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SURVIVAL PROBABILITIES OF AUTOREGRESSIVE PROCESSES

CHRISTOPH BAUMGARTEN!

Abstract. Given an autoregressive process X of order p (i.e. Xp, = a1Xpn-1+ - + apXn—p + Y

where the random variables Y7, Y2, ... are i.i.d.), we study the asymptotic behaviour of the probability
that the process does not exceed a constant barrier up to time N (survival or persistence probability).
Depending on the coefficients a1, ..., ap and the distribution of Y7, we state conditions under which the

survival probability decays polynomially, faster than polynomially or converges to a positive constant.
Special emphasis is put on AR(2) processes.
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1. INTRODUCTION

For fixed p > 1, define X,, = i,:l apXn_k + Yy, n > 0 with the convention that X,, = 0 for n < 0.
Throughout the paper, we assume that (Y;,),>1 is a sequence of 1.i.d. (nondegenerate) random variables. (X, )n>1
is called an autoregressive process of order p (AR(p)-process). We sometimes refer to the random variables
(Yy)n>1 as innovations. Denote by px(z) the probability that the process X stays below = until time N, i.e.

pN () ::IP’< sup Xn<x>, N>1,z>0.
n=1,....N

We refer to py as the survival probability up to time N, and we write py instead of py(0) in the sequel.

The aim of this paper is to study the asymptotic behaviour of py(x) as N — co. Sometimes, the problem
of determining the asymptotic behaviour of py(z) is referred to as one-sided exit or one-sided barrier problem
since py(z) =P (7, > N) where 7, :=inf {n > 0: X,, > z}. Such asymptotic results are known in a number of
special cases such as random walks, integrated random walks, fractional Brownian motion and AR(1)-processes.
The study of survival probabilities is motivated by several applications such as the inviscid Burgers equation [16]
or zeros of random polynomials [5]. We refer to the recent survey of Aurzada and Simon [2] and [12] for further
information, applications and references. For instance, if X is a random walk (p = 1,a; = 1), it holds that
pn(2) ~ c(x)N"V2HE[Y;] = 0and E [Y] = 1 (see e.g. Thm. XIL7.1ain [9]). In [14], the authors study AR(1)~
processes with a; € (0,1) and show that py(z) decays at least exponentially for a large class of distributions.
Bounds on the exponential rate of decay for AR(1)-processes with Gaussian innovations can be found in [1].
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Besides, the decay of the survival probability is known for integrated random walks (p = 2,a; = 2,a2 = —1): if
E [v1] =0, E [Y] € (0,00), it holds that py(z) =< N~1/* (see [4] and the references therein).

Taken as a whole, very little is known about the decay of py for AR processes except in the few cases
mentioned above. As noted in Dembo et al. [4], this would be of much interest in view of the frequent appearance
of AR-processes and survival probabilities in physical and ecomomic models. Here we investigate the behaviour
of the survival probability for such processes under various conditions on the distribution of the innovations.
Since an AR(p)-process X can be written as X, = >"}'_; ¢, Y) where the (¢,) solve the difference equation
Cpn = Q1Cn—1 + - -+ + apcy—p with suitable inital conditions, we search criteria for the sequence (c,,) that allow
us to characterize the survival probability. Specifically, we are interested in the following question for AR(p)-
processes: when is py of polynomial order, when does py converge to a positive limit and when is the decay
faster than any polynomial? This classification seems natural if one recalls the results for AR(1)-processes
X, = pXn_1+ Y, where ¢, = p™ for all n. In this case, the behaviour of the survival probability ranges from
exponential decay for p < 1, polynomial decay if p = 1 and E [Y;] = 0 to convergence to a positive constant if
p> 1.

As we will see, the sequence (¢,,) often has a much more complex form if p > 2 so that results for AR(1)—
processes generally cannot be extended directly to higher order processes. We will derive criteria that allow for
the classification of the asymptotic behaviour of the px as above. Particular emphasis is put on AR(2)-processes.

Let us introduce some notation and conventions: If f,g: R — R are two functions, we write f = g (x — 00)
if limsup, . f(z)/g(z) < oo and f =< g if f S g and g 3 f. Moreover, f ~ g (z — o0) if f(x)/g(z) — 1 as
x — oo. If (X3)¢>0 is a stochastic process, it will often be convenient to write X (¢) instead of X;. If X and Y
are random variables, we write X 2 Y to denote equality in distribution.

The remainder of this article is organized as follows. After presenting the main results for AR(2) processes
below, we start with some preliminaries on autoregressive processes in Section 2. In Section 3, we state general
conditions ensuring that py decays exponentially or at least faster than any polynomial. Special emphasis is
put on the case that (¢,)n>0 is absolutely summable and AR(2)—processes. We also prove exponential lower
bounds for certain classes of AR-processes. We then determine the region where the survival probability decays
polynomially for AR(2)-processes in Section 4, before briefly treating the case that px converges to a positive
constant in Section 5.

1.1. Main results for AR(2) processes

Let us illustrate our main result when X is AR(2), i.e. X;, = a1Xp—1 + a2 Xp—o + Y, with (Y3,),>1 i.1.d.
Recall that X,, = >"}'_; cn— Y% for n > 1. We decompose R? into three disjoint regions C, E and P (see Fig. 1)
defined as follows:

C = {(a1,a2) tap > 2,43 + dag > 0} U{(a1,az2) : a1 € (0,2),a1 +az > 1}
U {(al,ag) : a% +4as = 0,a1 > 2} U{(a1,az2) a1 =0,ae > 1},

P:={(a1,a2): a1+ a2 =1,as € [-1,1]},

E:=R*\ (CUP).

Depending on the membership of (a1, as) to one of these sets, we can characterize the behaviour of the survival
probability under certain conditions on the law of Y7.

If (a1,a2) € P, the survival probability decays polynomially if E [Y7] = 0 under suitable moment conditions.
The choice a; = 2,as = —1 corresponds to an integrated random walk where py =< N~Y/* if E[Y;] = 0 and
E [Y] € (0,00), see [4]. If a1 +az = 1 with |az| < 1, we will see that X can be seen as a perturbed random walk
since ¢, = ¢+ Ce™ where |¢] < 1. Moreover, X can also be written as an integrated AR(1)-process. The process
corresponding to a; = 0,a2 = 1 describes two independent random walks such that its survival probability is
the square of that of a random walk.
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F1GURE 1. The regions C' and E. P corresponds to the dotted line. The dashed line is the
boundary of C' whereas FE is open.

Theorem 1.1. Let (a1,a2) € P\ {(2,—1)}. Assume that E[Y1] = 0 and that E [e/"'"] < oo for some o > 0.
Then

py = N7V2eM (jgy) < 1), pv < N7' (ap=1).

Next, we also prove that the survival probability decays faster than any polynomial if (a;,as) € E under
certain conditions on the law of Y7.

Theorem 1.2. Let (a1,a2) € E. Assume that P (Y1 >0) € (0,1), E [em'a] < oo for some o > 0 and that
the characteristic function ¢ of Y1 satisfies p(t) — 0 as |[t| — oo. Then py Z exp(—=AN/logN) for some
A= )\(01,0,2) > 0.

Actually, we can show that py decays at least exponentially on most parts of E under various conditions
on Y. The reason for the rapid decay of the survival probability on E can be explained as follows: either ¢,, — 0
exponentially fast or (¢,,) oscillates and diverges to +cc.

If (a1,a2) € C, we will see that ¢, = exp(An(1+o0(1)) for some A > 0. One therefore expects that the process
stays below a constant barrier at all times with positive probability. This is confirmed by the following theorem:

Theorem 1.3. Let (a1,a2) € C. Assume that P (Y1 <0) >0 and P (Y1 > z) 2 (logz)™® as © — oo for some
o > 1. Then it holds that

P (suan < 1’) = lim py(z) >0, z>0.
nZl N—oo

Note that the assumption E [Y7] = 0 is essential for the polynomial behaviour of py if (a1, az2) € P. For in-
stance, if (S, )n>1 is a random walk, it is known that the survival probability can decay polynomially or expo-
nentially if E [S1] > 0 [6] whereas it converges to a positive constant if E [S1] < 0. In contrast, if (a1, a2) € EUC,
the behaviour of py is more stable in the sense that Theorems 1.3 and 1.2 do not rely on the condition E [Y37] = 0.

The best results can be obtained if the innovations are Gaussian. In that case, one can actually prove that
pn admits an exponential upper bound for all (a1, a2) € E. Summing up, this leads to the following theorem:

Theorem 1.4. If Y7 is Gaussian with zero mean, the following statements hold:

1. imy 00 PN = Doo > 0 if and only if (a1,a2) € C,

2. pn ~ eN"'iff (a1,a2) = (0,1), and py = N~V iff (a1,a9) = (2, -1),
3. pn = N~V 4f and only if (a1,a2) € P and |az| < 1, and

4. pv e N for some X\ > 0 if and only if (a1, az) € E.
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The theorems above are mostly corollaries to more general theorems that are also applicable to AR(p)-
processes if p > 3 (see e.g. Thms. 3.2 and 3.10 and Props. 3.17 and 5.1 below). We will indicate possible
extensions troughout the article. The main advantage of focussing on AR(2)-processes consists of the fact that
we have an explicit solution of the difference equation for the sequence (c¢y)n>0. For instance, this allows us to
explicitly describe the parameters (aq,as) such that ¢, — 0.

Even for AR(2)—processes, one is forced to distinguish a variety of cases that require different treatment. It
is clear that this becomes much more complicated for processes of higher order. Finally, let us mention that the
class of AR(p)-processes contains p-times integrated centered random walks S) as a special case (i.e. SV is a

centered random walk, and S,(Lp ) = Shey S,(Cp _1)). Here, the behaviour of the survival probability is not known
for p > 3.

2. AUTOREGRESSIVE PROCESSES

We begin by recalling a few facts about AR(p)—processes. For fixed p > 1, define X,, = > 7_; apXpn_p + Y,
n > 0 with the convention that X,, = 0 for n < 0 where (Y,),,>1 is a sequence of i.i.d. random variables. One
verifies that X, = >"}'_, ¢,—Yi where

P
cp, =0, n<O0, co =1, cn:Zakcn_k, n > 1.
k=1

In other words, (¢, )n>0 solves the linear difference equation
Cn = Q1Cp—1+ ... ApCn—p, N = P,
with initial conditions
co=1, c1=aicy, co2=aic1+ ascy, ..., Cp—1 = Q1Cp—2 + -+ + Ap—1Co-

Solving this equation amounts to finding the roots si,...,s, € C of the characteristic polynomial f,(-), given
by fp(x) =P — > 7_ apaP~* x € R. If p = 2, the roots s1,s2 of fo(A) = A? — a1\ — az are given by

s1:= (a1 +h)/2, s3:=(a1—h)/2, h:=/a?+4ay€C. (1)
Taking into account the inital conditions ¢g = 1, ¢y = a1, one can show that

- +1 +1
cn:{hl(s? — sy, n>0, a?+4az#0, )

(a1/2)" (n +1), n>0, a?+4ay=0.

If a? + 4ap < 0, writing 51 = re’? and sy = 51 = re " in polar form, elementary manipulations show that the
solution is given by

en = 2as] " 2 sin((n + 1)) /h, (3)
where
arctan(h/a;) € (0,7/2), a; >0,
h=4/—(a?+4a2) >0, @=1qm/2, a; =0,

7+ arctan(h/a;) € (7/2,7), ap < 0.
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Remark 2.1. It holds that ¢, — 0 if and only if max {|s;|,|s2|} < 1 which is equivalent to the conditions
ar+ax <1, ax<l+ay, a>-—1,

see Theorem 2.37 of [7].

(0,1)

FIGURE 2. The region of parameters (a1, az) where ¢, — 0.

Remark 2.2. Note that the convention that X,, = 0 for n < 0 is not standard to define autoregressive processes.
It is often customary to define AR(p)—processes as follows, see e.g. Chapter 3 in [3]: If (Y},)nez is a sequence of
i.i.d. random variables, X = (X, )nez is AR(p) if

Xp=aXp o+ +apXp_p+Y,, neZ

Moreover, X is called causal if there exists a deterministic sequence (c¢p)n>0 With > |c,| < oo such that
Xn = 220:0 CnYn—k~

By Theorem 3.1.1 of [3], X is causal if and only if the polynomial p(z) =1 —a1z — - - — apz? has no zeros in
{z € C:|z| < 1}. In that case, the coefficients ¢, are determined by the following relation Y, cx2* = 1/p(z)
for |2| < 1. Equating the coefficients of ¥, one easily verifies (or see Sect. 3.3 in [3]) that the sequence (¢, )n>0
satisfies the same recursion equation with the same initial conditions as above. Hence, if X is a causal AR(p)—
process, we can decompose it for n > 1 in the following way:

n—1 o) n o
Xp = Z cRYn Kk + Z ckYn k= Z Cn—k Yk + ch+ky—k =X+ x2.
k=0 k=n k=1 k=0

Note that X and X are independent and that X is an AR(p)—process in the sense of this article. The
term X (?) can be seen as a small perturbation since E HX,(LZ) H <E[Y1]] X5, ¢k — 0.

Moreover, the fact that ¢, — 0 allows us to apply Theorem 3.5 below if X AR(p) in the sense of Brockwell
and Davis. By using the alternative definition above, we can also define autoregressive processes when c¢,, does
not go to zero and we get a much larger class of processes including, for example, random walks.

We will use different methods to prove certain statements about the survival probability depending on the
parameters (a1, az2). To this end, set

FE = {(01,02) rap < 0,a2 >0,a9 >1 —|—a1}, By = (—00,0]2,
FEs = {((11,(12) tayp > 0,(1% + das < 0}

Figure 3 will be helpful to visualize the regions that will be considered separately below.
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az

E;

FI1GURE 3. The regions E1, Fs, B3 and C.

Let us also comment briefly on the dependence of the survival probability on the barrier = for AR(p)—processes.
In principle, the behaviour of the survival probability can vary significantly for different barriers. An extreme
example is an AR(1)-process Z,, = pZ,—1 + Y, where p € (0,1) with P (Y1 =1) =P (Y1 =-1) =1/2. It is
known that py 3 exp(—AN) for some A > 0 (see Thm. 3.1 below), whereas py(z) = 1 for all z > 1/(1 — p)
since [ X, | = |34, 0" MYa| < 3502 0F = 1/(1 - p).

On the other hand, if ¢, > ¢ > 0 for all n > 0 and P (Y7 < —¢) > 0 for some € > 0, one can show that
pn(z) < pny as N — oo for all z > 0. Indeed, note that if Y7 < —e, it follows that X,, = cn,lYl—}—ZZ:Q Cn1Yr <
—€d 4+ > ) Cn—k Y, so that

n
py =P < sup X, < 0) >P(Y1 <—€¢)P | sup chfkyk < de
n=1,...,.N n=2,...,.N h—2

>P (Y1 < —€)pn(de).

Tteration shows that py > P (Y1 < —e)LpN(L6e) for L=1,...,N. Hence, if x > 0, take L with Lde > x to get
that P (Y7 < —e)LpN(x) < pn <pn(z) for all N large enough.

3. EXPONENTIAL BOUNDS

3.1. Exponential upper bounds

Let us begin with a trivial observation: If a; <0,...,a, <0, we have that

P( sup X, §0> <P(y; <0V,
n=1,...,N

since X; < 0,...,X, <0 implies that ¥}, < —a1Xp—1 — - —apXp—p < O0forall k =1,...,n. If p =2, this
shows that py decays exponentially on Fs, see Figure 3.

As we will see in the sequel, exponential decay of py occurs for two differnt reasons: first, if ¢, — 0 and
second, if (¢, )n>0 oscillates and diverges exponentially fast.
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Let us first consider the case that ¢, goes to zero. Recall that for AR(1)-processes (Zy),>1 with Z,, =
pZn—1+Y, for p € (0,1), ¢, = p" — 0 and py decays exponentially under mild assumptions on the distribution
of Y7 by Theorem 1 of [14]:

Theorem 3.1. Let 0 < p < 1, > 0 and assume that E [(Y;)°] < oo for some 6 € (0,1) and
P(Yy > x(1—p)) > 0. Then E [exp(at,)] < oo for some a > 0.

We now state a similar weaker result that provides a simple criterion for AR(p)-processes to ensure that
pn decays faster to zero than any polynomial.

Theorem 3.2. Let (cy)p>0 denote a sequence with ¢ = 1 and A := Y 72 lck| < oo such that
Zzozq lex] < Ce 2 for every q > 1 where C,\ > 0 are constants. Assume that there is v > 0 with

min {P (Y1 < —v),P (Y1 > )} > 0 and that E [|Y1|6} < oo for some § > 0. Let X, = > 1 _; cn—i Y. Then
for x € [0,vA), there is ¢(x) > 0 such that

pn(x) 3 exp (—c(x) \/N) , N — oo
Moreover, if E [exp(]Y1|")] < oo for some a > 0 and x € [0,7A), there is c(z) > 0 such that
pn(x) 3 exp (—c(z) N/logN), N — oo.

Proof. For q > 1, define Z, ,, = Zzznfq Cn—k Yy for n > g+1. Note that Z, ,, is measurable w.r.t. o(Y,,—q,...,Ys)
which implies that (Zg ,(q+1))n>1 defines a sequence of i.i.d. random variables with Z, 441 = X441 We will
show that Z,,, is a good approximation of X, if ¢ is large. We then obtain an estimate on px(z) by computing
the survival probability of the independent random variables (Z; (g4+1)n+1)n>1-

> u)

First, observe that
N n—1
= Z P Z Y| >u | = hN(u) (4)
k=q+1

n—qg—1
E Cn—k Yk
k=1

n=q+2,...,N n=q+2

N
IP’( sup | X, — q7n|>u>§ Z IP(
n=q+2

In the first equality, we have used that the Y} are i.i.d., and therefore exchangeable.
Hence,

IP’( sup Xn§x>§P< sup qugx—i-e)—l—hN(e)
n=1,..,.N n=q+2,....N

=L, [((N=1)/(g+1)]

=P (Zyqt2 <z + G)L(N_l)/(qH)J + hy(e), (5)

<P ( sup Zgn(g+1)41 < T+ e) + hn(e)

where we have used the fact that (Z, ,,(g4+1)+1)n>1 is an i.i.d. sequence. Since the (Y;,) are i.i.d. (and therefore
exchangeable), we get for y € R that

q 00
P(Zgq+2 <y) =P (Z ckYiy1 < y) —P ( ekYiy1 < y) ;g — 0, (6)
k=0 k=0

since the series ZZO:O ¢ Y1 =: Z converges a.s. by Kolmogorov’s Three Series Theorem. Next, P (Z <y) < 1
for every 0 < y < vA by Theorem 3.7.5 of [13]. Then for 0 < y < A, by (6), there is p = p(y) < 1 such that
P (Zyq+2 < y) < p for all ¢ sufficiently large.
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Note that

n

oo
sup Z cpYr| < sup |V Z len] <Ce ™ sup Vi,
n=q+1,...,N k—q+1 l=q+1,...,N k—q+1 l=q+1,..., N

so we see that

N
hn(u) < Z P ( sup  |Yi| > eAqu/C> < N?P (|v1] > eAqu/C). (7)
negil \k=a+Ll.N

Let ¢ = qn := [BVN] —1, 3 > 0. If u > 0 is such that z + u < A, we deduce from (5) and (7) (using
Chebychev’s inequality) that

pr(@) < N7 4 N2E [|Vi]°] (u/C) TPV,
By choosing ( sufficiently large, the theorem follows under the assumption \Yl\é
If E [exp(|Y1]|”)] < oo, the estimate on hy becomes

is integrable.

hn(u) < N?P (|Y1] > e’\qu/C') < N%exp (—ea’\q(u/C)Q) E [exp(|Y1|%)] .

In particular, with ¢ = gn = |klog N |, if k is large enough, this implies together with (5) that, for some
c(z) >0,
py(z) 3 N2e N 4 plN/(an+1)] < exp(—c(z)N/log N), N — oo. O

The proof of Theorem 3.2 reveals that fast decay of py can be explained intuitively as follows: if we write
X, = Z;f_l Cn_1Ys + Zzznfq Cn—k Y%, the first summand is typically small if ¢ is large and ¢, — 0. Hence,

n g+1 N/q
P ( sup X, §)) ~P sup Z CnekYpy <0 | =P (Z Cnk Y3 < O) )

n=1,...,N n=q+1,....N k=n—q k=1

Remark 3.3. If (c;),>0 denote a sequence with ¢g = 1 and > .o |ck| < co and [Yi| < M a.s. for some
M < o0, one can prove in an analogous way that even py 3 exp(—cN) for some ¢ > 0 since hy (u) in the proof
of Theorem 3.2 vanishes for ¢ large enough.

Remark 3.4. As it was already remarked in [14], if (cy)x>0 denotes a sequence of positive numbers, one has
that

Xn =Y caVe =Y enwYilivocny = O cn iV = Xp,
k=1 k=1 k=1

such that P (X,, <z,Vn < N) <P (Xn < x,Yn < N ). Hence, if the ¢, are positive, one can assume without

loss of generality that the innovations are bounded from above in order to establish an upper bound on the
survival probability. Hence, the moment conditions of Theorem 3.2 only apply to Y;~ in that case.

For AR(2)-processes, Theorem 3.2 is applicable if a1 +as < 1, as < a1 + 1 and ag > —1, ¢f. Remark 2.1 and
Figure 2. Moreover, the preceding theorem can be generalized easily to cover more general processes (such as
autoregressive moving average models ARMA (p,q) and moving average processes of infinte order MA(c0), see
Sect. 3 in [3]):

Theorem 3.5. Let (cy)rez denote a sequence with ¢g = 1, A = Y77 |ex| < oo and Doikizq ol <
Ce™™ for all ¢ > 1 and some X > 0. Let (Yi)rez be a sequence of i.i.d. random variables such that
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min {P (Y7 >~v),P Y1 <—y)} > 0 for some v > 0 and E UYH&} < oo for some 6 > 0. Let X, :=
Y ore oo Cn—k Yy forn € Z. If € [0,7A), it holds for some ¢(x) > 0 that

P ( sup X, < .TJ) < exp(—c(z)VN), N — oco.
[n|<N

Moreover, if E [exp(]Y1|")] < oo for some a > 0 and z € [0,7A), there is c(z) > 0 such that

P ( sup X, < x) S exp(—c(x)N/log N), N — oc.
[n|<N

Proof. X,, is well defined for every n € Z by Kolmogorov’s Three Series Theorem. The proof is then very similar
to that of Theorem 3.2. We define Z,, ,, := ZZifkq Cn—1Yx. Note that (Zg ,(2941))nez are i.i.d. random variables
with Z;0 = ZZ:_(I ¢ Yy. The remainder of the proof is along the same lines of the proof of Theorem 3.2. [

In certain special cases, we can improve Theorem 3.2. Namely, if (¢,) is a sequence of positive numbers and
cn = p"(1 + 0(1)) where p € (0,1), it follows from Theorem 3.1 that py goes to zero exponentially fast under
mild assumptions on Y7:

Proposition 3.6. Let (¢y)n>0 be a sequence such that aCp™ < ¢, < Cp™ for alln > 0 where p € (0,1),0 < a <
1, C > 0. Assume that E [(Y;")°] < oo for some § € (0,1). Let x > 0 be such that P (Y1 > z(1 — p)/(aC)) > 0,
and X, ==Y p_, cnYi. Then there is some X\ = X(z) > 0 such that py(z) 3 exp(—AN).

Proof. Define the i.i.d. random variables Vi :=Ys Liy, <oy + i liy, >0y, B > 1. Since ¢ > 0 for all k, we obtain
that

X, = ch—kYk > Z Cpn_kYkl{yk<0} + Zan”_kYkl{on} = Czpn_kifk =:CZ,,
k=1 k=1 k=1 k=1
where Z,, := pZ,_1 + ffn In particular, we conclude that

]P’< sup Xn<:r><]P’( sup Zn<:c/C>.

n=1,...,.N n=1,...,.N

Now P (f’l >x(l — p)/C) =P (Y1 > 2(1—p)/(aC)) > 0 by the choice of x. Hence, the result follows from
Theorem 1 of [14] (Thm. 3.1 above). O

The preceding proposition yields the following corollary for AR(2)-processes:

Corollary 3.7. Let a; € (0,2),as < 0 with a1 +as < 1 and a3 +4as > 0. Assume that E [(Y;)°] < oo for some
0 €(0,1) and P (Y1 > y) > 0 for every y. For every x > 0, there is A\ = X(x) > 0 such that py(x) 3 exp(—AN).

Proof. Tt is not hard to check that 0 < sy < s1 < 1. Hence, ¢, = s7(s1 — s2(s2/51)")/h and h~=1(s1 — s2)s} <
cn < h_ls?+1 for all n. The result follows from Proposition 3.6. O

If |Y1| < M as., the preceding corollary is not applicable. However, we already know that py < e™“V for
some ¢ > 0 in that case, see Remark 3.3.

Let us now establish exponential upper bounds for py for certain distributions if the sequence (¢, ) oscillates
and diverges exponentially. The proof relies on the following proposition.



154 C. BAUMGARTEN

Proposition 3.8. Let p € (—1,1) (p #0) and set Z := ", p"Y,. Moreover, suppose that E [|Y1]"] < oo for
some a > 0. Let ¢ denote the characteristic function of Y1 and assume that there are A € (0,|p|) and tg > 0
such that |o(t)| < A forall [t| > to. It follows that P (|Z]| <€) Z e ase 0.

Proof. Z is well-defined and its characterisitic function ¢ is given by ¢(t) = 177, ¢(p™t), see e.g. Section 3.7
of [13]. Let us show that ¢ is absolutely integrable. If this holds, by Theorem 3.2.2 of [13], Z admits a continuous
density g given by

1 [ _,
g(z) : / e o(t)dt, z €R.

:% .

In particular, g is bounded implying that P (|Z]| <€) < C'e for any € > 0.
To prove the integrability of ¢, let A and ¢y be as in the statement of the proposition and note that

()] = [T (") < AN,

n=1

where N(t) = # {n > 1: |p"t| > to}. One verifies that N(t) = [(log(t) — log(to))/log(1/ |p|)| so that

()] < exp (1ogA (M - 1)) _ o,

log(1/ |pl)
where C' depends on tg, p and A only and « := log(1/A)/log(1/|p|) > 1. This shows that |@¢(¢)| is integrable
over R. ]
Remark 3.9. Recall that lim_E [e”X] = 0 if X has an absolutely continuous distribution, see e.g.

Section 2.2 in [13]. However, if the distribution of X is purely discrete, limsup;_, |IE [e”XH =1, and in
general, it is a very challenging problem to find conditions such that the random series Y ;- p"Y, has a den-
sity. This question has attracted a lot of attention for so-called infinite Bernoulli convolutions. We refer to [15]

for a survey.

We can now prove the following theorem.

Theorem 3.10. Let X,, = Zzzl Cn—k Yy where ¢, = dp™ + Bpr™ where d # 0, p < —1 and |p| > |r| and
|Bn| e — 0 as n — oo for every A > 0. Assume E [|Y1|"] < oo for some a > 0. Moreover, suppose that the
characteristic function ¢ of Y1 satisfies the inequality |p(t)] < A < 1/ |p| for all |t| large enough. Then there is
a constant C' > 0 such that for every x > 0, it holds that

liminf —N ! logP < sup X, < x) > C.
N—o0 n=1,...,.N
If E [exp(]Y1]™)] < oo for some o > 0, then

oo Jloslo/rl. > 1,
~ | log|pl, else.

Proof. Assume w.lo.g. that d = 1 (write X, = >.}'_ (cy—x/d)(dY})). Let B = sup{|Bo|,...,|Ba]} and
Ey ={Y1| < fn, .-, |Yn| < fn} where 1 < fy — o0 is to be specified later. On Ey, it holds forn =1,..., N
that

Xn = ch—kYk = Zp"_kyk + Zﬁn—an_kYk
k=1 k=1 k=1

n

n N
e R YD I D BV e PRI Y S
k k=1 k=0

=1

>

NE

E
Il

1
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Case 1. Consider first the case that 3,, # 0 for some n. Let Ry := Ziv:o |r|k. Then

pn(z) <P(ER) +P ( sup Nankak <z + BnfnRn, EN) : (8)
=L N p=

Note that Z,, :== Y __, p" *Y} is an AR(1)-process satisfying Z, = pZ,_1 +Y,,. Let us begin with the following
useful observation: if Zy_1 < zand Zn < z for some large z > 0, we have with high probability that |Zy_1| < z.
This will allow us to reduce the estimation of py(z) to controlling P (|Zn| < zxn) where zy — 00 as N — oc.
To be precise, note that

{Zn-1<2,Zn <z} C{|Zn-1| < 2} U{ZNn_1 < —2,Zn < 2z}
C{1Zx 1] < 2} U (¥ < (1— |2} )

For the last inclusion, we have used that the event {Zy_1 < —z, Zy < z} implies that z > Zy = pZny_1+ YN >
—pz + Yn. Hence, combining this with (8), we obtain that

pr(@) <P (E5) +P (Zy-1 S o+ BnfvRy, Zy < v+ By fvEx)
<P(BY)+P (1Zyal <o+ A fvR) +P (Vi < (1= lol) (@ + B S Bi)) (10)
It remains to estimate the three probabilities above. Clearly,

N
P(Ey) =P (U {Yn| > fN}) < NP (V] > fn).

n=1

Next, since |p| > 1 and ﬂAN > (> 0 for some § > 0 and for all N > Ny large enough and Ry > 1, it follows
that
P (Yn < (1 Ip)@+ By fxRx)) P (il (ol = 1)8Sn), N = No.

For large N, using the last two inequalities in (10), we arrive at
pa () < (N + )P (V1] = Crfw) + P (1Zn-1] < 205 xR ) (1)
where Cy := min {1, (|p| — 1)3}. Set Z,, := p~"Z, = > p_, p_*Vi. Then
P (|ZN—1\ < QBNfNRN> =P (’ZN—1’ <2 \p\_(N_l) BNfNRN) .

Note that Z, converges a.s. to a random variable Zoo by Kolmogorov’s Three Series Theorem. Moreover, for u,
v >0,

)

P(‘ZOO’ Su—l—v) EP(‘ZOO—ZN‘ Su—l—v—‘ZN

ZN’ SU)

o] 2] e (- 2] =0) (] 1)

The last equality follows from the independence of increments of Z. Hence,
S(ATED

1P (|2 = Zn| > v)

]P’(‘ZN‘Su>§ , u,v>0,N>1.
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Using this inequality with u =v = Cy \pFN By fn RN, we obtain that
P (’Zoo’ <dlp| NV BNfNRN)
> 5 —(N-1) 5
1P (|2~ 2y | > 200 B fnRy)

< 2P (| Zec| <41l v Ei)

where the last inequality holds for all N sufficiently large in view of the following estimates: Since Ry > 1,
By > >0 for large N, E[|Y1|"] < oo (w.l.o.g. a € (0,1)) and fy — oo, we have that

> Y,

n=N

P (‘ZN—l‘ < 2]p| "7V BNfNRN> <

a

P (‘ZOO — ZN_l‘ > 2 \p\f(Nfl) BNfNRN) <P (

> (28 |p|" MY fN>a>

> I - et I 1
<P D 1ol Yalt > 281017 f >“> < T Pl
<§ M) B fe

o~
<C

2" eN o = C2F2
T S T
In the first inequality, we have used that (x +y)* < 2%+ y® for z,y > 0 and a € (0, 1). We have shown that (11)
implies for all N large enough that

p(@) < (N + P (Vi) = Cofn) + 2P (|Zoo| < Calpl™ By fuRn) - (12)

0.

If fx — oo is chosen such that [p| ™ BnfnvRnx — 0, we conclude from (12) (recall that A < 1/|p|) and
Proposition 3.8 that

pr(x) < (N + P (V1] 2 Cifn) + Calol ™ By fnRy, N — oo (13)

Let us now state the suitable choice for fy. First, recall that by assumption, we have that By = e’

Assume first that |r| < 1. Then Ry < N. One can set fy := 6~ where 1 < § < |p|, use Chebychev’s inequality
(recall that E [|Y1]“] < 0o) and (13) to show that

pn () 3NN+ |p/6| N ? NN = e®™) (57 A (|p] /6) 7N, N — oo
If |r| > 1, Ry = |r|", take fy := 0" where 1 < § < |p/r|, and as above, one sees that
pr (@) 3 N6 4 |p/(8r)| 7V &) = ™) (5 A (|p/(rO)) TV, N — o0
If E [exp(|¥1]|®)] < oo for some o > 0, it suffices to take fy := N2/® to obtain
px(x) < (N + DE [exp(|Vi|")] exp(~CFN?) + Cs |p| = X NIN*/*Ry,

and it is then easy to conclude that liminf —N~'logpn(x) > —log(1/|p]) = log(|p|) if |r| < 1, and
liminf —N~tlogpn(x) > log(|p/r|) if |r| > 1.

Case 2. Finally, assume that (8, = 0 for all n. Then X,, = Z, = >} _, p"*Yy. Let 0 < fy — o0 to be specified
later. Clearly, for large N,

P < sup Zp < x) <P(Zno1<x,Zn<z)<P(Zn_1<fNn,Zn < fN)
n=1,....,N

SP(Znvaal < fv)+P X< (1= o)) fn),

where we have used (9) in the last inequality. But the last line is just a special case of (10) with x = 0, By =
Ry =1, so we can proceed as above. O

We can apply Theorem 3.10 to prove that py decays exponentially for (a,as) € Ey, ¢f. Figure 3.



SURVIVAL PROBABILITIES OF AUTOREGRESSIVE PROCESSES 157

Corollary 3.11. Let (a1,a2) € Ey. Assume that Y1 satisfies the conditions of Theorem 3.10. Then there is a
constant C' > 0 such that for every x > 0, it holds that

liminf —N ! logP < sup X, < x) > C.
N—o0 n=1,...,.N

If E [exp(]Y1]™)] < oo for some o > 0, then

C > 10g(‘82‘/31), ai + ag > 1a
~ lloglsal, else.

Proof. For (a1,az2) € Ei, we have that s < —1 and |s2| > s1 > 0. Hence, we can apply Theorem 3.10 with
p = sg and r = s1. To get the lower bound on C| note that |r| = s; < 1 amounts to a; + as < 1. O

Remark 3.12. One can show by direct computation that the correlation coefficient p, of X,,_; and X,
given by
pn =E [X;—1X,] /4/E [X72z—1] E [X7],

satisfies p, = —1 + O(|s1/52]"). Clearly, py <P (Xn_1 <0,Xy <0), and if V; is a centered Gaussian random
variable, we get in view of a well-known formula for Gaussian random variables (see e.g. Exercise 8.5.1 in [10])
that

1
P(Xn_1<0,Xy<0)= o (g —|—arcsinpN>.

Since 7/2 + arcsinx ~ /2(1 4+ x) as « | —1 (by 'Hoépital’s rule), it follows that py 3 |51/32\N/2.

Note that the previous results do not cover the case a1 + 1 = ag if as € (0,1). Let us now turn to this
particular case. One verifies that ¢, = (a7 4 (=1)")/(a1 + 1), i.e. ¢, oscillates but does not diverge as in
Theorem 3.10. We show that py still decreases at least exponentially in this case.

Proposition 3.13. Let a1 + 1 = as and set Z,, = asZp_1 + Yy, for n > 1. Then, for all x >0 and N > 1,

IP( sup Xn§x> S]P’( sup Zn§2x>.
n=1,...,.N n=1,...,.N

In particular, if az € (0,1), E[(Y;")°] < oo for some § > 0 and P (Y7 > 2x(1 —az)) > 0, it holds that
pn(z) 2 exp(—AN) for some A = A(z) > 0.

Proof. Note that X,,11 + X,, = (a1 + 1) X, + a2 Xp—1 + Y1 = a2(X,, + Xpi—1) + Y41. Hence, (Z,,)n>1 can
be written in the form 7, := X, + X,,_1. In particular, X,, < x for n = 1,..., N implies that Z, < 2z for
n=1,...,N.

If as € (0,1), we deduce from Theorem 3.1 that py(z) decays exponentially under the conditions stated
above. O

In fact, the idea of proof of Proposition 3.13 can be generalized as follows: if X is AR(p), one can try to
determine b1, by > 0 such that (Z,),>1 is AR(p — 1) where Z,, := 01 X,, + b2 X,,—1. Then we always have that
X, <0Oforn=1,...,N implies Z,, <0 for n=1,..., N. We carry this out for p = 2.

Proposition 3.14. Let a% + 4ay > 0. Moreover, assume that either ai,as < 0 or that a1 + as < 1 if as > 0.
Then so <0, —as/se <1 and Z,, := X,, — $2X,,_1 satisfies Z,, = —as/s9Zp—1+ Y,. In particular,

IP’( sup Xn§x> S]P’( sup Zn§(1—52)33>, x> 0.
n=1,...,.N n=1,....N
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Proof. Let us determine by, by > 0 such that (Z,),>1 defined by Z, := b1 X, + b2X,,—1 is an AR(1)-process.
We have that

biay +0 b
Ly = (blal + b2)Xn—1 + b1a2Xn—2 + blyn = mlbifblxn L¢2b2 Xp—o+ blyn
Hence, if (byay + b2)/b1 = biaz/be, it follows that
bras
Zn - Zn 1 + b1Y - _anl + bIYna
bo A

where A\ := by/by > 0 satisfies a1 + A = as /], i.e. A2 4+ a1\ — ag = 0. The solutions to this equation are —s; and
—5$5. Since a% + 4az > 0, we have that s2 < s1. Hence, we can find A > 0 such that Z defines an AR(1)-process
if and if only s5 < 0, and A = —s5 in that case. Now s5 < 0 amounts to a; < 0 or aj,as > 0 since h > 0.

It follows that

N N
() {Xn <2} ﬂ §b1+b2m}—ﬂ{Z <b(1—sy)z}, z>0.

n=1

Finally, as/X < 1 if and only if a1 + 2as < h. If a1, as > 0, this amounts to a1 + a2 < 1.

In the remaining cases, we necessarily have that a; < 0. If also a1 + 2a2 < 0 (in particular, if a;,a2 < 0), the
inequality is obviously satisfied. Finally, if a; +2as > 0, a3 +2as < h is equivalent to a? +4aias +4a3 < a? +4as,
i.e. a1 + as < 1 since as > 0. The assertion of the proposition follows if we set by = 1 and by = —ss. O

The preceding proposition allows us to find exponential upper bounds for the survival probability py for a
wide class of distributions. Specifically, we obtain exponential upper bounds for certain parameters a; and as
and distributions that do not fulfill the requirements of Theorem 3.10. Let us record this result as a corollary:

Corollary 3.15. Let a1, as be such that as > 0 and ay +as < 1. Assume that E [(Yf)o‘] < oo for some o > 0.
Let x > 0 such that P (Y1 > (1 — s2)(1 — az/s2)) > 0. Then py(z) Z exp(=AN) for some A = A(z) > 0

Proof. Set p := —aa/se and let (Z,)n>1 satisty Z,, = pZ,_1 + Y,. By Proposition 3.14, we have that p € (0,1)
and that py(z) <P (sup,—;. y Zn < 2(1 — s2)). The claim now follows from Theorem 3.1. O

Let us finally turn to the region a; > 0 and a? +4az < 0 (F3 in Fig. 3) so that the expression for ¢, involves
the function sine, cf. (3).

Proposition 3.16. Let (a1,a2) € Es. Assume that P (Y1 > 0) > 0. Then there exists X > 0 such that py =
exp(—AN) as N — oo.

Proof. The recursion X,, = a1 X,,—1 + a2 X,,_o + Y, allows us to express X,, as follows (n > k + 2):
Xn = Xnk+ BeXnp-1+ Le(Yon—ks1,...,Yn)
where Li(z1,...,z)) is some linear combination of z1,...,z. Clearly, aq = a1, /1 = as and Li(z1) = x1 and

iteratively, we get that agy1 = arax + Bk, Br+1 = asag and Liyq1(x1,. .., Tpr1) = oy + Li(xa, ..., x41) for
k > 1. In particular, ap = a1 4+ asag_s for k > 2 with g = 1 and a3 = aq, hence,

ap =g, PBr =ascp—1, Lp(xy,...,x1) = ch—j$j~
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Let ¢ :=inf {k > 1: ¢, <0} > 2. Assume for a moment that ¢ < co by (3). Then, if X,, <0 for all n < N, it
follows that

0 Z Xn = Can_q + agcq_an_q_l + Lq(Yn—q—i-la ey Yn)
>04+0+4+ Ly(Yn—gt+1,---5Yn), n=q+2,...,N,

where we have used the fact that ascy,—1 < 0 by the definition of ¢ and the fact that ap < 0 on Ej3.
In particular, we have that

P ( sup X, < 0> <P < sup Lg(Yn—gt1,---,Yn) < 0)
n=1,....N n=q+2,....N

<P sup Lo(Yk-1)g+3,- -+ Yg+2) <0
k=1,....,[(N-2)/q]

<P (LQ(YSa sy Yq+2) <0) L(N=2)/q] ,

since (Lq(Y(k—1)g+3>- > Yrq+2)k=1,2... are i.i.d. Next, note that X, and Ly(Y3,...,Y;2) have the same law.
Hence, using that cg,...,cq—1 >0 and P (Y; > 0) > 0, we have that

q
P(X,>0)=P (Zcq_kYk > 0> >P(Y; >0)7>0.
k=1

It remains to show that ¢ < oo. Let ¢ € (0,7/2) (since a; > 0) be the angle associated with (a1,as2) in (3).
It follows from (3) that ¢, < 0 for some n if sin((n 4+ 1)¢) < 0. Take n = [7/p]. Clearly, 7 < (n + 1)p <
(/@ + 2)p < 27 since ¢ < m/2. In particular, we have shown that ¢ < [7/¢]. O

We are now ready to give a Proof of Theorem 1.2 which is a corollary of the previous results. A look at
Figure 3 will be helpful to distinguish the different cases.

Proof of Theorem 1.2. On Ej, the assertion follows from Corollary 3.11. On Ey = (—o0c,0]?, the assertion is
trivial. If (a1,a2) € FEs3, we can apply Proposition 3.16. The remaining cases covered by Theorem 3.2 and
Proposition 3.13 (the latter is needed for the strip as = 1 + ay with a1 € (—1,0) only). O

Note that we have established exponential upper bounds on py under various conditions on the distribution
of Y7 in the region where ¢, goes to 0 for AR(2)-processes (cf. Rem. 2.1) except for the the curve a? + 4as = 0
where a1 € (—2,2) and ¢, = (a1/2)"(n + 1). By Theorem 3.2, we know that py = exp(—AN/log N) in that
case if E [exp(]Y1|”)] is finite. If Y7 has a Gaussian law with zero mean, the next proposition establishes an
exponential upper bound on py in that case. In particular, in combination with the Theorems 1.1, 1.2 and 1.3,

we directly obtain Theorem 1.4.

Proposition 3.17. Let Y1 have a Gaussian law. Let p € (0,1) and (an)n>0 denote a sequence of positive
numbers with the following properties

ptm < Capay,  (n,m > 0), lim e *a, =0 VA> 0.

n—0o0

Set X :=> 1, Qi p" FY. It holds that

liminf —N~! logP ( sup X, < .T) >0, zek
N—oo n=1,...,.N
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Proof. Clearly, we may suppose that E [(Y; — E [Y1])?] = 1. Moreover, it suffices to consider the case E [Y;] = 0.
To see this, set Y ;_; an_pp" * (Y — p). If p:=E [Y1] < 0, we have that

n n—1 e}
Xn = Z anfkpnik(yk - ,Uf) + Z ak:pk > X, + M Z akpka
k=1 k=0 k=0

where A:=3%"7° app® < oo since p < 1 and a, = e°(™). Hence,
]P’( sup Xn<:r><]P’< sup Xn<:r—,uA>.
n=1,...,N n=1,...,N

Similarly, if 4 > 0, X,, > X,, for all n, and therefore
IP’( sup Xn<x><IP’< sup Xn<x>
n=1,....N n=1,....N

Hence, we can assume from now on that E[Y1] = 0 and E [Y?] = 1. Let p < § < 1 and set

[ Xk pad o N gk
Tn 1= W, Zn = ’YnZCs Y.
k=0 k=1

We would like to apply Slepian’s inequality (Cor. 3.12 in [11]) to compare the probabilities that X and Z
stay below 0 until time N. By construction, we have that E [XfL] =E [Z%] for all n > 1. Next, note that
Yn > gV 1 — 02 for all n > 1. Hence, if n > m > 1, we have that

E [Zan] = YnYm Z(snfkémfk > CV(Q)(]. o 52)5717771 Zé2(mfkr) > Cl(snfm’
k=1 k=1

where C; := a3(1 — §?). Moreover,

B [XnXm] =Y nkmip™ Fp" 7 = 0" ) pm—k0m—ip” "
k=1 k=1
< Cpnfmanim Z agn_kp2(m7k:) < Cpnfmanim Z aip2k —. CQPnimOlnfm.
k=1 k=0

In the last equality, we have used that Y -, a2 p converges since o, = e®™ . Now C16" ™ > Cottpmp™ ™

holds whenever n —m > ¢ for some ¢ > 1 since § > p and a,, grows slower than any exponential. In particular,
E [ X, X <E|[Z,Z,] whenever |n —m| > q.
Hence, using Slepian’s inequality, we obtain that

IP( sup Xngas)SIP sup X<z | <P sup Ipng < |.
n=1,...,.N n=1,...,|[N/q] n=1,...,|[N/q]

Let Zy := 0" Zng/Yng = S, 67k}, One verifies easily that (Zn)n>1 is equal in distribution to (B(t,))n>1
where (B;):>0 is a one-dimensional Brownian motion and ¢, := Y 2, §72F = C5(672" — 1), so

N
PN SP( SUPNan Sx) =P (n {Zn < 965—"(1/%&})

n=1,.., n=1

n=1,...,N

N
=F (ﬂ {B(Cs(a72m —1)) < xé_"q/’an}> <P ( sup B(62" —1) < x) :
n=1
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where we have used the scaling property of Brownian motion and the fact that 7, > Ciap/é™ for all n (i.e.
I = x/(CHaoC;/z)). Next, note that

P ( sup  B(6721") < 0) >P <31 < —#, sup B(07?")-B; < x)

n=1,...,N n=1,...,N

=P(B, <-%)P ( sup B(67%" —1) < :c> .
n=1,....N

An application of Slepian’s inequality together with a subadditivity argument (see e.g. Eq. 2.6 of [1]) yields that
J\;im ~N"1logP < sup B(a") < 0) >0, a>1,
— oo n=1,...,

so the claim follows. O

3.2. Exponential lower bounds

Let us now comment on exponential lower bounds for AR-processes. In general, we cannot expect to find
exponential lower bounds in the whole region where we have established exponential upper bounds. The following
example illustrates this point for AR(2)-processes.

Example 3.18. If X is AR(p) and the innovation Y takes only the values +y for some y > 0 and a; < —1, then
p2 =P (X7 <0,X2 <0)=0. Indeed, on {X; <0} = {Y7 = —y}, we have that Xo = ;Y1 + Y2 > —ya; —y =
—y(ar +1) > 0.

Similarly, if a; € [—1,0] and aq(aq + 1) + aa < —1, one has that ps = 0.
Let us also remark that if X is AR(p) with a1 > 0,...,a, > 0, it is trivial to obtain the exponential lower
bound py (x) > py > P (¥ < 0)™.

The following theorem states a simple condition on the coefficients ay, . . ., a, such that the survival probability
cannot decay faster than exponentially.

Theorem 3.19. If X is AR(p) with >V _, |ag| < 1, it holds that px = ¢V for all N where ¢ € (0,1). Moreover,
if ap > 0 for some k € {1,...,p}, one may take

c:=sup{P (V7 € [a(l —ay),ala_]]): a < 0}

where (with the convention that ), = 0)

a+::Zak, a_::Zak, I ={k:ar >0}, I-={k:ar<0}.

kel kel_

Proof. The goal is to find intervals ([ay,, Bn])n>1 such that

m {Yk € [akaﬁk}} - ﬂ {Xk € ['Yk,o}}, n>1 (14)
k=1 k=1

If (14) holds and P (Y,, € [a, Bn]) > ¢ > 0 for all n > Ny, we immediately obtain that py = cV.
Using the recursive definition of X, we can iteratively define the sequences (an)n>1, (Bn)n>1:(n)n>1 as
follows: Start with v; = a3 < 1 < 0. Define successively (with the convention v, = 0 for n < 0)

Bri=— Y avh—js Ok < Prs V= Y 4%kj + Qs
jel- jels
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It is clear that v, < 0 and G < 0 for all k. We claim that (14) holds for this choice of (av,), (8,) and (7). For
n = 1, this is obvious, and inductively, if the statement holds for some n — 1 > 1, we have that

p p
Xn = Zaanfj +Y, < Z annfj + 571 < Z AjYn—j + 571 =0,
Jj=1 jel- jel-

and

P P
X, = Zaan—j +Y, > Z Clen_j + oy, > Z AjYn—j + Q= Yn.
=1

JELy Jely

Note that the above inequalities hold even if I, =@ orif I_ = 0. Fix oy = < 1 = 0 and let aj, = —a3 (a4 —1)
for all k£ > 2. We claim that 5 > «;. Inductively, if the claim holds for all k£ < n — 1, we have that

Yo=Y 4y —ailay —1) > aray —ar(ay —1) = ay.
Jely

It follows that 3, > —aja_ and in particular, oy < G since

P
ap — B < —a1(ay — 1) +a1a- = —ay (Z lak| — 1) < 0.
k=1

In view of (14), we obtain that

P (kzsluank < 0) > kl;[lIP’(Yk € [om, Br])
>P (V1 € o1, )P (V1 € [~aa(ay —1), —ara_])" " O

Remark 3.20. In general, there is no reason to believe that the lower bound of Theorem 3.19 is sharp.

Corollary 3.21. Let (Y,)n>0 be a sequence of i.i.d. standard Gaussian random variables. Using the notation
of Theorem 38.19, if I_ and I, are nonempty, we have that px > ¢ where

—log A2 —log A2
czP(a*(l—ansmm*m_>:P<— LS ety )

and

log(1 — a4)? —logla_|? _
o = losll = ay)® —logla| <0, A:= o] € (0,1).
(1-ay)?—la-

Proof. By Theorem 3.19, we have to determine

supPP (a(1 — a4) V1 < atfa—) = sup {#(arfa-) - Dla(l - a.))}.

where @ is the cdf of a standard normal random variable. It is not hard to verify that the unique maximum is

attained at
log(1 — a4)? —logla_|?
o e [ los(l —ay) oglg " o .
(1—ar)? —|a_|
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4. POLYNOMIAL ORDER

If X is an AR(2)-process and E [Y7] = 0, it is known that py decays polynomially if X is a centered random
walk (a1 = 1,a2 = 0) or an integrated random walk (a1 = 2,a2 = —1) under suitable moment conditions. To
be more precise, if S, = >";'_, Y is a random walk and 6 € (0,1), it holds that

P < sup S, < 0> ~ N"0=)(N) = P (Sy <0) — 0,
n=1,....N

where £ is a function slowly varying at infinity, see e.g. [2]. Moreover, the process X,, = 2X,,_1 — X,,—1 + Y, is
given by X, =Y 7 _ (n—k+1)Y, = > ,_, Sk where (S,,)n>1 is the usual random walk. X is called integrated
random walk. Several authors have studied the asymptotic behaviour of py in that case if E [Y;] = 0. We refer
to the recent article [4] and the references therein. In particlar, it is shown in [4] that py < N=V/4if E[Y;] =0
and E [Y?] € (0,00).

4.1. Integrated processes

In this subsection, we will prove that py = N—1/2+o(1) ypder suitable moment conditions if a; + as = 1 and
laz] < 1. As we will see shortly, these AR(2)—processes can be written as integrated AR(1)-processes.

Let us begin by characterizing the behaviour of the sequence (¢, )n>0 for such as, as. Instead of manipulating
the explicit expression for ¢, to determine these values of a; and as, we give a short proof of the following
lemma.

Lemma 4.1. The sequence (¢,,) converges to a constant ¢ # 0 if and only if a1 + a2 = 1 and |as| < 1. In that
case, lim,, oo ¢, = 1/(14az). Moreover, if a1 +az =1, ¢, = (1 —(—a2)"*1)/(1+a2) ifag # —1 and ¢, =n+1
if ag = —1 for n > 0.

Proof. Assume that aq +as = 1. Then ¢,,41 = (a1 + a2 — a2)cy + a2cn—1 = ¢ — az(Cn — Cn—1), i-€. Cpp1 — Cp =
—az(cy, — cn_1). Tteration yields ¢, 1 — ¢, = (—a2)"(c1 — co) = (—az)™ 1. Hence,

n o 1_(_a2)n+1 _
Z e —cpg) = A T D (Fa)t = RS, e #
k=1 n+ 1a az = _17

and therefore, ¢,, — ¢ = 1/(1 4 ag) # 0 if and only if |az| < 1. On the other hand, if lim¢, = ¢ # 0, then the
recursion equation implies that ¢ = ajc+ asc, i.e. a1 +as = 1. By the preceding lines, convergence implies that
|0,2‘ < 1. O

In particular, the preceding lemma shows that

1 n
X, = Yi —
e

and since |az| < 1, one expects that the behaviour of X is similar to that of a random walk.
Moreover, AR(2)-processes with ay +az = 1 and |az] < 1 can also be regarded as 1ntegrated AR( )-processes.
Let us explain this in more detail. If X is AR(p) with coefficients ay, ..., a,, set X, => 0y X

az)"_k+1yk> , n=>1,
k=1

P P
Xn = anl + Zaanfk + Yn = anl + Zak(ank - ankfl) + Yn
k=1 k=1

p
= (1 + al)Xn—l + Z(ak - ak—l)Xn—k —ap Xy p1+Ya,
k=2
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i.e. X is AR(p + 1) and the transfomation of the coefficients T),: R? — RP*! is given by
Tp(ar,...,ap) = (a1 +1,a2 —a1,...,ap — ap—1,—ayp). (15)

Note that 7T}, is one-to-one and that T,(RP) is an affine subspace of RPT1.
Now, if X is AR(1) with X,, = pX,,_1 4 Y;,, we have that X with X, => Xy is AR(2) with coefficients
Ti(p) = (p—1,—p) =: (a1, a2). In other words, AR(2)—processes with a; + a2 = 1 and |az| < 1 are integrated

AR(1)-processes with |p| < 1.
The next theorem states conditions under which the survival probability of an integrated process behaves

like N—1/2+o(1),

Theorem 4.2. Assume that E [Y1] = 0. Let X, = S ory Cn—kYr where >0 k|ék| < oo and Y ;- ¢ # 0. Set
X, = Zzzl X
1. If 1] € M < 0 a.s., there is kg > 0 such that for all x > xg, it holds that

IP’( sup X, <x> xNﬁl/z, N — 0.
n=1,....,N

2. If E [exp(|Y1]™)] < oo, it holds for all x > 0 that

P ( sup X, < J;) INY2(log N)V, N — .
n=1,...,N

3. If E [exp(|Y1]™)] < 00 and > _q ¢ > 0 for all n > 0, it holds for all x > 0 that

N-1/2(1og N)~1/a+e) < p < sup X, < x) ., N = oo
n=1,....N

Proof. First, note that
"_chk ]Y ZY ch ]—ZY ch—ZCn kYk
k=1j=1 Jj=1 k=j 7j=1 k=0

where ¢, ==Y 1 ¢k —c = 1o g0k #0.Set S, == _, ¢Y}, so that for all n > 1,

n
ZC_C" kYk

)

In particular, if |Y1| < M < oo a.s., it follows that
S0 = X |<M2\c—ck\<MZ > |c3|—MZJ|cJ|— 1 < .
k=0 j=k+1

Hence, we get for z > M that

IP’( sup Sn§0> SP( sup Xn§x> SP( sup Sngx—I—M),
n=1,...,N n=1,...,N n=1,...,N

and the proof of part 1. is complete since S is a centered random walk with finite variance.
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The proof of part 2. is similar. Let Ey := {\Yk\ < (2logN)Ve k=1,..., N}. On Ey, we get as above that

n—1 o)
S0 = Xn| < (2l0g N)Y* > e — | < (2log N)Y* Y " j[é;| =: Clog )Y/ (16)
k=0 j=1

Hence,

P < sup X, < 35) <P(EY)+P ( sup S, < :c+C(logN)1/°‘> .
n=1,....N n=1,...,.N

By Chebyshev’s inequality,
P (E5) < NP (Iv1] > (2log N)'/) < NE [exp(|vi|*)] N 72 < N1,
Finally, by Lemma 4.4 below, it holds that
P < slup NSn < x+C(10gN)1/a> < (log N)V/o N~1/2,

which proves part 2.
It suffices to prove the lower bound of part 3 for x = 0. Moreover, we use that independent random variables
Yi,...,Yn are associated for every N, cf. [8]. Since ¢, = >, _, ¢ > 0 for every n by assumption, the function

-1, Y cnkrp <0 foralln=K,...,L
0, else,

fK,L(SLj,...,l'N) — {

is nondecreasing in every component. Hence, the very definition of associated random variables implies for
1 < Ny < N that
Ccov (fl,No(Ylv ey YN), fNOJrLN(Yi, ey YN)) Z 0,

or equivalently,

IP’( sup XHSO)EP( sup XHSO)IP( sup XnSO).
n=1,...,.N n=1,...,No n=No+1,....,N

Hence, we can bound the survival probability py of X from below as follows:

PN szo]P)< sup XnSO,EN)
n=No+1,...,N

> pn, - P ( sup Sy < —C(logN)l/a»EN) : (17)
n=Nop+1,...,N

Note that we have used (16) in the second inequality. Next,
P ( sup Sp < —C’(logN)l/a,EN)
n=Nop+1,....N

2p (w8, -0UogN)V) B (BR)
n=Nop+1,...,N

Y

P ( sup S, — Sy, <0,Sn, < —C’(logN)l/a) —P(ES)
n=No+1,...,N

2[?’( sup SnSO)]P’(SNO S—C(logN)l/a>—]P’(Eﬁ,).
N

n=1,...,
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Let Ny := [log N|*<. Then P (Sy, < —C (logN)'/®) > P (Sn,/v/No < —C) and the r.h.s. converges to a
constant by the CLT. Using the estimate on P (ES;) from above and (17), we have for N large enough that

pn > C1pn, N712=CP sup X, <0 | N2 (18)
n=1,...,|log N |2/«

No

Since ¢, > 0 for all n, we can now use the trivial estimate py, > P (Y1 <0)"° = e HNo implying for N large

enough that
pn > Oy exp(—m[logNJQ/a) N—1/2,

Using this as an a priori estimate for py,, we get for large N in view of (18) that
pn > CF exp(—r|log No|?/®) Ny /2 N~1/2
= Ciexp (—/@Llog (Llog N| Ua)Jz/a) |log N|~t/e N—1/2
> Cy exp(—Cs(loglog N)?/?) (log N)~Y/ N=1/2,

Using this improved estimate again to obtain a lower bound on py,, we deduce from (18) that py
(log N)fl/a+o(1)N71/2. O

Remark 4.3. One cannot expect to get a useful lower bound without any restriction on the weights ¢,,. For
instance, if Y7 takes only values +1 and X,, = ZZ=1 Cn—k Yy with ¢g = 1,4 = =3, then P (X; <0,X, <0) =
P(X; <0,X; + X3 <0)=0.

In order to complete the proof of Theorem 4.2, let us prove the following lemma.

Lemma 4.4. Let (fn)n>1 denote a sequence of positive numbers with fx — oo and fx/VN — 0 as N — oco.
Let (Sy)n>1 denote a centered random walk with E [S?] € (0,00) and let M,, :=max{S,...,S,}. There are a
constants C, Ny independent of the sequence (fy,) such that

P(My < fx) <CfnNTY2 fn,N > No.
Proof. Since independent random variables are associated [8], we have for 1 < Ny < N that
P(S,<0,vn=1,....N)>P (S, <0,Vn=1,....,Ng)P (S, <0,¥n=No+1,...,N).

Now

IP’( sup S, <0> >IP’<SNO <—fn, sup S, —Sn, <fN>

n=No+1,..,.N n=No+1,..,N

—P(Swy < ~fP( _sup  Su<fw) 2F(Sy, < —f) POy < ).

Hence, we get that
P (My < 0)
P(My < < .
My < fn) < P (Mpy, <0)P(Sn, < —fn)
With Nog = | f(IV)]?, it follows from the CLT that P (Sy, < —fn) — P (Z < —1) where Z is a centered Gaussian
with variance E [Y}?]. Moreover, since P (My < 0) ~ ¢cN~1/2, we conclude that

P (My <0) N-1/2 FN—L/2 -
P(My, <O)P(Sne < —fn)  NyVPP(z<-1) P(Z<-1)
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Corollary 4.5. Assume that E[Y1] =0. Let a1 + az = 1 with |az| <1 and x > 0.

1. If |Y1| £ M a.s., it holds that py(z) < N71/2 as N — oc.
2. If E [exp(|Y1]™)] < oo for some a > 0, it holds that py(z) = N~1/2+°() g5 N — oo.

Proof. 1f X is AR(2) with coefficients ai, as as in the statement of the corollary, we have seen that X,, = ZZ=1 Zy
where Z is AR(1) with Z, = —asZ,_1+ Yy, i.e. Z, = Y o (—a2)"*Y}. Since Y _ (—a2)k > 0 for all n, it
is not hard to see that part 2 and part 3 of Theorem 4.2 imply part 2 of the corollary. Similarly, by part 1 of
Theorem 4.2 and the fact that py(z) < py (see the comment at the end of Sect. 2), we obtain part 1 of the
corollary. O

In analogy to the results for random walks, it is very likely that the assertion of Corollary 4.5 remains true
under the much weaker integrability assumption E [le] € (0,00). Depending on the sign of a1, we can improve
the preceding corollary by proving an upper or lower bound of order N~/

Proposition 4.6. Let a1 + as = 1 with |as| < 1. Assume that E [Y1] =0, E [Yf] € (0,00).

1. If as > 0, we have that pn(z) 3 N=2 for all z > 0.
2. If ay < 0, we have that py(x) 75 N=Y2 for all z > 0.

Proof. For n > 1, set S,, := X, + a2 X,,—1 and note that
Sn=a1Xn-14+aXn o+ Y, +a Xy 1=X 1+aX, o+Y,=851+Ys,
i.€. (Sn)n>1 defines a centered random walk. Moreover, since a1 + as = 1, we have, for n > 1, that
Xpn=(a1 - DX 1+ X1+ aX,o+Y,=(a1—1)X, 1+ Sn-1+ Y, = —a2X,—1+ S,

In particular, if as > 0, it holds that X,, < x for n = 1,..., N implies that S, < agx for n = 1,..., N and
therefore,

pn(z) <P ( sup S, < a2x> = N—1/2,
n=1,...,.N

Similarly, if ax < 0, S;, < 0 for n = 1,..., N implies that X,, < 0 for n = 1,..., N, which yields the lower
bound. O

Let us finally remark that Theorem 4.2 is also applicable to integrated AR(p)—processes such that the roots
S1,...,8p of the corresponding characteristic polynomial lie inside the unit disc. Let us just state the simplest
case of bounded innovations Y,,. Set

A, = {(al,...,ap) : | max [sk] < 1}

where s1, ..., s, are the roots of the characteristic polynomial, see page 148.

Corollary 4.7. Let X be the AR(p)-process corresponding to (a1,...,a,) € Ap. Assume that |Y1] < M < oo
a.s. Then there is xg > 0 such that for all x > xy, we have that

]P’( sup ZXk <x> = N~1/2,

n=1,...,N =1
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Since we know the region As explicitly (c¢f. Fig. 2), we obtain the following result for AR(3)—processes:
Corollary 4.8. Let X be AR(3) with a1, as,as satisfying

a1 +az+az=1, ax<min{l,3—2a1}, a2 > —a.
Assume that |Y1| < M a.s. for some M < co. Then there is xo > 0 such that py(x) < N=Y2 for all x > xq.

Proof. Let us show that X is an integrated AR(2)-process X with parameters in Ay. Since a; + az 4+ ag = 1,
we have that Ta(ay — 1,a1 + az — 1) = (a1, a2, a3) where Ty was defined in (15). Hence, by Corollary 4.7, we
only need to show that

(a1 —1,a1 +az —1) € Ay = {(a1,a2) : a1 + a2 < 1,G2 < 1+ a2,a2 > —1},

(see Rem. 2.1) whenever (a1, a2, as) satisfy the constraints stated in the corollary. Let a1 = a; — 1 and ay =
a1 +ag — 1. Now as < 3 — 2a; amounts to a; + as = 2a; +as — 2 < 1. Next, ao < 1+ a; is equivalent to as < 1,
whereas as; > —1 translates into a; > —as. O

4.2. The case a1 =0

We still have to consider the case X,, = X,,_2 +Y,, which is a special case of the equation X,, = pX,,_o+Y),.
The solution of the latter equation is given by

. Sh  pF Y1, n=2k-1keN,
B DO L) (9% n =2k ke N.

In particular, (Xs,) and (X2,-1) define two independent sequences with the same law as (Z,),>1 given by
Zn = pZn-1 + Yy. Hence,

P (SUPnzl,...,zN X, < x) = (]P’ (SUPn:L...,N Iy < x))2 , (19)
P (SUPn:1,...,2N71 X, < x) =P (SUPn:L...,N Iy < x) P (Supnzl,...,Nfl Iy < x) .

In particular, the behaviour of the survival probability can be determined by the survival probabilities of AR(1)—
processes. If p =1, X defines two indpendent random walk, so we immediately obtain the following lemma:
Lemma 4.9. Let E[Y1] =0, E [Y?] € (0,00). X;, = X2 + Yy. Then for any x > 0, there is a constant c(x)
such that
P ( sup X, < ac) ~c(r)N™', N — .
n=1,...,N

Proof. By the preceding discussion, (X2,) and (Xa,_1) define two independent centered random walks with
finite variance that have the same law. It is then well known that P (sup,_; > p_; Yi < ) ~ d(z)N~1/2.
The assertion follows in view of (19). O

Remark 4.10. By the same reasoning, if X,, = X,,_, + Y, (p > 1), we have that py(z) ~ c(x)N~P/2 for any
z>0if E[Y1] =0 and E [Y] € (0, 00).

5. A POSITIVE LIMIT

We now turn to the case that the survival probability converges to a positive limit, i.e. py(2) — poo(z) > 0
as N — oo, implying that the process (X,,)n>1 stays below z at all times with positive probability. If X,, =
22:1 Cn—k Yy, one would expect that this happens if 0 < ¢, — oo and ¢, — ¢,—1 — 0. Indeed, if ¢, is very
large compared to ¢ for k < n — 1, then Y; < —§ for some § > 0 implies that X,, < —dc, + ZZZQ Cn—k Y, and
one expects that the expression on the r.h.s. stays below a fixed barrier with high probability. In fact, we can
transform this idea directly into a proof.
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Proposition 5.1. Let (ay,)n>0 denote a sequence of positive numbers. Let p > 1 and assume that P (Y1 < 0) > 0
and P (Y1 > x) 3 (log )~ as x — oo for some o > 1. Let X, ==} _, p" Fan_1Yy.

1. If (an)n>0 is nondecreasing, there is a constant ¢ > 0 such that

P (ﬁ {X, < —can1p"_1}> > 0.

n=1

2. If0<i<a, <u<oo foralln >0, there is a constant ¢ > 0 such that

P (ﬁ {X, < —Cp"—1}> > 0.

n=1

Proof. We first prove part 1. Let 6 > 0 such that P (Y; < —¢) > 0. Let § > 0 denote a sequence of positive
numbers with 8> ;- k=2 < §/2. Then

N N
Ay :={YV1 <-d6}n ﬂ {Yn < p”flﬁnfz} - ﬂ {Xn < —éan,lp”*1/2}
n=2 n=1
Indeed, since («v,) is nondecreasing, the event Ay implies that X7 = oY) < —agd and for all n = 2,..., N

that

Xn=p" o Y14+ > p" Fan Vi < —ban_1p" T 40" Y o BET2
P k=2

o oo
< —S0p_1p" " a1 By kTR = " <ﬁ2k2 - 6) < —Gay_1p" /2.
k=1 k=1

Finally, in view of the assumption on the tail behaviour of Y7, it is not hard to show that

N
: — < _ : _ n—1 -2 .
A}gnooIP’(AN) P (Y < 5)}\}@0()”_2 (1-P (Y1 >pBp""'n"?)) >0
The proof of part 2 is very similar. Let Ay be defined as above. Then, using the bounds on (a,,), we get for
n=2,...,N that

Xn < =an1p" 4 p" Y D an Bk < =8lp" Tt p" gy kT
k=1

k=2
=pn! <5uz k2 — 5Z> .
k=1
For 3 > 0 sufficiently small, this implies that X,, < —(51/2)p" ! foralln=2,...,N. O

We can now prove Theorem 1.3 showing that the survival probability converges to a positive constant if X
is AR(2) with (a1,a2) € C (¢f. Fig. 1) under mild conditions.

Proof of Theorem 1.3. Let (a1, az2) € C. Assume first that a; > 0 and as € R such that a% +4as > 0. Moreover,
assume that either a; > 2 or a3 + az > 1 if a; < 2. Recall from (2) that ¢, = s?“/h — sg+1/h where h > 0
since a? + 4ap > 0. Note that s; = (a; + h)/2 > 1 if and only if either a; > 2 or if a; + az > 1 in case
ay < 2. Moreover |s3| < s1 if and only if a; > 0 and A > 0. Hence, in view of our assumptions, we have that
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cn = sts1/h (1 — (s2/s1)" 1) =: sTa, > 0 for all n. Note that a,, — s1/h > 0. Hence, the assertion follows by
part 2 of Proposition 5.1.

If a3 +4ay = 0 and a; > 2, ¢, = (a1/2)"(n+1) by (2). Hence, the result follows from part 1 of Proposition 5.1
with p=a;/2 > 1and o, =n+ 1.

Finally, if a; = 0 and as > 1, the claim follows in view of (19) and Proposition 5.1. O
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