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ABSTRACT

Nonlinear spectral gaps with respect to uniformly convex normed spaces are shown to satisfy a spectral calculus
inequality that establishes their decay along Cesaro averages. Nonlinear spectral gaps of graphs are also shown to behave
sub-multiplicatively under zigzag products. These results yield a combinatorial construction of super-expanders, i.c., a
sequence of 3-regular graphs that does not admit a coarse embedding into any uniformly convex normed space.

CONTENTS

Lo Introduction . . . . . .. .. 1
1.1. Coarse non-embeddability . . . . ... .. .. L 3

1.2, Absolute spectral gaps . . . . . . . .. 5

1.3. A combinatorial approach to the existence of super-expanders . . . . . .. ... ... .. L. 6

1.3.1. The iterative Strate@y . . . . . . . . v vttt e e 6

1.3.2. The need for a calculus for nonlinear spectral gaps . . . . .. ... ... ... ..... ... .. 8

1.3.3. Metric Markov cotype and spectral calculus . . . . . ... ... oo oo L o 9

1.3.4. Thebase graph . . . . .. . . . e 11

1.3.5. Sub-multiplicativity theorems for graph products . . . . . .. ... ... .. .. . L .. 13

2. Preliminary results on nonlinear spectral gaps . . . . . . ... ... .. L L Lo o 15
2.1. The trivial bound for general graphs . . . . .. ... ... L L L 15

220 PVEISUS Vb o v v v v v e e e e e e 16

2.3. Edge completion . . . . ... 22

3. Metric Markov cotype implies nonlinear spectral calculus . . . . . ... ... ... o Lo 23
4. An iterative construction of super-expanders . . . ... ... L L L L o 25
5. The heat semigroup on the tail space . . . . . . ... . L L 33
5.1. Warmup: the tail space of scalar valued functions . . . . . .. ... ... ... . .. L. 35

5.2. Proof of Theorem 5.1 . . . . .. ... 38

5.3. Proofof Theorem 5.2 . . . . . . . . ... .. 43

5.4. Inverting the Laplacian on the vector-valued tail space . . . . . . ... ... ... .. .. ........ 46

6. Nonlinear spectral gaps in uniformly convex normed spaces . . . . ... ... ... .. ... .......... 48
6.1. Norm bounds need not imply nonlinear spectral gaps . . . . .. ... ... ... ... ... ..., 51

6.2. A partial converse to Lemma 6.1 in uniformly convex spaces . . . . ... ... ... .. L. 52

6.3. Martingale inequalities and metric Markov cotype . . . . . ... ... oL L oL L 39

7. Construction of the base graph . . . . . . . .. L L L 65
8. Graphproducts . . . . . . .. 74
8.1. Sub-multiplicativity for tensor products . . . . . .. ... 74

8.2. Sub-multiplicativity for the zigzag product . . . . . . .. ... L L oo 77

8.3. Sub-multiplicativity for replacement products . . . . . ... ... L L Lo 80

8.4. Sub-multiplicativity for derandomized squaring . . . . . . ... ... L oL L oL 84

9. Counterexamples . . . . . .. .. 85
9.1. Expander families need not embed coarsely into each other . . . . ... ... ... ... 0 L. 85

9.2. A metric space failing calculus for nonlinear spectral gaps . . . . ... ... ... .. .00 0L 89
Acknowledgements . . . . . ... 92
References . . . . . . . . 93

1. Introduction

Let A = (a;) be an n x n symmetric stochastic matrix and let

L= 31(A) 2 A(A) = - = 4, (A) = — 1
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be its eigenvalues. The reciprocal of the spectral gap of A, i.e., the quantity #Q(A)’ is the

smallest y € (0, oo] such that for every «1, ..., x, € R we have
1 n n )/ n n
(1) EZZ(%‘ —x%)* < = ZZ%(%‘ —x)°.
=1 j= =1 j=

By summing over the coordinates with respect to some orthonormal basis, a restatement

of (1) 1s that m is the smallest y € (0, oo] such that for all x, ..., x, € Ly we have
1 n n y n n
2 2
2) S22 M=l <=3 Taln — 5.
=1 y=1 =1 j=1

It is natural to generalize (2) in several ways: one can replace the exponent 2 by
some other exponent p > 0 and, much more substantially, one can replace the Euclidean
geometry by some other metric space (X, dx). Such generalizations are standard practice
in metric geometry. For the sake of presentation, it is beneficial to take this generalization
to even greater extremes, as follows. Let X be an arbitrary set and let K : X x X — [0, 00)
be a symmetric function. Such functions are sometimes called kernels in the literature,
and we shall adopt this terminology here. Define the reciprocal spectral gap of A with
respect to K, denoted y (A, K), to be the infimum over those y € (0, o0] such that for all
X1, ..., %, € X we have

3) niz > Ky < % SN 4K ).

i=1 j=1 =1 j=1

In what follows we will also call y (A, K) the Poincaré constant of the matrix A with
respect to the kernel K. Readers are encouraged to focus on the geometrically meaningful
case when K is a power of some metric on X, though as will become clear presently, a
surprising amount of ground can be covered without any assumption on the kernel K.

For concreteness we restate the above discussion: the standard gap in the linear
spectrum of A corresponds to considering Poincaré constants with respect to Euclidean
spaces (1.e., kernels which are squares of Euclidean metrics), but there is scope for a the-
ory of nonlinear spectral gaps when one considers inequalities such as (3) with respect to
other geometries. The purpose of this paper is to make progress towards such a theory,
with emphasis on possible extensions of spectral calculus to nonlinear (non-Euclidean)
settings. We apply our results on calculus for nonlinear spectral gaps to construct new
strong types of expander graphs, and to resolve a question of V. Lafforgue [29]. We ob-
tain a combinatorial construction of a remarkable type of bounded degree graphs whose
shortest path metric is incompatible with the geometry of any uniformly convex normed
space in a very strong sense (1.e., coarse non-embeddability). The existence of such graph
families was first discovered by Lafforgue via a tour de force algebraic construction [29].
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Our work indicates that there is hope for a useful and rich theory of nonlinear spec-
tral gaps, beyond the sporadic (though often highly nontrivial) examples that have been
previously studied in the literature.

1.1. Coarse non-embeddability. — A sequence of metric spaces {(X,, dx,)}°2, is said
to embed coarsely (with the same moduli) into a metric space (Y, dy) if there exist two
non-decreasing functions «, g : [0, 00) — [0, 00) such that lim,, o, o (f) = 00, and there
exist mappings /, : X, = Y, such that for all n € N and x, y € X, we have

) o (d, (x,9)) < dy (/i(0,/4(9) < B(dx, (x.)).

(4) 1s a weak form of “metric faithfulness” of the mappings f,; a seemingly hum-
ble requirement that can be restated informally as “large distances map uniformly to
large distances”. Nevertheless, this weak notion of embedding (much weaker than, say,
bi-Lipschitz embeddability) has beautiful applications in geometry and group theory;
see [12, 18, 20, 68, 71] and the references therein for examples of such applications.

Since coarse embeddability is a weak requirement, it is quite difficult to prove
coarse non-embeddability. Very few methods to establish such a result are known, among
which 1s the use of nonlinear spectral gaps, as pioneered by Gromov [19] (other such
methods include coarse notions of metric dimension [18], or the use of metric co-
type [45]. These methods do not seem to be applicable to the question that we study
here). Gromov’s argument is simple: fix ¢ € N and suppose that X, = (V,, E,) are con-
nected d-regular graphs and that dx, (-, -) is the shortest-path metric induced by X, on
V... Suppose also that there exist p, y € (0, 00) such that foreveryne Nand f:V, — Y
we have

! p_ Y
5) NE 2 dwso) =g

\¢

Y d(fW.fO)

(u,v)€V,xV, Vil (x)€E,
A combination of (4) and (5) yields the bound

1
IV.I?

>0 adx,wv) <yBQY.

(u,0)€V, XV,

But, since X, 1s a bounded degree graph, at least half of the pairs of vertices (u, v) €
V, x V, satisty dx, (u, v) > ¢;1og|V,|, where ¢, € (0, 00) depends on the degree d but not
on n. Thus a(¢;log|V,|) < 2yB(1)!, and in particular if lim,_, , |V,| = 0o then we get a
contradiction to the assumption lim,_, o, ot (f) = 00. Observe in passing that this argument
also shows that the metric space (X, dx,) has bi-Lipschitz distortion §£2(log|V,|) in Y;
such an argument was first used by Linial, London and Rabinovich [35] (see also [41]) to
show that Bourgain’s embedding theorem [10] is asymptotically sharp.

Assumption (5) can be restated as saying that y (A,, &) < y, where A, is the nor-
malized adjacency matrix of X,. This condition can be viewed to mean that the graphs
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X}z

n=

, are “expanders” with respect to (Y, dy). Note thatif Y contains at least two points
then (5) implies that {X,}°2, are necessarily also expanders in the classical sense (see [21,
36] for more on classical expanders).

A key goal in the coarse non-embeddability question is therefore to construct such
{X,,}22, for which one can prove the inequality (5) for non-Hilbertian targets Y. This
question has been previously investigated by several authors. Matousek [41] devised an
extrapolation method for Poincaré inequalities (see also the description of Matousek’s
argument in [6]) which establishes the validity of (5) for every expander when Y = L,.
Works of Ozawa [57] and Pisier [60, 63] prove (5) for every expander if Y is Banach
space which satisfies certain geometric conditions (e.g. Y can be taken to be a Banach
lattice of finite cotype; see [34] for background on these notions). In [53, 56] additional
results of this type are obtained.

A normed space is called super-reflexive if it admits an equivalent norm which is
uniformly convex. Recall that a normed space (X, || - ||x) is uniformly convex if for every
e € (0, 1) there exists § = dx(¢) > 0 such that for any two vectors x, y € X with ||x||x =
|7llx =1 and ||x — »||x > € we have ||%||X <1 —34. The question whether there exists
a sequence of arbitrarily large regular graphs of bounded degree which do not admit a
coarse embedding into any super-reflexive normed space was posed by Kasparov and Yu
in [27], and was solved in the remarkable work of V. Lafforgue [29] on the strengthened
version of property (T) for SL3;(F) when F is a non-Archimedian local field (see also [3,
31]). Thus, for concreteness, Lafforgue’s graphs can be obtained as Cayley graphs of
finite quotients of co-compact lattices in SL3(Q,), where p is a prime and Q) is the p-
adic rationals. The potential validity of the same property for finite quotients of SL3(Z)
remains an intriguing open question [29].

Here we obtain a different solution of the Kasparov-Yu problem via a new ap-
proach that uses the zigzag product of Reingold, Vadhan, and Wigderson [67], as well as
a variety of analytic and geometric arguments of independent interest. More specifically,
we construct a family of 3-regular graphs that satisfies (5) for every super-reflexive Banach
space X (where y depends only on the geometry X); such graphs are called super-expanders.

Theorem 1.1 (Existence of super-expanders). — There exists a sequence of 3-regular graphs
{G, = (V,, E)}2, such that im,, o |V,| = 00 and for every super-reflexive Banach space (X,

n=1
I - llx) we have

supy (Ag,, | - %) < oo,
neN

where Ag, s the normalized adjacency matrix of G,,.

As we explained earlier, the existence of super-expanders was previously proved
by Lafforgue [29]. Theorem 1.1 yields a second construction of such graphs (no other
examples are currently known). Our proof of Theorem 1.1 is entirely different from Laf-
forgue’s approach: it is based on a new systematic investigation of nonlinear spectral gaps
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and an elementary procedure which starts with a given small graph and iteratively in-
creases its size so as to obtain the desired graph sequence. In fact, our study of nonlinear
spectral gaps constitutes the main contribution of this work, and the new solution of the
Kasparov-Yu problem should be viewed as an illustration of the applicability of our ana-
lytic and geometric results, which will be described in detail presently.

We state at the outset that it is a major open question whether every expander
graph sequence satisfies (5) for every uniformly convex normed space X. It is also un-
known whether there exist graph families of bounded degree and logarithmic girth that
do not admit a coarse embedding into any super-reflexive normed space; this question is
of particular interest in the context of the potential application to the Novikov conjecture
that was proposed by Kasparov and Yu in [27], since it would allow one to apply Gro-
mov’s random group construction [19] with respect to actions on super-reflexive spaces.

Some geometric restriction on the target space X must be imposed in order for it
to admit a sequence of expanders. Indeed, the relation between nonlinear spectral gaps
and coarse non-embeddability, in conjunction with the fact that every finite metric space
embeds isometrically into £+, shows that (for example) X = £, can never satisfy (5) for a
family of graphs of bounded degree and unbounded cardinality. We conjecture that for a
normed space X the existence of such a graph family is equivalent to having finite cotype,
1.e., that there exists &) € (0, 00) and ny € N such that any embedding of £22 into X incurs
bi-Lipschitz distortion at least 1 + &¢; see e.g. [42] for background on this notion.

Our approach can also be used (see Remark 4.4 below) to show that there exist
bounded degree graph sequences which do not admit a coarse embedding into any K-
convex normed space. A normed space X is K-convex' if there exists & > 0 and ny € N
such that any embedding of £}" into X incurs distortion at least 1 + &o; see [61]. The
question whether such graph sequences exist was asked by Lafforgue [29]. Independently
of our work, Lafforgue [30] succeeded to modify his argument so as to prove the desired
coarse non-embeddability into K-convex spaces for his graph sequence as well.

1.2. Absolute spectral gaps. — The parameter y (A, K) will reappear later, but for
several purposes we need to first study a variant of it which corresponds to the absolute
spectral gap of a matrix. Define

.....

and call the quantity 1 — A(A) the absolute spectral gap of A. Similarly to (2), the re-
ciprocal of the absolute spectral gap of A is the smallest y; € (0, oo] such that for all
XLy vy Xy V15 - -« In € Lg we have

1 n n y n n

2 + 2

(6) =22 =l === D 0 ) el =l
i=1 j=1 i=1 j=1

! K-convexity is also equivalent to X having Rademacher type strictly bigger than 1, see [42, 49]. The K-convexity
property is strictly weaker than super-reflexivity, see [22-24, 64].
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Analogously to (3), given a kernel K : X x X — [0, 00) we can then define y; (A, K) to
be the infimum over those y; € (0, oo] such that for all x, ..., x,, »1, ..., 7, € X we have

n n

(7) n_lz Z Z K(xi, ) = y—; Z Z a;K (%, ;).

=1 j=I1 =1 j=1

Note that clearly y; (A, K) > y (A, K). Additional useful relations between y (-, -) and
¥4 (-, -) are discussed in Section 2.2.

1.3. A combinatorial approach to the existence of super-expanders. — In what follows we
will often deal with finite non-oriented regular graphs, which will always be allowed to
have self loops and multiple edges (note that the shortest-path metric is not influenced
by multiple edges or self loops). When discussing a graph G = (V, E) it will always be
understood that V is a finite set and E is a multi-subset of the ordered pairs V x V| i.e.,
each ordered pair (x, v) € V x V is allowed to appear in E multiple times.? We also always
impose the condition (¢, v) € E = (v, u) € E, corresponding to the fact that G is not
oriented. For (u, v) € V x V we denote by E(x, v) = E(v, u) the number of times that
(u, v) appears in E. Thus, the graph G is completely determined by the integer matrix
(E(u, ) u,vyevxv- The degree of u € Vis deg, (v) = Y, . E(«, v). Under this convention
each self loop contributes 1 to the degree of a vertex. For d € N, a graph G = (V, E) is
d-regular if deg, (v) = d for every u € V. The normalized adjacency matrix of a d-regular
graph G = (V, E), denoted Ag, is defined as usual by letting its entry at (x, v) € V X V be
equal to E(u, v)/d. When discussing Poincaré constants we will interchangeably identify
G with Ag. Thus, for examples, we write A(G) = A(Ag) and v, (G, K) = 1 (Ag, K).

The starting point of our work is an investigation of the behavior of the quantity
¥+(G, K) under certain graph products, the most important of which (for our purposes)
is the zigzag product of Reingold, Vadhan and Wigderson [67]. We argue below that
such combinatorial constructions are well-adapted to controlling the nonlinear quantity
¥+(G, K). This crucial fact allows us to use them in a perhaps unexpected geometric
context.

1.3.1. The uterative strategy. — Reingold, Vadhan and Wigderson [67] introduced
the zigzag product of graphs, and used it to produce a novel deterministic construction of
expanders. Fix n;, di, dy € N. Let G| be a graph with 7, vertices which is d)-regular and
let Gy be a graph with d; vertices which is dy-regular. The zigzag product G;@G, is a
graph with n;d; vertices and degree d3, for which the following fundamental theorem is
proved in [67].

2 Formally, one can alternatively think of E as a subset of (V x V) x N, with the understanding that for (u, v) €
V x V,if we write J = {j e N: ((&, v),j) € E} then {(u, v)} x J are the |]J| “copies” of (u, v) that appear in E. However, it
will not be necessary to use such formal notation in what follows.
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Theorem 1.2 (Reingold, Vadhan and Wigderson). — There exists f: [0, 1] x [0, 1] — [0, 1]
satisfying

(8) Vie (0,1), limsupf(s,?) <1,

s—0
such that for every ny, dy, dy € N, if G| 15 a graph with ny vertices which s d,-regular and Gq 15 a
graph with dy vertices which is dy-regular then

9) MGI@Gy) < f (MG, A(G)).

The definition of G;@ Gy is recalled in Section 8. For the purpose of expander
constructions one does not need to know anything about the zigzag product other than
that it has n,d, vertices and degree d;, and that it satisfies Theorem 1.2. Also, [67] con-
tains explicit algebraic expressions for functions f for which Theorem 1.2 holds true, but
we do not need to quote them here because they are irrelevant to the ensuing discussion.

In order to proceed it would be instructive to briefly recall how Reingold, Vadhan
and Wigderson used [67] Theorem 1.2 to construct expanders; see also the exposition in
Section 9.2 of [21].

Let H be a regular graph with n, vertices and degree dj, such that A(H) < 1. Such
a graph H will be called a base graph in what follows. From (8) we deduce that there exist
g, € (0, 1) such that

(10) s€(0,8) = f(s,A(H)) <1 —-e.
Fix 4, € N satisfying
(11) max{A(H)™, (1 — )"} <.

For a graph G = (V,E) and for ¢t € N, let G’ be the graph in which an edge
between u, v € V is drawn for every walk in G of length ¢ whose endpoints are «, v. Thus
Ag: = (Ag)', and if G is d-regular then G’ is d'-regular.

Assume from now on that ny = dg “ Define G, = H? and inductively

Gy = GEO@H-

Then for all i € N the graph G; is well defined and has 7, = dgﬁo vertices and degree d;.
We claim that A(G;) < max{A(H)?, 1 — ¢} for all € N. Indeed, there is nothing to prove
for : =1, and if the desired bound is true for : then (11) implies that A(G?’) =A(G)" < §,
which by (9) and (10) implies that A(Gy,) <f(AM(G?), A(H)) < 1 —&.

Our strategy is to attempt to construct super-expanders via a similar iterative ap-
proach. It turns out that obtaining a non-Euclidean version of Theorem 1.2 (which is
the seemingly most substantial ingredient of the construction of Reingold, Vadhan and
Wigderson) is not an obstacle here due to the following general result.
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Theorem 1.3 (Zigzag sub-multiplicativity). — Let Gy = (V1, Ey) be an ny-vertex graph
which s dy-regular and let Go = (Vo, Eo) be a d,-vertex graph which is dy-regular. Then every kernel
K: X x X — [0, 00) satisfies

(12) V+(Gi1@Gy, K) < 71(G1, K) - 14(Go, K)*.

In the special case X = R and K(x, ) = (x — »)?, Theorem 1.3 becomes

1 1 1

(13) < : :
I =2MG1@Gy) ~ 1 =A(G)) (1 —=A(Gy))?

implying Theorem 1.2. Note that the explicit bound on the function f of Theorem 1.2
that follows from (13) coincides with the later bound of Reingold, Trevisan and Vad-
han [66]. In [67] an improved bound for A(G;®@Gy) is obtained which is better than
the bound of [66] (and hence also (13)), though this improvement in lower-order terms
has not been used (so far) in the literature. Theorem 1.3 shows that the fact that the
zigzag product preserves spectral gaps has nothing to do with the underlying Euclidean
geometry (or linear algebra) that was used in [66, 67]: this is a truly nonlinear phe-
nomenon which holds in much greater generality, and simply amounts to an iteration
of the Poincaré inequality (7).

Due to Theorem 1.3 there is hope to carry out an iterative construction based on
the zigzag product in great generality. However, this cannot work for all kernels since
general kernels can fail to admit a sequence of bounded degree expanders. There are
two major obstacles that need to be overcome. The first obstacle is the existence of a
base graph, which is a substantial issue whose discussion is deferred to Section 1.3.4. The
following subsection describes the main obstacle to our nonlinear zigzag strategy.

1.3.2. The need for a calculus for nonlinear spectral gaps. — In the above description
of the Reingold-Vadhan-Wigderson iteration we tacitly used the identity A(A’) = A(A)’
(t € N) in order to increase the spectral gap of G; in each step of the iteration. While this
identity 1s a trivial corollary of spectral calculus, and was thus the “trivial part” of the
construction in [67], there is no reason to expect that y, (A, K) decreases similarly with ¢
for non-Euclidean kernels K : X x X — [0, 00). To better grasp what is happening here

let us examine the asymptotic behavior of y, (A/, | - |?) as a function of  (here and in what
follows | - | denotes the absolute value on R).
14) (A )= =]
A 1 —A(A) 1 —A(A)
- I ~ Yo (A1 12)
R pTE— )l,\max 1,7]/‘ ;
( r+ A1)

where above, and in what follows, < denotes equivalence up to universal multiplicative
constants (we will also use the notation <, 2 to express the corresponding inequalities

~ ~Y
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up to universal constants). (14) means that raising a matrix to a large power ¢ € N corre-
sponds to decreasing its (real) Poincaré constant by a factor of ¢ as long as it is possible to
do so.

For our strategy to work for other kernels K : X x X — [0, 00) we would like K
to satisty a “spectral calculus” inequality of this type, i.e., an inequality which ensures
that, if ¥, (A, K) is large, then y, (A, K) is much smaller than y, (A, K) for sufficiently
large ¢ € N. This is, in fact, not the case in general: in Section 9.2 we construct a metric
space (X, dx) such that for each n € N there is a symmetric stochastic matrix A, such
that y, (A,, %) > n yet for every ¢ € N there is ny € N such that for all n > ny we have
V(AL &) 2 v (A,, d3). The question which metric spaces satisfy the desired nonlinear
spectral calculus inequality thus becomes a subtle issue which we believe is of fundamen-
tal importance, beyond the particular application that we present here. A large part of the
present paper is devoted to addressing this question. We obtain rather satisfactory results
which allow us to carry out a zigzag type construction of super-expanders, though we are
still quite far from a complete understanding of the behavior of nonlinear spectral gaps
under graph powers for non-Euclidean geometries.

1.3.3. Metric Markov cotype and spectral calculus. — We will introduce a criterion for
a metric space (X, dx), which is a bi-Lipschitz invariant, and prove that it implies that
for every n, m € N and every n X n symmetric stochastic matrix A the Cesaro averages
# Z;":_Ol A’ satisfy the following spectral calculus inequality.

m—1 9
1 Yi(A, d%)
(15) y+( ZA”,di) §C(X)max{l, —*ms(X)X ,
t=0

m_

where C(X), ¢(X) € (0, 00) depend only on the geometry of X but not on m, n and the
matrix A. The fact that we can only prove such an inequality for Cesaro averages rather
than powers does not create any difficulty in the ensuing argument, since Cesaro averages
are compatible with iterative graph constructions based on the zigzag product.

Note that Cesaro averages have the following combinatorial interpretation in the
case of graphs. Given an n-vertex d-regular graph G = (V, E) let «7,(G) be the graph
whose vertex set is V and for every t € {0, ..., m — 1} and u, v € V we draw dn1-t edges
joining u, v for every walk in G of length ¢ which starts at z and terminates at v. With this
definition A () = i Z:”:_ol AL, and 4,(G) is md™'-regular. We will slightly abuse this
notation by also using the shorthand

m—1
1
16 Ap(A) = =Y A
(16) WA= =) A
=0
when A is an 7 X 7 matrix.
In the important paper [4] K. Ball introduced a linear property of Banach spaces
that he called Markov cotype 2, and he indicated a two-step definition that could be used
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to extend this notion to general metric spaces. Motivated by Ball’s ideas, we consider the
following variant of his definition.

Defination 1.4 (Metric Markov cotype). — Fix p, q € (0, 00). A metric space (X, dx) has
metric Markov cotype p with exponent ¢ if there exists C € (0, 00) such that for every m,n € N,

every n X n symmetric stochastic matrix A = (a;), and every xi, . . ., x, € X, there existy,, ..., », € X

satisfying

(17) D k() A m Y D agdx (5i0)" SCTY D (A) i (i, 1),
i=1 i=1 j=1 i=1 j=1

T he infimum over those C. € (0, 00) for which (17) holds true is denoted Cj(,q) (X, dx). When = p we
drop the explicit mention of the exponent and simply say that if (17) holds true with ¢ = p then (X, dx)
has metric Markov cotype p.

Remark 1.3. — We refer to [51, Section 4.1] for an explanation of the background
and geometric intuition that motivates the (admittedly cumbersome) terminology of Def-
inition 1.4. Briefly, the term “cotype” indicates that this definition is intended to serve as
a metric analog of the important Banach space property Rademacher cotype (see [42]). De-
spite this fact, in the forthcoming paper [47] we show, using a clever idea of Kalton [25],
that there exists a Banach space with Rademacher cotype 2 that does not have metric
Markov cotype p for any p € (0, 00). The term “Markov” in Definition 1.4 refers to the
fact that the notion of metric Markov cotype is intended to serve as a certain “dual” to
Ball’s notion of Markov type [4], which is a notion which is defined in terms of the geo-
metric behavior of stationary reversible Markov chains whose state space is a finite subset
of X.

Remark 1.6. — Ball’s original definition [4] of metric Markov cotype is seemingly
different from Definition 1.4, but in [47] we show that Definition 1.4 is equivalent to Ball’s
definition. We introduced Definition 1.4 since it directly implies Theorem 1.7 below.

The link between Definition 1.4 and the desired spectral calculus inequality (15) 1s
contained in the following theorem, which is proved in Section 3.

Theorem 1.7 (Metric Markov cotype implies nonlinear spectral calculus). — Fix p, C €
(0, 00) and suppose that a metric space (X, dx) satisfies

CP(X, dx) < C.
Then_for every m, n € N, every n X n symmetric stochastic matrix A satisfies

V(). dy) < (45C)° max{ L
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In Section 6.3 we investigate the metric Markov cotype of super-reflexive Banach
spaces, obtaining the following result, whose proof is inspired by Ball’s insights in [4].

Theorem 1.8 (Metric Markov cotype for super-reflexive Banach spaces). — Let (X, || - ||x) be
a super-reflexive Banach space. Then there exists p = p(X) € [2, 00) such that

CP(X, - lIx) < o0,
e, (X, || - |lx) has Metric Markov cotype p with exponent 2.

Remark 1.9. — In our forthcoming paper [47] we compute the metric Markov co-
type of additional classes of metric spaces. In particular, we show that all CAT(0) metric
spaces (see [11]), and hence also all complete simply connected Riemannian manifolds
with nonnegative sectional curvature, have Metric Markov cotype 2 with exponent 2.

By combining Theorem 1.7 and Theorem 1.8 we deduce the following result.

Corollary 1.10 (Nonlinear spectral calculus for super-reflexive Banach spaces). — For every
super-reflexive Banach space (X, || - ||x) there exist (X)), C(X) € (0, 00) such that for every m, n €
N and every n X n symmetric stochastic matrix A we have

2
Yo (A, 1+ 12) = G max{ L M}_

e )

Remark 1.11. — In Theorem 6.7 below we present a different approach to proving
nonlinear spectral calculus inequalities in the setting of super-reflexive Banach spaces.
This approach, which is based on bounding the norm of a certain linear operator, has
the advantage that it establishes the decay of the Poincaré constant of the power A™
rather than the Cesaro average .7,(A). While this result is of independent geometric
interest, the form of the decay inequality that we are able to obtain has the disadvantage
that we do not see how to use it to construct super-expanders. Moreover, we do not
know how to obtain sub-multiplicativity estimates for such norm bounds under zigzag
products and other graph products such as the tensor product and replacement product
(see Section 1.3.5 below). The approach based on metric Markov cotype also has the
advantage of being applicable to other classes of (non-Banach) metric spaces, in addition
to its usefulness for the Lipschitz extension problem [4, 47].

1.3.4. The base graph. — In order to construct super-expanders using Theorem 1.3
and Corollary 1.10 one must start the inductive procedure with an appropriate “base
graph”. This is a nontrivial issue that raises analytic challenges which are interesting in
their own right.

It 1s most natural to perform our construction of base graphs in the context of
K-convex Banach spaces, which, as we recalled earlier, is a class of spaces that is strictly
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larger than the class of super-reflexive spaces. The result thus obtained, proved in Sec-
tion 7 using the preparatory work in Section 5.2 and part of Section 6, reads as follows.

Lemma 1.12 (Existence of base graphs for K-convex spaces). — There exists a strictly increasing
sequence of integers {m,}>° | € N satisfying
(18) VieN, 2% <m,<2",
with the following properties. For every 6 € (0, 1] there is ny(8) € N and a sequence of regular graphs
{H.(8) 2, s) such that

— |V(H,(8))| = my,_for every integer n > ny(9).

— For every n € [ny(8), 00) NN the degree of H,,(8), denoted d,(5), satisfies
(19) d,(8) < oo™

— For every K-convex Banach space (X, || - ||x) we have vy (H,(8), || - %) < oo for all
6€(0,1) andne NN [ny(8), 00). Moreover, there exists 5o(X) € (0, 1) such that

(20) V8 € (0,80(X)], Vne[m(8),00) NN, 4 (H,(8), || - IIx) < 9°.

The bound 9% in (20) is nothing more than an artifact of our proof and it does not
play a special role in what follows: all that we will need for the purpose of constructing
super-expanders is to ensure that

(21) sup sup v (H,8), |- [1%) < oo,

6€(0,80(X)] n€[ng(8),00)NN

i.e., for our purposes the upper bound on y, (H,(8), || - ||%) can be allowed to depend
on X. Moreover, in the ensuing arguments we can make do with a degree bound that is
weaker than (19): all we need 1s that

log d,(8
(22) Voe( 1), lim 2840 _,

n— 00 log m,

However, we do not see how to prove the weaker requirements (21), (22) in a substantially
simpler way than our proof of the stronger requirements (19), (20).

The starting point of our approach to construct base graphs is the “hypercube
quotient argument” of [28], although in order to apply such ideas in our context we
significantly modify this construction, and apply deep methods of Pisier [61, 62]. A key
analytic challenge that arises here is to bound the norm of the inverse of the hypercube
Laplacian on the vector-valued tail space, i.e., the space of all functions taking values in a
Banach space X whose Fourier expansion is supported on Walsh functions corresponding
to large sets. If X is a Hilbert space then the desired estimate is an immediate consequence
of orthogonality, but even when X is an L,(u) space the corresponding inequalities are
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not known. P.-A. Meyer [48] previously obtained L, bounds for the inverse of the Lapla-
cian on the (real-valued) tail space, but such bounds are insufficient for our purposes. In
order to overcome this difficulty, in Section 5 we obtain decay estimates for the heat semi-
group on the tail space of functions taking values in a K-convex Banach space. We then
use (in Section 7) the heat semigroup to construct a new (more complicated) hypercube
quotient by a linear code which can serve as the base graph of Lemma 1.12.

The bounds on the norm of the heat semigroup on the vector valued tail space (and
the corresponding bounds on the norm of the inverse of the Laplacian) that are proved
in Section 5 are sufficient for the purpose of proving Lemma 1.12, but we conjecture
that they are suboptimal. Section 5 contains analytic questions along these lines whose
positive solution would yield a simplification of our construction of the base graph (see
Remark 7.5).

With all the ingredients in place (Theorem 1.3, Corollary 1.10, Lemma 1.12), the
actual iterative construction of super-expanders in performed in Section 4. Since we need
to construct a single sequence of bounded degree graphs that has a nonlinear spectral
gap with respect to @/l super-reflexive Banach spaces, our implementation of the zigzag
strategy is significantly more involved than the zigzag iteration of Reingold, Vadhan and
Wigderson (recall Section 1.3.1). This implementation itself may be of independent in-
terest.

1.3.5. Sub-multiplicativity theorems for graph products. — Theorem 1.3 is a special case
of a larger family of sub-multiplicativity estimates for nonlinear spectral gaps with respect
to certain graph products. The literature contains several combinatorial procedures to
combine two graphs, and it turns out that such constructions are often highly compatible
with nonlinear Poincaré inequalities. In Section 8 we further investigate this theme.

The main results of Section 8 are collected in the following theorem (the relevant
terminology is discussed immediately after its statement). Item (II) below is nothing more
than a restatement of Theorem 1.3.

Theorem 1.13. — Fix m, n, ny, dy, dy € N. Suppose that K : X x X — [0, 00) s a kernel
and (Y, dy) s a metric space. Suppose also that G, = (V, E) is a d\-regular graph with n, vertices
and Gy = (Vy, Eo) is a do-regular graph with d, vertices. Then,

(I If A= (ay) is an m X m symmetric stochastic matrix and B = (b;) 15 an n X n symmetric
stochastic matrix then the tensor product A ® B satisfies

(23) Y+(A®B,K) <y (A, K) - 4 (B, K).
(II) The zigzag product G, @G, satisfies

(24) Y+(G1@Gy, K) < y1(G, K) - y4 (Gy, K)*.
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(IIT) 7%e derandomized square G, G, satisfies
(25) Y+(G1®G6G2, K) < )’+(G?» K) - Y1+(Ge, K).

(IV) The replacement product G|0)G, satisfies

(26) Vi (Gi®Ga, &2) < 3(d + 1) - 4 (G, &2) - 4 (Ga, 2)".

(V) The balanced replacement product G, HG, satisfies

(27) V+(G1@GQ, d%) <6-y4 (Gl, d\%) : V+(G2, di)Q-

Since the (mn) X (mn) matrix AQ B = (a;ib) satisfies A(A®Q B) = max{A(A), A(B)},
in the Euclidean case, i.e., K : R x R — [0, 00) is given by K(x, y) = (x — »)?, the product
in the right hand side of (23) can be replaced by a maximum. Lemma 8.2 below contains
a similar improvement of (23) under additional assumptions on the kernel K.

The definitions of the graph products G;@ G, GGy, GGy, G;® Gy are re-
called in Section 8. The replacement product G, @Gy, which is a (d; + 1)-regular graph
with 7n,d, vertices, was introduced by Gromov in [17], where he applied it iteratively to
hypercubes of logarithmically decreasing size so as to obtain a constant degree graph
which has sufficiently good expansion for his (geometric) application. In [17] Gromov
bounded A(G;@Gy) from above by an expression involving only A(G,), A(Gy), dy. Such
a bound was also obtained by Reingold, Vadhan and Wigderson in [67]. We shall use (26)
in the proof of Theorem 1.1.

The breakthrough of Reingold, Vadhan and Wigderson [67] introduced the zigzag
product, which can be used to construct constant degree expanders; the fact that (24)
holds true for general kernels K, while (26) assumes that dy is a metric and incurs a
multiplicative loss of 3(dy; + 1) can be viewed as an indication why the zigzag product is
a more basic operation than the replacement product.

The balanced replacement product G;® Gy, which is a 2dy-regular graph with
nyd, vertices, was introduced by Reingold, Vadhan and Wigderson [67], who bounded
A(G1®Gy) from above by an expression involving only A(Gy), A(Gy).

The derandomized square G;(®Gy, which is a d)dy-regular graph with n; vertices,
was introduced by Rozenman and Vadhan in [69], where they bounded A(G,(®Gy) from
above by an expression involving only A(G), A(Gy). This operation is of a different na-
ture: it aims to create a graph that has spectral properties similar to the square G7, but
with significantly fewer edges. In [67, 69] tensor products and derandomized squaring
were used to improve the computational efficiency of zigzag constructions. The general
bounds (23) and (25) can be used to improve the efficiency of our constructions in a simi-
lar manner, but we will not explicitly discuss computational efficiency issues in this paper
(this, however, is relevant to our forthcoming paper [46], where our construction is used
for an algorithmic purpose).
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2. Preliminary results on nonlinear spectral gaps

The purpose of this section is to record some simple and elementary preliminary
facts about nonlinear spectral gaps that will be used throughout this article. One can skip
this section on first reading and refer back to it only when the facts presented here are
used in the subsequent sections.

2.1. The trivial bound for general graphs. — Yor k € [0, 00) a kernel p : X x X —
[0, 00) s called a 2“-quasi-semimetric if p(x, x) = 0 for every x € X and

(28) Vx,p,z€X,  plxy) <2(p(x,2) + p(2.0)-

The key examples of 2¢-quasi-semimetrics are of the form p = di, where dx : X x X —
[0,00) 1s a semimetric and p € [1,00), in which case k = p — | (in fact, all quasi-
semimetrics are obtained in this way; see [26, Section 2] and [38, 58]).

Lemma 2.1. — Fix n,d € N and k € [0,00). Let G = (V, E) be a d-regular connected
graph with n vertices. Then for every 2 -quasi-semimetric p : X x X — [0, 00) we have

(29) Y(G, p) < 2@t
If in addition G s not a bipartite graph then

(30) v+ (G, p) < 2%ant!,

Proof. — For every x,y € V choose distinct {u,” = x, uf'y, cee uff}_l, u? —y} cVv
such that (;”, u:”|) € E for every i € {1, . , My}, and W, ) # (u’c Yo U= 1) for distinct

t,ye{l,...,m y} Fixingf:V— X, a stra1ghtforward mductlve application of (28) yields

z’ z’

My y

PU@SO) = @) 3 p(f(7)./ (7))

My, y

< (20 Zp S (7))

Thus

My,

= Y A =S Y Y ) )

(x)eVxV (x)eVxV =1

2n)* (2
< ﬂ > p(f@.f )

(a,b)eL
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2n)nd 1
< E S (@),

(a,b)eE

This proves (29). To prove (30) suppose that G is connected but not bipartite. Then for
every x,y € V there exists a path of odd length joining x and » whose total length is at
most 2n and in which each edge is repeated at most once (indeed, being non-bipartite, G
contains an odd cycle ¢; the desired path can be found by considering the shortest paths
joining x and y with ¢). Let {wy” = x, w”, ..., w7, w;’éﬁl =9} € V be such a path. For
every f,g:V — X we have

> p(f@.g0))

(x)eVxV

<y (4£”+2)”< (f (w5”), g(wy”))

(x)eVxV

+ Z g(wyl ). f(wy))) + p(f(w;ly)’g(w;zy-u)))>

<@’ Y p(f(@),gB),

(a,6)eE.

implying (30). 0J

Remark 2.2. — For n € N let C, denote the n-cycle and let C? denote the n-cycle
with self loops (thus C¢ is a 3-regular graph). It follows from Lemma 2.1 that y (C,, p) <
2n)*t! and y, (C2, p) < (4n)“*! for every 2*-quasi-semimetric. If (X, dx) is a metric
space and p € [1, 00) then one can refine the above arguments using the symmetry of the
circle to get the improved bound

(n+ 1)
p2r

We omit the proof of (31) since the improved dependence on p is not used in the ensuing
discussion.

(31) ye(Co k) S

2.2. y versus y4+. — By taking / = g in the definition of y, (-, -) one immediately
sees that y (A, K) < y; (A, K) for every kernel K : X x X — [0, 00) and every symmetric
stochastic matrix A. Here we investigate additional relations between these quantities.

Lemma 2.3. — Fix k € [0,00) and let p : X x X — [0, 00) be a 2°-quasi-semimetric.
Then _for every symmelric stochastic matrix A we have

2 0 A 0 A
(32) Wy<<A 0),,0>§)/+(A,,0)52V<(A O>,/O>~
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Proof. —Fix f,g:{1,...,n} > Xand define 2 : {1, ..., 2n} — X by

h()d_d f@) ifzef{l,..., n},
g@—mn) ie{n+1,...,2n}.

Suppose that A = (g;) is an n X n symmetric stochastic matrix. Then

QZZp ONOE QZZp h(i), h(+ )

=1 j=1 =1 j=1

2n  2n
< izz (hG). A())

2n n

_2)’((1\0) p)zz( > fl(z) /z(]))

=1 j=1

9 0A , . .
_ Mzz%p(mgw)-

i=1 j=I

This proves the rightmost inequality in (32). Note that for this inequality the quasimetric
inequality (28) was not used, and therefore p can be an arbitrarily kernel.

To prove the leftmost inequality in (32) we argue as follows. Fix 2: {1,...,2n} = X
and define f,g: {1, ...,n} = X by f(¢) = h(2) and g(z) = ~(: +n) for everyz € {1, ..., n}.
Then

(33) 3> Z p(h(i). h()) < Z Z Z 2¢(p (h(0), h(L + )

=1 j=l1 =1 j=1 (=1
+ p(h(j), k(€ + n)))
=23 (£ (), ()
=1 j=1

Similarly,

n n

(34) > " p(hG+n), h(j+ n))
<=2 222 2 (p(k+ . k() + p (kG + ). kD))
=233 (£, 20).

=1 y=I1
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Hence,
(2 ¥ ZZ (k). h(j))
=1 j=1
= QZZ (hGi). k() + QZZp h(i+ 1), h(j + )
(2 ) =1 j=1 (2 ) =1 j=1
QZZ,O h(@), h(j +n)) + QZZ’O h(i + n), h(j))
(2)11]1 (2)11]1
3N Kk+1
551 2 —|— 1 ZZP (F0,20)
=1 j=1
2K+1 1 A, n n . .
< ¢ +$‘mzzwmmw
i=1 j=1
_ @Dy A ) 1A (0 A)
_ ) %ZZ 0 g,o( (). h())).
=1 j=
which is precisely the leftmost inequality in (32). U

Lemma 2.4. — Fix k € [0,00) and let p : X x X — [0, 00) be a 2° -quasi-semimelric.
Then _for every symmelric stochastic matrix A we have

0 (A i} 0 A
J/((b%(A) é )),,0)5(2 +2+1)y(mfm<A 0),p>.

Progf: — Suppose that A =
to show that for every £ : {1, ..

(35)

(@) 1s an n X n symmetric stochastic matrix. It suffices
., 2n} = X and every m € N we have

n 2n

0 A
(36) ZZ%( )(MMM
=1 j=I
2n  2n 0 ,52{ (A)
K+2 m . .
(22 +1) Z;Z; (% w0 )ylp(/l(l),h(])).
=1 j=
def /g A

For simplicity of notation write B = (4;) = ( A0 ) Then

L(m—1)/4] L(m—3)/4] [(m—2)/2]

_l _ 4—3
(37) A (B) = —1+ — > B+

s=1

2(2s+1) 23+1
Z B + Z B
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0 A\ 0 A
oot (0= (1),

Observe that

Hence,

L(m—2)/2] 1 L(m=2)/2] A 25+1
(38) . Z B¥ ! = 92 wlmo AT :
" a Zt(m )/ JA2A+1 0

For every s € N, using the fact that B*~! and B**! are symmetric and stochastic, we have

2n  2n

(39) YD (BY),0(h0), k()

=1 j=1

< ZZ(Z (B7),, (B**) 2 (o (h(0). (D)) + p(h(E). h(]'))))

=1 y=I1
2n  2n 0 AZs | +A25+1
—QKZZ<AQ‘ L A2+ 0 ) bp(/z(a),fz(b)).
a=1 b=1 a

Similarly, for every s € N U {0},

2n 2n
(40) YD (B o(kG), k()
=1 j=1
2n  2n
AZJ+1
< okl Z Z <Als+1 ) p(/z(a), fl(b)).
a=1 b=1 ab
It follows from (37), (38), (39) and (40) that
2n  2n n n
(41) DO #,Bp(hi). () ZZ( ) (kD). h(j)),
=1 j=I1 =1 j=I1
where
w1 o L(m—1)/4]
C :L 1 - AQ&*I A23+1
m + m ; ( + )
91 [(m—3)/4] 1 [(m=2)/2]
AQJ—H _ AQS-H.
+=— > + -~ >

s=0 s=0
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To deduce (36) from (41) it remains to observe that

Vigefl,...,n}, Gy < (274 1)4,(A);. O

The following two lemmas are intended to indicate that if one is only interested
in the existence of super-expanders (rather than estimating the nonlinear spectral gap of
a specific graph of interest) then the distinction between y (-, -) and y, (-, -) 1s not very
significant.

Lemma 2.5. — Fix n,d € N and let G = (V, W, E) be a d-regular bipartite graph such
that |V| = |W| = n. Then there exists a 2d-regular graph H = (V, F) for which every kernel K :
X x X — [0, 00) satisfies y+ (H, K) <2y (G, K).

Proof: — Fix an arbitrary bijection o : V — W. The new edges I' on the vertex set
V are given by

V(u,v) €VXV, Fuv)EE(uo0@)+E(0®@w,v).

Thus (V, F) is a 2d-regular graph.
Given f, g: V — X define ¢, ¢ : VUW — X by

def | f(x) ifxeV, def | g(x) ifxeV,
d)l(x)_{g(al(x)) itxew, ¢2(x)_{f(01(x)) ifxeW.

Then,

=Y K(fw.ew)

(u,v)eVXV
1

G 2 (K@0.00) +K®H:W.6:.00)
& (x,9)€(VUW) x (VUW)

G, K
YGRS B (K60, 61 0)) + K (00, 6:0)))

2nd (x)E(VXW)UWX V)

D (E(o®) +E(o @, v)K(f (W), g(v))

(t,v)EVXV

2y (G, K) Z
= I; [} .
n-(2d) (u,v)eF (f(u) g(v)) O

_7(G.K)
nd

Lemma 2.6. — Fixn,d € N and let G = (V, E) be a d-regular graph with |V| = 2n. Then
there exists a 4d-regular graph G' = (V', E) with |V'| = n such that for every k € (0, 00) and every
0 X x X — [0, 00) which is a 2° -quasi-semimetric we have (G, p) < 272y (G, p).
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Proof. — Write V=V U V" where V', V" C V are disjoint subsets of cardinality
n, and fix an arbitrary bijection o : V' — V”. We first define a bipartite graph H =
(V', V", F) by

(42) V(x,) €V x V', F(x,7) £ E(x,)) +E(x, 0 7' () + dLy—s ),

where F is extended to V” x V' by imposing symmetry. This makes H be a 2d-regular
bipartite graph. We shall now estimate y (H, p). For every / : V— X we have

(43) Y. p(fw.sw)

(u,0)eVXV

G,
IR ”’( S B ws(fw.f@)

2nd -
(v)€(V/ X VYUV x V')

+ Y Ewmup(f@. )+ Y E(u,v)p(f(u),f(v))).

(u,v)eV'xV’ (u,v)eV" X V"

1
(2n)?

Now, using the fact that p is a 2-quasi-semimetric we have

(44) > E@vp(f.f )
(u,v)eV’' xV’
< Y 2E@u)(e(f@.f(e®)) +p(f(c@®).f (1))
(u,v)eV' xV’
=2 Y E(no'0)o(f@.SD) + 24 p(f(0().f (D).
(x)eV'xV” zeV/
Similarly,
(45) Y E@wp(f.f W)
(u,v)eV’xV"
<2 Y E(oW)e(f@.SO)+24Y_ p(f(2).f(0(2))-
(x ) eV’ XV’ eV

Recalling (42), we conclude from (43), (44) and (45) that

21y (G, p)

T 2 PUDS0)).

(xp)eF

1 > p(f(w).f()) <

2
(272) (u,0)e(V'UV") x (V'UV")

Hence y (H, p) < 2<19(G, p). The desired assertion now follows from Lemma 2.5. [
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2.3. Edge completion. — In the ensuing arguments we will sometimes add edges to
a graph in order to ensure that it has certain desirable properties, but we will at the same
time want to control the Poincaré constants of the resulting denser graph. The following
very easy facts will be useful for this purpose.

Lemma 2.7. — Fix n,dy,d> € N. Let G| = (V, E\) and Gy = (V, Ey) be two n-vertex
graphs on the same vertex set with Eo D Ey. Suppose that Gy s dy-regular and G s dy-regular. Then
Jor every kernel K : X x X — [0, 00) we have

{y(GQ’ K) y—i—(GQ’ K)} < é
¥(G1,K)" y+(G1,K)

Progf: — One just has to note that for every f, g: V — X we have

— Z (/). 50) >7 Y K(f(),50)

(x ) €Ly (x)€E;
4 1
= T K(f(%),g0)).
2 1 (xp)ek) O

Defination 2.8 (Edge completion). — Fix two integers D > d > 2. Let G = (V,E) be a
d-regular graph. The D-edge completion of G, denoted € (G), ts defined as a graph on the same
vertex set V, with edges E(61(G)) 2D E defined as follows. Wiite D = md + r, where m € N and
ref{0,...,d—1}. Then E(6n(G)) is obtained from E by duplicating each edge m times and adding
7 self loops to each vertex in 'V, v.e.,

(46) Y(x,9) €V xV, E(%”D(G)) (x,9) dzeme(x,y) + 1oy
This definition makes 61,(G) be a D-regular graph.

Lemma 2.9. — Fix two integers D > d > 2 and let G = (V, E) be a d-regular graph. Then
Jor every kernel K : X x X — [0, 00) we have

{ Y (©n(G),K) y,(n(G),K) }
ax <2.

(47) ,
Y (G, K) Y+(G, K)

Proof: — Write |V| =nand D =md + r, where m€ N and r € {0, ..., d — 1}. For
every [, g:V — X we have

1
5 2 KU®.ew)

(x)€E(ED(G))

46) 1 Z mdE(x, ») + rd1,—,
K

. (f(9,200)

(x)eVxV
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1

I 1
>— ) m—HE(xy)K(f(x) 0z 5 — 2 K(f@.0).
(x)eVxV (x)€ek O

3. Metric Markov cotype implies nonlinear spectral calculus

Our goal here is to prove Theorem 1.7. We start with an analogous statement that
treats the parameter y (-, -) rather than y, (-, -).

Lemma 3.1 (Metric Markov cotype implies the decay of y). — Fix G, e € (0,00), ¢ €
[1,00), m,n € N and an n X n symmetric stochastic matrix A = (ay). Suppose that (X, dx) is a

melric space such that for every x, ..., x, € X there exist y, . .., y, € X salisfying

(48) Z dx (x;, ;)" 4 m Z Z aydx (i, 7)" < C Z Z A (A) jdx (%, )"
i=1 j=1 i=1 j=1

Then

(49) Y (@A), &) < (3C)qmax{ 1, %’Sdg{) }

Proof: — Write B = (b)) = «,(A). If y (B, d%) < (3C)? then (49) holds true, so we
may assume from now on that y (B, &%) > (3C)". Fix

(50) (3C) <y <y (B, d&%).
By the definition of y (B, dgi) there exist xy, ..., x, € X such that
(51) nQZdem,xj) > —ZZZJ dx (x5, 3)!
=1 j=1 =1 y=I1
Let yy, ..., », € Xsatisty (48). By the triangle inequality, for every ¢,7 € {1, ..., n} we have
(52> dx (x;, Xj)q = 30! (dX(Xi»))z‘)q + dXUi’_yj)q + dx(y]-, xj)q)-
By averaging (52) we get the following estimate.

53) S O 2 e 0D ) dew )

i=1 j=1 =1 j=1

2 ?,q)_/l,Z Z D byl Gy %) = = Z dx (i)’

=1 j=1
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(48) Sym®
(30)%2Z it )"

=1 j=1

+ ((30)‘771 >de(xz,yz

o 3
= i D ki

At the same time, by the definition of y (A, dx.) we have

n n q n n
59 ED D) INURI PRI ) SrNERNG

i=1 j=1 =1 j=1

By contrasting (54) with (53) and letting y 7 y (B, d%) we deduce that
y (A, &)

mS

y ((A), dL) =y (B, dL) < 377 ¢
The special case ¢ = 2 of the following theorem implies Theorem 1.7.

Theorem 3.2 (Metric Markov cotype implies the decay of v). — Fix C, ¢ € (0,00), ¢q €
[1,00), m,n € N and an n X n symmelric stochastic matrix A = (a;). Suppose that (X, dx) 1s a
melric space such that for every x,, . .., x9, € X there exist yy, . .., po, € X salisfying

(55) dem, )+ m ZZ( )Adx()/i,){;‘)q

=1 j=I

2n 2n
0 A
schde(A O)ydx(xi,pg)q.

i=1 j=1

Then

q
(26) v+ (T (A), &) < (45C)qmax{ ) M}.

m€

Proof. — By Lemma 2.3 and Lemma 2.4 we have

(57) Vi (,(A), d") ) 2)/ (( %(z A) "Z{’"O(A)),dg

(59) 0 A
g+1 q
<2(2 +l)y(%<A 0>,dx>.
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At the same time, an application of Lemma 3.1 and Lemma 2.3 yields the estimate

0A q
(58) y (% Ci ‘é>,d§<> < (3C)qmax{1, M}

m&‘

(32) 141 A, d!
< (3C)”max{l, 2 ; sl X)}.
mE

The desired estimate (56) is a consequence of (57) and (58). U

4. An iterative construction of super-expanders

Our goal here is to prove the existence of super-expanders as stated in Theo-
rem |.1, assuming the validity of Lemma 1.12, Corollary 1.10 and Theorem 1.13. These
ingredients will then be proved in the subsequent sections.

In order to elucidate the ensuing construction, we phrase it in the setting of ab-
stract kernels, though readers are encouraged to keep in mind that it will be used in the
geometrically meaningful case of super-reflexive Banach spaces.

Lemma 4.1 (Initial zigzag iteration). — Fix d, m, t € N satisfying
(59) td* = < m,

and fix a d-regular graph Gy = (V, E) with |V| = m. Then for everyj € N there exists a regular graph
Fl = (V}, E}) of degree d* and with Vil = m such that the following holds true. If K : X x X —
[0, 00) s a kernel such that y.(Gg, K) < 0o then also v, (Fj, K) < 0o for all j € N. Moreover,
suppose that C, y € [1,00) and € € (0, 1) satisfy

1/e

(60) t>(2Cy*) ",

and that the kernel K s such that every finite regular graph G satisfies the nonlinear spectral calculus
inequality

(61) v (7(G).K) < Cmax{l, @}

Suppose furthermore that
(62) Y+(Go, K) < y.
Then

sup y+(F;-, K) <2Cy2.
JEN ’
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Progf. — Set F| L&y (Go), where we recall the definition of the edge completion
operation as discussed in Section 2.3. Thus F| has m vertices and degree ¢*. Assume in-
ductively that we defined F; to be a regular graph with m vertices and degree d°. Then
the Cesaro average <7 (F)) has m vertices and degree @*'~V (recall the discussion preced-
ing (16)). It follows from (59) that the degree of «(F)) is at most m, so we can form the
edge completion %,,(<7, (F;-)), which has degree m, and we can therefore form the zigzag
product

(63) F = (G(A(F)) @G,

Thus F, | has m/™' vertices and degree d°, completing the inductive construction. Using
Theorem 1.3 and Lemma 2.9, it follows inductively that if K: X x X — [0, 00) is a
kernel such that v, (Gg, K) < oo then also y, (th-, K) <ooforallj € N.

Assuming the validity of (62), by Lemma 2.9 we have

, (47) 62)
Y+ (Fl’ K) =Y+ (%dQ (GO)’ K) =< 2)/+(G0, K) =< 2)/
We claim that for everyj € N,
(64) y+(Fl, K) < 2Cy”.

Assuming the validity of (64) for some j € N, by Theorem 1.3 we have

(12A(63) IA62
v (B K) 2y (G A(F)) 7 (Go K2 2y, ((F), K)y?
F, K
@ QC)/Qmax{l,%}
4 2
< QCVQmax{l,Q(;j’ }(2)2(3)/2. -

Corollary 4.2 (Intermediate construction for super-reflexive Banach spaces). — For every k € N
there exist regular graphs {F; (/c)}""1 and integers {di}72 |, {nj(k)}; ren © N, where {nj(/f)} C s a
strictly increasing sequence, such t/zat F;(k) has degree dy and ni(k) vertices, and the following condmon
holds true. For every super-reflexive Banach space (X, || - |Ix),

ViikeN,  y.(Fh), I - %) < oo

and moreover there exists k(X) € N such that

sup y4 (F;(0), 1| - 1%) < #X).

7. keN
k>k(X)



NONLINEAR SPECTRAL CALCULUS AND SUPER-EXPANDERS 27

Progf: — We shall use here the notation of Lemma 1.12. For every £ € N choose an
integer n(k) > ny(1/k) (recall that ny(1/£) was introduced in Lemma 1.12) such that

1

(65) k e?(/s—l)(logmn(k))l i < Moy

By (19), it follows from (65) that d,(1/£), 1.e., the degree of the graph H, ) (1/%), satisfies
k™ < mu = |V (Hay (1/6)],

where here, and in what follows, V(G) denotes the set of vertices of a graph G. We
can therefore apply Lemma 4.1 with the parameters ¢t =k, d = d,)(1/k), m = m, ) and
Go =H,» (1/k). Letting {F;(£)} j‘-’il denote the resulting sequence of graphs, we define

def def

& = (dy(1/h) and  m(h) L (mqe).

If (X, || - |Ix) 1s a super-reflexive Banach space then it is in particular K-convex
(see [61]). Recalling the parameter §,(X) of Lemma 1.12, we have

k>

8o(X) = v (Hap /R, - 1IX) <9°.

It also follows from Corollary 1.10 that there exists C(X) € [1, 00) and ¢(X) € (0, 1) for
which every finite regular graph G satisfies

2
(66) VIEN, V+(~QZ(G),||'||§<)§C(X)max{l,M}.

£ X)

We may therefore apply Lemma 4.1 with C = C(X), ¢ = ¢(X) and y = 9° to deduce
that if we define

kX)) & [max{

then for every j € N,

k= k(X) = supyi (F(), II - %) < 2C(X) - 9° < k(X). u
JEN

Corollary 4.2 provides a sequence of expanders with respect to a fixed super-
reflexive Banach space (X, || - [[x), but since the sequence of degrees {d;};2, may be
unbounded (this is indeed the case in our construction), we still do not have one sequence
of bounded degree regular graphs that are expanders with respect to every super-reflexive
Banach space. This is achieved in the following crucial lemma.
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Lemma 4.3 (Main zigzag iteration). — Let {di}72 | be a sequence of integers and for each k € N
let {nj(K)}2, be a strictly increasing sequence of integers. For every j, k € N let ¥;(k) be a regular graph
of degree di, with n;(k) vertices. Suppose that £~ is a_family of kernels such that

(67) VKe X, Vj,keN, y,(F(k),K) < oco.

Suppose also that the following two conditions hold true.
— For every K € JZ there exists ky (K) € N such that

(68) sup 4 (F;(8), K) < ki (K).
o)

— For every K € & there exists ky(K) € N such that every regular graph G satisfies the
Jollowing spectral calculus inequality.

(69) VIEN, v (#(G),K) < k(K) max{ 1 M}

{1/ (K)
Then there exists d € N and a sequence of d-regular graphs {H;}22, with

lim [V(H))| = o0

—00
and

(70) VK e, supy,(H,K) < oo.

JeN

Progf: — In what follows, for every £ € N it will be convenient to introduce the
notation

(71) M, (28°)".

With this, define

(72) (k) “éfmin{ JEN: n(k) > 247 + Mypdiy
and
(73) Wi = gy ().

We will next define for every £ € N an integer £(k) € N U {0} and a sequence of

regular graphs W, W}, ..., Wﬁw, along with an auxiliary integer sequence {#;() }tf(lg -

N. Set -

(74) WIEW, and  h(h) E k.
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Define £(1) = 0. For every integer £ > 1 set

(75) /mmﬁmmMeNzwmmz@M¢
Observe that necessarily 4, (k) < hy(k) = k. Indeed, if /; (k) > £ then

(75) (72) ooM—1) 7Y
di > njgon(k—1) > Myd;™ ™" > d,

a contradiction. By the definition of %, (k) we know that n, ) (A1 (£)) > djy1), SO we may
form the edge completion %M](k))(;”(k))(wg). Since the number of vertices of Wy, 1s
i () (R (K)), which is the same as the degree of %.(hl<k))(hl(k))(wg), we can define

1 def

0
Wk = %ih] * (anj(/zl (k) (1 (F)) (Wk) @Whl (k))'

The degree of W} equals

2(Mp =1
Mh1 (k) dm (k)

Assume inductively that £, 7 > 1 and we have already defined the graph Wil and
the integer 4;_; (k), such that the degree of W, equals

oMy, 1)

(76) M wd_ 4

If #,_, (k) = 1 then conclude the construction, setting £(k) =7 — 1. If #,_, (k) > 1
then we proceed by defining

ef . 2(Mp,_ =1
(77) /ll(/f) d:frmn{h eN: i(hy (/l) > Mlzl;l(k) dhz’q(//;) @ }
Observe that
(78) hi(k) < hio1 (B).

Indeed, if #;(k) > h;_, (k) then

2My,_ =1 (77) 72) 5 2My,_ =1
My wd, i > i -1 (i1 (B) — 1) > 247 + My wd,_ )" s

a contradiction. Since the degree of W} ™! is given in (76), which by (77) 1s at most
k) (hi(K)), we may form the edge completion Cgryu,,-(k))(hi(k))(WZ_I)- The degree of the

resulting graph 1s 7, (h:(£)), which, by (73), equals the number of vertices of Wy, ). We
can therefore define

i def

(79> W/c = %’llzi(k) (Cg’l‘(hi(k))(/li(k)) (WZ_I)@W/U(/C))'

J

: 2(My, 1 —1) . . :
The degree of W), equals My, dhi(k)h’(k) , thus completing the inductive step.
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Due to (78) the above procedure must eventually terminate, and by definition
hogy (k) = 1. Since Ay (k) = £, it follows that

(80) VkEeN, Lk <k
We define
H, & WO,
The degree of H; equals d d:ean,’l2 for all £ € N. Also, by construction we have

VHD| = V(W)

HA(T

> V(W) 2= [v(wh)| = ](/f)(k) > M1
Thus lim;_, o [V(H,)| = o0o. It remains to prove that for every kernel K € %" we have

(81) sup ¥4+ (Hy, K) < 00.
keN

To prove (81) we start with the following crucial estimate, which holds for every

keNand:ie(l,...,L(k)}.

, (69)A(79) Vi (G ity Wi D@ Wy, K)
(82) )/+(W2,,K) < ko (K) max{ T o ) l/kgk(K) — }
M,
1D 2y (Wi, K) vy (Figoe (hi(k)), K)?
' (K) max{ e ) :
M,

In particular, it follows from (82) that the following crude estimate holds true.

i i— 2
(83) Y+ (Wk» K) <2k (K)y, (Wk : ) K) Y+ (Fj(hz-(k)) (hi(k)), K) .
A recursive application of (83) yields the estimate
v+ (Hi, K) =y, (W, K)

20k

(W1 K) T (B (i), K.

=1

E(k)

< (2k(K))

Due to the finiteness assumption (67), it follows that
(84) VkeN, yi(H; K) <oo.

In order to prove (81) we will need to apply (82) more carefully. To this end set

(85) ks (K) = max{k (K)., k(K) },
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and fix £ > £;(K). We will now prove by induction on ¢ € {0, ..., £(k)} that
(86) hi(k) > ks(K) =y (W, K) < k(K).
If : =0 then 4y (k) = k > k3(K) > £, (K), so by our assumption (68),

THA(T3 (69)
v (WLK) "2y (B (6), K) < k(K < ky(K).

Assume inductively that 7 € {1, ..., £(k)} satisfies
(87) hi(k) > k3(K).

By (78) and the inductive hypothesis we therefore have

(88) Y+ (WZ_I, K) < k(K.
Hence,
l, (B2)ABT)IAGEIABS) 2ks(K) & (K)?
v(WLK) = RE) max{ N
Mﬁi(k)
(85)A(87) 2ks(K)? ) (71
< kg(K)max{l, o | 2 k(K.
M/ffi X)
This completes the inductive proof of (86).
Define
(89) (k) Emax|ie {0,..., 600 — 1} : k) > k(K)].

Note that since (k) = £, the maximum in (89) is well defined. By (86) we have
(90) ye (Wi, K) <k (K).

A recursive application of (83), combined with (90), yields the estimate

)
(91) v+ (Hyi, K) < 55(K) 1_[ (2k2(K)V+ (Fj(hi(k)) (ﬁi(k)), K)Q)

1=ip (k)+1

By (89), for every ¢ € {ip(k) + 1, ..., £(k)} we have ;(k) < k3(K). Due to the strict mono-
tonicity appearing in (78), it follows that the number of terms in the product appearing
in (91) is at most £3(K), and therefore

k3 (K)
(92) v (Hy. K) < k(K) (26K)" TT v+ (B0 (). K)".

r=1



32 MANOR MENDEL, ASSAF NAOR

We have proved that (92) holds true for every integer £ > £3;(K). Note that the upper
bound in (92) is independent of £, so in combination with (84) this completes the proof

of 81). O

Proof of Theorem 1.1. — Lemma 4.3 applies when % consists of all K : X x X —
[0, 00) of the form K(x, y) = ||x —y||§<, where (X, || - ||x) ranges over all super-reflexive
Banach spaces. Indeed, hypotheses (67) and (68) of Lemma 4.3 are nothing more than
the assertions of Corollary 4.2. Hypothesis (69) of Lemma 4.3 holds true as well since, by
Corollary 1.10, every super-reflexive Banach space (X, || - ||x) satisfies (66), so we may
take

ky(X) défmax{C(X), T;Q}

Let d € N and {H;}2°, be the output of Lemma 4.3. Recalling the notation of
Remark 2.2, Cf denotes the cycle of length ¢ with self loops, and Cg denotes the cycle of
length 9 without self loops. For each ¢ € N, since H; is d-regular, we may form the zigzag
product H;@®C, which is a 9-regular graph with d|V(H;)| vertices. We can therefore
consider the graph

H! < (H@C3)®Co.

Thus {H?}, are 3-regular graphs with lim;_, ., |[V(H})| = co. By Theorem 1.3 and
part (IV) of Theorem 1.13, for every super-reflexive Banach space (X, || - ||x) we have

v (HE N 13) < 97 (F - 12) v (o - 12) v (Con I 13)

By Lemma 2.1 we have y, (C2, || - |%) < 124° and y,(Co, || - |%) < 648 (since Cy is not
bipartite). Therefore y, (H?, || - ||§<) <d'y.(H, | - ||§(), so due to (70) the graphs {H’},
satisfy the conclusion of Theorem 1.1. 0

Remark 4.4. — V. Lafforgue asked [29] whether there exists a sequence of bounded
degree graphs {G;}72, that does not admit a coarse embedding (with the same moduli)
into any K-convex Banach space. A positive answer to this question follows from our
methods. Independently of our work, Lafforgue [30] managed to solve this problem as
well, so we only sketch the argument. An inspection of Lafforgue’s proof in [29] shows
that his method produces regular graphs {H;(£)}; en such that for each £ € N the graphs
{H;(k)}jen have degree dj, their cardinalities are unbounded, and for every K-convex
Banach space (X, || - [|x) there is some £ € N for which SUPjeN v (H;(5), || - ||§<) < 0.
The problem is that the degrees {d;},en are unbounded, but this can be overcome as
above by applying the zigzag product with a cycle with self loops. Indeed, define G;(k) =
H;(k))@Cy,. Then G;(£) is 9-regular, and as argued in the proof of Theorem 1.1, we still
have sup;y v+ (G;(k), || - %) < 00. To get a single sequence of graphs that does not admit
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a coarse embedding into any K-convex Banach space, fix a bijection ¥ = (a,0) : N —
N x N, and define G,, = G,y (6(m)). The graphs G,, all have degree 9. If X is K-convex
then choose £ € N as above. If we let m; € N be such that ¥ (m;) = (j, k) then we have
shown that the graphs {G,,}2, are arbitrarily large, have bounded degree, and satisty
supjen Y+ (G, Il - |%) < 00. The argument that was presented in Section 1.1 implies that
{G,.}°2, do not embed coarsely into X.

5. The heat semigroup on the tail space

This section contains estimates that will be crucially used in the proof of
Lemma 1.12, in addition to geometric results and open questions of independent inter-
est. We start the discussion by recalling some basic definitions, and setting some (mostly
standard) notation on vector-valued Fourier analysis. Let (X, || - [[x) be a Banach space.
We assume throughout that X is a Banach space over the complex scalars, though, by a
standard complexification argument, our results hold also for Banach spaces over R.

Given a measure space (§2, ) and p € [1, 00), we denote as usual by L, (i, X) the
space of all measurable f : £2 — X satisfying

1/p
def )
Wl = </ |If||§<du> < 00.
2

When X = C we use the standard notation L, () = L,(1t, C). When £2 is a finite set we
denote by L,(£2, X) the space L,(u, X), where p is the normalized counting measure
on £2.

Forne Nand A C {1, ..., n}, the Walsh function Wy : F; — {—1, 1} is defined by

def

Walx) = (—1)Zeas,

Any f : Fj — X has the expansion
f= Y J@AW,,
AC{1,...,n}
where
o~ ef 1
SNE 5 2/ WWa €X.
x€Fy

For ¢ : ) — G and f : F; — X, the convolution ¢ * / : Fj — X is defined as usual by

ef 1 o~
pr/WE S Y ph—wfw)= Y FAFOW.

wGF'Q’ AC{l,...,n}
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For ke {1,...,n} and p € [1,00] we let Lpzk(F”, X) denote the subspace of
L,(F3, X) consisting of those / : F; — X that satisfyf(A) =0forall AC{l,...,n} with
|A| < k.

Let ey, ..., ¢, be the standard basis of Fj. For j € {1, ..., n} define 9,/ : F; — X by

d_eff(x) —f(x+¢)

0: =
S (%) 5
Thus
af= Y JAWa,
AC{l,...,n}
JeA
and

AEYI G = Y IAFAWa,
J=1

AC(l,....n}

For every z € G we then have

(93) A= Y MWL =R, %/,
AC{1,...,n}
where
(94) R@EJJ(1+e=17)=(1-)"(1+)"",

J=1

and we identify F; with {0, 1}" € R". Hence, for every x € F; we have

— & lx—wiih n—|lx—wlly
(95) 4 (x) = Z(l 5 ) (HTez) S(w).

n
wekF;

In particular,

| — & llx=yllh 1 4+ ¢ n—|lx=ylh
(96) Vxy€F, (ezA(Sx)w:( 2€> (%) ’

where §,(w) ) 1{,—,) is the Kronecker delta.
Given n € N and / : F; — X, the Rademacher projection [43] of f is defined by

n

Rad(/) & > T (UHWa.

J=1
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The K-convexity constant of X is defined [43] by

def
K(X) =sup ”Rad”Lg(Fg,X)»LQ(F’ZL,Xy
neN
If K(X) < oo then X 1s said to be K-convex. Pisier’s deep K-convexity theorem [61]
asserts that X is K-convex if and only if it does not contain copies of {£7}°° | with distortion
arbitrarily close to 1, i.e., for all » € N we have

inf | Tflgox - [T
TeZ(],X)

1 —
HT(Z'{)»Z’{ =1,
where Z (€}, X) denotes the space of linear operators T : ] — X (and we use the con-
vention || T~ lT(ery—er = 00 if T' is not injective).
Our main result in this section is the following theorem.

Theorem 3.1 (Decay of the heat semigroup on the tail space). — For every K, p € (1, 00)
there are A(K, p) € (0, 1) and B(K, p), C(K, p) € (2, 00) such that for every K-convex Banach
X, - Ix) with K(X) < K, every k, n € N and every t € (0, 00),

97) Je < C(K, p)e \Kpkminlt. 2ED),

L7 X)L (F1.X)

The fact that Theorem 5.1 assumes that X is K-convex is not an artifact of our
proof: we have, in fact, the following converse statement.

Theorem 5.2. — Let X be a Banach space (X, || - ||x) for which exist k € N, p € (1, 00)
and t € (0, 00) such that

(98) sup|[e”’

A H <
N L X)L (R X)

Then X 1s K-convex.

l.

Remark 5.3. — We conjecture that any K-convex Banach space satisfies (98) for
every k€ N, p € (1,00) and ¢ € (0, 00). Theorem 5.1 implies (98) if £ or ¢ are large
enough, but, due to the factor C(K, p) in (97), it does not imply (98) in its entirety. The
factor C(K, p) in (97) does not have impact on the application of Theorem 5.1 that we
present here; see Section 7.

5.1. Warmup: the tail space of scalar valued functions. — Before passing to the proofs
of Theorem 5.1 and Theorem 5.2, we address separately the classical scalar case
X = Q, since it already exhibits interesting open questions. The problem was studied
by P-A. Meyer [48] who proved Lemma 5.4 below. We include its proof here since it is
not stated explicitly in this way in [48], and moreover Meyer studies this problem with F;
replaced by R" equipped with the standard Gaussian measure (the proof in the discrete
setting does not require anything new. We warn the reader that the proofin [48] contains
an inaccurate duality argument).
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Lemma 5.4 (R-A. Meyer). — For every p € [2, 00) there exists ¢, € (0, 00) such that for
every k € N, every tail space function f € Lfk(Fg) and every time t € (0, 00),

_ o lmi 2
(99) He meLp(FQ‘) < ottt }”f”Lp(F@'
Hence,
(100) 1A, 2 eV 1Lf 1l @y-

Proof: — The estimate (100) follows immediately from (99) as follows.
—IA —LlA
f et Afit 5/ e AfHLp(Fg)dt
0 Ly (F3) 0

1 00
(99) : [PAVA (T3
S (/ eﬁ[}ktzdt-i-/ ec/,/ctdt> “Af”Lp(Fg) 5 PAEo .
0 1 Cp*/%

To prove (99), we may assume that ||/, @;) = 1. Since p > 2, it follows that

(101) He_tAfHLQ(Fg) = €_kt||f||L2(Fg) =< €_kt||f||L,,(Fg) ="

By classical hypercontractivity estimates |7, 8], if we define

1Lf e,y = ‘

(102) ¢= 1+ (p— 1),
then
(103) [y < Wy = 1.
Since p € [2, ¢] we may consider 6 € [0, 1] given by

1 6 1-6
(104) —=—+—".

p 2 q
Now,

N —tA 0 —tA 1-6
(105) He tf”I?,(Fg) = He tf“I,Q(F;) ’ ”e tf‘ L, (F)
(101)%(103) 0 (1027104 x (_ 2(p — Dkt(e? — 1)).
pEp—1—1

By choosing ¢, appropriately, the desired estimate (99) is a consequence (105). 0

Remark 5.5. — For the purpose of the geometric applications that are contained
in the present paper we need to understand the vector-valued analogue of Lemma 5.4,
1.e., Theorem 5.1. Nevertheless, the following interesting questions seem to be open for
scalar-valued functions.
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(1) Can one prove Lemma 5.4 also when p € (1, 2)? Note that while A and ¢~'* are
self-adjoint operators, one needs to understand the dual norm on Lpzk(F", R)*
in order to use duality here.

(2) What is the correct asymptotic dependence on £ in (100)? Specifically, can (100)
be improved to

(106) IAS Ny Zp EILSN?
(3) As a potential way to prove (106), can one improve (99) to

(107) S e (F;) = Ve (0,00), e"AfHLp(FE) < M Sl mp?

As some evidence for (107), P. Cattiaux proved (private communication) the case £ =1,
p =4 of (107) when the heat semigroup on Fj is replaced by the Ornstein-Uhlenbeck
semigroup on R". Specifically, let y, be the standard Gaussian measure on R" and con-
sider the Ornstein-Uhlenbeck operator L = A — x - V. Cattiaux proved that there exists
a universal constant ¢ € (0, 00) such that for every f € L,(y,, R) and every ¢ € (0, 00),

(108) [ ar=0 = 1 = M
N

We shall now present a sketch of Cattiaux’s proof of (108). By differentiating at ¢ = 0,
integrating by parts, and using the semigroup property, one sees that (108) is equivalent
to the following assertion.

(109) Sly,=0 = [ fldv. < | SIVS15dy..
R” R

R”

The Gaussian Poincaré inequality (see [9, 32]) applied to /2 implies that

2
f4dyﬂ - < .deyn> 5 f2||vf”3dyn
RYL Rﬂ

R”

The desired inequality (109) would therefore follow from

2
mo [ =0 — ([ fan) < [0
Fix M € (0, 00) that will be determined later. Define ¢y, : R — R by
0 il <M,
a1 tu() = gg ' ﬁ; g i {11/[2134M]—M]

x if |x| = 2M.
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Since |¢'| < 2, an application of the Gaussian Poincaré inequality to ¢ o f yields the
estimate

2111
112 (¢0f)2dyn—< ¢0fd)/n> < / 19/ 1247
R” R {IfI=M}
Now,
(111)
(113) (o)) dy, > / Pay > [ Py, — e
R” {If1=2M} R”
Also,
1
(114) f ||Vf||§d)/niw SANVS I3y,
{IfI=M} R”
If in addition fR,, Jfdy, =0 then
(111)
115) bofiva=|[ @of—pran| L / (¢ 0f —)dy,| <4M.
R” R" {If1<2M}

Hence, by (112), (113), (114) and (115),

‘ 1 ‘ .
(116) fy,=0= | fdy, SM*+ — [ FIVSfil;dy..
R” R” M R

The optimal choice of M in (116) 1s

1/4
M=< fQIIVfllga’Vn) ,
Rll

yielding the desired inequality (110). It would be interesting to generalize the above ar-
gument so as to extend (108) to the setting of functions in all the Hermite tail spaces
{Lpzk(y,,, R)}en (€., functions whose Hermite coefficients of degree less than £ vanish).

5.2. Proof of Theorem 5.1. — For every m € {1, ..., n} consider the level-m Rade-

macher projection given by
Rad, (/)= > F(A)Wa.
Aglf{d ..... n}

Thus Rad; = Rad and for every z € G we have

n
A
= E ¢"Rad,,.

m=0

We shall use the following deep theorem of Pisier [61].
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Theorem 5.6 (Pisier). — For every K, p € (1, 00) there exist ¢ = ¢ (K, p) € (0, w/4) and
M = M(K, p) € (2,00) such that for every Banach space X satisfying K(X) < K, n € N and
z € G, we have

<M.

—ZA
(117) largel <@ = [ )ty =

One can give explicit bounds on M, ¢ in terms of p and K; see [42]. We will require
the following standard corollary of Theorem 5.6. Define

T
N tang’

so that all the points in the open segment joining ¢ — i and a 4 v have argument at
most ¢. Then

(118) IRad, |1, @ x)-1,@,x) < M™.
Indeed,

1 T

_ _ | L — ,
. ezmtg—(a—&-zt)A dt - / ezmt Z 6_(a+lt)kRadkdt — e_m“Radm.
2 J_. 2 J_, —

Now (118) is deduced by convexity as follows.

ema T .
_ —(a+it) A ma
IRad,, |1, @,x)-1,@.% = or ). He HLp(F’ZZ,X)—>L/,(Fg,X)dt = Me™
It follows that
M . M
119 Nz>2a = || oo, U gL
(119) = H ”L;’f(FQ,X)—m/;’f(FQ,X) ] — ¢ i
Indeed,
H e ” 125, X)— L2E (R X)
14 22 14 22
n
= Ze_szadm
m—F L (R X)—~ L7 (1. X)
n n
(1;8) Z e—mﬂi.zMeam < M Z e—mﬂi.{/? — M e—k}?iz/?
- - 1 — ¢ M2/2
m=k m=Fk
< M efk.‘)tz/Q.

] —e¢¢
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2a + i2mw

Fic. 1. — The sector V C C.

The ensuing argument is a quantitative variant of the proof of the main theorem
of Pisier in [62]. Let

def
r=2va>+m?,

and define

VE{zeC:ld =7 A largel < ¢}
The set V C C is depicted in Figure 1.
Denote

Vo dzef{x:t wtang : x € [0, Qa)},
and
V= (e 18] < ¢},

so that we have the disjoint union a0V =V,U V.
Fix ¢ € (0, 2a). Let p, be the harmonic measure corresponding to V and ¢, i.e.,

w, 1s the Borel probability measure on dV such that for every bounded analytic function
f:V— C we have

(120) F) = / F@du2).
oV

We refer to [16] for more information on this topic and the ensuing discussion. For con-
creteness, it suffices to recall here that for every Borel set E € 0V the number u,(E) is
the probability that the standard 2-dimensional Brownian motion starting at ¢ exits V
at E. Equivalently, by conformal invariance, u, is the push-forward of the normalized
Lebesgue measure on the unit circle S' under the Riemann mapping from the unit disk
to V which takes the origin to ¢.



NONLINEAR SPECTRAL CALCULUS AND SUPER-EXPANDERS 41

Denote

def

et = M[(V1)9
and write
(121) o= (1= ) + 6,

where !, ] are probability measures on Vy, V|, respectively. We will use the following
bound on 6,, whose proof'is standard.

Lemma 5.7. — For every t € (0, 2a) we have

] %
(122) 0,>— (E) i
2\r

Progf: — 'This 1s an exercise in conformal invariance. Let D = {z € G : |z] < 1}
denote the unit disk centered at the origin, and let D denote the intersection of D with
the right half plane {z € CG: Rz > 0}. The mapping £, : V— D, given by

T

muﬁ¥<§)%

is a conformal equivalence between Vand D. Let Q, = {x+ o : x, 9 € [0, 00)} denote
the positive quadrant. The Mobius transformation 4, : D — Q. given by

ef . +
ho() & 20

Z—1

is a conformal equivalence between D and Q.,. The mapping /3(z) £ 22 is a conformal
equivalence between Q, and the upper half-plane H, = {z € G : J(z) > 0}. Finally, the
Mobius transformation

def 2 — 1
hy(2) = :
4(2) oy

is a conformal equivalence between H; and D. By composing these mappings, we obtain

the following conformal equivalence between V and D.

—((OF +)" = i()F =)’
F(2) & (hyohsohyoh)(z) = —"— A .
(2) = (g 0 h3 0 hg 0 1) (2) —((f)@+i)2+i((f)%—i)2

Therefore, the mapping G : V— D given by

Gt FQ —FO
1 —FOF()



42 MANOR MENDEL, ASSAF NAOR

is a conformal equivalence between V and D with G(¢) = 0.
By conformal invariance, 6, is the length of the arc G(V|) € 9D = S', divided by
2. Writing s = h (£) = (/7)™ € (0, 1), we have

. —45(s> = 1) — i((s> = 1)? — 4s?)
G2a+2m) = 1) )

and

45(s> = 1) —i((s* = 1?2 — 45?)

G(2a— i2m) = L

It follows that if s > +/2 — 1 then 6, > 1, and if s < +/2 — | then

1 4s(1 —
(123) 0, = — arcsin tU=5) > i,
T (s24+1)2 2
where the rightmost inequality in (123) follows from elementary calculus. 0J

Lemma 5.8. — For every € € (0, 1) there exists a bounded analytic function ¥!: V — G
satisfying

~w0=1,

— W (2)| = & for every z € V,

_ |W;(z)| = mﬁ)revery z€ V.

Proof: — The proof is the same as the proof of Claim 2 in [62]. We sketch it briefly
for the sake of completeness. Consider the strip S = {z € G: NR(z) € [0, 1]} and for
J €10, 1} let S; ={z € C: N(2) =J}. As explained in [62, Claim 1], there exists a confor-
mal equivalence 4 : V — S such that 4(t) = 6,, (V) =Sy and 2(V) = S,. Now define

def -1

V() =¢ . O

Proof of Theorem 5.1. — Take t € (0, 00). If t > 2a then by (119) we have
M

—kt/2
1 < —2v

I >k .
(FQ’,X)—>L/, (F3,X) 1 o

(124) | P

Suppose therefore that ¢ € (0, 2a). Fix € € (0, 1) that will be determined later, and let ¥/
be the function from Lemma 5.8. Then

(125) e = Wt 'S / Wl (e P dp(2)
EAYA

='(1-6) / W (e Al (2) + 0, / V(e i, 2).
Vo Vi



NONLINEAR SPECTRAL CALCULUS AND SUPER-EXPANDERS 43

Hence, using (125) in combination with Lemma 5.8, Theorem 5.6 and (119), we deduce
that

126 —ia < (_gyemy O M®
(126) He HI}*(F{;,XHL;"(FQ,X) < (I =6)eM+ g(1=0)/6; ’ 1 — ¢
(122) Me* 1
< eM+

| — gt g26/07/CO1"

We now choose

1(t 2”—«»/{
E—CXP(—E(;) CZ),
in which case (126) completes the proof of Theorem 5.1, with B(K, p) = 2”—¢ UJ

5.3. Proof of Theorem 5.2. — The elementary computation contained in Lemma 5.9
below will be useful in ensuing considerations.

Lemma 5.9. — Define f, : iy — L, (Fy) by
(127) S0 =2"1 oy — 1.
Then f, € Ll)Zl (F3, Ly (F3)), yet for every t € (0, 00) we have

el e e
(128) lim LD

=00 |\ fullr, s,y )

where the limit in (128) s uniform in p € [1, 00).

Progf. — By definition ZXGF,Q,ﬁ,(x) =0,1e.,/, € L;l (F3, L (F3)). Observe that

1
(129) ol s, ey = 2(1 - §>,
and note also that for every x, y € F; we have
(130) FOO) =]+ ED™) —1= Y WaWa0).
i=1 AC(1, .}
A

It follows from (95) that for every x € F; we have

1 1 — ¢ lx—wll l—f—gt n—|lx—w|)
LiEy) T 52 Z( 9 ) < 9 ) Sn(w) ()

€F; 'weFy

[l
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1 L — A\l /] ey =l
L) ()
2n 2 2
Hence,

yeFy
_ o\ 1=\ 1+ 1
(131) He “ ﬂ”Lp(Fg,Ll(Fg)) = Z (m) ‘( 92 ) ( 2 ) Y

m=0

Let Uy, ..., U, be 1.1.d. random variables such that Pr[U; =0] =Pr[U, = 1] = %
By the Central Limit Theorem,

: 1 b 1 o)
(132) 1 =nlirgloPr|:ZUj € (gn— n*l?, §n+n2/5)]

J=1
. n\ 1
= lim E —.
n—>00 m) 2"
me(%n—nz/g, %n+n2/3)ﬁN

Similarly, if V, ..., V, are ii.d. random variables such that Pr[V, = 1] = (1 — ¢ /2
and Pr[V, = 0] = (1 4+ ¢7)/2, then by the Central Limit Theorem,

n 1_ . 1_ _
(133) 1 :nli)nolopr[ZVj c (Ten_ 23, 26 n+ﬂ2/3):|

J=1

mE G

me(l_Tﬂ n—n?/3, 1_Tﬁlfn-i-nr-)/S)ﬁN

Fix € € (0, 1). It follows from (132), (133) that for n large enough we have
n\ 1 €
134 —>1—-,
LI Y S
me(fnan/‘)’, %errnQ“)ﬂN
and

(135) Z <::l>(1—2€_t>m<l—|—23_t)n—mz l_g

—l oy el o
me('%n—nz/"ﬁ,lT"n-ﬁ—nz/j)ﬁN

Moreover, by choosing 7z to be large enough we can ensure that

1 1 1 —¢! g 1 —e!
(136) (§n—n2/3,§n+n2/3>ﬂ( 26 n—nZ/S,Ten—l—nQ/g):@.
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Since

1 2/3 1 2/3)
me|l-—n—n'",—n+n
(2 2

L—e\"(1+e\"™" 1 o (1 e\
<— (1= |
:><2><2> o7 A

if n is large enough then

1 9/3 1 2/3 1—e"\"(1+e"\"" £
(137) m€<§n—n ,§n+n - 5 5 <2n+1.

Moreover, because ¢ > 0 we have A((1 —¢7")/2) > %, where /(s) o $(1 =)'~ for s €
[0, 1]. Noting that

1 —e¢! g3 1—e!
/3 2/3
S n—n'", ——n—+n
! ( 2 2 )

— (1—61)'"<1+e‘)”‘m <h<1—e’>>"(l—e’>"w

> )
2 2 2 14
we see that if n is large enough then

= Lo 1 L= \" 14\
(138) me( 26 n—nQ/S,Ten—l-nQ/g) — 2—<§( 26 ) ( J;e ) .

Consequently, if we choose 7 so as to ensure the validity of (134), (135), (136), (137), (138),
then recalling (129) we see that

129

R of ¢ S0 :

Proof of Theorem 5.2. — Suppose that there exists § € (0, 1), k€ N, p e (1, 00) and
t € (0, 00) such that

(139) VneN, | 1—36.

L (R X)L (F3.X) <

For n € N, identify Fy" with the £-fold product of F;. Define F : FS' — L, (F§") by

(140) F(e's o ) Ol ) ETTAR) )
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where f, € L/,Zl (F3, Ly (F3)) is given in (127). Then F € L/,Zk(Fk”, L, (Fé”)) For every injec-
tive linear operator T : L, (Fg”) — X we have ToF e Lpzk(Ff‘”, X), and therefore

B —IA
(141) 1—s' e (o Bl ) > : e E L
”TOF||L/,(F§n,X) B O 0 i | ||F||Lﬁ(F/§n’L1(F§n))

- k
(140) 1 (||€ tAﬁ”L,,(F”,Iq(FZ))) 1
T - [T Il e, ) oo [T - [T

where in the last step of (141) we used Lemma 5.9. It follows that

O 1
sup inf IS ST = —

meN SEZL (W1, X) N 1_8
By Pisier’s K-convexity theorem [61] we conclude that X must be K-convex. O
5.4. Inverting the Laplacian on the vector-valued tail space. — Here we discuss lower

bounds on the restriction of A to the tail space. Such bounds can potentially yield a
simplification of our construction of the base graph; see Remarks 5.12 and 7.5 below.

Theorem 5.10. — For every K, p € (1, 00) there exist § = 6(K, p), c = ¢(K, p) € (0, 1)
such that if X is a K-convex Banach space with K(X) < K then for everyn e N and k € {1, ..., n},

(142) J € L/?’“(FZ, X) = 1A I, @.x) = ok’ - 1/ 1L, ) -

Progf: — The estimate (142) is deduced from Theorem 5.1 as follows. If f €
L (F3,X) then

AT
oo 97) 1 00
= / g_lAAfdt < C(f g_Akadt—F/ g_Aktd[) “Af”L/,(Fg,X)
0 Lp(F" X) 0 1
I(1/B) CB
<C (AK) /B +— 1A I, @, RIS kl/B 5 1A Il,@,x)- 0

We also have the following converse to Theorem 5.10.

Theorem 5.11. — If X 15 a Banach space such that for some p, K € (0, 00) and k € N we

have
A NI, @s.x
(143) lim  inf ——80
’H"OfeL,;’;(:;;,X) I/ M, e )

then X s K-convex.



NONLINEAR SPECTRAL CALCULUS AND SUPER-EXPANDERS 47

Proof. — Yor f € L, (F3, X) define

1 ~
A= D AW

In [54, Theorem 5] it was shown that if X is not K-convex then

i‘ellls H AT HL,}(F;,X)—>L,;(F§,X) = 0.

Here we need to extend this statement to the assertion contained in (144) below, which
should hold true for every Banach space X that is not K-convex and every £ € N.

(144) sup[| A~ 00.
neN

LX)~ LA X)) T

Arguing as in the proof of Theorem 5.2, by Pisier’s K-convexity theorem [61] it
will suffice to prove that for n > 2, if F : F&' — L; (F%") is given as in (140) then

-1
A F”Lﬁ(Fé",m(Flé”)) > logn

(145) > .
Il et ety 8!
Note that by (129),
1\
(146) ||F||L!,(F§”,L1(F§“)) = 2k<1 - 5) <2~

By (130) and (140), for every (x', ..., %), (', ...,)") € Fi* and every ¢ € (0, 00),

k
=1

k

n

<]_[(1 +el(=1)) — 1)

J=1

(147) e_tAF(xl,...,xk)(yl,...,yk)

(1-¢) ¥l (1+ e_t)n—nxi—ﬂh ~1).

1

[

For every x € Fj denote

d_cf

n
2, = {))EFZ3 Iy — xll1 55}
Then

(148) vieF,, |2,)>2"",
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and by (147) we have

k
(149) (ylv e ’.yk) € l_IQxi - |€_1AF(9€1, ey xk)(yl, . ,yk)‘ > (1 _ (1 _e—Qz)”/Q)k.

=1
Now,

(150) | ATF( ) e

/ e_‘AF(xl, .. .,xk)dzf
0

1
= % Z

OlepbelT 2,

Ly (F5")

f e_[AF(xl,...,xk)(yl,...,yk)a’t
0

9]

1 o n/2\k
Z 5 | (1—(1=¢)")a,

where in (150) we used (148) and (149). Finally,

L logn
(151) A FHL/}(F,;,’LI(F@» = 5 ) (1= (=) 'arz T
The desired estimate (145) now follows from (146) and (151). U

Remark 5.12. — The following natural problem presents itself. Can one improve
Theorem 5.10 so as to have § = 1, i.e., to obtain the bound

(152) S e LHFLX) = 1Aflln,mx) = oK, k- L f I, @07

As discussed in Remark 5.5, this seems to be unknown even when X = R. If (152) were
true then it would significantly simplify our construction of the base graph, since in Sec-
tion 7 we would be able to use the “vanilla” hypercube quotients of [28] instead of the
quotients of the discretized heat semigroup as in Lemma 7.3; see Remark 7.5 below for
more information on this potential simplification.

6. Nonlinear spectral gaps in uniformly convex normed spaces

Let (X, || - [lx) be a normed space. For n € N and p € [1, 00) we let LZ(X) denote
the space of functions /" : {1, ..., n} = X, equipped with the norm

1 N v
oo = (1 L 10 L)
=1
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Thus, using the notation introduced in the beginning of Section 5, LZ(X) = LZ({ 1,...,n},
X). We shall also use the notation

Li(X)g d_Cf{f Li(X) : Zf(i):O}.
=1

Given an n x n symmetric stochastic matrix A = (a;) we denote by A ® I the
operator from Lj(X) to Lj(X) given by

QBT =Y af (.

J=1
Note that since A is symmetric and stochastic the operator A ® I§ preserves the subspace
L (X)o, that is (A ® I) (1) (X)o) € Lj(X). Define

def

(153) AWA)E AR

LA(X)0—L)(X)0"
Note that, since A is doubly stochastic, A4 (A) < 1. It is immediate to check that

A(A)].

(A =22(A) =) =

.....

Thus A;’? (A) should be viewed as a non-Euclidean (though still linear) variant of the
absolute spectral gap of A. The following lemma substantiates this analogy by establishing
a relation between A% (A) and y4 (A, | - I1%).

Lemma 6.1. — For every normed space (X, || - ||x), every p > 1 and every n x n symmetric
stochastic matrix A, we have

Vs
(154) mmww@s(uu—éf—).
=25 (A)

Progf: — Write A = )\g) (A). We may assume that A < 1, since otherwise there is
nothing to prove. Fix f, g: {1, ..., n} = X and denote

—def 1 . of 1
fdzf;Zf(z) and gd—f Zg(z)

Thus
KES—FeliX) and g=g—7e LX)
Therefore
(155) [(A®T) Ay < Ml and (AT, = Molliges-
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Let B be the (2r) x (2n) symmetric stochastic matrix given by

0 A
(156) B:(A 0).

Letting h=fy @ g € L/%”(X) be given by

h()def Jo@ ifief{l,..., n},
T aG@—n) ifie{n+1,..., 2n},

we see that

(157) (11— )»)”h“L;"(X)

Al ()\p”ﬁ)”L /(X) + )»/)||go||L (X)) /b
= 9 —
L"(X) 2

(155) , 1 . v
= ||/l||L§”'(X)_( H(A®IX)]%“L(X) QH (A®I )gOHL(X)>

1)6

= ||/l||L2 "(X) T H B ®12n hHLZ "(X)
< [(pog =BOL)A] 2y,

- (52

=1

n

b4
> ai(/60) — 20())

J=1
/7)1//?
X

1/p
5@ = 20) H’;)

1 n
+ZZ

=1

n

> a5(e0 ) = ()

j=1

(% Z Z %

=1 j=1

< ||f—§||x+( ZZaz

=1 j=I

A

1/p
FORY0] )

Note that

(158) If —zlx = H ZZ f@ —g()

=1 y=1

=1 j=1

X

1 I 1/p
Wl = (XX alo-al) -
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Combining (157) and (158) we see that

1 n . . 1/p 9 1 n n . . 1/p
(159) (2— Z(Hﬁ(z)”éwgocz)ui)) sm(;ZZay-lﬂz)—gwll’;)
i=1 i=1 j=1
But,
1
(XS o-ol)
=1 j=1
_ 1 n n . T 1/p
< -t (3 X2 Lo -0l
=1 j=1
r— 1 - p—1 ~ |12 ~ |2 v
< g+ (2 Ao K+ lao )
i=1
(158)A(159) 4 ] e — _ T 1/
< <1+m>(;ZZ%’Hf(Z)—§U)HX)
=1 j=1
which implies the desired estimate (154). U

6.1. Norm bounds need not imply nonlinear spectral gaps. — One cannot bound y, (A,

| - ||§<) in terms of )Lg) (A) for a general Banach space X, as shown in the following
example.

Lemma 6.2. — For every n € N there exists a 2" x 2" symmelric stochastic matrix A, such
that for every p € [1, 00),

(160) supys (A, [+ I1,) < o0
neN

et

(161) lim A{(A,) = 1.

Proof. — We use here the results and notation of Section 5. For every ¢ € (0, 00),

the operator ¢~ is an averaging operator, since by (93) it corresponds to convolution with
the Riesz kernel given in (94). Hence the Fj x F; matrix A, whose entry at (x, y) € F; X Fj

1s
o (1 — e\ "I /] g gl
(8.) ) 5 5
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is symmetric and stochastic. Lemma 5.9 implies the validity of (161), so it remains to
establish (160).
By Lemma 5.4 there exists ¢, € (0, 00) such that

)\‘(2/2) (An) < 676]1 mm{ll }

It therefore follows from Lemma 6.1 that
5 — % min{z, 2} def
V(A Il ”sz) (—1 — ecpmin{w}> = C,(1) < oo0.
Since Ly embeds isometrically into Ly, (see e.g. [70]), it follows that y (A, || - ||2p) < C,(®).

It 1s a standard fact that L; equipped with the metric d(f,g) = /If —gll; admits an
isometric embedding into Ly (for one of several possible simple proofs of this, see [50,
Section 3]). It follows that y, (A,, || - ”?1) =y (A, d*) < Cy(0). UJ

6.2. A partial converse to Lemma 6.1 in uniformly convex spaces. — Despite the validity
of Lemma 6.2, Lemma 6.6 below is a partial converse to Lemma 6.1 that holds true
if X 1s uniformly convex. We start this section with a review of uniform convexity and
smoothness; the material below will also be used in Section 6.3.

Let (X, || - |lx) be a normed space. The modulus of uniform convexity of X is defined
for ¢ € [0, 2] as

. I+ ]l
(162) Sx(8) Yinf { %:x,yex, Ixllx = Iylx =1, ||x—y||x=e}.

X 1s said to be uniformly convex if 6x(¢) > 0 for all ¢ € (0, 2]. Furthermore, X is said to
have modulus of convexity of power type p if there exists a constant ¢ € (0, 00) such that
dx(g) > cel for all € € [0, 2]. It is straightforward to check that in this case necessarily
p > 2. By Proposition 7 in [5] (see also [14]), X has modulus of convexity of power type p
if and only if there exists a constant K € [1, 00) such that for every x, y € X

1 llxc + % + [l — plI4
(163) Il + 2 Il < 5 X,
The infimum over those K for which (163) holds is called the p-convexity constant of X,
and is denoted K, (X).

The modulus of uniform smoothness of X is defined for = € (0, 00) as

Ix+ Dlix + llx — Dlix
2

(164) px(1) & { —1:xpeX, xlx=Iplx = 1}.

X 18 said to be wuniformly smooth if lim,_,o px(t)/t = 0. Furthermore, X is said to have
modulus of smoothness of power type p if there exists a constant C € (0, 00) such that
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px(t) < Ct’ forall T € (0, 00). It is straightforward to check that in this case necessarily
p €1, 2]. It follows from [5] that X has modulus of smoothness of power type p if and
only if there exists a constant S € [1, 00) such that for every x, y € X

I+l + llx =l

(165) ; < lIxl& + Sl
The infimum over those S for which (165) holds is called the p-smoothness constant of X,
and is denoted S, (X).

The moduli appearing in (162) and (164) relate to each other via the following
classical duality formula of Lindenstrauss [33].

TE
ox(T) = sup{? —8x(e): € €]0, 2]}.

Correspondingly, it was shown in [5, Lemma 5] that the best constants in (163) and (165)
have the following duality relation.

(166) Ky(X) = Sy (X7)-
Observe that if ¢ > p then for all x, y € X we have

(||x+y||§< + ||x—y||§<>”” (||x+y||;’< + ||x—y||§<>”q

<
2 - 2
and
1 1/q ) 1 ) 1/p
(||x||§< + @Ilﬂ&) < <||x||X + @IUlIx)
Hence,
(167) 7= p = K/ (X) =K,(X).

Similarly we have (though we will not use this fact later),
g=p = S,(X) =5,(X).

The following lemma can be deduced from a combination of results in [14, 15]
and [5] (without the explicit dependence on p, ¢). A simple proof of the case p =2 of it
is also contained in [52]; we include the natural adaptation of the argument to general
p € (1, 2] for the sake of completeness.

Lemma 6.3. — For every p € (1,2], g € [p, 00), every Banach space (X, || - ||x) and every
measure space (§2, |1), we have

Sy (L, (1. X)) < (5pg) 7S,(X).
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Proof. — Fix S > S, (X). We will show that for every x, y € X we have

I +211% + Iy =l
2

q/p

(168) < (Ixl% + 5pgS"11%)

Assuming the validity of (168) for the moment, we complete the proof of
Lemma 6.3 as follows. If /, g € L, (i, X) then

1+ 810 + IS =2l _ ( L+l o + IS =2l >m
2 - 2

B ( f I/ + gl + IS — gl >””
= 2
0 2

(168) ) P

< 115 +5paS Nl
p ¥4

= Iy + 3205 g1, g0 -

This proves that S,(L, (i, X))’ < 5p¢S,(X)?, as desired.

It remains to prove (168). Since ||yl + 5p¢Sllxl1% < IIxl1% + 5pgS/ I lI% if l1xllx <
| llx, it suffices to prove (168) under the additional assumption || y|x < |lx||x. After nor-
malization we may further assume that [|x||x =1 and || y|[x < L.

Note that

(169) x40l — e —pl&] < (14 11x)” = (1= 1lx)” < 28llx.

We claim that for every « € [1, 00) and B € [—1, 1] we have

(170)

((1 +p)*+U-p)"
2

Indeed, by symmetry it suffices to prove (170) when g € [0, 1]. The left hand side of (170)
1s at most max{1l + B, 1 — B} = 1 4+ B, which implies (170) when B > 1/(2ct). We may
therefore assume that 8 € [0, 1/(2a)], in which case the crude bound (1 + 8)* + (1 —
B)* < 2+ 4a*B? follows from Taylor’s expansion, implying (170) in this case as well.

l/a
) <1+ 2B’

Set
1) pr Il Il g g Dbl = el
: el + x ol
and define
e 1 q/p 1 — B)/P\ /1
k Qd:f(( - JQF( . ) —1e[0,1].
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Observe that by convexity 4 > 1, and therefore

( 2
(173) A

where we used the fact that p € [1, 2] and ||y[|x < I. Now,

170 g (6907 %(%HJ)”X)Q < 2pqyll4
< X

lx+ 0% + e —2ll% (171)A172)

. (b1 +6))"

(165) /
<= ((+5IK)a+e)"
(173)
< (145p 1K) 0
By (166), Lemma 6.3 implies the following dual statement.

Corollary 6.4. — For every p € [2, 00), q € (1, pl, every Banach space (X, || - ||x) and every
measure space (§2, |1), we have

5pq 1-1/p
Ky(Ly (1, X)) = (—) K, (X).
A3 = (G (=) !
The following lemma is stated and proved in [4] when p = 2.
Lemma 6.5. — Let X be a normed space and U a random vector in X with E[||U||/>7<] < 0.
Then

1
(21 — DK, (X)!

|E[U|% + E[|U - E[U1]] <E[IUI].

Proof. — We repeat here the p > 2 variant of the argument from [4] for the sake of
completeness. Let (§2, Pr) be the probability space on which U is defined. Denote

(174)

ry J4
o o BIVBI IV 3 0By BVl - o).

E[|V - E[V]|i\]
Then 6 > 0. Our goal is to show that

1
(21 — DK, (X)F”

(175) 0>

Fix ¢ > 6. Then there exists a random vector Vj, € L,(£2, X) for which

(176) $E[|Vo — EIVol|%] > E[IVollk] — | EIVo1 %
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Fix K > K,(X). Apply the inequality (163) to the vectors

1 1 1 1
= —V,+ -E[V. d y=-V,—=E[Vy],
X 9 0 9 [Vol an D 9 0 9 [Vol

to get the point-wise estimate

P9
+_

= < Vol + [EDVol
X

| 1
(177) 2” -V + §E[V0]

1 1
-V, — <E[V
5 0 2[o]

2

Y4
X
Hence

$E[[| Vo — E[Vol[]

(176)
> E[[IVollk] — IE[Vollik
V4

1o
Sz )
b
J
S QOE[H (1\/ Ly ]) - E[lV + Ly ]}
sl 2 0 2 0 2 0 2 0

§

0 1
= (55 + 5 JELINo — BV

~

(177)

1 1
> 2<E|:H §Vo + EE[VO]

)
i

2E 1V 1EV
+ﬁ 50—5[0]

2E IV 1EV
+ﬁ Vo~ 3 [Vol

Thus
178 > o !
e SR

Since (178) holds for all ¢ > 6 and K > K, (X), the desired lower bound (175) follows. L]

Lemma 6.6. — Fix p € [2,00) and let X be a normed space with K,(X) < 00. Then for
every n X n symmetric stochastic matrix A = (a;) we have

1/p
A2A) < (1— : ) :
x (21 — DK, Xy (A, || - 11%)

Proof. — Fix vy, >y (A, - ||/;<) and f € LZ(X)O. For every 7 € {1, ..., n} consider
the random vector U; € X given by

Pr[U;=/()] = g;.
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Lemma 6.5 implies that
(179) > a
J=1
> S S
< ay <~ - ay - dl'kf(/f)
Z @ T= DR, & L <
Define forz e {1,...,n},
g@) =E[U1=)_ayf(h).
k=1
By averaging (179) over i € {1, ..., n} we see that
180 [AO) =1 Ye
i=1 1 j=1
1 n n ) /)
<=2 > aulrolk
=1 j=1
1 n n ' p
a2 = DK,X) ;;“9 —20]x
! y
= W/ l00 = 2 IR - Z Z — ()|’

=1 j=1

The definition of y, (A, || - ||%) implies that

(181) %ZZaﬂlf(f)—g(z‘)H”_ QZZHM 0]

i=1 j=1 =1 j=l1

n

n )
—» P(f) — 3
J=1 i=1 X

IR < TN
=5 2l Ol= 1 Wy

where we used the fact that since f € LZ (X)) we have

n

Y g = Z(Z al-k)ﬂk) =Y flh=

=1

57
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Substituting (181) into (180) yields the bound

n b 1
(182) [(A @B/l =< (1 @ - 1)Kﬁ(X)ﬁy+> /s

Since (182) holds for every f* € Li(X)o and y1 > y4 (A, || - I1%), inequality (182) implies
the required bound on kgg) (A) = 1A ® I g0 150000 U

Theorem 6.7. — Fix p € [2,00) and t € N. Let X be a normed space with K,(X) < 00.

Then _for every n X n symmelric stochastic matrix A = (a;) we have

J 9 A, P P
v (AL 1G) < 4R, 001 -max{ L (M) }

Proof. — Note that since A ® I§ preserves LZ (X)) we have

(183) MW(A) =A@ Iy

L (X)L H (A ® I;l()t||L}j(X)0—>LZ(X)0

t
L) (X)o—14(X)o

<|aei =)

Lemma 6.1 applied to the matrix A’, in combination with (183), yields the bound

(52 >\
184 AL IS <—X) (—) |
( ) y+( Il ”X) = | — )\.;(,f)(A)t = 1 — )éf)(A)f

On the other hand, using Lemma 6.6 we have

1/p
185 )\.(p)(A) < (1 - : )
( ) X (201 — I)KP(X)/JV+(‘ \, || - ||ﬁx)

Sexp(— : 7 )
P2 = DK,y (A - k)
Thus

186 1—A<P)(A)f“§>1—ex (— ! )
186 * P P21 = DK,y (A ] - 115)

1
> —min{l, ! 7 }
2 P21 = DK,(X)Pyy (AL - Ik

The required result is now a combination of (186) and (184). O
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6.3. Martingale inequalities and metric Markov cotype. — Let X be a Banach space with
K, (X) < 00. Assume that {M,};_, € X is a martingale with respect to the filtration F, C
Fic---CF,q, e, EIM |F]=M,foreveryi € {0, 1,...,n—1}. Lemma 6.5 implies
that

(187) E[IIM, — Mollx | Fi]

- [E[M, - ME
1

T 1)Kp(X)pE[Hl\an — M, — E[M, = Mo| Foi 1|41 Fn ]

= IM,_; — Myll4 E[|IM, — M,_ |5 | F._1].
M- =Ml + ST [I ik | Foi]
Taking expectation in (187) yields the estimate
E[|IM, — Mo[lk] = E[IM,_; — Mo|X]
1
E[|M, — M, %]
TR 1]

Iterating this argument we obtain the following famous inequality of Pisier [59], which
will be used crucially in what follows.

Theorem 6.8 (Pisier’s martingale inequality). — Let X be a Banach space with K, (X) < oo.
Suppose that {M,};_, € X is a martingale (with respect some filtration). Then

n

1
E[IM, ~Moli] = K, 007 D E[IMe — M 4]
k=1

We also need the following variant of Pisier’s inequality.

Corollary 6.9. — Fix p € [2, 00), q € (1, 00) and let X be a normed space with K,(X) <
00. Then for every q-integrable martingale {M;};_, € X, 1f ¢ € [p, 00) then

n

1
(188) E[IM, — M, %] = BT DR ;E[uMk — M 4]

and if ¢ € (1, pl, then

(1=1/pa - 1/9))7(1—1//)) "
= D 2K, (X))l ZIE[”M’C —Meli]

(189) E[IM, — Mo|l%]
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Proof: — Denote the probability space on which the martingale {M,}]_,, is defined
by (§2, t). Suppose also that Fy € F; C --- € F,_; is the filtration with respect to which
{M,}}_, is a martingale.

If p < ¢ then (188) is an immediate consequence of Theorem 6.8 and (167). If
q € (1, p] then by Corollary 6.4 we have

def 5pq 1-1/p
K = K, (L, (1, X) S(—) K, (X).
o X0) =\ G !
We can therefore apply (163) to the following two vectors in L, (u, X).
Mn - Mn—l Mn - Mn—l
x=M, | —My+——-—— and y)=—-—,
2 2
yielding the following estimate.
M, —M,_, q 22 1 P
190 E|l|M,_, —M,+ ——— + E[|M, — M, |
190 ( [H - 2 XD AL )
< (E[IM, — My [I51)"7 + (E[IM, 1 — My [Ix1)"
—_— 2 .
Now,
E[”Mn—l - M0||;]<] = E[”Mn—l — M, +E[M, =M, |F,1] ”i]
<E[IM, - Mo|].
and
Mn - Mﬂ* !
E[”Mnfl - Mo||§<] = E|:HMn1 — M, + E[fllﬂl] :|
X
Mn - Mﬂ—l !
S E Mﬂ*l - MO + - S .
2 X
Thus (190) implies that

(191)  (E[IM,_, —M)%])"" + (E[IM, =M, I1X])""" < (E[IM, — Mo [1£])"".

(2K
Applying (191) inductively we get the lower bound

QK (E[IM, = MolI&])"" = S (E[IM; — My 1))

k=1

1 n g
> —— (ZE[an - Mk_1||§<]) ,
n k=1

which is precisely (189). 0J
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We are now in position to prove the main theorem of this section, which establishes
metric Markov cotype p inequalities (recall Definition 1.4) for Banach space with modulus
of convexity of power type p. An important theorem of Pisier [59] asserts that if a normed
space (X, || - [lx) 1s super-reflexive then there exists p € [2, 00) and an equivalent norm
| - I on X such that K,(X, || - ) < oo. Thus the case ¢ = 2 of Theorem 6.10 below
corresponds to Theorem 1.8.

Theorem 6.10. — Fix p € [2, 00) and let (X, || - ||x) be a normed space with K, (X) < oo.

Then for every m, n € N, every n x n symmelric stochastic matrix A = (a;) and every xy, ..., x, € X
there exist yy, . ..y, € X such that for all ¢ € (1, 00),

((1 l/p)(l B l/q))l_l/l7 ! min{l,q/p}
(192) max{;: I — il ( 165 /K,(X) m

x> agly —yjné}

=1 j=1

<3N @l -yl

i=1 j=I

In particular, for ¢ = 2 we have

Z Il —il% +m2/PZZaZ 1Ly = l1%

=1 j=1

< (320K,(X)) ZZ%(A)M 3l

=1 j=1

Thus X has metric Markov cotype p with exponent 2 and with C]()Q) (X) < 320K, (X).
Progof. — Define f € LZ(X) by f () = x;. For every £ € {1, ..., n} let

70,790,729, ...

be the Markov chain on {1, ..., n} which starts at £ and has transition matrix A. In other
words fo) = £ with probability one and for all ¢ € {1, ..., m} and 7,5 € {1, ..., n} we have

Pr[ 70 = | Zﬁ)l = z] =aq;

ij -

For t € {0, ..., m} define f, € LZ(X) by

fdef(Am_ ®I )f
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Observe that if we set

) def (7 (0)
M =7(27)
then M(()e), Mﬁ“) ..... M® is a martingale with respect to the filtration induced by the

random variables 7", Z\", ..., Z® . Indeed, writing . = A ® I% we have for every ¢ > 1,
EMOIZY, . 20 =E[(L7) (20) | 20] = LB (220) | 2]
=L LN (Z2) = (L) (Z2) =M
Write
ar | @71 = DK,X)? ifg € [p, 00),

<193> K= 5901 (K, (X)) Im! 00 .
((A=1/p)(1—1/g)i=1/D if g € (1, p).

Then Corollary 6.9 applied to the martingale {M,* )} o implies that

(194)  KE[|/(z7) - (L) O[] = ZE [ (=) (Z7) = (=) (221K
Let {Z,}?2, be the Markov chain with transition matrix A such that Z; is uniformly dis-
tributed on {1, ..., n}. Averaging (194) over £ € {1, ..., n} yields the inequality
(195) KE[[./(Z) = (L) (Zo) ] = ZE | (=)@ = (L)@ [
which is the same as
(196) K22 @)@ =@l

i=1 j=1

=Yl @0 - GO

=1 =1 j=I
In order to bound the right-hand side of (196), for every : € {1, ..., n} consider the vector
d ; 1 n m—1 1 m—1

197) e (A) 5= — S LG,

and observe that

n

| — , I S 1 .
(198 LI O =i L0 = Y (AT), ),

r=1
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Therefore, using convexity we have:

n n

(199) Z Y > g

=1 =1 j=I

n n
2 m) ) a

L") @ = (L) O) ||«

Z (L") ) — (L") ()

=1 j=1 =1 X
T)A(198) 7
D3y 3| Z ), (5 = x)
=1 j=I X
n n q
2 o Y el il > > o), (50
=1 j=1 =1 j=1 r=1 X
n n q
T NIRRT ) ey
=1 j=I j=1"r=1 X
n n
> o ZZal,uyl —yll% - qIZZ (A™), 1 = % 1%
=1 j=1 Jj=1 r=1

At the same time, we can bound the left-hand side of (196) as follows:

200 YY), l0- @0l = 2 Y0,

=1 j=1 =1 j=1

<ZZZ (A"), (A7), Dl = 01%

n

S,

r=1

q

X

=1 _] 1 r=1
1
< 2q ZZZ Am l] Am j7 ”xl - ]”X+ ”x] X,” )
=1 j 1 r=1
=2 YD), sl
i=1 j=I

We note that,

2D (Al = 5l

m—1

—ZZ( ZA‘A’" ) Il — 1%

=1 j=1 ]



64 MANOR MENDEL, ASSAF NAOR

n n n  m—1

2 YY), (), (=l T = )

=1 j=1 r=1 t=0

n n m—1

=971~ 122( ZAt) lx; — Xr”x
i=1 r=1 w
+24”ZZ($ZA’"“) e — sl
j=1 r=1 =0 7
n —1 " "
I D D) B NEEIS
i1 =1 i=1 j=1

which, assuming that m > 27 gives the following bound.

(201) ZZ ||xl—xj||Xsw“ZZszf(A> Il — x11%.

=1 j=1 =1 j=1

On the other hand, if m < 27 then

(202) DDAl — il

i=1 j=1
n n n
—1
<> D> a(A) llx—xllk
=1 j=1 r=1
— 1
<9 ZZZ% (A1), (Il = %1% + 1 = x11%)
=1 j=1 r=1
n n n n
1 —1 -1
=271 D gl =l 27 ) 0D (Al — i
=1 j=1 =1 j=1
n
1 29—1
<27 mZZWA) b — 1% < 2% ZZ%z(A)gHXi—?@Hg(-
=1 j=1 =1 j=1

Thus, by combining (201) and (202) we get the estimate

(203) SO, =l <430 S )yl — 1

=1 j=1 =1 y=I1
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Substituting (199) and (200) into (196) yields the bound

(204) my Yl =l < KDY (A", Ik —xllk

i=1 j=1 i=1 j=1

(203)
< 24"KZZ~%(A) = xl%.

=1 j=1

At the same time,

n m—1
(205) anz —illk = ;ZZ A), (=) ZZWA) = 1%
=1 J=1 (=0 =1 j=1

Recalling (193), the desired inequality (192) is now a combination of (204) and (205). U

7. Construction of the base graph

For ¢ € (0, 00) and n € N write

ef 1 — - e
<206> 7, d:t 28 and O_n def 4rfn(1 _ Tt)(l—4ft)n‘

We also define ¢/ : {0, ..., n} — N U {0} by

(207) n(k) de\\T (1 - Tt)n kJ'

n
Ut

The following lemma records elementary estimates on binomial sums that will be
useful for us later.

Lemma 7.1. — Fix t € (0, 1/4) and n € N N [8000, 00) such that
1

08 > —.
(2 ) T = 3ﬁ
Then
209) Loy (Mew<-
30 — ] k @) = ol

keZN[0,4t;n
Moreover, for every s € Z N (4tn, n] we have

n 0 1
(210) > (S B Qm) d'(s — 2m) > 807

meZN[(s—4tn)/2,5/2]
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Proof. — For simplicity of notation write T = 7, and o = o,". The rightmost in-
equality in (209) 1s an immediate consequence of (207). To establish the leftmost estimate
in (209) note that by the Chernoff inequality (e.g. [2, Theorem A.1.4]) we have

n o (208) 1
211 -ty < < -
(211) > (1:) (- <<
keZN(4tn,n]
Forevery k € {1, ..., n} satisfying £ < 47n we have t*(1 —7)"* > o, and therefore ¢"(k) >
%otk(l — 1)"*. Hence

ny , 1 n\ w1 1 _L
(212) Z (k)e‘(k)ZQ_o Z (k>r(1—t) >2—0(1—§)_30,

keZN[0,4tn] keZN[0,4tn]

This completes the proof of (209).
To prove (210), we apply a standard binomial concentration bound (e.g. [2, Corol-
lary A.1.14]) to get the estimate

8
(213) Z (Z)tk(l —T)"F > 1 =2 > 5

keZN[tn/2,37n/2]

where in the rightmost inequality in (213) we used the assumptions (208) and n > 8000.
Observe that for every £ € Z N [tn/2, 3tn/2], since by the assumption ¢ € (0, 1/4) we
have T € (0, 1/8),

n k] — )kl . . _
<214> (kJrI)T ( T) _ T ) n /‘C c 1 37:/2’ 2 T g 1’4 .
()Th(1 — )+ l—1 k+1 3(1—-17)"1—71 4

It follows that

AN _; 219 1 AN _; 213 1
(]l —-7)"" > - (1 -7)"" = -,
> (Jra-omty oy ;
ke(2Z)N[tn/2,37n/2] keZN[tn/2,3n/2]
and, for the same reason,

Z (Z) _L,k(l _ _L,)n—k >

ke(QZ+1)N[tn/2,37n/2]

Qo —

Thus,

(215) Z ( n )Ts—Qm(l . T)n_(‘v_Qm) >

s—2m
meZN[(s—3tn/2)/2,(s—11/2)/2]

O] —
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Finally,

Z (5 _n2m> ¢/ (s — 2m)

meZN[(s—4tn)/2,s/2]

©207) 1 n @15 1
Z E _L,x—erz(l o _L,)n—(s—Qm) Z .
20 s—2m 180
meZN[(s—3tn/2)/2,(s—tn/2)/2] 0

Lemma 7.2 (Discretization of ¢™'® w.r.t. Poincaré inequalities). — Fix t € (0, 1/4), p €
[1,00) andne NN [2'3, 00) such that

(216) . > [Plos18n)
‘= 182

Let G} = (F3, E}) be the graph whose vertex set 1s ¥ and every x, y € ¥y 15 joined by €/ (||x — yll,)
edges. Then the graph G} s d' € N regular, where
1 1

<d'<—.
J— t_ n
Gt

(217)

n
3o]

Moreover, for every metric space (X, dx) and every f, g : Fy — X we have

1
(218) T > dx(f(x),g(y))pig Y (28) Wik (f(). ()
IE7] (x) €l (%) €F} xF)
3
<= 2 &k(f.50))"
| f| (x,9)€E!

Progf: — Observe that the assumptions of Lemma 7.2 imply the assumptions of
Lemma 7.1. We may therefore use the conclusions of Lemma 7.1 in the ensuing proof.
For simplicity of notation write T = 7, and 0 = o/". By definition G/ is a regular graph.
Denote its degree by d = d;'. Then,

e eon [ 1 1
(219) d:;(/)@(k) € [3_05]

This proves (217). We also immediately deduce the leftmost inequality in (218) as follows.

1
— Y (28) Wk (), )

n
(x) EFg xFy

) Z T”xil’Hl (1 _ .L,)n*“/\f*)’”ldx(f(x)’g(y))ﬁ

(x)€Fy x FZ
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ERD S (CE NN ORO) s

(x,)€Fy xFy
@) 1

= 3|Ez| Y & (0,0,

I (xy)eEy

where we used the fact that [E/| = 2"d.
It remains to prove the rightmost inequality in (218). To this end fix £ € Z satisfying
0 <k <4tnand m € NU {0} satisfying £ + 2m < n. For every permutation 7 € S, define

Zs s Ry 13 Vo s o2 Yoyt € Fy by setting 2§ =yf =0 andforze {l1,...,2m+ 1},

k=1

zr &) er() T rtpi-1)>

J=1

and
i

(220) HEY A,

j=1

where the sum in (220) is performed in F; (i.e., modulo 2), and we recall that ¢y, ..., ¢, is
the standard basis of F;. For every x € F; we have

dx(f(X),g(x +.ygm+l))

m—1

= Z dX X +)’21 (X +J’72Tz'+1)) + Z dx(g(x +}gi+1)’f(x +)’721z+2))-

i=0
Hence, Holder’s inequality yields the following estimate.

dX(f(X), g(X +.y72rm+1))/)

(221) 2m+ 1)1
= Z dX x +J’zz (X +J’72Ti+1))p
m—1
+ Z dx(g(x +055) S (¢ +y§i+2))p-
i=0
Note that

k+2m

.))gm+l = Z 67-,(]‘).

J=1
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Therefore, if 7 € S, is chosen uniformly at random then »7, | is distributed uniformly

over the (/C Lom ) elements w € Fy with ||w||; = & 4 2m. This observation implies that

1 1
(222) an,Zde(ﬂx),g(xﬂ’;mH))’E2,2( » > AU@.s0)"

" xeFj mes, k+2m)  (x,)€Fy xF}
lx—yll1=k+2m
Similarly, for everyj € {0, ..., 2m} we have
T b
By L AU sl )
xeF" TES,
=2 )bl )ele 47 + )Y
TEeS, xEF<

=3 > &(fw.gu+ 7)) = ("—) Y k(@ ),

TES, ung k (u,v)ngng
lu—vlli=k
where in the penultimate equality of (223) we used the fact that for each w € S,, if x is
chosen uniformly at random from F; then x + 7 is distributed uniformly over F;, and
in the last equality of (223) we used the fact that, because ||.z” i =4, if T € S, is chosen
uniformly at random then .z 1s distributed uniformly over the ( ) elements w € Fy with
lwlly = £
A combination of (221), (222) and (223) yields the following (crude) estimate.

i
(224) Qn(ln) > dx(f(x)ng))pSQn(n) > k(). g»)"

k+2m (x,9)€Fy xFy k (x,9)€Fy xFy
lx=yll =k+2m lx—yll1 =k

If we fix s € NN (411, n] then (224) implies that for every m € NN [(s — 4tn)/2, 5/2],

(S—nQ m)

(225) o 0) Yoo k(fW.g) = D (.Y
g

Multiplying both sides of (225) by ¢/ (s — 2m) and summing over m € NN[(s—4tn)/2, 5/2]
yields the following estimate.

Zmélﬂ[(x—41n)/2,s/2] (5 m)e (s —2m)

> k(@)

n’ (x) x,€F;
lx—yllr=s
V4
< > gs—2m Y dx(f(0).g0))
meZN[(s—4tn)/2,s/2] (x,9)€FS xF)

lx—=yll1=s5—2m
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< Y dx(f().g)"

(x)€E}

Due to (210) it follows that for every s € N N (4tn, n] we have

1 ,
(226) . & (f(0.2)" <180 Y dx(f(0.20)".
()
s/ (xy)eFyxFy (xp)€E}
lx=ylli=s
Now,
1
o 2 (8)0(r.60)
(x,y)eFfz‘XF'Ql
0 1, n—s b
P D DR ONTE)
s=0 (x) EFg X Ff;
llx=plli=s
(207)%(22@ %<2+ 18”/) Z (n>1_§(1 _ T)Ilj‘) Z dx(f(x),g()/))p
2 s€eZN(4tn,n] g (xp) €L}
211)A(219) 1
< (24 18nﬁe—18’2")d—2n > & (.50
(x)€eE]}
(216)
= = ) alW.ew).
| ll (x,9)€E}
This concludes the proof of (218). U

In what follows for every n € N we fix V, C Fj which is a “good linear code”, i.e.,
a linear subspace over Fy with

def

(227) D, «

dm(V) > — and A% min |1, > —.
10 xeV,~{0} 10

Also, we assume that the sequences {D,}°2, and {£,}°2, are increasing. The essentially
arbitrary choice of the constant 10 in (227) does not play an important role in what
follows. The fact that {V,}°2, exists is simple; see [39]. We shall use the standard notation

& d:“{xng: VyEVn,ijy/EOmon}.

J=1
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Lemma 71.3. — For every K, p € (1, 00) there exists n(K, p) € N and §(K, p) € (0, 1)
with the following properties. Setting

def (227

(228) m, & BV E o

there exists a sequence of connected regular graphs

o]

{H" (K’ p) }nzn(K,/J)
such that for every integer n > n(K, p) the graph H,(K, p) has m, vertices and degree
<229) dn(K,/?) S e(logmn)l—S(K,ﬁ)’
and_for every K-convex Banach space X = (X, || - ||x) with K(X) < K,
(230) Vi€ [n(K,p),00) NN, y, (H.(K.p). || lI5) =9

Proof: — Fix K, p € (1,00). Let A = A(K, p), B =B(K, p), C = C(K, p) be the
constants of Theorem 5.1. Recall that B > 2. Set

B aor (log(2C)\
(231) t—t(n,K,p)_( Y ) ,

where £, is given in (227). Then there exists n(K, p) € N such that every integer n >
n(K, p) satisfies the assumptions of Lemma 7.2, and moreover there exists § (K, p) € (0, 1)
such that for every integer n > n(K, p) we have

(232) L < pllogm)! 2ED

8nt, —

T

(To verify (232) recall that logm, = D,log2 > n/20.)
Assume from now on that n € N satisfies n > n(K, p). Let G} = (Fj, E}) be the
graph constructed in Lemma 7.2. The degree of G} is

@17) 1 206 1 @232 sy
€

A

th _L_t8nt,

The desired graph H, = H,(K, p) is defined to be the following quotient of G7.
The vertex set of H, is F3 /V-. Given two cosets x+ V=, y+ VI € F; /V:-, the number of
edges joining x + V- and y + V- in H, is defined to be the number of edges of G with
one endpoint in x + V= and the other endpoint in y + V=, divided by the cardinality of

V-, Thus, the number of edges joining x + V- and y + V- in the graph H,, equals

|VIJ_| Z e;[(HX_J""(“L_UJ—)”J: Z ‘f(”x—ﬂ"‘uLHl)-

Tk v byeviix ik uleVi
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Hence H, is a regular graph of the same degree as G} (i.e., the degree of H, equals 4J').
In what follows we let 77 : Fj — F;/V-- denote the quotient map.

Fix a K-convex Banach space (X, | - [lx) with K(X) < K. For every [ €
L,(F;/ Vi, X) define f : F; — X by f(x) =f(m(x)). Thus mf is constant on the cosets
of V. It follows from [28, Lemma 3.3] that if erFg i (x) =0then f € Ll,zk” (F3, X),
where £, is defined in (227). By Theorem 5.1 we therefore have

[ (fmﬂ)f||Lp(F§/w,X)

231) 1
I/ Ml e vt 0 B 2

s B
< (g~ Ahimin{t. %) (

(233)

Let Q be the (F; /VE) x (F; /VE) symmetric stochastic matrix corresponding to the av-
eraging operator ¢ A7, i.c., the entry of Q at (x + V )+ VL) € (F; /VL) x (F; /VL)
1s
def _ a— n—|la—
(234) Fetviypvi = ((e mﬂ)fhw )}_i_VJ_ Z ru g e
uEa-‘rVL
veb+V,J;

Since (233) holds for all f € L,(F3/ V-, X) with 3 g, v1. /() = 0, we have 2 (Q) <
(recall here the notation introduced in (153)). Consequently, Lemma 6.1 implies that

re(Q - 1%) =9
Thus every f, g : Fy /V:- — X satisfy

I
(235) EVE 2 () = gD
20T (S, D)e(F/ViH)x (Fa/Vib)
9 Y4
SRV > gs.t ]/ (S) —g(D -

(S T)e(Fs/ Vi) x (Fy/Vih)

Observe that
(236) > g1/ () —g(D]%
(8. T)e®y/Vi)x (Fs/ViH)

LY ()5S @) — me |

(a,)€F} xF}

218

f (a) — meg(b) |

IEI

(a,b)eE}

3
= o > ( > Ei b)) |/() = (D]

Lo, T)e(®y/ Vi) x (Fy/Vik) (a.b)eSxT
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3
_ |£(S) = g(D
IE(Hn)l (S’T%a:(m) ’

In (236) we used the fact that for every S, T € F3/V, by the definition of the graph H,,
the quantity

o > Elab)

7 (a,b)eSxT

equals the number of edges joining S and T in H,, and that since H, is a d'-regular graph
we have [V|/(2"d") = 1/|E(H,)|.
The desired estimate (230) now follows from (235) and (236). 0

The case p =2 of Corollary 7.4 below (which is nothing more than a convenient
way to restate Lemma 7.3) corresponds to Lemma 1.12.

Corollary 7.4. — For every 6 € (0, 1) and p € (1, 00) there exusts nﬁ((S) € N and a sequence
of regular graphs {H?(8)}>° /6 such that_for every n > 1 (8) the graph F(8) is regular and has m,
n=r 0

vertices, with m, given in (228). The degree of H.(8), denoted dt(5), satisfies
(237) d'(8) < olosm)',

Moreover, for every K-convex Banach space (X, || - |Ix) we have y.(HZ(8), || - ||/;<) < 00 for all
integers n > ng(8), and there exists SS(X) € (0, 1) such that for every 0 < § < 3{; (X) and every
integer n > nf])((S) we have

(238) v (H28), I - 11%) < 9.

Progf: — We shall use here the notation of Lemma 7.3. We may assume without
loss of generality that 6 (K, p) decreases continuously with K and that limg_, o, §(K, p) =
0.1f 6 € (6(2,p), 1) then let n‘g((S) be the smallest integer such that (logm,)' ™ > log3
and set H/(8) = G, be the m,-cycle with self loops. Since in this case d'(8) = 3, the
desired degree bound (237) holds true by design. Moreover, in this case the finiteness
of y.(HL(), || - ||/;<) is a consequence of Lemma 2.1. For § € (0,8(2, p)] we can define
K{ = sup{K € [2,00) : 8(K, p) > 8)}. Set #,(8) = n(K}, p) and for every integer n > 1} (8)
define H(8) = H, (K%, p). Thus d'(6) = d,(K&, p) and (237) follows from (229). Finally,
setting 8é(X) =1nf{s € (0,5(2,p)] : K < 2K (X)}, it follows that for every 6 € (0, 36)(X)]
we have K > 2K(X), so that (238) follows from (230). U

Remark 7.5. — In Remark 5.12 we asked whether Theorem 5.10 can be improved
so as to yield the estimate

(239) IAf I, @5 Zxp KL L, %)
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for every f € Lﬁzk(F”, X). Here (X, || - ||x) 1s a K-convex Banach space and the implied
constant 1s allowed to depend only on p € (1, 00) and the K-convexity constant K(X).
If true, this would yield the following simpler proof of Lemma 7.3, with better degree
bounds. Continuing to use the notation of Lemma 7.3, we would consider instead the

“vanilla” quotient graph G on F;/V:, ie., the graph in which the number of edges
joining two cosets x+ V=, y+ V- equals the number of standard hypercube edges joining
these two sets divided by [V+|. The degree of this graph is n < logm,. Given a mean-
zero [ : Fy/V:- — X we think of /" as being a V> -invariant function defined on Fj, in
which case by [28, Lemma 3.3] we have f € Ll,zk” (F3, X), where £, < n is given in (227).
Assuming the validity of (239),

(240) n||f||L,,(F" X) S < ky ||f||Lp(F” X) NXp ||Af||L,,(F X)
= Z 19:/ 111, py.x)

o
i=1 Ly (F3,X) i=1

1/p
l 1
/ﬁ(z ||8f||Lp(F,,X)> :

It follows that

n

1 (240) 1
(241) = 2 OO = 2U Wy Sxa - D10y

(x,y)ngxF" =1

By the definition of the quotient graph G, it follows from (241) that y (G, X) $,x 1.
Using Lemma 2.6 we conclude that there exists a regular graph G’ with m,/2 = 2P~!
vertices and degree at most a constant multiple of logm, such that y; (G, X) <, x 1.

8. Graph products

The purpose of this section is to recall the definitions of the various graph products
that were mentioned in the introduction, and to prove Theorem 1.13.

8.1. Sub-multiplicativity for tensor products. — The case of tensor products, 1.e., part (I)
of Theorem 1.13, is very simple, and should mainly serve as warmup for the other parts
of Theorem 1.13.

Proposition 8.1 (Sub-multiplicativity for tensor products). — Fix m,n € N. Let A = (a;) be
an m X m symmelric stochastic matrix and let B = (by) be an n x n symmetric stochastic matrix. Then

every kernel K : X x X — [0, 00) satisfies
(242) Y+(A®B,K) = v, (A, K)y, (B, K).
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Proof. — Fix f,g:{l,...,m} x {l,...,n} — X. Then for every fixed s,¢ €
{1,...,n},

(243) — LS S KG9 0) = ) S S K (169, 0)

=1 j=1 =1 j=1

Also, for every fixed 7,5 € {1, ..., m} we have

(244) o ZZK S 9,80 D) < ZZ%K S, 9,80, D).

s=1 (=1 s=1 (=1

Consequently,

m m

(245) anQ 3 S K(fGsgt0)

=1 y=1 s=1 t=1

m

nzZZ LS S K/ 9.07.0)

s=1 (=1 =1 j=1

245

2Ly AR S S K (7 .00)

s=1 (=1 =1 y=I1

) 3D DD DM ACONIN)

=1 j=1 =1 (=1

24 y+(A K) ZZ V+(B K) ZZbﬁK(f(i, 5), 80, ’5))

=1 j=1 s=1 (=1

_ (A K)y (B, K) Z Xm: Z Xn:(A ® B) K (1, 5,20, 0).

mn - -
=1 y=1 s=1 t=1

Since (245) holds for every f, g : {1, ..., n} x {1, ..., m} = X, (242) follows. U

This concludes the proof of part (I) of Theorem 1.13. Nevertheless, when the kernel
in question is the pth power of a norm whose modulus of convexity has power type p it is
possible improve Proposition 8.1 as follows.

Lemma 8.2. — Fix m,n € N and p € [2,00). Let A = (a;) be an m X m symmelric
stochastic matrix and let B = (b;) be an n X n symmetric stochastic matrix. Suppose that (X, || - [|x)
is a Banach space that satisfies the p-uniform convexity inequality (163). Then

(246) y(A®B, |- 1I%) <2 max{y (A, |- 1%). (27" = DK,X) y+ (B, || - I%) }-
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Proof. — For simplicity of notation write

def !
(2 = DK, (X))

and

def _ 1
(247) =2 maX{V+(A Il - ”X) V+(B, [l - ||I>J<)}-
Fixf,g:{1,...,m} x{1,...,n} = X. For every ¢,j € {1,...,m} and s € {1, ..., n} con-
sider the X-valued random variable UQJ which, for every ¢ € {1, ..., m}, takes the value
J (@, 5) —g(y, ©) with probability b,. An application of Lemma 6.5 with U = U}, shows that
ifforeveryje{l,...,m}and s € {l,..., n} we define

h(j, ) d—“Z big(j. 1),
=1

then for every ¢,j € {1,...,m} and s € {1, ..., n} we have

(248) |£GLs) = h( 9|5 + ¢ D bal G s) — (o |5
=1

SWAVCOEF] &
=1

By the definition of y, (A, || - ||’§<), for every fixed s € {1, ..., n} we have

1 m m . .

(249) — SN NG = hGLs) |
i=1 j=1
A’ . p m m . .
R I PR
=1 j=1

Similarly, for every fixed j € {1, ..., m} we have
250 LY G0l < LB S i — gl

s=1 t=1 s=1 =1
By the triangle inequality, for every fixed 7,5 € {1, ..., m} and s € {1, ..., n} we have

1 — . ) _ i . -1 ) i
(251) ;;Hf(z, =g, ol <2 1|\f(z,s)—/l(;,s)H’;JrT;Hh(;,s)—g(;, D%
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By averaging (251) over ¢,j € {1,...,m} and s € {1, ..., n} we deduce that

(252) mQIHQ S NrG s =Gl

i=1 j=1 s=1 (=1

Z ZZHf(z $) = h(j.9) |

=1 j=1

Z ZZHW 9 — G|’

s=1 =1

By substituting (249) and (250) into (252) we obtain the estimate

253 ﬁzzzzum, 9 -G 0l

=1 j=1 s=1 1=]
33 WA TR
=1 j=1 s=1
h—1 . ~
L y+<nljn, [ ”X)ZZZ% h(j, 5) — g, D%
s=1 =1 j=1

(247)

S IB DN (IIEEIRTH

=1 j=1 s=1

oY i - 60l

(248) - . .
< — ZZZZ |G =Gl
=1 j=1 s=1 t=1
Since (253) holds for every f, g: {1, ..., m} x {1,...,n} = X, (246) follows. U

8.2. Sub-multiplicativity for the zigzag product. — Here we prove Theorem 1.3. Before
doing so, we need to recall the definition of the zigzag product of Reingold, Vadhan and
Wigderson [67]. The notation used below, which lends itself well to the ensuing proof of
Theorem 1.3, was suggested to us by K. Ball.

Fix ny, dy, dy € N. Suppose that G, = (V|, E;) is an n;-vertex graph which is ;-
regular and that Gy = (Vy, Ey) 1s a d;-vertex graph which is dy-regular. Since the number
of vertices in Gy 1s the same as the degree of G, we can identify V, with the edges
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G1@Gs

(U, v) (v, u)

F16. 2. — A schematic illustration of the zigzag product. The upper part of the figure depicts part of a 4-regular graph G,
and a 4-vertex cycle Gy. The bottom part of the figure depicts the edges of the zigzag product between «’s cloud and v’s
cloud. The original edges of G| and Gy are drawn as dotted and dashed lines, respectively.

emanating from a given vertex « € V. Formally, we fix for every « € V| a bijection
(254) o {wv) e{uy x Vi (wv) €E ) - Vo

Moreover, we fix for every a € Vy a bijection between {1, ..., d} and the multiset of the
vertices adjacent to a in Gy, 1.e.,

(255) koo {l,...,do} > {beVy:(a,b) By}

The zigzag product G;@G, is the graph whose vertices are V; X Vy and the
ordered pair ((4, a), (v, b)) € V| x Vy is added to E(G,@Gy) whenever there exist ¢, €
{1, ..., dy} satisfying

(256) (v,v) €E; and a=kpun(@) and b=«K70.n().
Thus,

do do

E(Gi@G) (@), (0,5) =YY " Ei0) Lm0 * Lm0

=1 j=1

The schematic description of this construction is as follows. Think of the vertex
set of G; @Gy as a disjoint union of “clouds” which are copies of Vo = {1,...,d,} in-
dexed by V. Thus («, a) is the point indexed by « in the cloud labeled by u. Every edge
((u, @), (v, b)) of G;@Gy 1s the result of a three step walk: a “zig” step in Gy from « to
,(u, v) in ¥’s cloud, a “zag” step in G, from «’s cloud to v’s cloud along the edge (u, v)
and a final “zig” step in Gy from 7, (%, v) to b in v’s cloud. The zigzag product is illus-
trated in Figure 2. The number of vertices of G|@Gy is n1d; and its degree is d22. The
zigzag product depends on the choice of labels {r,},cv,, and in fact different labels of the
same graphs can produce non-isomorphic products.” However, the estimates below will

? The labels {«,}.ev, do not affect the structure of the zigzag product but they are useful in the subsequent analysis.
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be independent of the actual choice of the labeling, so while our notation should formally
depend on the labeling, we will drop its explicit mention for the sake of simplicity.

Proof of Theorem 1.3. — Fix f, g: V| x Vo — X. The definition of y, (G, K) implies
that for all ¢, b € V, we have

1 G, K
(257) 5 Y. K(fwa).gw.h) < L;) > K(f (. a). g, b)).
M wvyevi vy mdr ek,
Hence,
1
(258) m Z K(f(u, d),g(v, b))

((,0),(v,0)€(V1 x V) x (V1 x V)

1 1
== 2 = 2. KU@wa.gwb)

L (a,0)eVoxVy "1 (wv)eV xV;
23/ G, K
LTS Y Y K(wagw.h)
(a,b)eVox Vg (u,v)€E]

Next, fix u € V| and b € Vy, and define ¢, : Vo — X as follows. Recalling (254), for ¢ € V,
write nu_l (¢) = (u,v) € E, for some v € V|, and define ¢;(¢) = g(v, b). The definition of
¥.(Gy, K) implies that

(259) " Z > K(f(a).g(v, b))

1 acVy veV)
(u,v)€L
2 ZZK f(u, a), ()
1 acVy ceVy
Gy, K .
o V+(d; ) Z ZK u K”u(u,l})(l))’g(v, b))
1 &2 . —
(M,I)E)Vei“:l !

Summing (259) over u € V| and b € V, and substituting the resulting expression
into (258) yields the bound

(260) L Z K(/(u a), (v, b))

V, x V|2
Vi 2| ((,0), (,6) €V x V) x (V1 x V)

G, K)y.(Gy, K _
7 lmizy;?( ) )ZZ 3 S TR (e k() 80 B)).

veV] =1 wueV] beVy
(u,v)€lE
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Fix € {l,...,dy} and v € V), and define ¥} : Vo — X as follows. For ¢ € V, write
nv_l(c) = (v, u) for some u € V, such that (v, ) € E, (equivalently, (¥, v) € E,), and set
Yl (¢) =f (U, Kx,uv)(2)). Another application of the definition of y, (Go, K) implies that

(261) -3- D0 R (s ki () g (v, )

& ueVy  beVy
(u U)GEl
QZZK ¥ (o), g(v, b))
l ceVy beVy
_ 16, K) : :
- - d d Z ZK U Kn”(u’v)(l))’g(v’K”v(v’u)(])))‘
142 weVy =1
(u‘U)EEl
Summing (261) over v € Vi and ¢ € {1, ..., &y}, and combining the resulting inequality
with (260), yields the bound
1
262 —_ K ya),g(v, b
= VX Vol (o b))e(VZV Vi 2.40.)
u,a), (v, 1xV9)x (Vi xVg)
< Y+(G1, K)y; (Gy, K)?
- ﬂldldg
dy dy
XYY K (k@) 8(0s Km0 (D))
(wv)eE, i=1 j=1
236) Y+ (G1, K) ¥4 (Gy, K)?
= 7t lnd} : > K(f (4, a), (v, b)).
161Uy

((u,0),(v.0)E(G1@G2)

Since (262) holds for every f, g: V| x Vo — X, the proof of Theorem 1.3 is complete. [

8.3. Sub-multiplicativity for replacement products. — Here we continue to use the nota-
tion of Section 8.2. Specifically, we fix n, i, d; € N and suppose that G; = (V, E;) isan
n -vertex graph which is d)-regular and that Gy = (Vy, Ey) 1is a d)-vertex graph which is
do-regular. We also identify V, ={1,...,m} and Vo = {1, ..., d,}, and for every u € V,
and a € V, we fix a bijections , and k, as in (254) and (255), respectively. The replacement
product [17,67] of G; and Gy, denoted G, @Gy, is the graph with vertex set {1, ..., 7} X
{1, ..., d} in which the ordered pair ((«, ¢), (v,j)) € {l,...,m} x{l,...,d} s added to
E(G,®Gy) if and only if either = v and (z,)) € Ey or («, v) € E; and ¢ = (%, v) and
Jj=m,(v,u). Thus,

E(G, @Gz)((u DR (U,])) E2(1»J) 1i—oy +Ei(u, 0) - Lm0y - 1{] =7, (v,u)} -
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This definition makes G;@®Gy be a (dy + 1)-regular graph.
The following lemma shows that the “discrete gradient” associated to G,@ Gy is
dominated by 3/~!(dy + 1) times the “discrete gradient” associated to G;®G.

Lemma 8.3. — Fix p € [1, 00), a metric shace (X, dx) and ny, dy, dy € N. Suppose that
G, = (Vy, E)) s an ny -vertex graph which is d, -regular and that Go = (Vo, Ey) s a d, -vertex graph
which s dy-regular. Then every f,g: V) x Vo = X satisfy

1
(263) S 3 dx(f(u, a), (v, b))

E(G,eG
[E(Gio 2)|<(u,a>,<u,b>>eE<G1@G2>

-1
SPGED s sy

~ |E(GoG
|E(Go 2)|((u,a),(v,b))eE(Gl(DGZ)

Before proving Lemma 8.3 we record two of its immediate (yet useful) conse-
quences.

Corollary 8.4. — Under the assumptions of Lemma 8.3 we have
i (GI®Ge. &) <37y + 1) 74 (G1@Go. &).

Now, part (IV) of Theorem 1.13 corresponds to the case p = 2 of the following
combination of Theorem 1.3 and Corollary 8.4.

Corollary 8.3. — Under the assumptions of Lemma 8.3 we have
- ) 2
Vi (Gi®Gy, &) <3 (dy 4+ 1) - ¥4 (G, &) - v+ (Ga, %)

Proof of Lemma 8.3. — Fix ((u, a), (v, b)) € E(G,@Gy). Thus by the definition of
the zigzag product we have (u, v) € E; and (a, (%, v)), (b, 7, (v, u)) € Ey. Observe that
the following three pairs are edges of G, ®Go.

((w, @), u, 7, (u, v)), ((u, 70, (u, ), (v, 7, (v, W), (v,7,(v, 0, (v, b)).
By the triangle inequality,
(264) dx(f (w, a), g(v, b))’
<3 (x (f (u, @), g, w,(u, v)))’

+ dx(g(u, 7, (u, v)),f(v, 7, (v, u)))p + dx(f(v, 7, (v, u)),g(v, b)))ﬁ).
Therefore,

1
(265) S — > dx(f(u, @), g(v, b))’

E(G,eG
[E(Gie 2)|((u,a>,<v,b>>eE<G1@ng)
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- n1a}1d2 Z Z Z dx(f(u’ ), (v, b))‘h

2 (u,v)€E aeVo beVy
(@, (u,v))€Eg (b, (v,u))EED

o 3 (S14+So 4+ S3)
< +S +Sy),
= 7 dl d22 1 2 3

where the quantities S, Sy, S3 are defined as follows.

SEY. Y Y alwagmw)

(u,v)eE; a€Vy beVo
(a, 77y (u,v)) €L (b, (v,u)) €L

= Y > (), g(nm ),

(u,v)€E aeVy
(a,7r,(u,v))€E9

g, Z Z Z dx(g(u, ,(u, 0)), f (v, 70, (v, )

(u,v)€E aeVy beVo
(a,7ry(u,v)) €L (b, (v,u)) €L

=& Y dx(e(n (e ). f (v, 1, W)Y,

(u,v)€E]

sgd;fz > > & (v m.w). g, b)Y

(,v)€k, a€Vy beVy
(a, 70, (u,v)) €L (b, 71y (v,u)) €L

=d Y > dx(f(v.m @ 0). g, b))
(u,v)€E) beVy
(b,7ry (v,u))}€E9

By the definition of the replacement product we have
(266) S;+So + S5

=d ) > &(fwi)gw))

ueVy (iy)eks

+d > dx(g(w i wv).f (v, 7 (v, w))

(M,U)EEI
2 . Y
<d > dx(f (. i), g(v. ).
((w,1),(v)))€E(G1®G2)

Recalling that |E(G,@®Gy)| = nd,(dy + 1), the desired estimate (263) is now a conse-
quence of (265) and (266). OJ
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The balanced replacement product of G| and Gy, denoted G;(B)Go, 1s a useful variant
of GG, that was introduced in [67]. The vertex set of G®Gy 1s still {1,..., 7} X
{1, ..., d}, but the edges of G;([® G, are now given by

V((wd), 0.) €{l,....m} x {1,....d},
E(GI®G)((1, 1), (v.)))

def ..
= Ez(l,]) : l{u:v} + doEy (u, v) - l{i:nu(u,v)} : l{j:ﬂv(v,u)}-

This definition makes GGy be a 2dy-regular graph.
Arguing analogously to the proof of Lemma 8.3, we have the following statements.

Lemma 8.6. — Fix p € [1,00), a metric space (X, dx) and ny, d, dy € N. Suppose that
G, = (V, E)) s an ny-vertex graph which is d, -regular and that Gy = (Vy, Eq) s a d, -vertex graph
which s dy-regular. Then every f,g: V) x Vo = X satisfy

1
(267) — dx(f(u, @), g(v, b))’
IE(G @G| ((m)«ub)%zz(&@(?z)
9. g1 )
= m Z dx(f(% a), g(v, b)) .

(,0),(v,6)€E(G (D) Go)

Corollary 8.7. — Under the assumptions of Lemma 8.6 we have
V+(G1@G2, df{) <237 V+(G1@G2, df{)~

Part (V) of Theorem 1.13 corresponds to the case p = 2 of the following combination of
Theorem 1.3 and Corollary 8.7.

Corollary 8.8. — Under the assumptions of Lemma 8.6 we have
e(G1®G2 &) <237 7, (G, &) - v (Go, d)*,

Remark 8.9. — An analysis of the behavior of spectral gaps under the balanced
replacement product was previously performed in a non-Euclidean setting by Alon,
Schwartz and Shapira [1]. Specifically, [1, Theorem 1.3] estimates the edge expansion
of G|(®Gyy in terms of the edge expansion of G| and Gy via a direct combinatorial argu-
ment. The edge expansion of a graph G is equivalent up to universal constant factors to
(G, |-|), where | - | is the standard absolute value on R. The corresponding bound aris-
ing from Corollary 8.8 is better than the bound of [1, Theorem 1.3] in terms of constant
factors.
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8.4. Sub-multiplicativity for derandomized squaring. — Here we continue to use the no-
tation of Section 8.2 and Section 8.3. The derandomized squaring of G, and Gy, as
introduced by Rozenman and Vadhan in [69] and denoted G;(8)Gy, is defined as fol-
lows. The vertex set of G;(®Gy 1s V| = {1, ..., n}, and the edges E(G,(®Gy) are given
by

V(u, v) eV, x Vy,
E(G1®G2) (1, v)
=3 Ei(w, 0 (w, v)Es (7, (w, ), 7, (w, v)).

weVy
Thus, given (u, v) € V| x V|, we add a copy of (4, v) to E(G,(&Gy) for every (z,)) € Eg
such that there exists w € V| with (w, w), (w,v) € E; and 7, (w, w) = ¢, m,(w,v) =7
With this definition one checks that GGy is d dy-regular.
The following proposition corresponds to part (I1I) of Theorem 1.13.

Proposition 8.10. — Fix ny, dy, dy € N and suppose that G, = (V,, E}) s an ny-vertex
graph which is dy-regular and that Go = (Vy, Eo) is a dy-vertex graph which is dy-regular. Then_for
every kernel K : X x X — [0, 00) we have

(268) Y+(G1®Gy, K) < )’+(G¥, K)V+(G2, K).

In [69] Rozenman and Vadhan used a spectral argument to prove the Euclidean case
of (268), 1.e., the special case of (268) when K : R x R — [0, 00) is given by K(x, y) =
(x — )%

Proof of Proposition 8.10. — Fix f, g: V| — X. The definition of y, (G}, K) implies
that

1 G, K
269) S Y K@ )= RS K (rww)
1 (uv)eV) xV, P wwer@)

V*f’;; DYy Sy T k(wew).
weVy (u,w)eE; (w,v)eE

For every fixed w € V, define ¢”, ¥” : Vo, — X as follows. For 7,j € V, consider the
unique vertices «, v € V| such that m,,(w, v) = and 7, (w, v) =, and define ¢” (1) =
S (w) and ¥ (j) = g(v). The definition of Y, (Gy, K) implies that

1
(270) = ) D KU@.gw)= ; Y K(e @) v ()
1 1

(u,w)eE; (w,v)eE (1y)€Vax Vo
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Gy, K i )
At R (R

hdr o,
Gy, K
V+(dj{2 : Z Z Ey (7m0 (w, w), 70, (w, 0))K(f (), g(v)).

(u,w)eE; (w,v)eE;

The definition of G; )Gy in combination with (269) and (270) now yields the estimate

LY K@ w)

(u,v)eV| xV
< Y+ (GQ, K) Y+ (G29 K)
- nldldg

XYY B (w ), my(w, v))K(f (), g(v)

weVy (u,w)eE; (w,v)eE;

_ V+(G%’ K)y,(Gy, K) Z

n1d1 dQ K(f(X)’ g(y))

() €E(G ®G2) O

9. Counterexamples

9.1. Expander families need not embed coarsely into each other. — As was mentioned in
the introduction, it is an open question whether every classical (i.e., Euclidean) expander
graph family is also a super-expander. Here we rule out the most obvious approach
towards such a result: to embed coarsely any expander family in any other expander
family. Formally, given two families of metric spaces 2, %, we say that 2" admits a
coarse embedding into % if there exist non-decreasing «, § : [0, 00) — [0, 00) satisfy-
ing lim,_, , a(f) = 00 such that for every (X, dx) € Z there exists (Y, dy) € # and a
mapping / : X — Y that satisfies

Vx,p e X, a(dx(x,y)) < dy(f(x),f(y)) < ,B(dx(x,y)).

This condition clearly implies that «(0) = 0, and for notational convenience we also
assume without loss of generality that B(0) =

Let € denote the set of all increasing sub-additive functions w : [0, 00) — [0, 00)
with @ (0) = 0. If (X, dx) is a metric space and w € € then (X, w o dx) is also a metric
space, known as the metric transform of (X, dx) by .

In what follows, given a connected graph G = (V, E), the geodesic metric induced
by G on V will be denoted dg;. Recall that a sequence of graphs {G,}°, is called a con-
stant degree expander sequence if there exists 4 € N such that each G, is d-regular and
sup,.n A(G,) < 1. The purpose of this section is to prove the following result.
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Theorem 9.1. — There extst two constant degree expander sequences {G;}52, and {H;}2, such
that {(V(H,), dy,)}22, does not admit a coarse embedding into the family of metric spaces {(V(G;), wo
ds): (1,w) e N X ).

Progf: — It 1s well known (see e.g. [37, 40]) that there exists ¢ € (0, 00), an integer
d > 3, and a sequence of d-regular expanders {G;}7°, such that if we set n; = [V(G;)| then
{n;}22, is strictly increasing and each G; has girth at least 4clogn,. By adjusting ¢ to be a
smaller constant if necessary (as we may), we assume below that

n;

<271> clogni < m

We also assume throughout the ensuing argument that clogn; > 7 for all € N.

The desired expander sequence {H;}?°, will be constructed by modifying {G;}7°, so
as to contain sufficiently many short cycles. Specifically, fix : € N and write G; = (V;, E;).
We will construct H; = (V,, I;) with F; D E;, 1.e., H; will be a graph with the same vertices
as G; but with additional edges. The construction will ensure that

(272) diam(H,) > %logni.

(Here, and in what follows, diameters of graphs are always understood to be with respect
to their shortest-path metric.) We will also ensure that for every integer 4 € [3, clogn;]
the graph H; contains a cycle of length # which is embedded isometrically into (H;, dy,),

i.e., there exist xy,...,x, € V; such that dy,(x,, x;) = min{|a — b|, & — |a — b|} for every
a,be{l, ..., h}, and {x1, xo}, {xo, x5}, ..o, {xa—1, e}, {0, 1} € F
Set
def
(273) = |clogn].
We will define inductively sets of edges E=F' C F!' C ... C F* with |F; N F_;| =1 for

alljefl,...,£}. Fixj€{0,...,£ — 1} and assume inductively that F has already been
defined so that the graph

G, = (V.. F)

has maximal degree at most  + 1. Write

def

sz{uEVl—: Jee F \E, uee}: U e.

S AN )

Thus [M;| < 2. Hence, if we set

D; d:ef{u €V, dy(u, M) =< 2610%”2‘}’
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then
oo loe . (27DART3
|Dj| < 2](d+ I)chogni < QE(d + l)Zflognl ( )2( >ni-

Therefore V X\ D; # #. Choose an arbitrary vertex x € V \. D;. Since G; has girth at least
4clogn; and j < ¢, there exists y € V with dg,(x,») =j + 2. Define F*! = F U {{x, »}}.
This creates a new cycle of length j + 3.

By construction, the graph G/l-Jrl « (V,, F*1) contains a cycle C, of length 4 for
every € {3, ...,7+ 3}. Moreover, we claim that these cycles are embedded isometrically
into the metric space (V;, dy+1). Indeed, due to the choice of x, if 2 € {3, ...,j + 2} then

d(Cy {x,9}) > 2clogn; — (j + 2),

which is at least #/2 (the diameter of C,) because c¢logn; > 7. Thus the new edge {x, y}
does not change the isometric embeddability of C,. The new cycle C; 3 is isometrically
embedded into (V;, dg,) since the girth of G; 1s at least 4clogn; > 2(j + 2). Since
) J+3

dG/l:(MJ-’ Ciy3) > 2clogn; — (j +2) > 5
The cycle Cj; 3 remains isometrically embedded into (V;, d+1). Note also that by con-
struction the new edge {x, y} is not incident to any vertex in Mj Therefore the maximum
degree of (V;, ") remains  + 1. This completes the inductive construction.

The degree of every vertex of Gt is either d or d + 1. Add to every vertex of
degree d a self loop so as to obtain a d 4 1 regular graph H; = (V,, ;) without changing
the induced shortest path metric. Note that (272) holds true because D, # V.

It follows from Lemma 2.7 that for every kernel K : X x X — [0, 00),

d+1 d+1
y(H;,K) < TJ/(GZ', K) and y,(H;,K) =<

Y+(Gy, K).

In particular, since {G;}22, is an expander sequence also {H;}2, is an expander sequence.
Assume for the sake of obtaining a contradiction that {(V;, dy,}2°, admits a coarse

embedding into {(V;, w0 dg,) : (i, w) € N x €’}. Then there exist {@;}2, € € and non-

decreasing moduli «, g : [0, 00) — [0, 00) with

(274) lim a(f) = o0,

{—00

and for every i € N there exists j(z) € N and f; : V; — Vj; satisfying
<275> VH, Ve V(Hl)’ a(dHl‘(ua U)) = wz—(de'(i) (‘f;(u) 9‘ﬁ(v))) = 5(dHl(u’ U))'

Note that only the values of 8 on N U {0} matter here, and that since B(-) serves only
as an upper bound in (275) we may assume without loss of generality that the sequence
{B(n)}2, is strictly increasing,
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Define
| 1.
(276) W= b min{B~" (|w;(clogn)]), clogni}J.
We claim that
(277) lim £; = oo.

1—> 00
Indeed, since {G;}72, is an expander sequence,

*Esup A(G)) < 1.

JeN
We therefore have the following bound on the diameter of G; (see [13]):
2logn;
g(1/2)

Observe that since G; has girth at least 4clogn;, it follows from (278) that clog(1/1) < 1.
It now follows from (272), (275) and (278) that

2log ni; 4
(279) af Llogn ) < w [ 2840 ) < wi(clog ),
2 log(1/2) clog(1/X) ‘

where in the rightmost inequality of (279) we used the fact that w; 13 increasing and sub-
additive. Due to (274) and (276), we indeed have (277) as a consequence of (279).

Our construction ensures that H; contains a cycle cy {xl, ..., &3} of length 34
which is embedded isometrically into (H;, dy;). Then

(278) diam(G;) < o

(275) | (276)
(280) Ji(C) < Bg, (i), o7 (,3(3}11'))) < Bg,, (ﬁ(xl),flognjo))-

Since clogn 1s smaller than half the girth of Gy, the ball Bg,, (fi(x1), clogn;) is iso-
metric to a tree. We will now proceed to show that combined with the inclusion (280) this
leads to a contraction, using a coarse version of an argument of Rabinovich and Raz [65].
Let C denote the one dimensional simplicial complex induced by C, i.e., in C,
which 1s isometric to the circle 5/”81 all the edges of C are present as 1ntervals of

length 1. Similarly, denote by T the one dimensional simplicial complex induced by
G, (fi(x1), clogm) (thus T is isometric to a metric tree). Let f; : C — T be the linear
interpolation of f;, i.e., the extension of £; to C such that for every u, v € C with {u, v} € F;
the segment [«, v] is mapped onto the unique geodesic [f(x), £(v)] € T with constant
speed (see e.g. the discussion preceding Theorem 2 of [55]). It follows from (275) that

o (S, /i) < 07 (B(D)
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whenever {«, v} is an edge of H;. Hence f; is w; "B (1))-Lipschitz. Therefore j_‘i is also
o; '(B(1))-Lipschitz.
Consider the three paths

j?([xl, x/li+l])’ﬁ([xhi+la thi+1]),]_§([x2hi+l’ xl]) cT.
Arguing as in [65], since T is a metric tree, there must exist a common point
p € S(Ixrs x1410) O ( 410 x2011) O (D10 111).
We can therefore find
(@ 6. 7) € [x1, %51] X [W4410 %2411 X [xp410 1]
such that
fi@ =fi(b) =fi@ = p.
By considering the closest points to g, b,7in C, there exist a, b, ¢ € C such that

1

maX{dE(d, E)v da(b9 Z)a da((/‘v E)} S Ea

and
maX{dHi((l, b)9 dHZ‘(a’ C)’ dH,‘(ba C)} = hi'
Without loss of generality we may assume that dy,(a, b) = dg(a, b) > k.
Since f; is a)l-_l (B(1))-Lipschitz and f (a) =/ (b),
(275) _
(281) alh) < wi(dG/m (fi(@), (D)) = wi(dG.;'(f) (f(@.f/@) + dgy (f(®).f(®))
e ]
< w;| 20, (,3(1))5 = B(1).
The desired contradiction now follows by contrasting (274) and (277) with (281). 0

9.2. A metric space farling calculus for nonlinear spectral gaps. — Let (X, dx) be a metric
space and p € (0, 00). Observe that if A = (g;) is an # X n symmetric stochastic matrix
then, provided X contains at least two points, the fact that y, (A, dy) < oo implies that A
is ergodic, and therefore

(282) lim y, (A, &) = lim y, ((A), &%) = 1.

Thus, we always have asymptotic decay of the Poincaré constants of A’ and <7/(A) as
t — 00, but for the iterative construction presented in this paper we need a quantitative
variant of (282). At the very least, we need (X, dx) to admit the following type of uniform
decay of the Poincaré constant.
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Defination 9.2 (Spaces admatting uniform decay of Poincaré constants). — Let X be a set and
K: X x X — [0,00) a kernel. Say that (X, K) has the uniform decay property if for every
M e (1, 00) there exists t € N and I' € [1, 00) such that for every n € N and every n X n symmetric
stochastic matrix A,
y+(AK)

We now show that there exists a metric space (X, dx) such that (X, d%) does not
have the uniform decay property.

Proposition 9.3. — There exist a metric space (X, p) and a universal constant n € (0, 00)
with the following property. For every n € N there is an n-vertex regular graph G,, = (V,, E,) such that
lim,_, o ¥4 (G, p?) = 00, yet for every t € N there exists ng € N such

n=ny = V+(«th(Gn)7 ,02) zn: V+(Gnv /02)-

Proof. — Define

Xy Nz,

1.e., X 1is the set of all integer-valued bounded sequences. Consider the following metric
0 : X x X —[0,00).

def

(283) P (x,9) =log(1 + [Ix = yllo)-

Note that p 1s indeed a metric since the mapping T : [0, 00) — [0, 00) given by

T(s) Zlog(1 + 5)

1s concave, increasing and T'(0) = 0.
Let G, = (V,, E,) be an arbitrary sequence of constant degree expanders, i.e., G,
is an n-vertex graph of degree d (say d = 4) satisfying

def

CEsupy, (G - 112) < oo.

neN

We claim that

(284) v+ (G, p?) < (log(1 +logm)) .

The goal is to prove that every f, g : G, — X satisfy

I log(1 + logn))*
DY o (). gw))’ < 1 :lrdog”)) 3 o(fw.gw)’.

(u,0)EV, XV, (u,v)€E,
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To this end write

S, EF(V,)Ug(V,) CZ.

By Bourgain’s embedding theorem [10], applied to the metric space (S,, £~), there exists
B: S, = £y satisfying
(285) VuveV, |f@—ew|, < [8(f®)-Bw)],

< (1 +logn)||f () — g)| ..

where ¢ € (1, 00) 1s a universal constant. For every «, v € V, we have

(286) p(f@ ) = log(1+ |B(fW) - Blew)],)
2 log(1+ (1 +logn) | S — ¢

(283)
S log(1+1logn) - p(f(w), g(v)),

where in the last step of (286) we used the fact that if f («) # g(v) then ||f (v) —g(v)||oc > 1.
As shown in [44, Remark 5.4], there exists a universal constant ¥ > 1 and a map-
ping ¢ : €5 — {5 such that

(287) Vr,pels, T(lx—ls) < @@ =) |, <cT(lx—lls).
A combination of (285), (286) and (287) implies that the mapping  =¢ o B :S, — £,
satisfies
VuveV, p(fw.ew) =< v (f@) - ¥ (w)],
Slog(l +logn) - p(f(u), g(v)).
Since 74 (G, [ - 12) < C, we conclude that

1
o Y (S, ew)’

(u,v)€V, XV,

<5 Y @) - vew)];

(u,0)eV,xV,

=9 % @) - veo)l;

(u,v)€E,

(log(1 +logn))?
S Og ndogn Z ,O(f(u),g(v))g

(u,v)€E,
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This completes the proof of (284).

We will now bound y, ((G,), p*) from below. For this purpose it is sufficient
to examine a specific embedding of the graph <7/(G,) into X. Let ¢ : V, — Z% be an
isometric embedding of the shortest path metric on .(G,) into (Z™, || - ||o0). If {u, v} €
E((G,)) then p(@(), p(v)) = T(lp(w) — 9(v) ) = T(1) = 1. On the other hand,
since the degree of .27(G) is {d', at least half of the pairs in V, x V, are at distance 2 1112%
in the shortest path metric on %(G). Hence for at least half of the pairs (¢, v) € V, x V,
we have

1
P, () > log(l +éﬂ(z)gg7;>,

where & € (0, 00) is a universal constant. If

2
n Z g(tlogd)

then we deduce that

nLQ Z(u,v)ev,,xvn p((p(u)’ (p(v))Q
ﬁ Z(u,v)eE(szﬂ(Gn)) ,O(QO(Z{), @(U))Q

Y+ (fo{t(Gn)a /02) =z

(289 )
2 (log(1 +1logn)” 2 v+(G.. p%),

thus completing the proof of Proposition 9.3. 0J

Remark 9.4. — Using Matousek’s L,-variant of the Poincaré inequality for ex-
panders [41], the proof of Proposition 9.3 extends mutatis mutandis to show that (X, d%)
fails to have the uniform decay property for any p € (0, 00).

Remark 9.5. — We do not know if there exists a normed space which does not have
the uniform decay property, though we conjecture that such spaces do exist, and that this
even holds for £.,. Note that despite the fact that all separable metric spaces embed into
£, we cannot formally deduce from Proposition 9.3 that £, satisfies the same conclusion
since the uniform decay property of the Poincaré constant is not necessarily monotone
when passing to subsets of metric spaces. We suspect that (£,, || - ||?) does have the uniform
decay property despite the fact that £, does not admit an equivalent uniformly convex
norm.
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