CONSTANT MEAN CURVATURE SURFACES IN WARPED
PRODUCT MANIFOLDS

by Smox BRENDLE

ABSTRACT

We consider surfaces with constant mean curvature in certain warped product manifolds. We show that any such
surface is umbilic, provided that the warping factor satisfies certain structure conditions. This theorem can be viewed as
a generalization of the classical Alexandrov theorem in Euclidean space. In particular, our results apply to the deSitter-
Schwarzschild and Reissner-Nordstrom manifolds.

1. Introduction

A classical theorem due to Alexandrov [1] asserts that any closed, embedded hy-
persurface in R” with constant mean curvature is a round sphere. Alexandrov’s theorem
1s remarkable in that it holds in all dimensions; requires no assumptions about the topol-
ogy of the surface; and does not impose any stability assumptions. More generally, it is
known that surfaces of constant mean curvature in the hemisphere and in hyperbolic
space are geodesic spheres (see e.g. [17, 21]). Montiel [20] has obtained a uniqueness
theorem for star-shaped hypersurfaces of constant mean curvature in certain rotationally
symmetric manifolds. The argument in Montiel’s paper [20] applies to various ambient
spaces; the assumption that the surface is star-shaped plays a crucial role in the argument
(see also [2]).

In a different direction, Christodoulou and Yau [8] studied stable surfaces of con-
stant mean curvature in asymptotically flat three-manifolds. Their work was motivated
by considerations in general relativity; in particular, they showed that any such surface
has nonnegative Hawking mass. Later, Bray [5] studied the isoperimetric problem in
the three-dimensional Schwarzschild manifold. A surface is called isoperimetric if it has
minimal area among all surfaces that enclose the same volume. Using an ingenious
comparison argument, Bray [5] was able to show that any isoperimetric surface in the
Schwarzschild manifold must be a coordinate sphere. We note that Bray’s method can be
extended to more general ambient manifolds; see [6] and [10] for details.

In 1996, Huisken and Yau [19] proved that for any asymptotically flat three-
manifold M with positive ADM mass, there exists a compact set K so that the com-
plement M \ K can be foliated by stable surfaces of constant mean curvature. Moreover,
Huisken and Yau proved a uniqueness result for such foliations near infinity under mild
additional assumptions. Qing and Tian [25] have obtained a uniqueness result for stable
surfaces of constant mean curvature that avoid some large compact set K. It was shown
by Eichmair and Metzger [12] that a stable constant mean curvature surface X must
avoid a given compact set K, provided that the area of X is sufficiently large and the
ambient manifold M has positive scalar curvature. Eichmair and Metzger also proved
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that the constant mean curvature spheres constructed by Huisken and Yau are, in fact,
isoperimetric surfaces. This confirmed a conjecture of Bray; see [11] and [13] for details.
Finally, we note that Rigger [27] and Neves and Tian [22] have constructed foliations by
surfaces of constant mean curvature in asymptotically hyperbolic manifolds.

In this paper, we prove an analogue of Alexandrov’s theorem for a class of warped
product manifolds. Let us fix an integer n > 3. Throughout this paper, we assume that N
is a compact Riemannian manifold of dimension » — 1 such that

Ricy > (n—2)pgn

for some constant p. Moreover, we consider a smooth positive function #: [0,7) — R
which satisfies the following conditions:

(H1) #(0) =0 and #"(0) > 0.
(H2) #'(r) > 0 for all r € (0,7).
(H3) The function
W) p— ()’

W TP 0

2

is non-decreasing for r € (0, 7).
(H4) We have

GO ETICS

W a0

for all r € (0, 7).

We now consider the manifold M =N x [0, r) equipped with the Riemannian metric
(1) g=dr @ dr + h(r)* gx.
The following is the main result of this paper:

Theorem 1.1. — Suppose that (M, g) is a warped product manyfold satisfying conditions (H1)—
(H3). Moreover, let X be a closed, embedded, orientable hypersurface in (M, g) with constant mean
curvature. Then 2 1s umbilic. If; in addition, the condition (H4) holds, then % is a slice N x {r} for
somer € (0,7).

It 1s interesting to consider the special case when Ricy = (7 — 2) p gn. In this case,
the Ricci and scalar curvature of g are given by

o p—H(?
2 Rm__(Mﬂ'*”_”_EEF_>g
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KG) | p— K@)
S ( W Gy ) res
and
_ ") p— K0
3) R_—(n—l)(Q o —(n—Q)W)

Hence, in this case, the condition (H3) is equivalent to saying that the scalar curvature
of g 1s non-increasing in 7. Moreover, the condition (H4) says that the Ricci curvature is
smallest in the radial direction.

In particular, condition (H3) is satisfied if N 1s the standard sphere and (M, g) has
constant scalar curvature. Besides the standard spaces of constant sectional curvature, the
most basic examples of rotationally symmetric manifolds with constant scalar curvature
are the deSitter-Schwarzschild manifolds. We briefly recall their definition. Let us fix real
numbers m and k. We assume that m is positive. Moreover, we assume that either k <0
or

n 2

n—2
4(n—2)"2 "

< 1.

Let us write {s > 0: 1 —ms*>™" — k5> > 0} = (5, 5). The deSitter-Schwarzschild manifold
is defined by M = S"~! x (s,5) and

ds ® ds + 5 g1

Tl e —k s
A straightforward calculation shows that (M, g) has constant scalar curvature n(n — 1)«.
We note that the manifold (M, g) can be isometrically embedded as a space-like slice
in the (n 4+ 1)-dimensional deSitter-Schwarzschild space-time. In the special case k = 0,
(M, g) 1s the ordinary Schwarzschild manifold.

Corollary 1.2. — Suppose that X is a closed, embedded, orientable hypersurface in the deSitter-
Schwarzschild manifold with constant mean curvature. Then X is a slice ™' x {s}.

In particular, we obtain a uniqueness theorem for surfaces of constant mean cur-
vature in Schwarzschild space. We note, however, that the analogous result fails in the
doubled Schwarzschild manifold. In fact, in a joint work with Michael Eichmair [7],
we have constructed small isoperimetric surfaces in the doubled Schwarzschild mani-
fold which are located near a point on the horizon. These surfaces have constant mean
curvature, but are not umbilic.

The assumptions of Theorem 1.1 are also satisfied for the Reissner-Nordstrom
spaces. The Reissner-Nordstrom manifold is defined by M = S"~! x (s, 00) and

: 2
T 1= s + g2 s+ ds @ ds + 5" g1

g
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Here, m > 2¢ > 0 are constants, and s is defined as the larger of the two solutions of the
equation 1 —ms*™" 4 ¢*s*2" = 0.

Corollary 1.3. — Suppose that 2 s a closed, embedded, orientable hypersurface in the Reissner-
Nordstrom manifold with constant mean curvature. Then X is a slice ™' x {s}.

We next state a variant of Theorem 1.1. To that end, we consider a function % :
[0, 7) = R which satisfies the following conditions:

(H1) h(r) =re(*), where ¢ : [0, V7) = Ris a smooth positive function satisfying
0(0)=1.

(H2") #(r) > 0 for all r € (0, 7).

(H3) The function

NAG — K0
—(n—2
P e h()?

is non-decreasing for r € (0, 7).
(H4") We have

K 1=K
h(r) h(r)?

#0
forall r € (0,7).

Theorem 1.4. — Let h: [0,7) — R which satisfies the conditions (H1")—H3'). Let us con-
sider the ball B;(0) C R" equipped with the Riemannian metric ¢ = dr & dr + h(r)? gs—1. Moreover,
let X be a closed, embedded, orientable hypersurface in (B;(0), g) with constant mean curvature. Then
> s umbilic. If; in addition, the condition (H4') holds, then X s a geodesic sphere centered at the origin.

Note that the conditions (H1")—-(H3') are satisfied for #(r) = r, for h(r) = sinh(r),
and for 4(r) = sin(r). Therefore, Theorem 1.4 generalizes the Alexandrov theorems in
Euclidean space, hyperbolic space, and the hemisphere.

As above, the condition (H3') is equivalent to saying that the scalar curvature of
g 1s non-increasing in 7. On the other hand, if the scalar curvature is not a monotone
function of r, it is possible to construct small spheres with constant mean curvature which
are not umbilic:

Theorem 1.5 (E Pacard, X. Xu [23]). — Consider a smooth metric g on the ball B;(0) C R"
of the form g = dr ® dr + h(r)? gsi—1. Assume that the function

NAG — K (1)?
—(n—2
/l( ) v ) h(r)?
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has a strict local extremum (either a local minimum or a local maximum) at some point 7 € (0,7).
Moreover, suppose that at each point on 9B;(0), the Ricci tensor of g has two distinct eigenvalues. Then
there exist small spheres with constant mean curvature which are not umbilic.

Theorem 1.5 is a direct consequence of Theorem 1.1 in [23]. To see this, let ¢ (-, 1)
be the function defined in [23]. Clearly, ¢ (-, A) is rotationally symmetric. By assumption,
the scalar curvature (viewed as a function of 7) attains a strict local extremum at the
point 7 € (0, 7). Hence, if X is sufficiently small, we can find a number 7 close to 7 with
the property that every point on the coordinate sphere dB,(0) is a critical point of the
function ¢ (-, ). Hence, given any point p € 9B,(0), we can find an (n — 1)-sphere X
which has constant mean curvature “~' and is contained in a geodesic ball around p of
radius A (1 + o(1)). This surface ¥ cannot be umbilic: indeed, if ¥ were umbilic, then
the Codazzi equations would imply that the normal vector to 2 is an eigenvector of the
Ricci tensor. Consequently, 2 would be a geodesic sphere centered at the origin, which
is impossible.

The proof of Theorem 1.1 occupies Sections 2—4. In Section 2, we define a poten-
tial function / and a conformal vector field X, and study their basic properties. In partic-
ular, we derive an integral identity, which generalizes the classical Minkowski formula in
Euclidean space. Moreover, using condition (H3), we show that (Af) g —D?*f +f Ric > 0.
This inequality plays a key role in the proof of Theorem 1.1. We note that Riemannian
metrics with the property that (Af) g — D?*f + f Ric = 0 are called static, and have been
studied in connection with questions in general relativity (see e.g. [3, 9, 26]).

In Section 3, we prove a sharp inequality for hypersurfaces of positive mean cur-
vature. This inequality is inspired by a classical inequality due to Heintze and Karcher
[16]. To state this inequality, we consider two cases. If 2 is the boundary of a domain €2,
we show that

4) (n— I)A%duanﬂfdvol.

On the other hand, if we can find a domain 2 such that 022 = X U (N x {0}), then we
obtain

5) (n— 1)/ i du > n/fdvol + 1(0)" vol(N, gx).
)] H Q

Moreover, if equality holds in (4) or (5), then ¥ must be umbilic. In order to prove these
inequalities, we consider the Riemannian metric = + g. This metric is conformal to the
given metric ¢ and has an asymptotically hyperbolic end at N x {0}. We then consider the
level sets of the distance function u(p) = d;(p, ¥), where the distance is computed using
the conformal metric g. We now study the quantity

o S
QW) = (n I)L;Hdu,
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where X7 denotes the smooth part of the level set {u = ¢}, and H denotes the mean
curvature of X*. Using the standard formula for the evolution of the mean curvature, we
obtain a monotonicity formula for Q(¢). If 2 is null-homologous, the inequality (4) is a
direct consequence of our monotonicity formula. On the other hand, if £ is homologous
to the boundary N x {0}, we show that

liminfQ(¢) > £(0)" vol(N, gx).
— 00

If we combine this inequality with the monotonicity formula for Q(¢), the inequality (5)
follows. The analysis of the limit of Q(#) as £ — 00 is a very subtle issue, as the level sets
{u =t} are not smooth in general. To overcome this obstacle, we use the approximation
technique of Greene and Wu [14, 15].

In Section 4, we combine the results from Sections 2 and 3 to conclude that ¥ is
umbilic. This completes the proof of Theorem 1.1.

In Section 5, we explain how Corollary 1.2 and Corollary 1.3 follow from Theo-
rem 1.1.

Finally, in Section 6 we sketch the proof of Theorem 1.4. The proof of this result is
very similar to the proof of Theorem 1.1, and we will indicate the necessary adaptations.

2. Basic properties of (M, g)

Let (M, g) be a warped product manifold which satisfies the conditions (H1)—~(HS3).
We define a smooth function / : M — R and a vector field X on M by

AG)
and
X =n( )2
- ar’

It follows from (H2) that f is a positive function on N x (0, 7). Moreover, the condition
(H1) implies that the function f vanishes along N x {0}, but the gradient of / is non-zero
along N x {0}.

Proposition 2.1. — The function [ satisfies the inequality
(Af)g—D’f +fRic> 0.

Proof. — Let {ey, ..., ¢,1} be alocal orthonormal frame on N, so that gx(e;, ¢) = §;.
It follows from Proposition 9.106 in [4] that

Ric(e;, ¢) = Rien (e, ) — (M) H'(r) + (n = 2) K (1)) 5,
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o3
Ricl ¢, — | =0,
or

Ric<3,2) _(n—l)/‘”(”
dr or h(r)

In other words, we have

Ric = Riex — (A1) K (1) + (e — 2) K (1)) gx
()
h(r)

On the other hand, the Hessian of / is given by

—(n—1) dr @ dr.

DQf =h() KK () gn+ 1" (r)dr  dr.
This implies
(Af) g —D*f = (h(r)* K"(r) 4+ (0= 2) h(r) K () K" (1)) gx
W (r) ' (r)

+ (n— I)Wdr@)dr.

Putting these facts together, we obtain
(Af) g —D*f + fRic=/#(r) (Ricx — (n — 2) p gx)
+ (R0 1" (r) + (= 3) h(r) K (r) K" (1)
+ =K@ (p—H (D))o
By assumption, we have
Riecn —(n—=2)pgn >0
and

h(r)® i/”(r) + (n=3) () K () K'(r) + (n— ) K (1) (0 — K (1)?)

Losd (B0 pe h’(r)) .
710 (h() (=) o) 20

Putting these facts together, the assertion follows.

Lemma 2.2. — The vector field X satisfies DX, = f g;.

253
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Proof: — Note that
L (dr) = d(X(r)) = d(}z(r)) =K()dr.

This implies
Lg = Lx(dr) ® dr + dr @ Zx(dr) + X (h(1)”) gx
=2/ (r) dr @ dr + 2h(r)* K () gn
=2l (r) g.
Therefore, Zxg = 2f g. Since X is a gradient vector field, the assertion follows. UJ

We next prove an analogue of the classical Minkowski formula (cf. [20]). Recall
that #”(0) > 0 by condition (H1). By continuity, we can find a real number 7, € (0,7) so
that #/(r) > 0 for all € [0, r].

Proposition 2.3. — Let X be a closed orientable hypersurface in (M, g). Then

6) /H(X, v)d,u:(n—l)/fdu.
)] )

Moreover, if X 1s contained in the region N X (0, 1), then we have the inequality
H
@) f—<X, vydp < (n— 1) (D).
s/

Progf: — Let us write X = V¢ for some real-valued function ¥. By Lemma 2.2,
the Hessian of ¥ is given by D?¢ = f g. Hence, the Laplacian of the function ¥|yx is
given by

n—1

Asyr =Y (DY) (e ) — H(VY, v) = (n — 1)f — H(X, v),

k=1

where {e, ..., ¢} 1s an orthonormal basis of the tangent space to X. Therefore, we
have

(n—1>/fdu—fH<X,v>du=/Azwdu=o

by the divergence theorem. This proves (6). In order to prove the inequality (7), we ob-
serve that

=)= [ S Xovdu= [ Zasyde= [ Z(75.9%0)du.
e 5/ A,

At each point in N x (0, 1), the vector Vf is a positive multiple of V. Hence, if X is
contained in the region N x (0, r;), then we have (V=f, V=) > 0 at each point on .
From this, the assertion follows. O
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3. A geometric inequality for mean-convex hypersurfaces

We now consider a closed, embedded, orientable hypersurface X in (M, g). It is
easy to see that the intersection number of ¥ with any closed loop is zero. Since X is
connected, the complement M \ X has exactly two connected components. In particular,
there is a unique connected component 2 of M \ 2 with the property that £ C N x
(0,7 —8) for some § > 0. We either have 02 = X or 02 = X U (N x {0}). Let v denote
the outward-pointing unit normal to ¥. We will assume throughout this section that X
has positive mean curvature with respect to this choice of unit normal.

It will be convenient to consider the conformally modified metric g = j% g. The
manifold (M, 2) has an asymptotically hyperbolic end, which corresponds to the bound-
ary N x {0}.

For each point p € €, we denote by u(p) = dy(p, ¥) the distance of p from X with
respect to the metric g. Moreover, we denote by @ : & x [0, 00) — € the normal expo-
nential map with respect to g. More precisely, for each point x € X, the curve ¢ > P (x, 1)
is a geodesic with respect to g, and we have

D (x,0) =x, iCID(x, Dl =—f()vx).
ot =0

Note that the geodesic ¢ — ®(x, £) has unit speed with respect to g.
We next define

A={(x,0) € Z x[0,00) 1 u(P(x, 1)) =t}
and
Af = {(x, 1) eX x[0,00):(x,t+8) € A for some § > 0}.
The definition of A is analogous to the definition of the segment domain of a Riemannian
manifold. Our next result follows from standard arguments (see e.g. [24], pp. 139-141):
Proposition 3.1. — The sets A and A* have the following properties:

(©) 2 (x, lo) € A, then (x, 1) € A for all t € [0, f].
(i1) The set A is closed, and we have ® (A) = Q.
(i11) The set A* is an open subset of £ X [0, 00), and the restriction ®|a« ts a diffeomorphism.

For each ¢ € [0, 00), we define
T =2 (A' N (T x {1)).

Note that X" is a smooth hypersurface which is contained in the level set {u = ¢}. To fix
notation, we denote by H and II the mean curvature and second fundamental form of
X7 with respect to the metric g.
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Proposition 3.2. — The mean curvature of X7 is positive and satisfies the differential inequality

3 (f 1
a(ﬁ> <— 3/

Progf: — Tt is easy to see that %Cb(x, 1) = —f(P(x, 1)) v, where v = —% denotes

the outward-pointing unit normal vector to X7 with respect to the metric g. Hence, the
mean curvature of X7 satisfies the evolution equation

] , )
aH = Assf + (Ric(v, v) + |I°) f

(cf. [18], equation (1.2)). Using Proposition 2.1, we obtain

n—1

As:f =) (D) (& e) —H(Vf,v)
k=1
=Af — (DQf)(v, v) —H(Vf,v)
> —Ric(v,v) f —H(Vf,v),

where {e;, ..., ¢, 1} is an orthonormal basis of the tangent space to X*. Putting these
facts together, we conclude that

9
$HZ —H (Vf,v) + [I]*f.

Moreover, we have

el
—f=—f{(Vf,v).
o/ =/ (Vo)
This implies
0 (H 10 H d 1
() =raH- Wz
ot\ f S ot f*o n—1
at each point on X7. Since the initial hypersurface X has positive mean curvature, we

conclude that the hypersurface X has positive mean curvature for each ¢ € [0, 00). From
this, the assertion follows. U

Corollary 3.3. — The function t — (X7) s monotone decreasing.

Proof. — Since X' has positive mean curvature, the area form on X is monotone
decreasing in ¢. Moreover, the sets {x € ¥ : (x, ) € A*} become smaller as ¢ increases.
From this, the assertion follows. 0
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We next consider the quantity

(g S
Q) = (n I)L;Hdu-

It follows from Proposition 3.2 that the function ¢+ Q(¢) is non-increasing. Moreover,
we have the following estimate:!

Proposition 3.4. — We have

Q0) —Q(r)=>n Jfdvol
{u<t}

Jor all T € [0, 00).

Proof. — Using Proposition 3.2, we obtain

. 1
limsup - (Q() = Q(t = h)

ANO

0
<(@m—-1 a(é)clu—(n—l)f %-fHdu
; =

E*
< —n/ f2 du.
=F

Thus, we conclude that

Q(O)—Q(T)Zn/()r(/ﬁfgdu)dt

= n/ fdvol
D (A*N(E x[0,71))

=n fdvol

{ust}

for all T € [0, 00). ]

Theorem 3.5. — Assume that X is null-homologous, so that 92 = X. Moreover, suppose that
Y has positive mean curvature. ‘I hen

(n— 1)/ iduin/fdvol.
= H Q
Moreover, if equality holds, then % s umbilic.

! We note that Proposition 3.4 can be extended to a more general setting. In fact, Michael Eichmair has pointed
out that Proposition 3.4 holds for any ambient manifold (M, g) which satisfies the inequality (Af) g — D*f +f Ric > 0.
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Proof. — By Proposition 3.4, we have

QO)>n| fdvol

{u<t}

for all T € [0, 00). Passing to the limit as T — 00, we obtain

Q(0) > n / Fdvol,
Q

as claimed. ]

In the remainder of this section, we consider the case that ¥ is homologous to the
boundary N x {0}, so that 02 =% U (N x {0}). Our goal is to analyze the asymptotics
of Q(7) when 7 1s very large. The key result is Proposition 3.9. The proof of this result is

quite subtle, and relies on several lemmata:

Lemma 3.6. — Given any real number . € (0, 1), there exists a number Tty > 0 with the
Jollowing property: if p is a point in {u > o} and o is a unit-speed geodesic with respect to g such that
a(0) =p and a(u(p)) € X, then |’ (0)| =1 (p) and

0
<a—, 05/(0)> >Af(p).
r

Proof. — For abbreviation, let ¢ := /"(0) > 0, so that |df| = ¢ along N x {0}. By
continuity, we can find a small number 7, € (0, r;) such that ¥ C N x (7, r) and

~/Df +1df gz r'g

on the set N x (0, 7,]. Hence, the Hessian of the function 1 with respect to g satisfies

v
ﬁ?G)—D?G) I df + — ldf”
B 7 f3 ¢
——f—QDZf‘FfSWﬂg
zxcg}g

on the set N x (0, 7].
Let us choose 7y sufficiently large so that {u > 7y — 1} C N x (0, ] and

S )
1 — LY
c(  (ry) sinh(+/A ¢) = VAV 0
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for all points p € {u > 75}. We claim that 7 has the desired property. To verify this, we
consider a point p € {u > 70} and a unit-speed geodesic & with respect to g such that
a(0) = p and a(u(p)) € X. Clearly, a(t) € {u > 79 — 1} for all ¢ € [0, 1]. This implies
a(t) e Nx (0, 7] forall ¢ € [0, 1]. We now define ¢, = inf{z € [0, u(p)] : a(¢) ¢ N x (0, rp]}.
Clearly, 4 > 1. Moreover, we have

dQ(/ 1 ) , 1
“——— )=
d* \ f(a(0)) JS(e(®)

for all ¢ € [0, %]. Integrating this differential inequality, we obtain

! 1
h(v/act) — /(). @ (O)) sinh(V
J@@) _f(l)) cosh(WVreh) = e (W, &/ @) sinh (VA ¢

for all ¢ € [0, f]. Putting ¢ = ¢, and rearranging terms gives

Cosh(ﬁcto) _ NAS)) )
sinh(vActy) K (r) sinh(V/Acty) .

Here, we have used the fact that @ () € N x {r} and f(«a (%)) = # (r5). On the other
hand, we have

(VF(p), &' (0)) = VAcf(p) (

(cosh(ﬁcto) S @) ) ., (1 L)) )
sinh(VActy)  H(n) sinh(VActy)) —  (ry) sinh(+/A )

> V1| V)|

by our choice of 7. Putting these facts together, we obtain
(V/@), ' (0) = 2/ (p) |V (p)|-
Since Vf(p) = |Vf (p)l , we conclude that
8 !
—a0)=AfQ).
ar
This completes the proof of Lemma 3.6. UJ

In the following, we fix a real number 7; > 0 so that the conclusion of Lemma 3.6
holds for A = 3.

Lemma 3.7. — Suppose that y : [a, b] = {u > 11} s a smooth path satisfying |y’ (s) +
S () 2l < 1 forall s € [a, b]. Then

1
u(y (®) —u(y (@) = RO
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Proof: — It suffices to show that

=

1
8) lirhriionfz (u(y ) —u(y(s—h)) =

for all s € (a, b]. In order to verify (8), we fix a real number s, € (a, b]. For abbreviation, let
p=v(s0). Moreover, let @ be a unit-speed geodesic with respect to g such that a(0) = p
and o'(u(p)) € . Then

£ )<3 a’(0)> —i@ a’<0>> >
P\ar . S \or .

by our choice of 7;. Using the Cauchy-Schwarz inequality, we obtain

N | —

/7 / 8 / / 8 1
—(y'(s0). &' (0)), = f (W) { —. &' (0)) — |¥'(s0) +/ () —| = —.
3 or : ar ; 4
Hence, it follows from the formula for the first variation of arclength that
e / / 1
lim inf - (u(y () = u(y (50 = 1)) = ={y" (%), &’ @), = 7.
This proves (8), thereby completing the proof of Lemma 3.7. 0J

In the next step, we approximate the function « by smooth functions.

Lemma 3.8. — Given any real number T > T, + 2, there exists a sequence of smooth functions
w:{t — 1 <u <1+ 1} — Rwith the following properties:

(1) The functions w; converge smoothly to u away from the cut locus. More precisely, u; — u in

CP(W), where W=D (A*N (X x (t — 1, T+ 1))).

(i1) For each point p € {t — 1 <u < T + 1}, we have |u;(p) — u(p)| < Jiz

(1) For all points p, g € {T — 1 <u < T+ 1}, we have |u;(p) — u;(¢)] < (1 + j—l.) d(p, q).

@) If y :la, b] = {t — | <u< 1 4 1} is an integral curve of the vector field —f %, then
(7 (0)) — uw(y (@) = § (b—a).

(v) We have ]A)Quj < K(t)g at each point p € {t — 1 <u < 17+ 1}. Here, K(7) s a
positive constant which may depend on T, but not on .

Progf: — We employ the Riemannian convolution method of Greene and Wu (see
[15], p. 57). More precisely, we define

4= [ GER) ulexp ) de.
(TyM.)
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Here, exp, denotes the exponential map with respect to the metric g and G : [0, 00) —
[0, 00) 1s a smooth function with compact support satisfying fR” G(|€]*) d&€ = 1. More-
over, &; is a sequence of positive real numbers which are chosen sufficiently small.

We claim that the sequence u; has the required properties. Properties (i) and (ii)
are obvious. Property (ii1) follows from the fact that |u(p) — u(q)| < &;(p, ¢) for all points
$» q € Q. Similarly, property (iv) is a consequence of Lemma 3.7.

It remains to prove (v). We can find a positive real number K(7) such that D2 <
éK(r)gf at each point p € {t — 2 < u < v 4 2}, where the inequality is understood in

the barrier sense. Results of Greene and Wu then imply that ]A)Quj < K(7) g at each point
peft —1 <u<rt+ 1} (see [14], p. 644, and [15], p. 60). This completes the proof of
Lemma 3.8. UJ

Proposition 3.9. — For T > t; + 2 we have

9) w(ZF) = ~(0)" " vol(N, gv)
and
H
(10) f — (X, v)du < (n—1) ().
sr S

T

Progf. — Let us fix a real number 7 > 7, + 2, and let «; be a sequence of smooth
functions satisfying properties (i)—(v) in Lemma 3.8. The statement (ii1) implies that

1
Sl =yl <1+ <.

Moreover, it follows from (iv) that

fa >1
ar’ — 4

In particular, we have
1
S ldujl, > ) and (X, —Vy) > 0.
Using the co-area formula, we obtain

L
jZ

T+
/ n({y = 1) dz::/ | V| dvol
T+ {T+j.L2§uj§T+jl-—jL2}

J
< <1 + 1)[ : dvol
= - — avol,
J {rsu§r+}}f

where the volume form is taken with respect to the metric g. Moreover, using Corol-
lary 3.3, we obtain

~f=
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1 1
f —dvol = / —dvol
{r§u§r+jl-}f <1>(A*ﬂ(2><[t,r+jl-]))f

Putting these facts together, we conclude that

% 1 1
[t =ayar= (145 ().

+J_i2 J J

Therefore, we can find a real number ¢ € [t + J.i?, T+ Jl — J.l?] such that

1) ul = 1)) <20 ().

Let us denote the level set {u; = £} by S;. Clearly, S; is a smooth (possibly disconnected)
hypersurface without boundary. Using (11), we obtain

(12) limsup i (S)) < (7).

J—0o0

It follows from the intermediate value theorem that every integral curve of the vector
field % intersects S; at least once. Therefore, we have u(S;) > h(0)"' vol(N, gx). Passing
to the limit as j — 00, we conclude that pu(%7) > h(0)""'vol(N, gx). This proves (9).

It remains to verify the inequality (10). The outward-pointing unit normal vector

. . Vu; . .
to the hypersurface S; is given by —ﬁ. Moreover, the mean curvature of S; is given by

Hy = —— A%.—(DQL‘J')(V%"V”J') :
T |V V2

We will denote by Sf the set of all points on 5; where the mean curvature Hg;, 1s positive.

In view of property (i) above, the surfaces S; converge to X7 in C}° away from the

cut locus. Since X7 has positive mean curvature, we have
13 liminfu(S’) > u(=?
(13) iminf(S]) = u(X7)

and

(14) I 'f/ H<X '>d >/ H o nya
iminf | —2(X, — w> | —(X,v)du.
j=oo Jor f V| s S

J
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Combining (12) and (13), we obtain
. + _
(15) lim sup ,u(S]- \'S; ) =0.

J00
On the other hand, it follows from property (v) above that D*s; < L(t) g for some posi-
tive constant L(t). Since f |Vu| > }r, we conclude that Hs; > —A(7) for some positive
constant A(7). Note that the constants L.(r) and A(r) may depend on 7, but not on j.
Using (15), we obtain

N . HS] Vu]
(16) lim inf — X, ——=—)dn
Je s.\sj+ f |Vuj|
» Hs, + A(1) Vi,
= liminf — (X, ——)du >0.

Adding (14) and (16) gives

liminf | — (X, —)}du > — (X, v)du.
S; sr S

= Js |Vl
On the other hand, applying Proposition 2.3 to the hypersurface S; yields
X HS]' Vuj .
limsup | — (X, — dpu < (n— 1) limsup u(S;)
J—00 S; f |Vuj| Jj—>00o ’

< (=D p(E;).

Thus, we conclude that

H
/ — (X, v)du < (n—1) ().
w: J

T

This completes the proof of Proposition 3.9. O

Corollary 3.10. — Let A € (0, 1) be given. Then we have
(n—1) f L4yt = 1 h0)"vol(N, &)
= H

o T s sufficently large.

Proof. — It follows from Lemma 3.6 that infx: (%, v) > A if T is sufficiently large.
This implies that infy: (X, v) > A 4(0) if 7 is sufficiently large. Using Proposition 3.9, we
obtain

)L/Z(O)/ Hd </ H(X vydu < (n—1) u(E7)
— — s <n- .
>:;f = sr S g S

T
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This implies
J 2 H o\
(n—l)f —du>(n— 1) u(X; —du
= H (=) s J
> 1 h(0) ()
> 3. h(0)" vol(N, gx).
This completes the proof of Corollary 3.10. O

Theorem 3.11. — Assume that % s homologous to the boundary N x {0}, so that 02 =
2 U (N x {0}). Moreover, suppose that ¥ has positive mean curvature. ‘I hen

(n— l)/ idu > n/fdv01+ £(0)" vol(N, gx).
s H Q
Moreover, if equality holds, then 3 s umbilic.

Proof: — By Proposition 3.4, we have

QO0) —Q(r) > fdvol

{u<t}

for all T € [0, 00). Moreover, we have
liminfQ(t) > £(0)" vol(N, gx)

by Corollary 3.10. Putting these facts together, we conclude that

Q(0) > n/fdvol + h(0)"vol(N, gx),
Q

as claimed. O

4. Proof of Theorem 1.1

In this section, we give the proof of Theorem 1.1. As above, we assume that (M, g)
1s a warped product manifold satisfying conditions (H1)-(H3). Let X be a closed, em-
bedded, orientable hypersurface in (M, g) with constant mean curvature. It follows from
(H2) that the slice N x {r} has positive mean curvature for each r € (0,7). Using the
maximum principle, we conclude that the mean curvature of X is strictly positive. By
Proposition 2.3, we have

(n—l)/fd,u:/H(X,v)du.
X )
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Since H is constant, we obtain

S
(n—l)fzﬁdu_fzm,v)du.

We now distinguish two cases:

Case 1. — Suppose first that ¥ is null-homologous, so that 92 = ¥. Using
Lemma 2.2 and the divergence theorem, we obtain

n—l)/—du /X,v)du
=/diVXdV01
Q

zn/fdvol.
Q

Therefore, it follows from Theorem 3.5 that X is umbilic.

Case 2. — We now assume that ¥ is homologous to the boundary N x {0}, so that
02 =X U (N x {0}). In this case, we have

n—l)/—du /X,v)du

— / divX dvol + 4(0)"vol(N, gx)
Q

= nffdvol =+ 1(0)" vol(N, gx).
Q
Thus, Theorem 3.11 implies that ¥ is umbilic.

Finally, let us assume that the condition (H4) is satisfied. In this case, we claim
that X is a slice N x {r}. We have already shown that the second fundamental form
of X is a constant multiple of the metric. Using the Codazzi equations, we deduce that
R(e;, ¢, ¢, v) =0, where {ej, ..., ¢,_1} is an orthonormal basis for the tangent space of X.
In particular, Ric(g;, v) = Z:l 11 R(e;, ¢, ¢;, v) = 0. Therefore, v must be an eigenvector of
the Ricci tensor of (M, g). On the other hand, the condition (H4) implies that the smallest
eigenvalue of the Ricci tensor is equal to —(n — 1) /’}:((7’)); moreover, the corresponding
eigenspace is one-dimensional and is spanned by the vector % Hence, at each point on

>, the unit normal vector v is either parallel or orthogonal to the vector % However,
there 1s at least one point on X where v is parallel to % Thus, v 1s parallel to % at each
point on X, and X is a slice N x {r}.
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5. Application to the deSitter-Schwarzschild and Reissner-Nordstrom
manifolds

In this section, we describe how Corollary 1.2 and Corollary 1.3 follow from The-
orem I.1. Let us consider the product M = N x (s,5) equipped with a metric of the
form

g= ds ® ds + 5” gx.

w()

Here, 5 > s > 0, and w 1is a smooth function defined on the interval [s, 5).

To bring the metric into the form (1), we define a continuous function F: [s,5) —
Rby F(s) = and F(s) = 0. Using the substitution r = F(s), the metric can be rewrit-
ten as

g=dr® dr + h(n’ gx,

where 7 : [0, F(5)) — [s,5) denotes the inverse of the function F. A straightforward cal-
culation gives

H(r) = Vo)
and
H'(r) = ! @' (s)
2
where s = /(7). Hence, the conditions (H1)-(H4) are equivalent to the following set of

conditions:

e w(s)=0and &'(s) > 0.
e The function

OO (g 0=00

is non-decreasing for s € (s, 5).

e We have

o' (s) L P w(s)

2s §2 >0

for all s € (s, 5).

Note that w(s) =1 — ms>™" — k s* for the deSitter-Schwarzschild manifold, and @ (s) =
1 —ms*™ + ¢*s**" for the Reissner-Nordstrom manifold. Moreover, we have N = S"~!
and p =1 in both cases. It 1s straightforward to verify that the conditions above are
satisfied. Thus, we can apply Theorem 1.1 to these manifolds.
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6. Proof of Theorem 1.4

In this final section, we sketch the proof of Theorem 1.4. Let £ : [0,7) — R be
a smooth function which satisfies the conditions (H1')~(H3'). We define a Riemannian
metric g on the ball B;(0) C R" by g = dr ® dr + h(r)* gs—1. The condition (H1') implies
that g is smooth. As above, we define f = #/(r) and X = A(r) % Note that f 1s a smooth
positive function defined on B;(0) C R”, and X is a smooth vector field.

We now assume that X is a closed, embedded, orientable hypersurface in (B;(0), 2)
with constant mean curvature. Moreover, let  C B;(0) denote the domain enclosed
by 2. By assumption, the coordinate spheres 9B,(0) have positive mean curvature for
each r € (0, 7). This implies that the mean curvature of X is strictly positive.

For each point p € Q, we denote by u(p) the distance of p from X with respect to
the metric g = J% g. It follows from Proposition 3.4 that

(n—l)/idMZn Jdvol
ZH {uzt}

for each T € [0, 00). Passing to the limit as T — 00, we obtain

(17) (n— 1)/2%duzn/9fdvol.

Moreover, if equality holds, then X is umbilic.
On the other hand, it follows from Proposition 2.3 that

(n—l)ffdu:/H(X,v)dM.
p)) )

Since H is constant, we conclude that

(n— 1)/im:/o(,v)m:/didevolzn/fdvol.
)] H X Q Q

Therefore, equality holds in (17). Thus, ¥ is umbilic. If the condition (H4') holds, then
the Ricci tensor of g has two distinct eigenvalues. Hence, we can argue as in Section 4 to
conclude that ¥ is a geodesic sphere centered at the origin.

Acknowledgements

The author was supported in part by the National Science Foundation under grant
DMS-0905628. The author is very grateful to Professors Michael Eichmair, José Espinar,
and Brian White for discussions.



26

8 SIMON BRENDLE

REFERENCES

. A. D. ALexanprov, Uniqueness theorems for surfaces in the large I, Vestn. Leningr. Univ., 11 (1956), 5-17.

. J. L. BarBosa and M. do Carmo, Stability of hypersurfaces with constant mean curvature, Math. ., 185 (1984),
339-353.

. R. BarRINIK, Energy in general relativity, in Tsing Hua Lectures on Geometry and Analysis (Hsinchu 1990-1991), pp. 527,
International Press, Cambridge, 1997.

4. A. Bessk, Einstein Manifolds, Classics in Mathematics, Springer, Berlin, 2008.

10.

11.
12.

13.

14.

16.

17.

18.

20.

21.

22.

23.

24.
25.

26.
27.

. H. Brav, The Penrose Inequality in General Relativity and Volume Comparison Theorems Involving Scalar Curvature, Ph.D. Thesis,
Stanford University, 1997.

. H. Bray and F. MoRrGaN, An isoperimetric comparison theorem for Schwarzschild space and other manifolds, Proc.
Am. Math. Soc., 130 (2002), 1467-1472.

. S. BRENDLE and M. EICHMAIR, Isoperimetric and Weingarten surfaces in the Schwarzschild manifold, 7. Differ. Geom.,
to appear.

. D. Curistopourou and S. T. Yau, Some remarks on the quasi-local mass, in Mathematics and General Relativity, Santa
Cruz, 1986. Contemporary Mathematics, vol. 71, pp. 9-14, Am. Math. Soc., Providence, 1986.

. J- CorviNO, Scalar curvature deformation and a gluing construction for the Einstein constraint equations, Commun.
Math. Phys., 214 (2000), 137-189.

J. CorviNO, A. GEREK, M. GREENBERG, and B. KRUMMEL, On isoperimetric surfaces in general relativity, Pac. J. Math.,
231 (2007), 63-84.

M. EicumaIr and J. METZGER, Large isoperimetric surfaces in initial data sets, 7. Differ. Geom., to appear.

M. EicHMAIR and J. METZGER, On large volume preserving stable CMC surfaces in initial data sets, J. Differ. Geom., 91
(2012), 81-102.

M. EicHMAIR and J. METZGER, Unique isoperimetric foliations of asymptotically flat manifolds in all dimensions,
arXiv:1204.6065.

R. GreeNE and H. Wu, On the subharmonicity and plurisubharmonicity of geodesically convex functions, Indiana
Univ. Math. J., 22 (1973), 641-653.

. R. Greeng and H. Wu, C*® approximations of convex, subharmonic, and plurisubharmonic functions, Ann. Sci. Ee.
Norm. Super., 12 (1979), 47-84.

E. HeiNtzE and H. KARCHER, A general comparison theorem with applications to volume estimates for submanifolds,
Ann. Sci. Ec. Norm. Super, 11 (1978), 451-470.

O. Hyazi, S. MoNTIEL, and A. RoLpaN, Dirac operators on hypersurfaces of manifolds with negative scalar curvature,
Ann. Glob. Anal. Geom., 23 (2003), 247-264.

G. HuiskeN and T. ILMANEN, The inverse mean curvature flow and the Riemannian Penrose inequality, 7 Differ. Geom.,
59 (2001), 353-437.

. G. HuiskeN and S. T. Yau, Definition of center of mass for isolated physical systems and unique foliations by stable
spheres with constant mean curvature, fnvent. Math., 124 (1996), 281-311.

S. MonTIEL, Unicity of constant mean curvature hypersurfaces in some Riemannian manifolds, Indiana Univ. Math. ¥,
48 (1999), 711-748.

S. MonTIEL and A. Ros, Compact hypersurfaces: the Alexandrov theorem for higher order mean curvatures, in H.
Blaine Lawson Jr., K. Tenenblat (eds.), Dyfferential Geometry, Pitman Monographs and Surveys in Pure and Applied
Mathematics, vol. 52, pp. 279-296, Longman, Harlow, 1991.

A. NEves and G. Tian, Existence and uniqueness of constant mean curvature foliation of asymptotically hyperbolic
3-manifolds, Geom. Funct. Anal., 19 (2009), 910-942.

F. Pacarp and X. Xu, Constant mean curvature spheres in Riemannian manifolds, Manuscr. Math., 128 (2008), 275—
295.

P. PETERSEN, Riemannian Geometry, 2nd ed., Graduate Texts in Mathematics, vol. 171, Springer, New York, 2006.

J- QING and G. TiaN, On the uniqueness of the foliation of spheres of constant mean curvature in asymptotically flat
3-manifolds, 7. Am. Math. Soc., 20 (2007), 1091-1110.

M. REIris, Static solutions from the point of view of comparison geometry, preprint (2011).

R. RiGGER, The foliation of asymptotically hyperbolic manifolds by surfaces of constant mean curvature, Manuscr.
Math., 113 (2004), 403-421.


http://arxiv.org/abs/arXiv:1204.6065

CONSTANT MEAN CURVATURE SURFACES IN WARPED PRODUCT MANIFOLDS 269

S. B.

Department of Mathematics,
Stanford University,
Stanford, CA 94305, USA
brendle@weyl.stanford.edu

Manusenit regu le 23 mar 2011
Manuscrit accepté le 15 octobre 2012
publié en ligne le 8 novembre 2012.


mailto:brendle@weyl.stanford.edu

	Constant mean curvature surfaces in warped product manifolds
	Introduction
	Basic properties of (M,g)
	A geometric inequality for mean-convex hypersurfaces
	Proof of Theorem 1.1
	Case 1
	Case 2

	Application to the deSitter-Schwarzschild and Reissner-Nordstrom manifolds
	Proof of Theorem 1.4
	Acknowledgements
	References


