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NULL-CONTROLLABILITY OF HYPOELLIPTIC
QUADRATIC DIFFERENTIAL EQUATIONS

BY KARINE BEAUCHARD & KAREL PRAVDA-STAROV

Asstract. — We study the null-controllability of parabolic equations associated with a general
class of hypoelliptic quadratic differential operators. Quadratic differential operators are oper-
ators defined in the Weyl quantization by complex-valued quadratic symbols. We consider in
this work the class of accretive quadratic operators with zero singular spaces. These possibly
degenerate non-selfadjoint differential operators are known to be hypoelliptic and to generate
contraction semigroups which are smoothing in specific Gelfand-Shilov spaces for any positive
time. Thanks to this regularizing effect, we prove by adapting the Lebeau-Robbiano method
that parabolic equations associated with these operators are null-controllable in any positive
time from control regions, for which null-controllability is classically known to hold in the case
of the heat equation on the whole space. Some applications of this result are then given to the
study of parabolic equations associated with hypoelliptic Ornstein-Uhlenbeck operators acting
on weighted L2 spaces with respect to invariant measures. By using the same strategy, we also
establish the null-controllability in any positive time from the same control regions for para-
bolic equations associated with any hypoelliptic Ornstein-Uhlenbeck operator acting on the flat
L? space extending in particular the known results for the heat equation or the Kolmogorov
equation on the whole space.

Resumic (Controlabilité & zéro d’équations aux dérivées partielles quadratiques hypoelliptiques)

Nous étudions la controlabilité a zéro d’équations paraboliques associées & une classe générale
d’opérateurs différentiels quadratiques hypoelliptiques. Les opérateurs différentiels quadratiques
sont les opérateurs définis, en quantification de Weyl, par un symbole quadratique a valeurs
complexes. Dans ce travail, nous considérons la classe des opérateurs quadratiques accrétifs avec
espace singulier réduit au singleton zéro. Ces opérateurs différentiels, possiblement dégénérés
et non auto-adjoints, sont hypoelliptiques et géneérent des semi-groupes de contractions, régula-
risant dans des espaces de Gelfand-Shilov particuliers, en tout temps strictement positif. Grace
a cet effet régularisant, nous démontrons, en adaptant la méthode de Lebeau-Robbiano, que
les équations paraboliques associées sont controlables & zéro en tout temps strictement positif,
lorsque les controles sont localisés sur un sous domaine, assurant classiquement la controlabilité
a zéro de I’équation de la chaleur. Nous déduisons de ce résultat la contrélabilité a zéro d’équa-
tions paraboliques associées & des opérateurs hypoelliptiques de Ornstein-Uhlenbeck agissant
sur des espaces L? & poids, dont le poids est la mesure invariante. La méme stratégie fournit
la controélabilité a zéro, en tout temps strictement positif, avec le méme support de controle,
pour les équations paraboliques associées aux opérateurs de Ornstein-Uhlenbeck hypoelliptiques
agissant sur espace L? plat, étendant ainsi le résultat connu pour ’équation de la chaleur et
I’équation de Kolmogorov posées sur tout I’espace.

2010 MateEmAaTics SuBsect Crassirication. — 93B05, 35H10.
Keyworps. — Null-controllability, observability, quadratic differential operators, Ornstein-Uhlenbeck
operators, Fokker-Planck operators, hypoellipticity.
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1. InTRODUCTION
1.1. NULL-CONTROLLABILITY OF DEGENERATE PARABOLIC EQUATIONS. — We aim in this

work at studying the null-controllability of parabolic equations controlled by a source
term u locally distributed on an open subset w C R™ of the whole space

{(at +P)f(t,z) = u(t,2)lu(z), xR >0,
fli=o = fo € L*(R™),

where P = ¢“(z,D,) is an accretive quadratic operator. Quadratic operators are
pseudodifferential operators defined in the Weyl quantization

(1.2) "(@. D) = g [ (T ) iy,

(1.1)

by symbols ¢(x, &), with (z,€) € R™ x R"®, n > 1, which are complex-valued quadratic
forms
q:Ry xRy —C
(@,8) — q(, ).
These operators are non-selfadjoint differential operators in general, with simple and

fully explicit expression since the Weyl quantization of the quadratic symbol &5,
with (a, 8) € N2 |a + | = 2, is the differential operator

DB + DBz~
2 )
We study the null-controllability of the parabolic equations (1.1) associated with a

D, =i"19,.

general class of hypoelliptic quadratic differential operators.
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NULL-CONTROLLABILITY OF HYPOELLIPTIC QUADRATIC DIFFERENTIAL EQUATIONS 3

Derinition 1.1 (Null-controllability). Let T > 0 and w be an open subset of R™.
Equation (1.1) is said to be null-controllable from the set w in time T if, for any initial
datum fo € L*(R"), there exists u € L?((0,T) x R™), supported in (0,T) x w, such
that the mild solution of (1.1) satisfies f(T,-) = 0.

By the Hilbert Uniqueness Method, see [15, Th. 2.44] or [40], the null-controllability
of the equation (1.1) is equivalent to the observability of the adjoint system

Oy + P*)g(t,z) =0, x € R™,
gli=o = go € L*(R™).

We recall that the notion of observability is defined as follows.

(1.3)

DerintTion 1.2 (Observability). — Let T > 0 and w be an open subset of R™. Equa-
tion (1.3) is said to be observable in the set w in time T if there exists a constant
Cr > 0 such that, for any initial datum go € L?*(R"), the mild solution of (1.3)
satisfies

(1.4) /n |9(T, z)|?dz < Cr /OT (/w |g(t,x)2dx> dt.

An important open problem at the core of current investigations is to understand
to which extent the null-controllability (or observability) results known for uniformly
parabolic equations still hold for degenerate parabolic equations of hypoelliptic type.

For equations posed on bounded domains, some progress have been made. In the
case of the heat equation on a bounded domain 2 with Dirichlet boundary conditions
on 0f2, it is well-known that observability holds in arbitrary positive time T > 0,
with any non-empty open set w, see [23, Th. 3.3], [24] and [39]. Degenerate parabolic
equations exhibit a wider range of behaviours. Indeed, observability may hold true, or
not, depending on the strength of the degeneracy. This feature is well understood for
parabolic equations that degenerate on the domain boundary, see [1, 9, 10, 11, 12, 42]
in the one-dimensional case, and [13] for the multi-dimensional one. Furthermore, a
positive minimal time may be required to get observability, see the works [5, 6] in
the case of the Grushin equation, [4] for the Heisenberg heat equation, and [3] for the
Kolmogorov equation. This minimal time is actually related to localization properties
of eigenfunctions. Finally, a geometric control condition may also be required for the
observability inequality to hold [7].

On the other hand, the understanding of the null-controllability (or observability)
for degenerate parabolic equations of hypoelliptic type posed on the whole space is
still at an earlier stage. For the heat equation on the whole space

(1.5) Oy — A) f(t,x) = u(t, )1, (), (t,z) € (0,T) x R",

no necessary and sufficient condition on the control region w is known for null-
controllability to hold in any positive time. The condition

sup d(z,w) < 400,
rER™

JE.P.— M., 2018, tome 5



4 K. Beaucnarp & K. Pravpa-Starov

is shown in [44, Th. 1.11] to be necessary for null-controllability to hold in any positive
time. On the other hand, the following sufficient condition

(1.6) A5,r >0, VyeR” 3y ew, B, ,r) Cwand|y—1vy] <4,

is given in [45] for null-controllability to hold from the open set w C R™ in any
positive time. The very same condition is shown in [63] to be sufficient for the null-
controllability of the Kolmogorov equation

() {@t £V, - Af(ba) = ult, D) lu(z), @ ER,

fli=o = fo € L*(R"),

to hold in any positive time, see also [38] for control sets with Cartesian product
structures w = w, X w,. This result relies on a key spectral inequality proved in [38].

As a first result in this work (Theorem 1.3), we prove that condition (1.6) is actually
sufficient for the null-controllability of all hypoelliptic Ornstein-Uhlenbeck equations

(1.8) {atf(t’f“) — L T[QVf(t,2)] — (Bx,Vof(t,2)) = u(t,2)l,(z), «€R",
fli=o = fo € L*(R™),

where () and B are real n x n-matrices satisfying the Kalman rank condition, with @
symmetric positive semidefinite. This general result enables one to recover in particu-
lar the results of null-controllability for the heat equation and the Kolmogorov equa-
tion. Our proof relies on an adaptation of the Lebeau-Robbiano strategy. Compared
to the classical Lebeau-Robbiano method, the new difficulty in the present analysis
is that the above Ornstein-Uhlenbeck semigroups do not commute with the Fourier
frequency cutoff projections. In order to address this problem, we need to adapt the
Lebeau-Robbiano strategy by taking advantage of some key Gevrey smoothing prop-
erties of the Ornstein-Uhlenbeck equations.

In the second part of this work, we prove that the parabolic equations (1.1) associ-
ated with a general class of hypoelliptic quadratic operators are null-controllable from
open sets satisfying condition (1.6) in any positive time. More specifically, our main
result (Theorem 1.4) establishes that null-controllability holds for the parabolic equa-
tion (1.1), as soon as the Weyl symbol ¢ of the quadratic operator ¢* (x, D,) has a non-
negative real part Req > 0 and a zero singular space S = {0}. The notion of singular
space was introduced in [29] by Hitrik and the second author by pointing out the exis-
tence of a particular vector subspace in the phase space S C R?", which is intrinsically
associated with a quadratic symbol ¢. As pointed out in [29, 32, 33, 50, 53, 55, 61], the
notion of singular space plays a basic role in the understanding of the spectral and
hypoelliptic properties of the (possibly) non-elliptic quadratic operator ¢*(z, D,),
as well as the spectral and pseudospectral properties of certain classes of degener-
ate doubly characteristic pseudodifferential operators [30, 31, 59, 60]. In particular,
the work [29, Th.1.2.2] gives a complete description for the spectrum of any non-
elliptic quadratic operator ¢*(z, D,) whose Weyl symbol ¢ has a non-negative real
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NULL-CONTROLLABILITY OF HYPOELLIPTIC QUADRATIC DIFFERENTIAL EQUATIONS J

part Req > 0, and satisfies a condition of partial ellipticity along its singular space S,
(1.9) (@,6) €85, q(x,§) =0 = (z,§) =0.

Under these assumptions, the spectrum of the quadratic operator ¢*(z, D,) is shown
to be composed of a countable number of eigenvalues with finite algebraic multiplici-
ties. The structure of this spectrum is similar to the one known for elliptic quadratic
operators [56]. This condition of partial ellipticity is generally weaker than the condi-
tion of ellipticity, S C R?", and enables one to deal with more degenerate situations.
An important class of quadratic operators satisfying condition (1.9) are those with
zero singular spaces S = {0}. In this case, the condition of partial ellipticity trivially
holds. More specifically, these quadratic operators have been shown in [53, Th.1.2.1]
to be hypoelliptic and to enjoy global subelliptic estimates of the type

(1.10) 3C >0, Vue S (R"), |[{(x,D:))*"ullz < C(lq” (&, Do)ul 2 +||ul £2),

where ((z, D;))? = 1+ |z|? + |D,|?, with a sharp loss of derivatives 0 < § < 1 with
respect to the elliptic case (case 6 = 0), which can be explicitly derived from the struc-
ture of the singular space. Our proof of null-controllability for the parabolic equation
(1.1) associated with a quadratic operator P = ¢*(x, D), whose Weyl symbol ¢ has
a non-negative real part Req > 0 and a zero singular space S = {0}, relies on a
similar adaptation of the Lebeau-Robbiano strategy as the one devised for Ornstein-
Uhlenbeck equations (1.8). Contrary to the case of Ornstein-Uhlenbeck equations,
the analysis of this class of quadratic operators that are differential operators with
variable coefficients, cannot rely on a sole frequency analysis on the Fourier side.
We actually use some recent microlocal results on the Gelfand-Shilov regularizing
properties of the semigroups generated by these quadratic operators together with a
spectral inequality for Hermite functions (Proposition 4.2). As for Ornstein-Uhlenbeck
equations, the main difficulty is that the above semigroups do not necessarily com-
mute with the projections onto Hermite functions. In order to address this problem,
we need to adapt the Lebeau-Robbiano strategy by taking advantage of some key
Gelfand-Shilov smoothing properties of these semigroups.

1.2. MISCELLANEOUS FACTS ABOUT QUADRATIC DIFFERENTIAL OPERATORS

Let ¢ (z, D,) be a quadratic operator defined by the Weyl quantization (1.2) of a
complex-valued quadratic form ¢ on the phase space R?". The maximal closed real-
ization of the quadratic operator ¢*(z, D,) on L*(R™), that is, the operator equipped
with the domain

(1.11) D(q")={g € L*(R") : ¢“(x,Dy)g € L*(R™)},

where ¢*(z, D,)g is defined in the distribution sense, is known to coincide with the
graph closure of its restriction to the Schwartz space [35] (pp. 425-426),

q“(z,D,) : L(R") — Z(R").

JE.P.— M., 2018, tome



6 K. Beavcnarp & K. Pravba-Starov

Classically, to any quadratic form defined on the phase space

q: Ry xRy — C,
is associated a matrix F € My, (C) called its Hamilton map, or its fundamental
matrix, which is defined as the unique matrix satisfying the identity

(1.12) V(z, &) R, V(y,n) €R™, q((2,9),(y,n) = o((2,£), F(y,n)),

where ¢(-, ) is the polarized form associated with the quadratic form ¢, and where o
stands for the standard symplectic form

(1.13) a((z,6), (y,m) = (& y) Z §ivi — 90377]

With x = (x17"'7x7b)7 y = (y17"' )Z/’rL)? £ = (517"'7571)7 "7 = ("’]1’"'77’]’n) E Cn' We
observe from the definition that

P VeVeqg  Vig
2\ —V2¢ —V.Ve)'

where the matrices V2q = (a; j)1<i,j<ns Véq = (bij)i<ij<ns VeVaq = (Cij)i<ij<n,
VoVeq = (d; j)1<ij<n are defined by the entries

ij = 85717277'(]’ bi,j = 65211757'(]’ Cij = agaiﬂch’ divj = 851',51(]'
The notion of singular space introduced in [29] by Hitrik and the second author is

defined as the following finite intersection of kernels

2n—1 .
(1.14) S = ( N Ker [ReF(ImF)J]) nR2",
j=0

where Re F' and Im F' stand respectively for the real and imaginary parts of the
Hamilton map F' associated with the quadratic symbol ¢,

ReF = 1(F+F), ImF = l,(F—F).

When the quadratic symbol ¢ has a non-negative real part Req > 0, the singular
space can be defined in an equivalent way as the subspace in the phase space where
all the Poisson brackets

dlmg 9 0Img 2\"
k _ — R
HIqueg‘( 9 or  ox ag)
are vanishing

S={X=(z¢eR™: (Hf, Req)(X)=0, k>0}.

This dynamical definition shows that the singular space corresponds exactly to the
set of points X € R?™, where the real part of the symbol Re ¢ under the flow of the
Hamilton vector field Hiy, 4 associated with its imaginary part

(1.15) t — Reg(e!maX),

vanishes to infinite order at ¢ = 0. This is also equivalent to the fact that the function
(1.15) is identically zero on R.

JE.P — M., 2018, tome 5



NULL-CONTROLLABILITY OF HYPOELLIPTIC QUADRATIC DIFFERENTIAL EQUATIONS 7

In this work, we study the class of quadratic operators whose Weyl symbols have
non-negative real parts Req > 0, and zero singular spaces S = {0}. According to
the above description of the singular space, these quadratic operators are exactly
those whose Weyl symbols have a non-negative real part Req > 0, becoming positive
definite

1 /T
(1.16) VT >0, (Reg)r(X)= ﬁ/ (Re q)(e'ma X)dt > 0,

-T
after averaging by the linear flow of the Hamilton vector field associated with its
imaginary part. These quadratic operators are also known [29, Th.1.2.1] to generate
contraction semigroups (e 7" );5¢ on L2(R™), which are smoothing in the Schwartz
space for any positive time

V>0, Vge L2R"Y), e 'ge s (R).

In all the following, the terminology semigroup refers to strongly continuous one pa-
rameter semigroup. In the recent work [33, Th. 1.2], these regularizing properties were
sharpened and these contraction semigroups were shown to be actually smoothing for

any positive time in the Gelfand-Shilov space Sl1 //§ (R™):

3C >0, Ity >0, Vge L*(R"), Va,B € N, Vit € (0,1,

O+l +8|
(@) ()" ?]|g]l L2 (g,

(1.17) s
||$ 61 (6 a g)”L""(R”) < t2k0+1
2

(la|+[Bl+2n+s)

where s is a fixed integer satisfying s > n/2, and where kg € [0, 2n — 1] is the smallest
integer satisfying

(1.18) ( A Ker [ReF(ImF)J']) AR = {0}.
=0

As mentioned above, this Gelfand-Shilov regularizing property will be a key ingredient
for deriving observability estimates in Section 4.

A first interesting example of an accretive quadratic operator with a zero singular
space S = {0} is given by the Kramers-Fokker-Planck operator acting on L*(R2 ),

2

(1.19) K=-A,+ UZ + 00y — VoV(2)dy, (z,v) € RZ,

with a quadratic potential

1
V(z) = 5@962, a € R*.

Indeed, this operator writes as K = ¢*(z,v, D, D, ), where

1 .
Q(x7v7€’77) = 772 + Z’Uz + Z(Ug - af”])a
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8 K. Beavcnarp & K. Pravba-Starov

is a non-elliptic complex-valued quadratic form with a non-negative real part, whose
Hamilton map is given by

0 % 0 0
1 .
-5 0 o0 1
2 5 Qi
0 0 o0 %ai
0 -1 -1 o0
A simple algebraic computation shows that
(1.20) Ker(Re F) NKer(Re F Im F) N R* = {0}.

The singular space of ¢ is therefore equal to zero S = {0}. For the Kramers-Fokker-
Planck operator, the integer kg € [0, 2n — 1] defined in (1.18) with here n = 2, is equal
to 1.

According to [53, Th.1.2.1], this integer ko € [0,2n — 1] is directly related to the
loss of derivatives 0 < 6 = 2ko/(2ko + 1) < 1 in the global subelliptic estimate (1.10)
satisfied by any quadratic operator whose Weyl symbol has a non-negative real part
and a zero singular space. The following examples show that this integer can actually
take any value in the set {0,...,2n — 1}, when n > 1:

— Case kg = 0: Any quadratic symbol ¢ with Re ¢ > 0 a positive definite real part
— Case kg = 1:

q(,€) = €5 + 22 +i(x0l) — 1162) + 2(532 + 3532)
i=3

— Case kg =2p, with 1 <p<n—1:

q(x,€) = & +af +i(6] + 2281 + & +2wsla -+ F2wp 1S+ )+ Y (E+2)

Jj=p+2
—Case kg =2p+ 1, withl <p<<n-—1:
n
q(w,6) = 23 +i(E] + 2261 + & + 2m3Ea + -+ 2+ 20p 1+ E )+ Y (€2 +22)
Jj=p+2
1.3. STATEMENTS OF THE MAIN RESULTS
1.3.1. Null-controllability of hypoelliptic Ornstein- Uhlenbeck equations. — We consider

Ornstein-Uhlenbeck operators
1 n ) n 1 ) N
(121) P= > 403 Y bijri0a, = 5 TH(QVE) + (Br, Vo), w€R",
1,j=1 5,j=1

where @ = (¢ij)1<i,j<n and B = (b; j)1<i,j<n are real n x n-matrices, with @ sym-
metric positive semidefinite. We denote (A, B) and |A|? the scalar operators

(1.22) (A,B) = A;B;, |AP=(A,A)=>" A2
j=1

j=1

JE.P — M., 2018, tome5



NULL-CONTROLLABILITY OF HYPOELLIPTIC QUADRATIC DIFFERENTIAL EQUATIONS 9

when A = (Ay,...,A,) and B = (By,..., By,) are vector-valued operators. Notice
that (A, B) # (B, A) in general, since e.g., (V,, Bzx) = (Bz, V) + Tr(B).

We study degenerate hypoelliptic Ornstein-Uhlenbeck operators when the symmet-
ric matrix @) is possibly not positive definite. These degenerate operators have been
studied in the recent works [8, 21, 22, 37, 41, 43, 51]. We recall from these works
that the assumption of hypoellipticity is classically characterized by the following
equivalent assertions:

(i) The Ornstein-Uhlenbeck operator P is hypoelliptic.
(ii) The symmetric positive semidefinite matrices

t
(1.23) Qt:/ eSBQeSBTds7
0

with BT the transpose matrix of B, are nonsingular for some (equivalently, for all)
t>0,ie., det@Q; > 0.
(iii) The Kalman rank condition holds:

(1.24) Rank[B|Q/?] = n,

where
[B‘Ql/Q] — [Ql/Q, BQl/Q, s Bn_lQl/Q],
is the n x n? matrix obtained by writing consecutively the columns of the matrices
BIQY?, with Q2 the symmetric positive semidefinite matrix given by the square
root of Q.
(iv) The Hérmander condition holds:

VZGRn7 RankE(Xl,Xg,...,Xn,Yo)(z):n,
with

Y0:<Bm7va:>7 X’i:Zqi,jaI]'7 izla"'a”?
j=1

where £(X1, Xo, ..., X,, Yy)(x) denotes the Lie algebra generated by the vector fields
X1, Xo,..., X, Yy, at point x € R™.

When the Ornstein-Uhlenbeck operator is hypoelliptic, that is, when one (equivalently,
all) of the above conditions holds, the associated Markov semigroup (7'(t));>o has the
following explicit representation due to Kolmogorov [36]:

(125 (P f)(z) = M/M / 3@ W) f(etBy _ )y, > 0.

The first result contained in this work establishes the null-controllability of any hy-

poelliptic Ornstein-Uhlenbeck equation from any open control region satisfying con-
dition (1.6) in any positive time.

Tueorem 1.3. — Let T > 0 and w be an open subset of R™ satisfying (1.6). When
the Kalman rank condition (1.24) holds, the Ornstein-Uhlenbeck equation posed in

JE.P.— M., 2018, tome



10 K. Beavcnarp & K. Pravba-Starov

the L2(R™) space

(1.26) {&f(t,x) — %Tr[QVif(t,x)] —(Bx, V. f(t,x)) = u(t,z)1,(x), r €R"”,
fli=o = fo € L*(R™),

is null-controllable from the set w in time T > 0.

This theorem enables one in particular while taking @ = 2I,, and B = 0, to recover
the result of null-controllability of the heat equation (1.5) proved in [45], and by taking

(00 (0~ B
Q‘(o 21d>’ B_(o o)’ n=2d,

to also recover the result of null-controllability of the Kolmogorov equation (1.7)
proved in [63]. The proof of Theorem 1.3 is given in Section 3.

1.3.2. Null-controllability and observability of parabolic equations associated with accre-
tive quadratic operators with zero singular spaces. — The main result contained in this
article is the following theorem.

Taeorewm 1.4. Let q : Ry xRg — C be a complez-valued quadratic form with a non
negative real part Req > 0, and a zero singular space S = {0}. If w is an open subset
of R™ satisfying condition (1.6), then the parabolic equation

{&:f(t, z) 4+ q¥ (2, Do) f(t,x) = u(t,x)lu(x), x€R",
fli=o = fo € L2(R™),

with ¢*(x, D) being the quadratic differential operator defined by the Weyl quantiza-
tion of the symbol q, is null-controllable from the set w in any positive time T > 0.

As first examples of applications, we notice that Theorem 1.4 enables us to establish
the null-controllability of the harmonic heat equation

(1.27) (0 — Ay + |2?) f(t,2) = u(t,z)L(z), (t,z)€ (0,T) x R",

from any open control set satisfying condition (1.6) in any positive time. However,
notice that in the one-dimensional case, this harmonic heat equation (1.27) is shown
to be not null-controllable from the half line w = (a, +00) in any positive time [17,
Prop. 5.1]. The result of Theorem 1.4 also applies to the Kramers-Fokker-Planck equa-
tion (1.19):
2
(at A+ % + 00, — aacav)f(t,v,x) = u(t,v,2)1,(v,2), (t,v,2)€ (0,T)x R?,

when a € R*.

Since the L?(R"™)-adjoint of a quadratic operator (g%, D(q%)) is given by the qua-
dratic operator (g, D(g")), whose Weyl symbol is the complex conjugate of the
symbol ¢, we notice that the assumptions of Theorem 1.4 hold for the operator P =
q“(x, D) if and only if they hold for its L?(R™)-adjoint operator P* = g*(x, D). By
using the Hilbert Uniqueness Method [15, Th. 2.44], the result of null-controllability
given by Theorem 1.4 is therefore equivalent to the following observability estimate.
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Tueorem 1.5. Let q : Ry xRg — C be a complez-valued quadratic form with a non
negative real part Req > 0, and a zero singular space S = {0}. If w is an open subset
of R™ satisfying condition (1.6), then for all T > 0, there exists a positive constant
Cr > 0 such that

T
Vg e L2®Y), e T g2, < Cr / le™t0" gl12.

where (e7%" )15 denotes the contraction semigroup on L?(R™) generated by the qua-
dratic operator ¢*(x, Dy).

The proof of Theorem 1.5 is given in Section 4. It points out in particular that the
control cost in the above observability estimate satisfies

=
T2ko+1 )’
where ko €10, 2n — 1] is the smallest integer satisfying (1.18).

We close this paragraph with a few comments on how relate the two key assump-
tions ensuring null-controllability in Theorems 1.3 and 1.4, that are respectively the
Kalman rank condition (1.24) and the condition of zero singular space S = {0}.
Indeed, we notice that up to a constant the opposite of the hypoelliptic Ornstein-
Uhlenbeck operator

30 >1, VT >0, CT:Cexp(

—P= —% Tr(QV?2) — (Bx,V,) = ¢“(x, D) + %Tr(B),

is a quadratic operator ¢* (x, D), whose Weyl symbol

w,6) = 5(Q€.€) — B, €),

has a non-negative real part Req > 0. A direct computation shows that the Kalman
rank condition (1.24) actually implies that the singular space of the quadratic form ¢
is equal to
S =RI x {O}CRZXR?.

The result of Theorem 1.3 is therefore not a byproduct of Theorem 1.4. More specif-
ically, the condition of zero singular space S = {0} accounts for the smoothing prop-
erties of the semigroup (e_tqw)t>0 both on the direct and Fourier sides, that is, for
both smoothing and decaying properties of the semigroup solution e~*" ¢ for any
positive time ¢ > 0. On the other hand, the condition that the singular space is equal
to S = R x {0} only accounts for the smoothing properties of the semigroup solution
e t" g for any positive time ¢t > 0, but not for any decaying property. It explains
why the proofs of Theorems 1.3 and 1.4 rely on different smoothing properties of
semigroups, namely Gevrey smoothing properties for the proof of Theorem 1.3, and
Gelfand-Shilov smoothing properties for the one of Theorem 1.4. It also accounts for
the fact that the orthogonal projections used in the first case are frequency cutoff
projections, whereas the ones used in the second case are Hermite projections.

As highlighted in [55], the notion of singular space actually enables one to sharply
understand the propagation of Gabor singularities (characterizing the lack of Schwartz
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2 K. Beavcnarp & K. Pravba-Starov

regularity) of the semigroup solution e~ 11" g associated with any accretive quadratic
operator. The lack of Schwartz regularity of a tempered distribution is characterized
by its Gabor wave front set whose definition and basic properties are recalled in [55].
The Gabor wave front set (or Gabor singularities) was introduced by Hérmander [34]
and measures the directions in the phase space in which a tempered distribution does
not behave like a Schwartz function. It is hence empty if and only if a distribution
that is a priori tempered is in fact a Schwartz function. The Gabor wave front set
thus measures global regularity in the sense of both smoothness and decay at infinity.
More specifically, it is pointed out in [55] that only Gabor singularities of the initial
datum g € L?(R™) contained in the singular space S of the quadratic symbol ¢, can
propagate for positive times along the curves given by the flow (e!fftma),cp of the
Hamilton vector field

associated with the imaginary part of the symbol. On the other hand, the Gabor
singularities of the initial datum outside the singular space are all smoothed out for
any positive time. More specifically, the following microlocal inclusion of Gabor wave
front sets is established in [55, Th.6.2],

(1.28) Vge L*R"), Vt >0, WF(e ' g) Cefme(WF(g)nS) 8.

The microlocal inclusion (1.28) was shown to hold as well for other types of wave
front sets, as Gelfand-Shilov wave front sets [14], or polynomial phase space wave
front sets [62], see also [54] for a generalization of the microlocal inclusion (1.28) of
Gabor wave front sets in the non-autonomous case.

1.3.3. Null-controllability and observability of hypoelliptic Ornstein- Uhlenbeck equations
posed in weighted L?-spaces with respect to invariant measures. — Let

1
(1.29) P=3 Tr(QV2) + (Bz,V,), z¢€R",

where @ and B are real n x n-matrices, with ) symmetric positive semidefinite, be a
Ornstein-Uhlenbeck operator satisfying the Kalman rank condition (1.24).

The existence of an invariant measure y for the Markov semigroup (e!f);>¢ defined
in (1.25), that is, a probability measure on R" satisfying

Ve20.vfeGRY. [ (@@t = [ fla)dute)

where C,(R™) stands for the space of continuous and bounded functions on R", is
known to be equivalent [16] (Section 11.2.3) to the following localization of the spec-
trum of B,

(1.30) o(B)cC_={ze€C:Rez<0}.
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When this condition holds, the invariant measure is unique and is given by du(z) =
p(x)dz, where the density with respect to the Lebesgue measure is
1

(1.31) plx) = e_%<Q;°1””’””>, x € R",
(2m)n/2y/det Qo
with
“+o0
(1.32) Qoo :/ e BQe’B" ds.
0

We consider the Ornstein-Uhlenbeck operator acting on the space L2 = L*(R", p(z)dx),
equipped with the domain

— 2. 2
(1.33) D(P)={g€eL,: Pge L.}

On the one hand, the following result of null-controllability is an application of The-
orem 1.4.

Cororrary 1.6. — Let T > 0 and w be an open subset of R™ satisfying (1.6). When
the Kalman rank condition (1.24) and the localization of the spectrum o(B) C C_
hold, the Ornstein-Uhlenbeck equation posed in the Lz space weighted by the invariant
measure

8tf(t7x) - %Tr[Qijf(t,x)] - <va me(tvx» = U(t,l’)]lw(l'), S an
(1.34) )
f|t:0 = fO S Lpa
is null-controllable from the set w in time T > 0, with a control function
u € L*((0,T) x R", dt ® p(x)dz)
supported in [0,T] X w.

On the other hand, the following result of observability is an application of Theo-
rem 1.5.

Cororrary 1.7. — Let P be the Ornstein-Uhlenbeck operator defined in (1.29), T > 0
andw be an open subset of R™ satisfying (1.6). When the Kalman rank condition (1.24)
and the localization of the spectrum o(B) C C_ hold, then the Ornstein-Uhlenbeck
operator satisfies the following observability estimate:

T
EICT>03 Vg€L2(Rn,p($)d{L')7 HeTPgH%Z(]R”,p(:c)dz) < CTA Hetpg||%2(w,p(x)dx)dt’

etP

where (€'7)i>¢ denotes the semigroup on L*(R™, p(z)dx) generated by —P.

The proofs of Corollary 1.6 and Corollary 1.7 are given in Section 5. As an appli-
cation, let us mention that the results of Corollary 1.6 and Corollary 1.7 apply for
instance to the system of linear stochastic differential equations given in [50, §4.2] that
is obtained as a finite-dimensional Markovian approximation of the non-Markovian
generalized Langevin equation in R”,

(1.35) i=-V,V(x)— /0 v(t — s)x(s)ds + F(t),
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14 K. Beaucnarp & K. Pravpa-Starov

where V(z) = 2w?z? is a non-degenerate quadratic potential and F(t) a mean zero

stationary Gaussian process with autocorrelation function
m
Y(E) =D Nl a; >0, 4 >0,
j=1

in accordance to the fluctuation-dissipation theorem
(F()© F(s)) ="t =)L,  B>0,

with I,, being the identity matrix. We refer the readers to the work [50] for further
details about this model.

1.3.4. Null-controllability and observability of hypoelliptic Fokker-Planck equations
posed in weighted L?-spaces with respect to invariant measures. — We consider the
Fokker-Planck operator

(1.36) P = %Tr(QVi) —(Bx,V,) — Tr(B), =€R",

where Q and B are real n X n-matrices, with () symmetric positive semidefinite. We
assume that the Kalman rank condition and the localization of the spectrum of B,

(1.37) Rank[Q'/2, BQY/?,... B"'Q'?] = n, o(B) c C_,
hold. As before, we set

1 101
1.38 = —2{Qu @)
( ) p($) (27r)n/2 /det Qoo e’
with

+oo
(1.39) Qoo = / eSBQeSBTds.

0

We consider the operator & acting on the space L? /o= L?(R", p(x)~tdx), equipped
with the domain

(1.40) D(P)={gelLi,,: Pgeli,}.

On the one hand, the following result of null-controllability is an application of The-

orem 1.4.

Cororrary 1.8, — Let T > 0 and w be an open subset of R™ satisfying (1.6). When
the Kalman rank condition (1.24) and the localization of the spectrum o(B) C C_
hold, the Fokker-Planck equation posed in the Lf/p space weighted by the invariant
measure

Ocf(t,x) — 5 Tr[QVEf(t,2)] + (B, Vo f(t,2)) + Te(B) f(t,x)

(1.41) — u(t, 7)1 (2),
fli=o = fo € Lf/p,

is null-controllable from the set w in time T > 0, with a control function
u e L*((0,T) x R™, dt ® p(x) ' dx)
supported in [0,T] X w.
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On the other hand, the following result of observability is an application of Theo-
rem 1.5.

Cororrary 1.9. — Let & be the Fokker-Planck operator defined in (1.36), T > 0
and w be an open subset of R™ satisfying (1.6). When the Kalman rank condition
(1.24) and the localization of the spectrum o(B) C C_ hold, then the Fokker-Planck
operator satisfies the following observability estimate:

T
30r >0, Vge L3, 1" gl z@n p1(@yan) < CT/O 1€ 1172 0, p-1 (2 )t

where (€!7);>0 denotes the semigroup on L?(R™, p(x)~1dz) generated by — 2.

The proofs of Corollaries 1.8 and 1.9 are given in Section 6.

1.3.5. Outline of the work. In Section 2, we state a general observability estimate
whose proof is given in Appendix (Section 8.3). This proof relies on an adapted
Lebeau-Robbiano method in which projection operators do not necessarily commute
with semigroups. Thanks to this general result (Theorem 2.1), Theorems 1.3, 1.4
and 1.5 are then derived in an unified way. Section 3 is devoted to the proof of null-
controllability for hypoelliptic Ornstein-Uhlenbeck equations posed in the L?(R™)
space, whereas the proof of observability for parabolic equations associated with
accretive quadratic operators with zero singular spaces is given in Section 4. Sec-
tions 5 and 6 are then devoted to the proofs of null-controllability and observability
for respectively hypoelliptic Ornstein-Uhlenbeck and Fokker-Planck equations posed
in L2-spaces weighted by invariant measures. Section 7 provides an application of
Theorems 1.4 and 1.5 for the study of a model of a two oscillators chain coupled with
two heat baths at each side. Section 8 is an appendix giving the proof of a spectral in-
equality for Hermite functions used in Section 4, a reminder about the Gelfand-Shilov
regularity and the proof of the general observability estimate (Theorem 2.1) written
in collaboration with Luc Miller.

Acknowledgements. — The authors are most grateful to Luc Miller and the referees
for indicating missing references, and their very enriching remarks and stimulating
comments which have helped to nicely simplify some parts of the proofs contained in
this work.

2. AparTEp LEBEAU-ROBBIANO METHOD FOR OBSERVABILITY

This section is devoted to the statement of the following general observability
estimate, that will enable us to prove Theorems 1.3, 1.4 and 1.5 in a unified way.

Turorem 2.1. Let Q be an open subset of R™, w be an open subset of Q, (7k)ken+

be a family of orthogonal projections defined on L*(Q), (et4)

semigroup on L2(2); c1,ca,a,b,tg,m > 0 be positive constants with a < b. If the

t>0 be a contraction

following spectral inequality

(2.1) Vge LX(Q), Yk =1, |mgllrzie) < e llmiglre )
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16 K. Beavcnarp & K. Pravba-Starov

and the following dissipation estimate
1 —eot™ b
(2.2) VgeL*(Q), Vk>1, Vte(0,t), [|(1-mk)(eg)llL2(0) < o 2 gl 2,

hold, then there exists a positive constant C' > 1 such that the following observability
estimate holds

C T
2 TA 112 tA 112
(23) VT >0, VgeL (Q)? H@ g||L2(Q) < Cexp (Tam/(b—a)) /0 ||e gHLz(w)dt

We stress the fact that the assumptions in the above statement do not require that
the orthogonal projections (7j)k>1 are spectral projections onto the eigenspaces of
the operator A, which is allowed to be non-selfadjoint. We shall see in the proof that
the possible lack of commutation between the contraction semigroup (etA)t>o and the
orthogonal projections (7)r>1 can be compensated by the dissipation estimate (2.2).

The first version of the present work (arXiv:1603.05367) did not contain Theo-
rem 2.1, which is an abstract observability result of independent interest, nor the
estimate on the control cost in (2.3) as T tends to zero. The proof of Theorem 2.1
is written in Appendix (Section 8.3) in collaboration with Luc Miller. It is inspired
from the works [47, 48] with a modification suggested to us by the author. This strat-
egy is simpler and more elegant than the one developed in the initial version of this
article. Notice that the constant C' > 1 appearing in the control cost in (2.3) can be
expressed in terms of other rates c1, co and the exponents a, b and m following the
same optimization procedure as the one used in [47].

3. PROOF OF NULL-CONTROLLABILITY AND OBSERVABILITY OF HYPOELLIPTIC
ORNSTEIN-UHLENBECK EQUATIONS

This section is devoted to the proof of Theorem 1.3. By using the changes of
unknowns f = e~ 2 TTB) f and u = e~ 2 By where f is a solution to (1.26) with

control u, we begin by noticing that the result of Theorem 1.3 is equivalent to the
null-controllability of the equation
51) 0f — S T[QV2]] — (B2, Vo f) — § Te(B)f = u(t, 2) 1, (x),

fli=o = fo € L*(R™),

from the set w in time T > 0, where w is an open subset of R"™ satisfying (1.6). We
observe that the L?(R")-adjoint of the operator

S TQV2) + (Ba, Va) + 5 Th(B)

is given by

(% THQV2) + (Bx, V) + % ™(B)) = % THQV2) + (= B)x, V) + % Tr(=B).
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By using the Hilbert Uniqueness Method [15, Th. 2.44], the result of null-controlla-
bility of the equation (3.1) is equivalent to the following observability estimate

- T -
(32) VT >0,3Cr>0,Vge L*(R"), e g[[72@ny < CT/O €7 gll7 2 )t

with
P= %Tr(QVi) +{((=B)x, V) + %Tr(—B).

As the assumptions of Theorem 1.3 are fulfilled when interchanging B and — B, it is
therefore equivalent to prove the observability estimate (3.2) for the operator

(3.3) P %Tr(QVi) +(Ba, V) + %Tr(B),

with @ and B real n X n matrices satisfying the assumptions of Theorem 1.3. On
the other hand, we notice that the operator P = —¢*(z, D,) writes as the Weyl
quantization of the quadratic symbol

e, €) = L (QV7€,Q'%€) — i(Bu.¢),

with (-, -) being the Euclidean scalar product on R™, whose real part is non-negative.
As recalled above (see also e.g. [35]), the operator —P generates a contraction semi-
group on L2(R™).

We establish the observability inequality (3.2) for the operator P defined in (3.3)
by applying Theorem 2.1. To that end, we introduce 7; : L?(R") — E; the orthogonal
frequency cutoff projection onto the closed subspace

(3.4) B; = {f e L*R") :supp(f) C {€ e R : [¢| <j}}, j>1,

|-| being the Euclidian norm on R™. The following two subsections are devoted to the
proofs of a spectral inequality of type (2.1) and a dissipation estimate of type (2.2).

3.1. Dissipation gstivate. — In order to derive an explicit decay rate for the Fourier
transform of the contraction semigroup (e'*’g);>0, we need the following algebraic
result.

Levma 3.1. Let @ and B be real n X n-matrices, with QQ symmetric positive semi-
definite. When the Kalman rank condition holds

Rank[Q'/2, BQY2, ..., B"'Q'?| = n,
then there exist positive constants ¢ > 0 and to € (0,1] such that

t
Vit e [0,t], VX € R™, / 1Q'/2e5B” X|2ds > ct?Fotl|X |2,
0

with | - | being the Euclidean norm on R™, where ko € [0,n — 1] denotes the smallest
integer satisfying
Rank[Q'/2, BQY/?,... B*QY? =n.
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18 K. Beavcnarp & K. Pravba-Starov

Proof. — We consider the function

t
Fx(t) = / Q2B X |?ds, teR,
0
depending on the parameter X € R™. We easily check by the Leibniz formula that
(3.5)

vnz0veeR 00 = 3 (@B X, QB e X,
k=0

where (-,-) denotes the Euclidean scalar product on R™. According to the Kalman
rank condition, we can consider the smallest integer ko € [0, n — 1] satisfying

Rank[Q'/2, BQ'/?,..., B*Q'/?] = n.
We therefore have
Ran(Q'/?) + Ran(BQ'?) + - - - + Ran(B*Q'/?) = R™.
This implies that
k .
(3.6) N Ker (QY2(BT)) nR" = {0}
j=0
By induction, we easily check from (3.5)) that for all & > 0,
k .
(3.7) VO<SI<2k+1, fP(0) =0 <= X e ) Ker (QV*(BT))) nR™
=0

According to (3.5), (3.6) and (3.7), it follows that for all X € R™ \ {0}, there exists
an integer kx € [0, ko] such that

- ) ~ 2%k _
(3.8) VO <j<2kx, fY0) =0, GhxtD) ) = (E;) 1QY2(BT)**x X2 > 0.

We aim at proving that for all X € S*~! in the unit sphere, there exist some positive
constants cx > 0, tx € (0,1] and an open neighborhood Vx of X in S"~! such that

t ~
(3.9) VY € Vi, Vi€ [0,tx], / Q2B Y s > it
0

By analogy with [57, Prop. 3.2], we proceed by contradiction. If the assertion (3.9)
does not hold, there exist a sequence of positive real numbers (¢;);>0 and a sequence
(Y1)i>0 of elements in S"~! such that

(3.10) lim =0, lim V=X, and lim
l—+o0 [—+o00

t
T
= QY28 v 2ds = 0.
l—+o00 tl2kx+1 0

We deduce from (3.10) that

(3.11)

¢
T
im — sup / Q128" v;|2ds = 0.
=400 tlzk?x+1 0<t<t; Jo
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Setting

1 xt
(3.12) w(z) = — / Q2B V)|2ds >0, 0<z<1,
tZQkx—‘rl

we can reformulate (3.11) as

(3.13) lim sup w(x)=0.
l=+00 o<zl

By writing that

2kx+1
le / |Q1/2 sBT led5* Z a(])tj+o(t2kx+2)
§=0
when ¢t — 0, with a f(J)( 0)(51)~1, where the term O(tQEXJrQ) appearing in the

right-hand-side of the above formula can be assumed to be independent on the inte-
ger | thanks to Taylor formula with integral remainder and the fact that (Y7);>¢ are
elements of the unit sphere S*~!, we notice that

2kx +1 ) B
(3.14) w(z) = Z #y + O+,
Jj=0 Y
It follows from (3.10), (3.13) and (3.14) that
(3.15) lim sup [pi(x)] =0,

= 0Lzl
2kx+1 j
X a(J)

(3.16) )= 3 =L

= tl2/€x +1—j
By using the equivalence of norms in finite-dimensional vector space, we deduce from
(3.15) that
e

: <j <2k im —L—— =
(3.17) V0 <j<2kx+1, lilglmﬁkﬁl_j 0

We obtain in particular that
(3.18) lim /"t =0,
=400

According to (3.8), this is in contradiction with the fact that

_ (2kx +1) 2kx+1
(3.19) lim o = lim A0 _ O
I+4o0 ! I=-+o00 (2kx+1) (2kx +1)!

By covering the compact set S"~! by finitely many open neighborhoods of the form
(Vx;)1<j<n, and letting

c= inf ex, >0, to= inf tx, €(0,1],
1<jSN 1<jSN
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we conclude that

t
VX eR™ Vte[0,t], / Q265" X|2ds > ct?Fotl|X |2,
0

since 0 < kx < kg. This ends the proof of Lemma 3.1. O
We prove the following dissipation estimate.
Prorosition 3.2. When the Kalman rank condition (1.24) holds, then we have
(3.20) VT >0, 3Cr >1, Vt€[0,T], Vk >0, Vgo € LA(R"),
11 = m) (e P go) 2 qany < e O lgo|2an),
with ko €[0,n — 1] being the smallest integer satisfying
Rank[Q'/2, BQY/?,... B*QY?| =n

and
(3.21) 5(t) = CLT (inf{t,to})?* Tt >0, t>0,
with to € (0,1] being defined in Lemma 3.1.
Proof. — Let go € L*(R") and g(t) = etP gy be the solution of

dg(t,x) — 3 Tr[QV3g(t, )] — (Bx, Vag(t,x)) — 5 Te(B)g(t, ) = 0,

{9(07 x) = go(z).
Then, the function h uniquely defined by g(t, ) = h(t, eBz)ez TrB)t solves
Qih(t,y) — 3 Tr[eBQeB V2h(t,y)] =0, (t,y) € (0,+00) x R",

{h(O,y) = g0(y), y € R™

Thus, we obtain that for all (¢,€) € [0, +0c0) x R™,
R(t,€) = Go(E)eF i 1917 efds
implying that the Fourier transform of the semigroup ¢(t) = et? go is given by
§(1,6) = |det(e™P) R(t, e~ )3 TN
= e HTB) Gy (BT )3 S 1QV 2T el

(3.22)

We deduce from (3.22) and Lemma 3.1 that for all ¢ € [0,T], k > 0, go € L*(R"),
11 = 7k)(e" go) 122 an)

—tTr(B
- <2>()/ (e BT g) e fi 1@V e s g
T &>k
(3.23) :

~ _ t 1/2 sBT 2
- (27r)n/ - |70 (€)|2e™ Jo 1@ e €lds ge
et >

! / - 2,-8()[¢]?
go(&)|%e dg,
(27T)n \etBTg\;k| 0( )|

<
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with §(t) = c(inf{t,to})?*o+1. Tt follows from (3.23) that for all t € [0,T], k > 0,
go € Lz(Rn),

_ 1 R o
(3.24) |\(1—7Tk)(€tpgo)||2Lz(Rn) < 771/ |70(€)2e oMl ge
(2m)™ Jie|zke—t1B1

,g(t)kze—zumu | ,g(t)]gef’lelBH |

se 1901122 @n)-

We deduce from (3.24) that there exists Cr > 1 such that for all ¢ € [0,T], k > 0,
g0 € L*(R™),

D 2
(3.25) (1= 7x) (e g0) 172y < €O (lgol1 72 eny

with

g0y <

1
0(t) = —— (inf{t, to})%o'|r1 >0, t=0.
Cr
It proves the estimate (3.20) and ends the proof of Proposition 3.2. 0

3.2. SPECTRAL INEQUALITY FOR Fourier mopes. — The following spectral inequality is
proved by Le Rousseau and Moyano in [38, Th. 3.1].

Turorem 3.3. — If w is an open subset of R™ satisfying condition (1.6), then there
exists a positive constant ¢y > 1 such that

I7kgll 2 @ny < € * |1 Trgll 2 0),
for all k € N* and g € L*(R").

3.3. Proor or Turorem 1.3. — We deduce from Theorem 2.1 with the following
choices of parameters:

(
(
(iil) a =1, b =2,

(iv) m = 2ko + 1, where kg is defined in Proposition 3.2,

(v) to > 0 as in Proposition 3.2,

(vi) 0 < g =1/C4, < 1, where Cy, > 1 is the constant defined in Proposition 3.2,
(vii) ¢; > 0 as in Theorem 3.3,

— C N\ [T
3C>1L,YT >0,Vg e LAR"), [[e"Pg|32qm < Coxp (W) /O e P gl12 2,y dt.

It proves the observability estimate (3.2) and ends the proof of Theorem 1.3. O

4. PROOF OF NULL-CONTROLLABILITY AND OBSERVABILITY OF PARABOLIC EQUATIONS
ASSOCIATED WITH ACCRETIVE QUADRATIC OPERATORS WITH
ZERO SINGULAR SPACES

This section is devoted to the proof of Theorem 1.5. As in the previous section, we
use the general observability estimate established in Theorem 2.1. Indeed, the classical
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Lebeau-Robbiano method cannot be directly applied in its usual form as the (gener-
alized) eigenfunctions of accretive quadratic operators with zero singular spaces do
not constitute in general a L2-Hilbert basis. Contrary to the usual Lebeau-Robbiano
strategy, the solutions are therefore not expanded on the (generalized) eigenfunctions
of the operator defining the parabolic equation, but in the L?-Hermite basis that
does not diagonalize the operator. With this choice, the difficulty is that the semi-
group is not diagonal anymore in the L?-Hermite basis, and even if a finite number of
modes could be steered to zero at some time, any passive control phase in the Lebeau-
Robbiano method makes them all revive again. To overcome this lack of commutation
between semigroups and Hermite projection operators, we take a key advantage of
the Gelfand-Shilov regularizing properties of semigroups generated by accretive qua-
dratic operators with zero singular spaces, and the fact that Gelfand-Shilov regularity
is characterized by a certain exponential decay of the Hermite coefficients.

4.1. GELFAND-SHILOV REGULARIZING PROPERTIES. — In the following, we denote
(4.1) Prg= Y (9:%a)r2@tar k=0,

e

lo]=k

the orthogonal projection onto the k" energy level associated with the harmonic

oscillator
+oo

H=—A,+|z]* = Z(2k + n)Py,
k=0
where (4 )acnn stands for the L2-Hermite basis. We also consider the orthogonal
projection

k
(4.2) me=> P, k>0,
j=0

onto energy levels less than or equal to k. The exponential decay results given by the
following proposition are key byproducts of the Gelfand-Shilov regularizing properties
of semigroups generated by accretive quadratic operators with zero singular spaces.

Prorosition 4.1. — Let q : Ri"s — C be a quadratic form with a non-negative real
part Req > 0 and a zero singular space S = {0}. There exist some positive constants
Co > 1 and tg > 0 such that for allt >0, k >0, g € L*(R"),

(4.3) (1 = me) (e g) || L2rn) < Coe™* ¥ lg|| L2 @ny,

with ko €10,2n — 1] being the smallest integer satisfying (1.18) and
inf 2ko+1

(4.4) st = IEHEBDT

Co

Proof. — Letq: R?fg — C be a quadratic form with a non-negative real part Req > 0

and a zero singular space S = {0}. We recall from [35, p.426] that the quadratic

operator ¢ (x, D,) obtained by the Weyl quantization of the symbol ¢ is accretive
and generates a contraction semigroup on L?(R™). We denote ko € [0,2n — 1] the

t>0.
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smallest integer satisfying (1.18). In the work [33, Th.1.2], Hitrik, Viola and the
second author have shown that the contraction semigroup (e’tqw)go is smoothing

for any positive time in the Gelfand-Shilov space Si ;; (R™),

Vg€ LX(R"), Vt >0, e '"ge SR

We refer the reader to the appendix (Section 8.2) for the definition and some char-
acterizations of the Gelfand-Shilov regularity. More specifically, we deduce from [33,
Prop. 4.1] that there exist some positive constants Cp > 1 and ¢y > 0 such that

12ko+1
e o

(4.5) vVt € [0, 4], ‘ (= Batlal®) o—tg"

< 007
L(L?(R™))

with £(L?(R™)) the space of bounded operators on L?(R™), that is,
Yt € [0,t], Vg € L*(R™),
4.6 tg® t2ko+1 g iaon
(0 S e g ba) e e G < BB
aeN”

We obtain from (4.5) and the contraction semigroup property satisfied by (e7%");>¢
that

(4.7) V>0, Hefs(t)(fAsz\?)eftq“’

ca@ny) S Co

It follows from (4.7) that for all t > 0, k > 0, g € L*(R"),
(1 = 7)€" ) | aamy = 1(1 = mi) (e~ 0O AR LD Aatlal) =10 g3 | o 0
= [le 0O Aatzl*) (1 7Tk)(eé(t)(—Aﬁ\9«*|2)6—15<1“’g)||L2(]R”)
< efé(t)(2(k+1)+n)||(1 — 7Tk)(eé(t)(fAﬁ\ﬂﬂlz)eﬂfq“’g)||Lz(]Rn)
< ekt =t gl sy < Coe™ DR gl 2 ).

It ends the proof of Proposition 4.1. O

4.2, SPECTRAL INEQUALITY FOR HERMITE FUNCTIONS. The following spectral inequal-
ity for Hermite functions is proved in Appendix (Section 8.1).

Prorosition 4.2. — Let w be an open subset of R™ satisfying (1.6) and (1q)aenn the
Hermite basis of L*(R™) diagonalizing the harmonic oscillator H = — A+ |x|?. There
exists a positive constant C1 > 1 such that for all k > 0 and (by)aenn € cN*,

/ 1/2 12
<a|zgk|ba|2)1 2: (/Rn l(llzgkbaiba(w)‘gdm) gCleCl\/E(/w’Z ba?/Ja(:U)‘de) .

al<k
In particular, the following estimate holds

(4.8) Vk>0, Vge LXRY), [Imgllzeen) < Cre@VE ||migll o)

Notice that when w is a bounded set (hence does not satisfy (1.6)), then the weaker
spectral inequality obtained from (4.8) while replacing vk by k fails even for single
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Hermite functions instead of sums, by at least an extra logarithmic factor in the ex-
ponentials when n > 2. This fact is proved in [46] (Section 4.2). Whether the spectral
inequality (4.8) holds with Vk replaced by klnk in the exponential term when w is
a bounded set is still open. In the one-dimensional case, when w is an open half line
and 0 < s < 1, the weaker spectral inequality obtained from (4.8) with /% replaced
by k° also fails. Indeed, the Lebeau-Robbiano strategy would otherwise enable one
to establish a null-controllability result that is disproved in [46] (Section 4.3.1), see
also [17]. Similarly, Remark 1.9 in [46] points out that if n > 3, w is a non-empty
open cone I' = {& € R™ : |z| > ro,z/|z| € Qo}, 70 = 0, and Qq is an open subset of
the unit sphere, and if there exists a vector space of dimension 2 in R™ not intersect-
ing the closure of €y, then the weaker spectral inequality obtained from (4.8) while
replacing 'k by k° fails for all s € (1/2,1).

4.3. Proor or Turorem 1.5. — We deduce from Theorem 2.1 with the following
choices of parameters:
(i) @=R",
(ll) A= _qw(mqu)a
(ifl) a =1/2, b= 1,
(iv) top > 0 as in Proposition 4.1,
(v) m = 2ko + 1, where kg is defined in Proposition 4.1,
(vi) any constant ¢; > 0 satisfying for all k¥ > 1, Clecl*/E < ecl‘/E, where the
constant C7 > 1 is defined in Proposition 4.2,
(vii) ¢ =1/Cy > 0, where Cy > 1 is defined in Proposition 4.1,

that
3C > 1, VT >0,Vg e L*(R"),
S C T .
le™" gl 72 @) < Cexp (W)/o le™" " glI%2 ) dt.

It ends the proof of Theorem 1.5. g

5. PROOFS OF NULL-CONTROLLABILITY AND OBSERVABILITY OF HYPOELLIPTIC
()R\JSTEIN-UHLE\JBECK EQUATIONS POSED IN WEIGHTED L2-SI’ACES

Let P be a hypoelliptic Ornstein-Uhlenbeck operator (1.29) such that the Kalman
rank condition (1.24) and the localization of the spectrum o(B) C C_ hold. We
consider the operator P acting on the space L?(R", p(x)dx), with p being the density
function defined in (1.31). The Kalman rank condition

Rank[Q'/2, BQY2 ..., B"'Q'/?| = n,
enables one to consider the smallest integer ko € [0, n — 1] satisfying

Rank[Q'/2, BQY/?,... B*QY? = n.
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We associate to the operator P acting on L2 = L*(R", p(z)dz), the quadratic opera-
tor . acting on L? = L?(R", dx),

(5.1) ZLh=—\/pP((\/p) 'h) — %Tr(B)h.

Recalling the notation (1.22), a direct computation led in the work [51] (see (3.7) in
Section 3.1) shows that

1 1 _ (L=
(5:2) 2 =31QYV D, + 5QV2Q 2 —i( (300! + B)=. D.),

with D, = i~1V,, where Q.. is the symmetric positive definite matrix (1.32). The
operator .Z = ¢*(z, D) is a quadratic operator whose Weyl symbol

— 1 / 1 / - — 9 1 - n
(5:3) ql@.&) = 51QV%* + 5102 el —i( QI + B)2.€).  (2.6) € R,

has a non-negative real part Re ¢ > 0. On the other hand, we prove in [51], see formulas
(3.22), (3.23) and (3.24), that the singular space of the quadratic operator .Z is zero
S = {0}. More precisely, we show in [51] that the smallest integer kg € [0,2n — 1]
satisfying

ko .
(5.4) ( N Ker [ReF(ImF)J]) AR = {0},

j=0
with F' being the Hamilton map of ¢, corresponds exactly to the smallest integer
ko €0, n — 1] satisfying
(5.5) Rank[QY/%, BQY?,... B*Q?| = n.

Let w be an open subset of R™ satisfying condition (1.6). We can therefore deduce
from Theorem 1.4 applied to the quadratic operator .Z that the parabolic equation

{&gh(t, x) + ZLh(t,x) = u(t, )1, (z),

5.6
( ) h|t:0 =hg € LQ(RTL, dx),

is null-controllable from the set w in any positive time 7" > 0. Let fy € L,%. By using
that the mappings

T:Li—)Lz, Tﬁl:L2—>L§
(5.7) —1
Vi \/pv, v \/p v

are isometric, we consider a control function u € L?((0,T) x R",dt ® dz) supported
in [0,7] x w such that the mild solution h to the equation (5.6) with initial datum
ho = T fo satisfies h(T,-) = 0. We deduce from (1.29), (5.1) and (5.7) that the mild
solution

f _ 67(15/2)T1‘(B)7'71h c Ll2)7

to the equation

{8tf(t,$) - %TI"[QV?Uf(t,J?)] - <Bl‘, vwf(tvx» = a(tvx)]lw(x)’ HARS an
fli=o = fo € L2,
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with the control function supported in [0, 7] X w,
U(t,x) = e~ WATE Tyt 2) e L2((0,T) x R", dt @ p(x)dz),

satisfies f(T,-) = 0. This proves that the hypoelliptic Ornstein-Uhlenbeck equation
(1.34) is null-controllable from the set w in any positive time T' > 0. This ends the
proof of Corollary 1.6. a

On the other hand, we deduce from Theorem 1.5 applied to the quadratic opera-
tor . that for all T' > 0, there exists a positive constant Cp > 0 such that

T
(5.8) Vho € L*(R"), ||6_T$h0||%2(]R",dw) < CT/O He_tthH%%w,dI)dt-

According to (5.1), the semigroup (e!f’);>o on Lf) is given by
(5.9) Vo e L2, ¥t >0, ePfo=e WATBE T LTy,

where (e7*%);> denotes the L?(R™, dz) contraction semigroup generated by .#. No-
tice from the localization of the spectrum o(B) C C_ of B € M, (R) that Tr(B) < 0.
By observing that

€% foll L2@n pa)azy = €D TP e T fol| p2n aa)
and

)= ef(t/Q) Tr(B) Heftfzrfo

||€tPf0||L2(w,p(a:)dz ||L2(w,dw)7

we deduce from (5.8) and (5.9) that the hypoelliptic Ornstein-Uhlenbeck operator P
satisfies the observability estimate

T
\V,g € Lz(Rn?p(x)dx)? ||6Tpg||%2(R”,p(w)d:v) < CT/O ||etPg||%2(w,p(w)dw)dt7

with éT = e TT(B)Cp > 0. This ends the proof of Corollary 1.7. O

6. PROOFS OF NULL-CONTROLLABILITY AND OBSERVABILITY OF HYPOELLIPTIC
FokkeRr-PrANCK EQUATIONS POSED IN WEIGHTED LZ-SI’ACES

Let & be a Fokker-Planck operator (1.36) satisfying conditions (1.37). We consider
the operator & acting on the space L?(R", p(z)~1dx). The Kalman rank condition

Rank[Q'/?, BQ'/?,...,B"'Q"?| = n,
enables one to consider the smallest integer ko € [0, n — 1] satisfying
Rank[Q/2, BQY?,... B*QY? =n.

We associate to the operator & acting on Lf/p = L*(R", p(z)~'dz), the quadratic
operator £ acting on L? = L?(R", dx),

(6.1) Sh= 5 ' P(Jph) - %Tr(B)h.
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Recalling the notation (1.22), a direct computation led in the work [51] (see (2.54) in
Section 2.6) shows that

—1 1/2 2 1 1/2y—1,.2 . 1 1
(6.2) € = S1QV2D. 2 + 102w +i( (500! + B)x. D.),

with D, = i1V, where Q. is the symmetric positive definite matrix (1.32). The
operator £ = ¢*(z, D) is a quadratic operator whose Weyl symbol

1 1 1
(6.3) q(x,€) = 51Q"%¢* + £1Q2Q ol +i( (5005 + B)=.€),  (2.) € R,

has a non-negative real part Req > 0. This Weyl symbol is the complex conjugate
of the Weyl symbol of the operator (5.3). It follows that the singular space of the
quadratic operator £ is zero S = {0}. As in the previous section, the smallest integer
ko €0, 2n — 1] satisfying

k )
(6.4) ( N Ker [Re F(imF)']) nR*" = {0},
j=0
with F' being the Hamilton map of ¢, corresponds exactly to the smallest integer
ko €[0,n — 1] satisfying
(6.5) Rank[Q'/2, BQY/?,..., B*Q/?| = n.

Let w be an open subset of R™ satisfying condition (1.6). We can therefore deduce
from Theorem 1.4 applied to the quadratic operator £ that the parabolic equation

{ath(t, z) + £h(t, z) = u(t,z)1,(z),

6.6
( ) h|t:() =hg € Lg(Rn,dLC),

is null-controllable from the set w in any positive time 7" > 0. Let f € L% /o By using
that the mappings

2 2 -1.72 2
T:L° — Ly, Ly, — L7

(6.7) _
v \/pu, v \/p

1 )
/U’

are isometric, we consider a control function u € L?((0,T) x R", dt ® dx) supported
in [0,7] x w such that the mild solution h to the equation (6.6) with initial datum
ho = T~ fy satisfies h(T,-) = 0. We deduce from (1.36), (6.1) and (6.7) that the mild
solution

_ —(t/2)Tx(B) 2
f=e Th e Ly,

to the equation

{@f(t’m) — 3 Tr[QV2 f(t,2)] + (Bx, Vo f(t,2)) + Tr(B) f(t, 2) = u(t, z)1,(z),
fli=o = fo € Lf/,ﬁ

with the control function supported in [0, 7] X w,

u(t,z) = e WATEBE) gyt 2) € L2((0,T) x R, dt ® p(x) ' dz),
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satisfies f(T,-) = 0. This proves that the hypoelliptic Fokker-Planck equation (1.41)
is null-controllable from the set w in any positive time 7' > 0. This ends the proof of
Corollary 1.8. O

On the other hand, we deduce from Theorem 1.5 applied to the quadratic opera-
tor £ that for all T' > 0, there exists a positive constant C7 > 0 such that

T
(6.8)  Vhoe L*(R"), [le7"*holl72@n an) < CT/O e Rol|72 (o ) t-

According to (6.1), the semigroup (¢!?);>0 on Lf/p is given by

(6.9) Vo€ LY, V20, 7 fy=e AT BIgettg gy,

where (e7'%);>0 denotes the L?(R",dz) contraction semigroup generated by £. By
observing that

||€t‘@f0 ||L2(]Rn,p(z)*1dz) = ei(t/z) Tr(B) ||67t£(3”71f0 ”LQ(R"»dw)

and

—(t/2) Tr(B) He—tﬁz—lfo

||et9f0||L2(w,p(x)*1d;c) =e€ ||L2(w,dz)7

we deduce from (6.8) and (6.9) that the hypoelliptic Fokker-Planck operator & sat-
isfies the observability estimate

T
v.g € LQ(Rnap(I)ild'x)’ ||6T99H%2(]R",p(z)*1da:) < C(T/Ov ||etgzg||%2(w,p(z)*lda:)dtv

with Cp = e~ TT(B)Cp > 0. This ends the proof of Corollary 1.9. g

7. *APPLICATION: NULL-CONTROLLABILITY AND OBSERVABILITY OF A CHAIN OF TWO
OSCILLATORS COUPLED TO TWO HEAT BATHS AT EACH SIDE

This section is devoted to provide an application of the general results of null
controllability and observability for accretive quadratic operators with zero singular
spaces. This example given in [50, §4.3] comes from the series of works [18, 19, 20, 27,
28]. It is a model describing a chain of two oscillators coupled with two heat baths
at each side. The particles are described by their respective positions and velocities
(zj,y,) € R??. For each oscillator, the particles are submitted to an external force
derived from a real-valued potential V;(xz;) and a coupling between the two oscillators
derived from a real-valued potential V.(z2 — x1). We denote the full potential

V(z) = Vi(z1) + Valaa) + Ve(zz — 1), = (21,22) € R*,

y = (y1,42) € R?? the velocities and z = (z1,22) € R?? the variables describing
the state of the particles in each of the heat baths. In each bath, the particles are
submitted to a coupling with the nearest oscillator, a force given by the friction
coefficient v and a thermal diffusion at the temperature T;. We denote wy,ws two
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standard d-dimensional Brownian motions and w = (w7, ws). The system of equations
describing this model is given by

dxy = y1dt

dxo = yodt

dyy = =0y, V(z)dt + 21 dt

dyy = =0,V (x)dt + zodt

dz) = —yzidt + yxidt — /2T dw,
dzg = —yzodt + yxodt — /27T dws.

Setting 77 = a1 h/2 and Ty = ash/2, the corresponding equation for the density g of
particles is

(7.1)

0% 2
(7.2) hog+ §a1(—h(9zl)(ht9zl + a—l(zl - xl))g
Y 2 _
+ Zas(-ho.,) (hazz P CE xQ))g + (y hdy — (VoV(z) — 2) - hay)g —0.

For simplicity, we consider the case when h = 1, v = 2 and d = 1. Furthermore, we

consider the case when the external potentials are quadratic
1

1 1
(7.3) Vi(xy) = 5@3@%, Va(xg) = 5():5%, Ve(z1 —x0) = §c(x1 — z)?,

with a,b,c¢ € R. Let @ > 0 be a positive constant. We assume that the parameters
satisfy the following conditions

1
(7.4) a>§max{o¢1,a2}, a1 >0, az>0, (a+c—1)(b+c—1)—c*#0.

When these conditions hold, we can deduce from Theorems 1.4 and 1.5 the following
results.

Prorosition 7.1. Let w be an open subset of ng satisfying (1.6). Setting

_ yl* 2P _2%/a
@(m,y,z)—V(x)+7+7—z~m, My =e ,

when the conditions (7.4) hold, the evolution equation

2
atg(tvl'vya Z) + al(_azl)(am + 0471(21 - xl))g(t,%ya Z)

2
+az(—02,)(0:, + 072(22 —x2))g(t,z,y,2)
= U(t, z,Y, Z)]lw(.’[, Y, Z)a

gli=0 = go € L*(RS, M ' dx dy dz),

posed in the space L2(R®, M 1 dx dydz) is null-controllable from the set w in any
positive time T > 0, with a control function u € L*((0,T) x R®, dt @ M ' dx dydz)
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supported in [0, T] X w. On the other hand, the mild solution to the evolution equation

2
atg(tvxvyvz) + al(_am)(azl + 0171(21 - xl))g(taxvyvz)

2
+a(—0z,) (02, + 072(22 —x2))g(t,x,y, 2)

glimo = go € L2(RS, M5 do dyd2),

satisfies the following observability estimate:

VT >0, 3Cr >0, Ygo € L*(R®, M ' dx dy dz),

T
2 2
19D o s iy < € [ 9O i

Proof. — We consider the operator
2 2
P = on(=0:,) (01 + (a1 = 1))+ 0n(=02,) (0, + (2 — )
+ (Y- 0z — (VaV(x) = 2) - 9y).

We associate to the operator P acting on L*(R®, M1 dz dy dz) the quadratic operator
q“(X, Dx) acting on L?(R®, dx dy dz) defined as

(7.5) MG PPPMY? = ¢"(X,Dx) -2,
with X = (x,y, z) € R® The explicit computation of the quadratic operator
w 1 2 1
(76) ¢“(X.Dx) = =0m + (e —an) ) (0 + (-~ 1) (21— )
1 2 1
+ OéQ( - 8Z2 + 5(2’2 - 1?2)) (822 + <0472 - a) (ZQ - 172))

+ (y- 0 — (VaV(2) —2) - 0y) + 2,
is led in [50, §4.3]. Its Weyl symbol is given by

q =010} + a3 + Br(z1 — 21) + Ba(z2 — 22)°
+1[201C1 (21 — @1) + 202G (22 — w2) + y1€1 + y2ba — i ((a + )1 — ez — 21)
—772( —cx1+ (b+c)xg — 22)]7
with

2 1 2 1
512%(*—*» 52:%(*—*), h=22o1 =2,
a\a;  « a\ay  « a a

where the notations £, 7, stand respectively for the dual variables of x,y,z. The
condition

1
a>g max{ay, as},

ensures that this quadratic symbol has a non-negative real part Req > 0. On the
other hand, some algebraic computations led in [50, §4.3] show that the Hamilton
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map F' of the quadratic symbol ¢ satisfies

Ker(Re F) NR'Y? = {(2,,2,6,n,¢) €eR¥Z: (=0, z = 2},
Ker(Re F)NKer(Re F Im F) NR* = {(2,y,2,&,1,{) €ER¥?: y=n=(=0, v =z},
Ker(Re F) N Ker(Re F'Im F) N Ker (Re F(Im F)*) N R"
={y=¢6=n=(=0,z=2, (a+c—1)x; —cra=0,—cx1 + (b+c— 1)z = 0}.
According to (7.4), the singular space is therefore equal to zero S = {0}.
Let w be an open subset of RS satisfying condition (1.6). We can therefore deduce

from Theorem 1.4 applied to the quadratic operator ¢* (X, Dx) that the parabolic
equation

(7.7) {ath(th) +¢" (X, Dx)h(t, X) = u(t, X)1,(X),

h|t:0 =hg € L2(R6,dX),

is null-controllable from the set w in any positive time 7> 0. Let go € L?(R%, M dX).
By using that the mappings

T: LA(R®,dX) — L2(R®, M'dX), T ': L*(R°, M, 'dX) — L*(R®,dX),
v —> A/ M, v —> \/Mailv,

are isometric, we consider a control function u € L((0,T) x RS, dt ® dX) supported
in [0,7] x w such that the mild solution h to the equation (7.7) with initial datum
ho = T 1gg satisfies h(T,-) = 0. We deduce from (7.5) and (7.8) that the mild solution

g=¢e*%Th e (RS, M 1dX),

(7.8)

to the equation

Drg(t, X) + a1 (—0,) By + (21 — 1)) gt X)

+az(—0.,)(0:, + 0%(22 —x2))g(t, X)
+(y 20y — (Vi V(x) —2) - ay)g(t,X)
= ﬂ(t,X)]lw(X),

9li=0 = go € L*(R®, M3 'dX),
with the control function supported in [0, 7] X w,
u(t, X) = e*Fu(t, X) € L*((0,T) x RS, dt ® M_'dX),

satisfies g(T,-) = 0. It proves that this equation is null-controllable from the set w in
any positive time 7" > 0.

On the other hand, we deduce from Theorem 1.5 applied to the quadratic operator
q“ (X, Dx) that for all T > 0, there exists a positive constant Cr > 0 such that
(7.9)

T
Vho € L*(R®, dX), [le” " (X’DX)hOH%%RQdX) < CT/O le~" (X’DX)h0||2L2(w,dX)dt~
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According to (7.5), the semigroup (e~*¥');>0 on L*(R, M7 'dX) is given by

(7.10) Vgo € L* (RS, MZYdX), Yt >0, e gy =eXTet" (XDx)g=1g
where (e (X:Px)),- o denotes the L?(R", dx) contraction semigroup generated by
q¢“ (X, Dx). By observing that

(

_— — w g—
He tP90||L2(R6,M;1dx) :thHe t"(X.Dx)g 190||L2(1R6,dX)

and

2t He_tqw(X’DX)T_lgo

le™F goll 12 paz1ax) = € lz2.ax),

we deduce from (7.9) and (7.10) that the operator P satisfies the observability estimate
T
Vg € PR M. 10y <O [ 10l gy

with éT = e*TCp > 0. This ends the proof of Proposition 7.1. O

8. APPENDIX

8.1. SrecTrAL INEQUALITY FOR HERMITE FUuNcTIiONs. — This section is devoted to the
proof of a spectral inequality for Hermite functions. To that end, we use the following
result proved by Le Rousseau and Moyano in [38, Prop. 3.2].

Prorosition 8.1 (Weight function for elliptic Carleman estimate)
Let S >0, Q = (0,S) x R™ and w be an open subset of R™ satisfying (1.6). There
exists a function 1 € C3([0, 5] x R";Ry.) such that
) ¥ € W([0, 8] x R™),
) V(s,2) €Q, [(Vsa?)(s,2)| > C,
) Ve eR" ~w, (0s¢)]s=0 = C,
) (asw”s:S < —C < 07 w|s:S = 07

co 0o o oo
- W N =

(8.
(8.
(8.
(8.
with C' > 0 being a positive constant.

In order to establish the spectral inequality for Hermite functions, we need to derive
a global Carleman estimate for the augmented elliptic operator

P=-Ay,+2f=-02 - A, + |z,

on the set @ = (0,.5) x R™.

Prorosition 8.2 (Global elliptic Carleman estimate). — Letw be an open subset of R™
satisfying (1.6) and v the weight function given by Proposition 8.1. With

p(s,x) = exp(Mp(s,x)), A=1,
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there exist some positive constants C > 0, 19 = 1 and \g > 1 such that

(8.5) 73”67—@9”%2(@) + T\\ewxg”zm(@) + T||€T<'°Vs,x9\|%2(Q)

+ 7|70 (059) =017 2 ny + 7€ 105gls=5 T2y + T*€* [l glo=s 72 @n)

< C(le™ PylZ2(q) + me*I1(Vag)ls=sl72n
+7(|(29) | s=5 |72 (n) + 7177 (059)|s=0l72 ()5
with A = o, for all 7 > 19 and g € C*([0, S]; Z(R",C)) satisfying g|s—o = 0.
Proof. The proof of this result is a slight adaptation of the proof of [38, Prop. 3.3].
Compared to the estimate appearing in [38, Prop. 3.3], there are two additional terms
in the estimate (8.5) coming from the quadratic potential |z|? in the operator P. More
specifically, there is the extra term
7'Hew339||2L2(Q)7

appearing in the left-hand-side of the estimate (8.5) and the extra term

7?7 [[(29)]s=s72 )
appearing in its right-hand-side. In the following proof, we only emphasize the differ-
ences with the one given in [38, Prop. 3.3].

We observe that P = P+ |z|?, where P denotes the operator appearing in the proof
given in [38, Prop. 3.3]. Keeping the very same notations as in [38], the conjugated
operator

P,=¢e""Pe™ 7%, 121,
can be written as
P,=A+iB,
with A = Ay + Ay + As, B = B + Eg, where the operators Al,AQ,Bl,EQ are the
same as the ones defined in [38, p. 3205], whereas the additional operator As is given
by Az = |z|?. Let u € (0,2) be positive parameter. Following [38, p.3206], we next
write
ISS(J +TpuAp = A+iB,
with B = By + By and By = —it(1 + pu)Agp. For v € C?([0,5]; (R, C)) satisfying
v|s=0 = 0, by expanding the square of the norm

[1Pov + TuApvl|72 () = 1AV +iBull72(q),
we obtain from Proposition 8.1 that

(8.6) Re(Av,iBv)r2g) = Y Lik S 1Povllizg) + Or(T)vlZ2 (g

1</<3

1<k<2
where the terms I ;, are explicitly computed in [38, Egs. (3.13) to (3.16)] for any inte-
gers j, k € [1,2]. On the other hand, the new terms

IS,k = Re(A3’U, inv)L2(Q)7 1 < k < 2,
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are given by
Iso=7(1+ ,u)/ lzv|2 A 2o d ds,
Q
I31 =27 Re (/ [2*v(0sp OV + Vi - Vo) dz ds) = J31+ BT31,
Q
with

J31 = —7'/ lzv20%p da ds — T/ [v|?div(|z|* V) dz ds
Q Q

= *T/ |$U|2As,z30dxd5727/ |v|%z - Vo dx ds,
Q Q

(8.7) BT5q = 7'/ lzv]20, 0| s—sd,
Rﬂ.
since v|s—¢ = 0. Following [38], we deduce from (8.6) that
(88) RG(A’U, iB’U)L2(Q) = j+ ﬁ_‘ S ‘|ﬁ¢v“%2(Q) + 0)\(7-2)||U||2L2(Q)’

with J = J + J3.1 + I3, BT = BT + BT3,1, where the terms J and BT are defined
in [38, p.3207]. We first study the interior terms.

Interior terms. Following [38], we have

(8.9) J= / (T370|v]? + 771| Vs 20|* + Tya|zv|?) do ds + X,
Q

with

X=X- 27/ |v|2x -Vapdrds, 2= pl; 0,
Q
where the terms 7p, 71 and X are defined in [38, p.3208]. It is established in [38,
Eq. (3.18)] that
(8.10) 70 2 X% m 2 N,

when A > 1 is sufficiently large. On the other hand, we deduce from (8.1) and (8.2)
that

2 = 1A 29 = PANAs o) + uA V290 2 M,
when A > 1 is sufficiently large. It provides a new positive term in the left-hand side
of the estimate of the type

(8.11) 7'/\2/ |xv|2<pdxds>7')\2/ |zv|2dx ds,
Q Q

since ¢ > 1, as 1 > 0. We observe from Proposition 8.1, (8.9), (8.10) and (8.11) that
the additional term in X given by

727'/ [v*z - Vapdrds = 727'/\/ [v|?z - (V1) dx ds,
Q Q

can be absorbed

‘27’/ |v|2x-Vm<pdxds’ 571/2)\/ |xv|2<pdxd8—|—73/2/\/ lv|*¢ da ds,
Q Q Q
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when the parameters A and 7 are sufficiently large by the following positive term
/ (T X2 |zv20 + T3N3 |v]?) dx ds,
Q

since ¢ > 1, appearing in the estimate from below of the term J. By taking advantage
of the estimate from below of the term J in [38, Eq.(3.19)] and by choosing the
parameter A sufficiently large (fixed) and the parameter 7 sufficiently large (arbitrary),
we obtain that

(8.12) J 2 TllollZaiq) + TVsavlizaig) + Tllzvliag)-

We next study the boundary terms.
Boundary terms. — Tt follows from Proposition 8.1 and (8.7) that
BTy, = TA/ |2v|2051)|s=s dx > —TA/ |(2v)|s=s|?dz,
R" R"

since ¢|s=s = 1. Putting together this estimate and the lower bound on the term BT
given in [38, Eq. (3.23)], we obtain that there exist some positive constants Cy, C; > 0
such that for sufficiently large values of the parameters A > 1 and 7 > 1,
(813) BT > Colr*N [olucslZaqany + TMOutlucs [3aqan) + A 2000l ol 2oqan)
- C](T)\||va|5:SH%2(]Rn) + T>‘H$U|SZS”%2(RH) + 7—/\”901/288U|s:0”%2(w))'
By collecting the estimates (8.8), (8.12) and (8.13) obtained for the interior and
boundary terms, we deduce that
7-3”7}”%2(@) + 7'||Vs,wUH2L2(Q) + 7'||37U||2L2(Q) + 7'3||U|s:S||2L2(Rn)
+7]|050]s=s |22 @n) + TIlOsv]s=0IZ2 (@)
S ||P¢U||%2(Q) + 7'2||U||2L2(Q) + T||va|s=SH2L2(Rn)
+7llavls=s T2 @n) + 711050l s=0ll72 ()
when the parameters A > 1 (fixed) and 7 > 1 (arbitrary) are sufficiently large. For
sufficiently large values of the parameter 7 > 1, it follows that
T2 |[vl|F2(q) + TIVsavlle(g) + TllzvliFeg) + 7P vls=sll7z@n)
+7]|050]s=s | 22 ) + TIIOs0]s=0 2 (R
N HPgoUHQLz(Q) + T||va|s:SH2Lz(Rn) + T||$U\S:S||%2(Rn) + THBSU|8:0||%2(W)~

We observe that all the above calculations still make sense when taking v = e7%g,
with g € C?(]0, S]; #(R", C)) satisfying g|s—o = 0. By using classical arguments, we
finally obtain the estimate (8.5). This ends the proof of Proposition 8.2. |

We deduce from the global Carleman estimate derived in Proposition 8.2 the proof
of the spectral inequality for Hermite functions.
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Proof of Proposition 4.2. — Let N > 1 and (by)aen~ € CN". We consider the function
inh 2
(8.14) w) = 3 batiu(a) sinh(sy/2[al +n)
<N V2|al+n

This function belongs to the space C2([0,S];.(R™,C)). It satisfies the conditions
u|s—0 = 0 and Pu = (=92 — A, + |z|?)u = 0, since

Va e Nn’ (_A;z + |I|2)'¢)a = (2‘04 + n)¢a

Applying the global Carleman estimate given in Proposition 8.2 provides that for all
T 2 70,

(8.15) 7|luls=sll72@n)
< C(||(Vzu)|s:5||2L2(Rn) + ”(xu)|SZSH%2(R") + eTM||(asU)|s:0||%2(w))7
with 0 < M = 2exp(Aosup,e,, ¥(0,7)) — 2 < 400, where ¢ € W3°°([0, 5] x R") is
the non-negative weight function given in Proposition 8.1. We observe that
(816) ||u|s:S||i2(Rn) _ Z |ba|2(Sinh(SV 2|Ol| + Tl)>2
<N V2]a| +n

On the other hand, by using the classical formula

V2o 3% = V@ tae; =V + 1ate;,
we deduce that for all 1 < j < n,
Z b (D, ) smh(S\/W) 2
<N V2lal+n

sinh(S\/2[a] + n) ||?
ba j Va—e;
2 Ve T

la|<N

10y 0)s=5 0172 (gny =
L2(R™)

L2(R™)

sinh(S+/2[a] + n) ||
SN e PR L GVE D
|| <N V2lal+n L2(R™)

inh(S+/2 2
< (2N+1) Z ‘ba‘z(SIH (S |Oé|+n)) )
<N V2 al+n

It follows that

sinh(S+/2[a] +n)\2
(8.17) (Vo) ls=s |72 @ny < n2N +1) Y Jbal® ( (zﬁ) '
la| <N \/W

By using the other classical formula

\@xﬂpa =V Q; +1 ¢a+ej + VvV wa—eja

we obtain by using the very same lines that

sinh(S+/2|a] + n)\2
(8.18) l@w)l=s [ Fageny < N +1) > [oal?( )
<N V2al+n
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We deduce from (8.14), (8.15), (8.16), (8.17) and (8.18) that for all N > 1, 7 > 7o,
(bOé)DLGN” € CN”?

sinh(S+/2|a] +n)\2 M 2
(7% — 2nC(2N + 1)) |ba|? < Ce” bata :
() <o) 2wl

By taking 7y = maX{TO, V2nC(2N + 1) + 1}, we obtain that for all N > 1,

Z 1 Z sinh(S\/2[a] +n)\2 _ Ce™M 2
ba 2 < ap) ba 2 < H ba o .
\al<N| cw |a|<N| | ( 2ol +n ) 52 o%N v L2(w)

This ends the proof of Proposition 4.2. |

8.2. GeLFAND-SHILOV REGULARITY. — We refer the reader to the works [25, 26, 49, 58|
and the references herein for extensive expositions of the Gelfand-Shilov regularity
theory. The Gelfand-Shilov spaces S#(R™), with p,v > 0, p+ v > 1, are defined as
the spaces of smooth functions f € C°(R") satisfying the estimates

34,0 >0, |0°f(z)] < CAll(al)re= W/ 3 c R™ o € N7,
or, equivalently

JA,C >0, sup 2?82 f(x)| < CAlCHIBla (B, «, 8 € N".
TeR™

These Gelfand-Shilov spaces S#(R™) may also be characterized as the spaces of
Schwartz functions f € . (R"™) satisfying the estimates

30> 0,e>0, |f(x) <Ce sl zeR™,  |f(E)] < Ce" ¢ern

In particular, we notice that Hermite functions belong to the symmetric Gelfand-
Shilov space Sl1 ;22 (R™). More generally, the symmetric Gelfand-Shilov spaces S%(R"),
with g > 1/2, can be nicely characterized through the decomposition into the Hermite

basis (Vo )aenn, see e.g. [58, Prop.1.2],
fES;“‘(Rn) — fELQ(Rn)7 3t0>07 H((fa \Ija)LZ exp(t0|a|1/2“))

"

aENP ||l2(N") < +OO
— feL*R"), Ity>0, ||et0H1/2“f||L2(Rn)<+oo7

where H = —A, + |z|? stands for the harmonic oscillator.

8.3. Apaprep LEBEAU-ROBBIANO METHOD FOR OBSERVABILITY (IN COLLABORATION WITH
*
Luc MitLeg! )>

This appendix provides a proof of Theorem 2.1.

Proof. — For simplicity, the notation ||-|| refers in the following to the norm ||-|| z2(q).

(MUniversité Paris-Ouest, Nanterre La Défense, UFR SEGMI, Bat. G, 200 Avenue de la Républi-
que, 92001 Nanterre Cedex, France (luc.miller@math.cnrs.fr)
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Step 1. We begin by establishing the following estimate:
Vg >0, 375(q) € (0,t0), IM(q) >0,

(8.19) V7€(0,75(q)), Y9€L* (), fy(r)lle™ gl —fq((JT)IIgIIQ<//2||€tAg||2L2(w)dt,

where

M(q)

(820) fq(S) = exp ( — W), s> 0.

To that end, we consider

3c20tm ) 1/(b—a)

am/(b—a)

Vg>0, ~(q) = (c2q

We observe that
(8.21) Vg>0, cy(q)?27™ = 3e1(2v(g)) gm0,

For all ¢ > 0, we can find 7(q) € (0,tp) such that for all 0 < 7 < 7)(q),

Q3

v(q)
Tm/(bfa)

c1(2v(q)” )

ram/(b—a)

c27(q)" )

.
(8.22) g S (g momio=

> 1, Z)exp(—

Let ¢ > 0, 7 € (0,74(g)) and g € L*(Q2). There exists a positive integer k(g,7) > 1
satisfying

2v(q)

7(q)
) <k(g,7) < Tm/(b—a)’

since according to (8.22), the interval (y(q)7~™/(=%) 2y(q)7=™/(=2)) is of length
> 1, and is contained in (1,+00). We deduce from the Pythagorean identity, the
triangular inequality and (2.1) that for all t > 0, K > 1 and g € L?(Q),

e 2k 4 e e P tA 112 tA 112
5 Il gl < —5—(llme™gll” + 111 = mi)e™gl")
1
< §||7Tk€tAg||%2(w) + (1 = i)yl
A A A
< e glZa gy + 1L = mk)e gl Zag) + (1 = mi)e g||?
< e gll7z ) + 2011 —m)e g2,
since ||| z2(w) < [|-[|. By integrating the previous estimate on the interval (7/2, 7), and

by using the contraction property of the semigroup, we deduce from (2.1) and (2.2)
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T

that for all k > 1, 7 € (0,%9) and g € L*(2),
T
4

e ergl < [
T/2
< [ (i +210 = me o)
< T tA |12 3 —2cot™k? 2\ gt
<[ (Il + S e g
T/2 5]

-
T , m
g/ ||etAg||%2(w)dt+—26_2”(7/2) Kb HgHQ
T/2 55}

1 6_2C1ka ”etAg”Zdt

(8.24) 5

Setting M (q) = 3¢; (27((]))‘17 we deduce from (8.20), (8.21), (8.22) and (8.23) that for
all ¢ >0, 7€(0,7)(q)),

a 2 2 a
(8:25) Te k"> gexp(_M)

ram/(b—a)
3e1(29(9)*Y _ M(q) N _
> exp ( T ram/(b—a) ) P ( - Tam/(b—a)) = fal7)
and
b b
T —2cy(7/2)™k(q,7)° T _ QCZW(Q) ) (_ C2’Y(Q) )
(8.26) C% € < C% €Xp ( omram/(b—a) S exp 9omram/(b—a)

=exp (- (?;?)(fn;y/(g));) = e (- (qT)]c\z{vz(?()ba)) = falam):

Then, the estimate (8.19) readily follows from the estimates (8.24), (8.25) and (8.26).
Step 2. — We can now derive the observability estimate (2.3) from a telescopic series
argument due to [47] (see also [48]) and already exploited in [2, 52, 63].

We consider the parameters 7y = 79(1/2), M = M (1/2) and the function f = f; /5
defined in Step 1 for the choice of parameter ¢ = 1/2. We set

(8.27) Cy = M2om/ =) 5 0 Ty =275 > 0.
For T € (0,Tp), we define for all k > 0,

T
(828) Tk TO = T, Tk+1 = Tk — Tk-

= 9k+1’

By applying the estimate (8.19) to the function eZk+14

obtain that for all k£ > 0 and g € L?(Q),

g with the parameter 73, we

Tk
FE)lle™Agl* = f (i) e 4g)? < / e gl[72 (ot

Tr+1

Summing up the previous estimates for all k£ > 0 provides that

To T
(829)  f(ro)lle™ gl = f(m0)lle™"g|? </O IIGtAgH%?(w)dt:/O e gl17 2 (o dt,
since

T — 0
k—+4oco
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and by the contractivity property of the semigroup

k—-+4oco

M
PNl < e (=~ ol o
k

We deduce from (8.27), (8.28) and (8.29) that

~ C T
(8:30) VT € (0,75), VgeL*(@), [l <exp (it ) / e g ]2t

Setting -
gam b—a Cl
Cz=ow (fom/(b—)> b

and by using anew the contractivity property of the semigroup, it follows from (8.30)
that for all T > Ty, g € L*(Q),

. To/2
(8:31) [e™g* < [le™/*g|* < Cz/o e gl|72 oyt

Gy ’ tA (12
<C2€XP(W)/O lle gHLQ(w)dt'

With C' = sup(Cy,Cs) > 1, we deduce from (8.30) and (8.31) that

C T
2 TA 112 tA (12
(8.32) VT >0, Vge L*(Q), ey <Cexp<7am/(b_a))/o le" gl 72 dt-

This ends the proof of Theorem 2.1. O

REFERENCES

[1] F. Avasau-Boussourra, P. Cannarsa & G. FragneLLr — “Carleman estimates for degenerate parabolic
operators with applications to null controllability”, J. Evol. Equ. 6 (2006), no. 2, p. 161-204.

[2] J. Aprarz, L. Escauriaza, G. Wane & C. Znane — “Observability inequalities and measurable sets”,
J. Eur. Math. Soc. (JEMS) 16 (2014), no. 11, p. 2433-2475.

[3] K. BeEaucnarp — “Null controllability of Kolmogorov-type equations”, Math. Control Signals
Systems 26 (2014), no. 1, p. 145-176.

[4] K. Beaucnarp & P. Cannarsa — “Heat equation on the Heisenberg group: observability and appli-
cations”, J. Differential Equations 262 (2017), no. 8, p. 4475-4521.

[5] K. Beaucnarp, P. Caxnarsa & R. Gueriermr — “Null controllability of Grushin-type operators in
dimension two”, J. Eur. Math. Soc. (JEMS) 16 (2014), no. 1, p. 67-101.

[6] K. Beauvcnarp, P. Canxnarsa & M. Yamamoro — “Inverse source problem and null controllability
for multidimensional parabolic operators of Grushin type”, Inverse Problems 30 (2014), no. 2,
025006, 26 p.

[7] K. Beavcnaro, B. Hevrrer, R. Henry & L. Rossiano — “Degenerate parabolic operators of Kol-
mogorov type with a geometric control condition”, ESAIM Contréle Optim. Calc. Var. 21
(2015), no. 2, p. 487-512.

[8] M. Bramanti, G. Cupint, E. Lancozerur & E. Priota — “Global LP estimates for degenerate
Ornstein-Uhlenbeck operators”, Math. Z. 266 (2010), no. 4, p. 789-816.

[9] P. Cannarsa, G. Fracyenir & D. Rocenierrt — “Null controllability of degenerate parabolic operators
with drift”, Netw. Heterog. Media 2 (2007), no. 4, p. 695-715.

[10] —, “Controllability results for a class of one-dimensional degenerate parabolic problems in
nondivergence form”, J. Evol. Equ. 8 (2008), no. 4, p. 583-616.

[11] P Cannarsa, P Martinez & J. VancostenosrLe — “Null controllability of degenerate heat equations”,
Adv. Differential Equations 10 (2005), no. 2, p. 153-190.

JEP — M., 2018, tome 5



(12]
(13]
(14]
(15]
[16]
(17]
(18]
(19]

20]

(24]

25]

[26]

28]
29]
(30]
(31]
(32]
(33]
(34]
(35]

(36]

NULL-CONTROLLABILITY OF HYPOELLIPTIC QUADRATIC DIFFERENTIAL EQUATIONS /|I

___, “Carleman estimates for a class of degenerate parabolic operators”, SIAM J. Control
Optim. 47 (2008), no. 1, p. 1-19.

, “Carleman estimates and null controllability for boundary-degenerate parabolic opera-
tors”, Comptes Rendus Mathématique 347 (2009), no. 3-4, p. 147-152.

E. Carveis & P WanvLsere — “Propagation of exponential phase space singularities for Schrédinger
equations with quadratic Hamiltonians”, J. Fourier Anal. Appl. 23 (2017), no. 3, p. 530-571.
J.-M. Coron — Control and nonlinearity, Mathematical Surveys and Monographs, vol. 136, Amer-
ican Mathematical Society, Providence, RI, 2007.

G. Da Prato & J. Zasczyk — Stochastic equations in infinite dimensions, Encyclopedia of Math-
ematics and its Applications, vol. 44, Cambridge University Press, Cambridge, 1992.

T. Duvckaerts & L. MiLLer — “Resolvent conditions for the control of parabolic equations”,
J. Funct. Anal. 263 (2012), no. 11, p. 3641-3673.
J.-P. Eckmasy & M. Hairer — “Non-equilibrium statistical mechanics of strongly anharmonic

chains of oscillators”, Comm. Math. Phys. 212 (2000), no. 1, p. 105-164.

, “Spectral properties of hypoelliptic operators”, Comm. Math. Phys. 235 (2003), no. 2,
p- 233-253.

J.-P. Eckmann, C.-A. Pieier & L. Rev-BerLer — “Non-equilibrium statistical mechanics of anhar-
monic chains coupled to two heat baths at different temperatures”, Comm. Math. Phys. 201
(1999), no. 3, p. 657-697.

B. Farkas & L. Lorenzt — “On a class of hypoelliptic operators with unbounded coefficients
in RN” Comm. Pure Appl. Math. 8 (2009), no. 4, p. 1159-1201.

B. Farkas & A. Lunarpr — “Maximal regularity for Kolmogorov operators in L? spaces with
respect to invariant measures”, J. Math. Pures Appl. (9) 86 (2006), no. 4, p. 310-321.

H. O. Farrorint & D. L. Russerr — “Exact controllability theorems for linear parabolic equations
in one space dimension”, Arch. Rational Mech. Anal. 43 (1971), p. 272-292.

A. V. Fursikov & O. Y. Imaxuvvirov — Controllability of evolution equations, Lecture Notes Series,
vol. 34, Seoul National University, Research Institute of Mathematics, Global Analysis Research
Center, Seoul, 1996.

I. M. Ger’ranp & G. E. Suicov — Generalized functions. Vol. 2. Spaces of fundamental and
generalized functions, Academic Press, New York-London, 1968.

T. Gramcngy, S. PiLirovi¢ & L. Ropivo — “Classes of degenerate elliptic operators in Gelfand-Shilov
spaces”, in New developments in pseudo-differential operators, Oper. Theory Adv. Appl., vol.
189, Birkhauser, Basel, 2009, p. 15-31.

F. Hérau, M. Hrrrik & J. Siostranp — “Tunnel effect for Kramers-Fokker-Planck type operators:
return to equilibrium and applications”, Internat. Math. Res. Notices (2008), no. 15, rnn057,
48 p.

—, “Supersymmetric structures for second order differential operators”, Algebra ¢ Analiz

25 (2013), no. 2, p. 125-154.
M. Hitrik & K. Pravpa-Starov — “Spectra and semigroup smoothing for non-elliptic quadratic
operators”, Math. Ann. 344 (2009), no. 4, p. 801-846.

__, “Semiclassical hypoelliptic estimates for non-selfadjoint operators with double charac-

teristics”, Comm. Partial Differential Equations 35 (2010), no. 6, p. 988-1028.

_, “Eigenvalues and subelliptic estimates for non-selfadjoint semiclassical operators with

double characteristics”, Ann. Inst. Fourier (Grenoble) 63 (2013), no. 3, p. 985-1032.

M. Hitrik, K. Pravpa-Starov & J. Viora — “Short-time asymptotics of the regularizing effect for
semigroups generated by quadratic operators”, Bull. Sci. Math. 141 (2017), no. 7, p. 615-675.
, “From semigroups to subelliptic estimates for quadratic operators”, Trans. Amer. Math.
Soc. (to appear), arXiv:1510.02072.

L. Hormanper — “Quadratic hyperbolic operators”, in Microlocal analysis and applications (Mon-
tecatini Terme, 1989), Lect. Notes in Math., vol. 1495, Springer, Berlin, 1991, p. 118-160.

, “Symplectic classification of quadratic forms, and general Mehler formulas”, Math. Z.
219 (1995), no. 3, p. 413-449.

A. KoLmocorov — “Zufillige Bewegungen. (Zur Theorie der Brownschen Bewegung.)”, Ann. of
Math. 35 (1934), no. 1, p. 116-117.

JE.P.— M., 2018, tome


http://arxiv.org/abs/1510.02072

(37]
(38]
(39]
[40]
[41]
[42]
[43]
[44]
[45]
[46]
[47]

(48]

JLEP

K. Beavcnarp & K. Pravba-Starov

E. Laxcoxerir & S. Poriporo — “On a class of hypoelliptic evolution operators”, Rend. Sem. Mat.
Univ. e Politec. Torino 52 (1994), no. 1, p. 29-63.
J. Le Rousseau & 1. Movano — “Null-controllability of the Kolmogorov equation in the whole
phase space”, J. Differential Equations 260 (2016), no. 4, p. 3193-3233.
G. Leseau & L. Rossiano — “Contréle exact de I’équation de la chaleur”, Comm. Partial Differ-
ential Equations 20 (1995), no. 1-2, p. 335-356.
J.-L.. Lions — Controélabilité exacte, perturbations et stabilisation de systémes distribués. Tome
2: Perturbations., Recherches en mathématiques appliquées, vol. 9, Masson, Paris, 1988.
L. Lorenz1 & M. Berrorpt — Analytical methods for Markov semigroups, Pure and Applied Math-
ematics (Boca Raton), vol. 283, Chapman & Hall/CRC, Boca Raton, FL, 2007.
P. Marrinez & J. VancostenosLE — “Carleman estimates for one-dimensional degenerate heat equa-
tions”, J. Evol. Equ. 6 (2006), no. 2, p. 325-362.
G. Merarung, D. Paceara & E. Priora — “Spectrum of Ornstein-Uhlenbeck operators in LP spaces
with respect to invariant measures”, J. Funct. Anal. 196 (2002), no. 1, p. 40-60.
L. MiLLEr — “On the null-controllability of the heat equation in unbounded domains”, Bull. Sci.
Math. 129 (2005), no. 2, p. 175-185.
, “Unique continuation estimates for the Laplacian and the heat equation on non-compact
manifolds”, Math. Res. Lett. 12 (2005), no. 1, p. 37-47.
, “Unique continuation estimates for sums of semiclassical eigenfunctions and null-
controllability from cones”, hal-00411840, 2008.
, “A direct Lebeau-Robbiano strategy for the observability of heat-like semigroups”,
Discrete Contin. Dynam. Systems 14 (2010), no. 4, p. 1465-1485.

, “Spectral inequalities for the control of linear PDEs”, in PDE’s, dispersion, scattering
theory and control theory (K. Ammari & G. Lebeau, eds.), Séminaires et Congres, vol. 30,
Société Mathématique de France, Paris, 2017, p. 81-98.
F. Nicora & L. Robino — Global pseudo-differential calculus on FEuclidean spaces, Pseudo-
Differential Operators. Theory and Applications, vol. 4, Birkhéuser Verlag, Basel, 2010.
M. Orrosre, G. A. Pavrioris & K. Pravpa-Starov — “Exponential return to equilibrium for hypoel-
liptic quadratic systems”, J. Funct. Anal. 262 (2012), no. 9, p. 4000-4039.

, “Some remarks on degenerate hypoelliptic Ornstein-Uhlenbeck operators”, J. Math.
Anal. Appl. 429 (2015), no. 2, p. 676-712.
K. D. Pauxe & G. Wane — “An observability estimate for parabolic equations from a measurable
set in time and its applications”, J. Eur. Math. Soc. (JEMS) 15 (2013), no. 2, p. 681-703.
K. Pravba-Starov — “Subelliptic estimates for quadratic differential operators”, Amer. J. Math.
133 (2011), no. 1, p. 39-89.
, “Generalized Mehler formula for time-dependent non-selfadjoint quadratic operators
and propagation of singularities”, arXiv:1703.02797, 2017.
K. Pravba-Srarov, L. Ropixvo & P. WanLsere — “Propagation of Gabor singularities for Schrodin-
ger equations with quadratic Hamiltonians”, Math. Nachr. (2017), published online, arXiv:
1411.0251.
J. SsostranD — “Parametrices for pseudodifferential operators with multiple characteristics”, Ark.
Mat. 12 (1974), p. 85-130.
, “Resolvent estimates for non-selfadjoint operators via semigroups”, in Around the re-
search of Vladimir Maz’ya. III, Int. Math. Ser. (N.Y.), vol. 13, Springer, New York, 2010,
p- 359-384.
J. Torr, A. Kirennikov, B. Nitsson & S. Norbeso — “Decompositions of Gelfand-Shilov kernels
into kernels of similar class”, J. Math. Anal. Appl. 396 (2012), no. 1, p. 315-322.
J. Viora — “Resolvent estimates for non-selfadjoint operators with double characteristics”, J. Lon-
don Math. Soc. (2) 85 (2012), no. 1, p. 41-78.

, “Non-elliptic quadratic forms and semiclassical estimates for non-selfadjoint operators”,
Internat. Math. Res. Notices (2013), no. 20, p. 4615-4671.
, “Spectral projections and resolvent bounds for partially elliptic quadratic differential
operators”, J. Pseudo-Differential. Oper. Appl. 4 (2013), no. 2, p. 145-221.
P. Wanuserc — “Propagation of polynomial phase space singularities for Schrédinger equations
with quadratic Hamiltonians”, arXiv:1411.6518, 2016.

M., 2018, tome 5


https://hal.archives-ouvertes.fr/hal-00411840
http://arxiv.org/abs/1703.02797
http://arxiv.org/abs/1411.0251
http://arxiv.org/abs/1411.0251
http://arxiv.org/abs/1411.6518

NULL-CONTROLLABILITY OF HYPOELLIPTIC QUADRATIC DIFFERENTIAL EQUATIONS /|‘§

[63] Y. Znane — “Unique continuation estimates for the Kolmogorov equation in the whole space”,
Comptes Rendus Mathématique 354 (2016), no. 4, p. 389-393.

Manuscript received March 16, 2016
accepted October 27, 2017

Karine Beaucnarp, IRMAR, Ecole Normale Supérieure de Rennes, UBL, CNRS, Campus de Ker
Lann

Avenue Robert Schumann, 35170 Bruz, France

E-mail : Karine.Beauchard@ens-rennes.fr

Url : http://w3.bretagne.ens-cachan.fr/math/people/karine.beauchard/

KarerL Pravba-Starov, IRMAR, CNRS UMR 6625, Université de Rennes 1

Campus de Beaulieu, 263 avenue du Général Leclerc, CS 74205, 35042 Rennes cedex, France
E-mail : karel.pravda-starovQuniv-rennesl.fr

Url : https://perso.univ-rennesl.fr/karel.pravda-starov/

JE.P.— M., 2018, tome 5


mailto:Karine.Beauchard@ens-rennes.fr
http://w3.bretagne.ens-cachan.fr/math/people/karine.beauchard/
mailto:karel.pravda-starov@univ-rennes1.fr
https://perso.univ-rennes1.fr/karel.pravda-starov/

	1. Introduction
	2. Adapted Lebeau-Robbiano method for observability
	3. Proof of null-controllability and observability of hypoelliptic Ornstein-Uhlenbeck equations
	4. Proof of null-controllability and observability of parabolic equations associated with accretive quadratic operators with zero singular spaces
	5. Proofs of null-controllability and observability of hypoelliptic Ornstein-Uhlenbeck equations posed in weighted L2-spaces
	6. Proofs of null-controllability and observability of hypoelliptic Fokker-Planck equations posed in weighted L2-spaces
	7. Application: Null-controllability and observability of a chain of two oscillators coupled to two heat baths at each side
	8. Appendix
	References

