation of the form
(1.8) To, Loy, oo Loy, =1

holds only in a « trivial » way.
In the second part of the paper we show that analogous results are
implied by the g-analog of Saalschiitz’s theorem:

A ™)e(@)e®)e ,  (c/a)alc/b)n

(1.9) 2 @@ L (@)nlcfab), ’

where now
(@)s=(@1—a)1—qa)..(1—q""a), (a)=1
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and
(1.10) cd = ¢*-"ab .
2. Returning to the definition (1.4), we ask when is
(2.1) Top=Tca?
Clearly this requires
1 1

'(b—)n (a)k(b -a),,__k = ((T)n (C)k(d'—c)"_k (n = 0, 1, 2, veey k= 0, 1, ceey n) .
For k = n this becomes

(@)n _ (€)n _

@), (@), (n=0,1,2,..).
It follows that

a_¢ a+1 c+1 a+2__fj—2
b d’ b+1 d+1’ b2 a+2'"

and therefore

(@4 2)(d+ x) = (b+ 2)(x+ @) .
For x = —a, this implies b=a or c=a. If b=a we get T, ;=1
so that ¢=d. If ¢=a it follows that b =d. Hence (2.1) holds if
and only if

(i) a=b, c=d
or
(ii) a=¢ b=d.

We show now that

(2‘2) Ta,bTb.c: Ta.c-
ProOF. Put

1 X (kK
(2.3) yk=@z(j)<b),(c—b)k_,z, (k=10,1,2,..) .

i=0



98 L. Carlitz

Then by (1.4) and (2.3)

1 &(n 1 %
ed)  a=g 3(0) @e—ane g 3 (%) Ore—bn—

> >
(bl),, ,Z,( )< )s ,kz (Z:?.) (@)e® —a)p_e (;” .

=j

The inner sum is equal to

5 (") aro— a0 —

k=0 (©)s+%
_ (@) (n—a‘) (a+ falc—b)
(@) ¥\ k (c+9)
_@b—ahy & (—ntjhlat ilo— b _
() im0 klc+jh(a—b—n+j+ 1),

_ (a)ib—a)a—y (6—0)a—i(b+ j)a—y _ (a)j(€—a)a—s(b + f)n-s
(0), (0 + j)n—l(b - a’)n-i (0)”

(b—a)ajur=

Hence (2.4) becomes

”_bl é( )(a),(b),(c—a) nest oy 1 2

(0),. T (0),. i=0

(%) @rte—arnse,.

This evidently proves (2.2).
As an immediate corollary of (2.2) we have

(2.5) TosToa=1.
We show next that
(26) Tb,cTa.bZ Ta,c .
Proor. Put
1 n

xr, = ——
" (O)n S

() ©te—rse,

1 k
= A5) @0 =
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Then

1 a(n & (K
(. z(k) Ole=bhn ), Z() (@0 = sz =

k=0 =o\J
1 n

~ (0 20( 9) (@) 2( ) (6 —B)nr(b—a)e—s -

The inner sum is equal to

F(n—ij _ "o (=t b —a)
kgo( L ) (¢—b)n—ji(b—a).=(¢c—b)u; g Rlb—c—mn+j 1)

_ (@a—c—n+j4 1)y _ (=

= (c*b)n—i’@ 0—7;;757—}:1),, B (e—b)n- j(A—b),, , (c—a),_;

by Vandermonde’s theorem. Thus

2( ") @te—aru-ses,

na=

which proves (2.6).
It is now easy to prove that

(2.7) TarTea=TeaTas .
Indeed, by (2.2) and (2.7),
TarTeu=TesTaeTea
=Ty Tou
=T sTo.aTas
=Tealos-

We shall however give a second proof of (2.7) that makes use of an
explicit formula for the transformation 74,T.q. Put

Xy = % g( ) a)(b —a)n 1Y

k
Y = (7; ,-2 (?) (e)i(d —c)i—s2; .



100 L. Carlitz

Then
2.8) x":(bl)*,. IZ(Z) (a)"(b(;ka)" "éo( )(6)( — )y =
= o250 @2 33 7]) @0 —a =
= o 2 (3) @m 3 (") o s G =
= a(i) () @ o —ann G
By Vandermode’s theorem
arn= 2 S = 500 (e
Thus
2 (") et o —arn G =
=2 (") @t mo—anrs 3 20 () 7 =
=S (") G () e oo
E S o
S e = e ("))
e Y P ot et s (e

(d+7)n (a—b —n+f+s+1),._,_.:
n—j ‘ b 7 n

o (C-l_'i: 7)s (b—a),_, o

e (@+ e +7),°
—(b)”cgo( 1)( $ ) (0)s+s
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Therefore (2.8) becomes

2 (n) (a)i(¢); . (@ +7)sle +19)s
(2.9) 2( )(b),(d), 2 (—1 ’( )( Fi)d ),

or, if we prefer,

210 s 3 (3) 0 $ 2 ().

Clearly (2.9) represents both T,,T.; and T,,T,,. For that mat-
ter it also represents both T,,T,. and T,.7,,. In particular, (2.10)
implies (2.7).

3. It is natural to ask whether
(3-1) Ta‘ch,d: Te.,f’
for properly chosen e, f. By (2.8) this is equivalent to

(a);(e); " (n—ij (b — (d_c)k_777
@2 g b ) @O = @0,

For j=mn, (3.2) reduces to

(@ale)n (©)n
(3-3) (@), — ()

This implies
ac e (@+1)e+1) e+1 (@+2)e+2) e+2

bd {7 G+1)@d+1) f+17  G+2)@d+2) f+2’
and therefore
(3-4) (a+ ) e+ 2)(f+ @) = b+ 2)(d + z)(e + =) .
For z =—0, (3.4) becomes
b—a)(d—a)e—a)=0.

(i) If b =a, (3.1) reduces to T,4s=T,,, so that

¢c=d, e=f o c=e, d=Tf;
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(ii) if d = a, (3.1) becomes T.,=T,,, so that
¢c=b, e=f or c¢=e, b=f;
(iii) if e = a, (3.1) reduces to 7'.,= T,,, so that
c=d, b=f or e¢=b, d=f.
Thus in every case, (3.1) holds only in a «trivial» way, that is,

as a consequence of (2.2) or (2.6).
Consider next the equation

(3.5) TarTea=TesTon-
By (2.10), (3.5) is equivalent to

(a)e(e)e _ (€)x(g)e
O(de  (Felh)e

Exactly as above, (3.6) implies

(3.6)

B.7) (@at+z)e+a)(f+2)h+x) (b+ 2)d+ 2)(c+ 2)(g+ 7).

Taking © = —a, it follows that a =b,d,e or g. If a =05, (3.5) re-
duces to
Tcrd: Ta.lTa.h )

if @ =d, it reduces to

Ter="T.sTon;
if a=e¢e, we get

Tea=TysTons
if a =g, we get

Tea=TosTom -

Thus in every case, (3.5) reduces to (3.1).
The most general relation can be reduced to the form

(3'8) 11411.bl T;..b, oo 1Ya,..b,l =1I.
As above, (3.8) implies
(3.9) (@ F @) ... @0+ @) = (b4 ) ... (bt ) .
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It follows from (3.10) that a,= b, for some ¢. If © =mn, (3.8) re-
duces to

U S

n—l‘bn—l

If i % n, we may assume ¢ = n—1, in which case (3.8) becomes

Ton, o T T

Gp_3bp_y

I.

Gp_0n

Again the number of factors on the left has been reduced.
We conclude that (3.8) holds only in a «trivial » way.

4. We may write (1.3) in the following form.

1 2 /n
1) @—a= z(k) (@)e(b — @)n-s(@ —B)ul@ + K)o

k=0

This suggests the following interpolation problem. Let f(x) be a
polynomial of degree <m. We consider the representation of f(x) in
the form

(4.2) (@) =k§o A& — @)@ F)or s

where a is an arbitrary constant and A4, ;= A, :(e) is independent of x.
To determine the coefficients A,, we first take x = a. This gives

(4.3) (@)nAno=fla).
Next, for r = a—1, (4.2) reduces to
fla—1)=(a—1)adn,—(@)s_y4dns,
so that
(4.4) (@)ndn,=(@a—1)f(@) —(@+n—1)fla—1).
For r =a—2, (4.2) becomes

fla—2)=(a—2),4,,—2(a—1)ndn1+ 2(a)n 2402

This yields

(4.5) 2(a),,=a(a—1)f(a) —2(@—1)(@a+n—1)fla—1) +

+@+n—1)(a+n—2)f(a—2).
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At the next step we get

(4.6) 6(a), 4,5 = a(a—1)(a+ 1)f(@) —3a(@—1)a(a+ n—1)fla—1)+
+3@@—1)(@+n—1)(a+n—2)ja—2)—
—(@+n—1)a+n—2)a+n—3)fa—3).

This suggests the general result

k k
4T)  K@)adpe= 3 (—1) ( j) (@—1)e_s(a +n—j)fla—j) .

i=0

To prove (4.7) we note first that

(4.8) — . 2 1 (5) e—anto+ iy
Indeed

2( 1)()<x—a)(x+¢>k,~

_ Z( 1)/ (7;) (z—a), _ ;k)f(m—a), (@)

(x)k i=

(w)l i=0 '(a)f (x)k !

by Vandermonde’s theorem. This evidently proves (4.8).
Now replace x by x+ m in (4.8) and then multiply both sides by
(x—a),. We get

13 (* o
k+m %
= @15; 2 =1 (,-_m) (% — ) + f)em—s -

Replacing ¥ by n —m, this becomes

69 o= 3 0 (10 @t i

n—m j=m

In the next place if f(x) is a polynomial of degree <u, we may
put

(4.10) @) = 3 Co(w—a)n

m=0
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where

1
(4.11) Cn= pon omf(a)
and

of(x) = flo)—fw—1),
L3 k
e = 0-01f(@) = 3 (~1' () fa—i).
i=0 i

By (4.9) and (4.10)

n

w2 fo=3 e 3 e (T

m=0 Y

") 0—a)te + iy =

On
(@)n-m

=3 e—ae+in 3 o (100

=3 (1 (?_m)m'(a),, 3, - (i )ﬂ“_k):

) m —-m k=

19 3 fta—1 3 0 (320 () e

k=0 m m '(a’)n—m

20 (206w

=200 () e

_ ¢ . (n—k—m)! _
= 2, OV G = —mEm @
_ (n—Fk)! iE(—j+km(—a—n+k+1),
T kN =) —E) @) nk o mi(—n+ k)m
(n—k)! (@—1);- (@—1),

= (— 1)

TR — )G —E) (@) (—n+ F)y Bl —k) (@) s’
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we have
J iom (P—M\ O (a 1) % .
PR (;~ )(a)nm §< P i —m) ey, @R

Hence (4.12) becomes
14

flo)= 3 @—a)@ + o

5 1)k( ) (@—1)tat n—Rfa—h),

'(a)n k=0

in agreement with (4.7).

It remains to show that the representation (4.2) is unique. We
shall assume that the parameter a is not equal to zero or a negative
integer. If the representation (4.2) is not unique, then for some n,
there exist numbers

B, =B,(a) (0<k<n),

not all zero, such that.
(4.13) z Bi(x —a)(® + k)i =

For xr = a, (4.13) reduces to
(@)nB, =0,
so that B,= 0. Let

By=..=B,,=0, B,#0

and take x=a—m. Then (4.13) reduces to

S Bu(—mhla—m+ k) =10,

k=m
so that

(_l)mm!(a')n—m-Bm =0 9 Bm =0.

We have therefore proved the following

THEOREM A. Let f(x) be a polynomial of degree <mn. Assume that
a 18 not equal to zero or a megative integer. Then f(x) is uniquely repre-
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sentable in the form

(4.14) f@) = 3 Ani(@—a)u(@ + k)us,
k=0
where the coefficients A,., are determined by (4.7).

If a is equal to zero or a negative integer, the representation (4.14)
is in general not possible. For example, for a = 0, (4.14) reduces to

@) = 3 Aus@)n
k=0

so that f(x) is a constant multiple of (z),. If t=—m, m=>0, (4.14)
becomes
n
fle) =23 4, )@ 4 k)n_ie

k=0

so that

L) f(2) :k;An.k(x)mM(x + k)ui = (m)nkgoAn.k(w+ k)m .

Hence, for m >0, f(x) is divisible by (x4 m),_p.

5. We turn now to the g-analog of Saalschiitz’s theorem [1, p. 68],
[3, p. 97]

& (g)e(@)e®) . (c/a)a(e/b)n

¢-1) & @@ T (e)(cfab)

where now

(5.2) (@)p=(1—a)(l—gqa)..(1—g"a), (a)=1
and

(5.3) cd = @ "ab .

The following corollaries of (5.1) will be used. First, taking
b=d=0, we get
2(g (@) (c/a)n
5.4 ¢ =
o4 2 o=,

n

This may be called the g-analog of Vandermonde’s theorem.
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Next, if we let n — oo, (5.1) reduces to

o o\ _ 7 (L—gefa)1—g*/b)
65 5 ) TG e -

This is the g-analog of Gauss’s theorem. Note that for b = ¢—, (5.5)
becomes

(5.6) L (g )e(@)e ( c )" _ (c/a)n

“o (@ile)e \ad) — (o) -

Replacing k¥ by »—Fk, (5.6) becomes

(g l(g " e)e n innp (€~ )n
g( )e(qt"/a)s = (—1)rgintn-0 (c)” .

If we now replace ¢'-"/c and ¢'~"/a by a and ¢, respectively, we get (5.4).
In (5.1) replace b by ¢/b. Then (5.1) becomes

2o (g )el@)ele/b): r— (¢/a)n(b)n
<o (@r(c)x(g*"a/b), (c)n(d/a)s

Since
(") = (—1)kg rirE=D(q),./(q)ns ,
(gt "a/b), = (—1), g ¥+ (gn-kb/a),(a/b)* ,
(b/a,),, — (—1 Yk gnk—YE(k+1 I3
(@mafb) (—1)kgre-tD(b/a), _(b/a)t,
we get
1 2 [n (¢/b)s (9 P (¢/a),
5.7) o 5[] anoimn S0 ()= 5
where
n] _ (@)a
(5.8) [k] o (@@ n—s ’

We may think of (5.7) as a linear transformation from the set of
rational functions
(@/b)n

@), (n=0,1,2,..)
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to the set
T/)y ]
ﬁé)l (rn=0,1,2,..).

We define the linear transformation

(5.9)  Tup:tu= zm (@)u(b/a)ar(Bla)y*  (n=0,1,2, .

ZW» k=0
We assume that the parameters a, b, ¢, ... are not equal to
(5.10) Tt (t=0,1,2,..).

It follows from (5.9) that

109

).

(5.11) T..= 1 (identity) .
Also, as in the ordinary case, it is easy to show that 7,,= T, if and
only if
(i) a=b, c=d
or
(ii) a=c¢, b=d.

Indeed, by (5.9), T, = T., if and only if
1
(®)n

For k = n, this reduces to
(a)" b\" (C)ﬂ c\"
(®)n (5) @ (;1) n=1,2,3,..).

l—gqraa _1—gqrcd —
1—qbb I—grde "=HB3)

(@b/a)aslblaf = o Ouldsclocs(@fe) (O<E<).

Hence

so that
l—axbd _ l—cwgl
1—bra 1—dxc’
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We shall now show that
(5']2) Tu»bTb.c: Tu,c .

Proor. Put
k
g = (l)k s [ ] O)(e/)eslob)izs  (k=10,1,2,..).

=0

Then, by (5.9) and (5.12),

1
= (b)nk 0[ ](a)k(b/a)"_k(b/a 7 ZO (b);(e/b)i—,(c/b)iz; =
. 2 w3 Clbes
= (O ,;,[ ]"” (e/b) zrk [k ?] (@u(bfa)a-o(0fa)-
n " ”.
(;)" a;)[ ](b) (e/b)2; g[ A ?] (@);+x(b/@)n_;_r(b/a)* EC/,I,C
n (P). i .
- (bl) gogwa()i(’:()li)] (c]a)iz; Z [n :I(q’a)k b/a)n_;—(bja) (C/c; '
By (5.7),
nifp—j P x (C/b)k (cla)n ](q b)n =
kg()[ k ](q a)k(b/a)n_,-_k(b/a,) (qjc) (q]c)" y
so that

1 a ] @s®) s (C/@)ns @)y
= S o

1 = )
— . 2|} @steiarnserar,
This proves (5.12).
‘We show next that
(5.13) TyeTap=Tac-
Proor. Put
1 2in
o= = [ ] (B)e(e/D)a—(/b)Ys »
(€)n =0
1 X[k

-3 [ ](a) (b]a)_s(bja)z, .
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Then

1 2 (n
= @) go[k

Lok
(e/0)asle/b) Y | ,-] (a);(b/a)e-s(bfa)' s, =

i=0

_ 13 [](a)j(b/a E[ J(c/b,,,,c(b/a (c/b)*

(€)n 575

It will therefore suffice to show that
n
(5.14) z [ ] ¢/b),_(bja)k(c/b): = (c/a),

To prove (5.14), we make use of the identity

2 (@), 71— qtax
5.15 " = .
( ) ”go (q)".ﬂ 1—.[ l—q".’l)
Then
C N AR ) < (b/a): (c,,b),,
. b)n_i(b/a)(c/b)* = Aadiatd b 1k =

ngo (@)n kgo[7] (¢/0)a-r(b/a)s(c[b) kgo (@)« (¢/b) nzo (Q)n

S l—qewja =2 1—¢q" qw/b = 1—q cw/a‘_ (c/a)_,, o

k2o l—gqrewfb 7-1[;[0 1—gqz a=0 1—q"x nzo (@)n

and (5.14) follows at once.

6. It is evident from (5.12) and (5.13) that
(6.1) TooToo= T4 Toyp.
We shall now prove that
(6.2) TasTea= T aTs,.

Proor. By (5.12) and (5.13),
TarTea=TeoTo T,
=T T.a
=T TpaTar
=T.aT,.ys -
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We shall now give another proof of (6.2) that makes use of an ex-
plicit formula for the transformation 7,,T.,. Put

Ty = lT i[ ](a )1(b/@)n—2(b/a)eys
n k=0
k
-2 [ 7.] (O (d/e)e-idfe)'z,
Then
1 n
(6.3) Ty = (‘b*)“k%[ ](a )i(b/a)n_r(b/a) (d) ’_0[ ](c) (d/c)e-s(dfe)iz; =
1 n—19
= o 8 [H]evars, 3, [ 1] @ntmre @i o=
_ 1 [w](@e), (b)) @) o0,
) [ " () e S [ 7] @ antan—ims i Ol
Let
x| (d/e): i
(6.4) S, —kgo [k] (a)i(b/a)n—x (), (b/a)e,
—_ S (a)'(c s qhs(s—1 bd
(6.5) Bo=0)n 2, (=1 [ ] ORC )(ac) '
We shall show that
(6.6) R,=8..

ProoF. Clearly (6.6) is equivalent to

(Q)n - ﬂgo S (Q)n

e

(6.7) 2 E

We rewrite (5.15) in the form

< (@), cla)

6. _
(6.8) 2 @07 o)’
where

(6.9) )= T =T[ L —g o).

n=0 (Q)n - n=0
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Then
250 =2 oy, oolar 3, =
=2, o P ey
3k = 5 e (bjf )'3, (q(ql;) "=
= 3 0 (W) o)

Thus (6.7) is equivalent to

< (a)(dfe) L 2 (gi@f - (bdw e(bx/a)
610) 2 @, PO =20 G, ) e(q*br) "

The right hand side of (6.10) is equal to

o (@@ 00y (B2 * 2 (g°0);
20 @ ’(ae) PR g, (bela)

P ](‘;;;sqm--» (4) -
”zoiz)): (ba:)n & (g ")l0), (q';d) ”ooo((,;;”( ) (%;

<o (@),

by (5.6). This evidently proves (6.10) and therefore proves (6.6). For
an identity containing (6.10) see [2].
Returning to (6.3), we have

12 [n] (@)e) (bdy’.
n <) [7] (d), (ac) “

! ,"_j — 1) n— ( )(qc)" $s(s—1) bd
@) 2 (—1) [ J( ad), L (ac)'

M

Rearranging and simplifying, we get

o~ [” (az)(ec)r (bA\* & k s(s—1) o
611) =2 [ ](b)k(d»c (ac) R H g
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Thus we have an explicit formula for the transformation T,,T.,.,.
Clearly (6.11) implies (6.1).

7. We may rewrite (5.7) in the following form.

(7.1) (@/a), = @!): ﬁ [Z] (@)(b/a)n-r(b/a)*(@[b)(q" @) -

k=0

This suggests the following problem. Let f(x) be a polynomial of
degree <mn. Assume that f(z) can be written in the form

n
(7.2) f(x) = zAn.k(w/a')k(qkw)n_k y
k=0
where @ is an arbitrary constant and
App=A,:(a, q)

is independent of . We shall show how to evaluate the coefficients 4,, ;.
Taking x = a in (7.2), we get

(7.3) (@)ndpo=f(a).
Next, for ¢ = ¢—'a, (7.2) reduces to

@) = (@ a)ndno— (1 — 0)(@)ns Ans
so that

(7.4) (1—q)(a)adsr= gl —qa)f(e) —q(1 —q"a)f(¢"a) .
For x = ¢g—%a, (7.2) becomes 1
f(g7a) = (q7*a)n dno— (1 — ) (g7 0) 01 A na+ (1 — ¢*)(@)n_240s -
This yields
(7.5)  (@Qa@)ndnz= ¢*(1 — g a)(1 —a)f(a) —
— 1+ )1 —ga)1—g*a)f(g ) +q(1 — ¢ 'a)(1 —g¢"*a) f(g~*a) .
For x = q*a, we get

(7.6)  (@)s(@)nAns= ¢*(g7'a)sf(a) — (1 + ¢+ ¢*)(qa)(q"*a) f(g*a) 4
+ 1+ g+ ¢®) (g ta)(ga) (g~ a) — ¢*(q"*a), f(g%a) .
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This suggests the general formula

k k .
(7.7) (@(@)ednr= ¢ Zo (—1)y [?] (q*7a);g4 P f(g 7a) .

Proor oF (7.7). To begin with, we have

(7.8) =3 (— [ ]qw~v(x/a (@5 @) .

k=0

Indeed, since
(1 _ qn) (1 _qn~k+1) — (_l)kan—ik(k—d)(q—«n)k ,

it follows from (5.6) that

3 1y m GO (@a) () sa* =
k-0

— @@ i () (D
=@ 3 g, = 0yt = (@

This proves (7.8). Now replace # by g™z in (7.8) and multiply by
(¢/a),. Then

n
@stean = 3 (<11 [}] 00t saar.
Changing the notation slightly, this becomes

e P [ PSS
(@/a)(g*@)n-ra* ™.

Next, if f(x) is an arbitrary polynomial of degree <=, we may put
n
(7.10) flz) = ¥ Cn(z/a)n,
m=0
where C, = C,(a, q) is independent of x. It is easily verified that

(7.11) (9) C = (ga)*0*f(a) ,
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where

Sy = @I

X
(7.12)

8 (@) = 0-81f(x) = ot z< 1)’ []q*m 9f(q-iz) .

It follows from (7.9) and (7.10) that

f(-x) E z (—1)%m [ z] q}(k—-m)(k—m—l)(m/a)k(qk$)"_kak_,,, _

m=0 (a')n—-m k=m

L n—m C
— k k—m Y k—m)(k—m—1) g k—m m
3 @anga)a 3 1) [k m] q o
By (7.11) and (7.12),

mn

(PnCrn = qm Z (—1)¢ [ ] ¢-vf(ga),
80 that

2 (___1)1: m[ :Z] ql(k—m)(k—m—l)ak—m C"‘ z (_l)k m[ m] .

m=0 (a‘)n—m m=0 —m

"l m

(Q)m(a)” —m g (—1)’ [ ] q}j(i—l)f(q_ja) _

. qi(k—m)(k—m—l)ak—m

= i (—1)igtivf(q 7 a) z (— 1)k=m ghk—m—m—1+m gk—m .

i=0 m=j
m(@d n—m n—
(9 (1 Y [ ][k m] Z (—1)igHi-Df(q-7a)-
1 Ek—m)|n—k+m
. —1)m }m(m-—lH—k—mam R . B .
Z ( ) q (q)k m(a)n k+m[ .,’ ][ m ]
The inner sum is equal to
ki (q)n—ker
—1)m }m(m—1)+k—7rzam —
mzo( " (@D k—i-m(Dm(@) 011
qk k—i (a—-k+)) (qn—k+1)m " Y
pr— - e — ] ma1pz —
(q)i(q)k-f(a’)n—k n=o (Qn(g"*a)m 1
q* ('a)-; _  q4g @),

T (@@ (@)ar (qwa) T (@A D—s(@)ns
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We have therefore

k
(7.13) flx) = kgo (/@) (q*®) s go (—1)* g} f(g-7a)-

gy 3 . ¢
@ @@y — 2 B C D (05

k
. 'go (—1) [,;] (q'a)i_;(g7a); ¢~V f(g 7 a) .

It remains to show that the coefficients A,, in (7.2) are uniquely
determined. Otherwise we should have

(7.14) i B (%/@)i(@* @) i = 0,
k=0

where not all the B, equal zero. For z =a, (7.14) implies B,= 0.
Assume that

By=..=B, ,=0, B,#0.
For x = ¢a, (7.14) reduces to

(q~"‘)m(a)n—mBm =0.

Since @ is not equal to ¢ * k=0,1,2,.., we get B, =0.
We have therefore proved the following.

THEOREM B. Assume a 5 q~*, where k is a nonnegative integer. Let
f(x) be a polynomial of degree <n. Then the coefficients in

n
f@) = 3 Anx(@/a)i(g*a)n_s
k=0
are uniquely determined by

x k
(De(a)ednr= ¢ ZO (—1) [?J (qa)k_s(g™7a); ¢t~V f(q-a) .

H
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