RENDICONTI
del

SEMINARIO MATEMATICO
della

UNIVERSITA DI PADOVA

H. M. SRIVASTAVA

Some expansions associated with Bessel and
hypergeometric functions

Rendiconti del Seminario Matematico della Universita di Padova,
tome 37 (1967), p. 11-17

<http://www.numdam.org/item?id=RSMUP_1967__37__11_0>

© Rendiconti del Seminario Matematico della Universita di Padova, 1967, tous
droits réservés.

L’acceés aux archives de la revue « Rendiconti del Seminario Matematico
della Universita di Padova » (http://rendiconti.math.unipd.it/) implique 1’accord
avec les conditions générales d’utilisation (http://www.numdam.org/conditions).
Toute utilisation commerciale ou impression systématique est constitutive
d’une infraction pénale. Toute copie ou impression de ce fichier doit conte-
nir la présente mention de copyright.

‘NuMbDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=RSMUP_1967__37__11_0
http://rendiconti.math.unipd.it/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

SOME EXPANSIONS ASSOCIATED WITH BESSEL
AND HYPERGEOMETRIC FUNCTIONS

di H. M. SRIVASTAVA (a Jodhpur) *)

1. In a recent paper we gave the expansion [4, (2.2)]
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where the notation for the double hypergeometric function is due to
Burchnall and Chaundy [1, pp. 112, 113] in preference to the one intro-
duced earlier by Kampé de Fériet.

Contemplation of this result leads to a more general expansion in
product of Bessel and generalised hypergeometric functions. The formula
is
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and it is easy to see that (1.2) reduces to (1.1) when p = ¢ — 1 =0 and
o1 =v + 1.

*) Indirizzo dell’A.: Department of Mathematics, The University, Jodhpur,
India.
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To prove (1.2) we expand the functions on the left in ascending powers
of z and use the formula [3, p. 25]
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u not a negative integer. We thus see that
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on setting m = n — r — s, and this proves the result.
For ¢ = b the inner sum in (1.4) is equal to
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when p = ¢ — 1 = 0 and ¢, = » 4 1, (1.5) becomes
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so that (1.2) reduces to
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The special case v=u-+1 of (1.6) is worthy of note, since we then have
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and this yields the elegant formula
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2. We now give two more expansions which are similar to (1.2), namely
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To prove (2.1) we expand the first member in ascending powers of ¢
and use Neumann expansion [5, p. 138]. The formula (2.2) can similarly
be proved by using the expansion [5, p. 141]

(=)

m!

When p = q — 1 = 0, the double hypergeometric function in (2.1)
reduces to Appell’s function F, which can be expressed as a product of
two ,F; s if A = u + g,, and we have
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(2.3) leads to Bateman’s well-known expansion [5, p. 370].
The F, obtained in (2.2) when p = ¢ — 1 = 0 can be expressed in
terms of F, if A = u + g, — 1, and we find that
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Rice ') [6, p. 62] proved this formula in a different way.
For a = b and p = ¢ — 1 = 0, the formulae (2.1) and (2.2) give
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1) Rice omits n! in the denominator on the right of (2.4).
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and this further reduces to
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The particular case @ =1 of the last formula is worthy of note
Thus we have

(2.9) sinz =2z 3 Tana(?)

n=0 1 1 !
Pz =n)r(z+)
which is a special case of Jacobi’

expansion [5, p. 22 (4)] for 5 = 2k=n,
k being zero or any integer. See also [7, p. 430]
In a similar way from (2.6) we obtain
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3. Finally we make use of the formula [5, p. 151}
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If we take b = a the hypergeometric function on the right is equal to
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when p =q¢—1 =0 and o, =v + 1.
Thus we have [2, p. 135 (4)]
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By the methods of the preceding sections we can obtain a number
of interesting special cases of the formula (3.2). Cf., e. g., [2] and [T7].

REFERENCES

[1] BurcHNALL J. L. and CHAUNDY T. W.: Expansions of Appell’s double hyper-
geometric functions (II). Quart. J. of Math. (Oxford), 1941, 12, 112-128.

[2] CArriTZz L.: Some expansions in products of Bessel functions. Quart. J. of
Math. (Oxford) (2), 1962, 13, 134-136.

[8] Luke Y. L.: Integrals of Bessel functions (Mc Graw-Hill, 1962).

[4] Srivastava H. M.: Some expansions in Bessel functions involving generalised
hypergeometric functions. Proc. Nat. Acad. Sci. India Sec. A (in course of
publication).

[6] WATsoN G. N.: A treatise on the theory of Bessel functions (Cambridge, 1944).

[6] RicE S. O.: On contour integrals for the product of two Bessel functions. Quart.
J. of Math. (Oxford), 1935, 6, 52-64.

[7] Srivastava H. M.: On Bessel, Jacobi and Laguerre polynomials. Rend.
Semin. Mat. Univ. Padova, 1965, 35, 424-432.

Manoscritto pervenuto in redazione il 20 settembre 1965.

(34



