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A TEST-SET FOR k-POWER-FREE BINARY MORPHISMS

F. WLAZINSKI!

Abstract. A morphism f is k-power-free if and only if f(w) is
k-power-free whenever w is a k-power-free word. A morphism f is
k-power-free up to m if and only if f(w) is k-power-free whenever w
is a k-power-free word of length at most m. Given an integer k > 2,
we prove that a binary morphism is k-power-free if and only if it is
k-power-free up to k2. This bound becomes linear for primitive mor-
phisms: a binary primitive morphism is k-power-free if and only if it is
k-power-free up to 2k + 1

Mathematics Subject Classification. 68R15.

1. INTRODUCTION

Research on repetition in words has been initiated by Thue [19, 20] (see
also [1,2]). Thue has shown the existence of infinite words over a binary alphabet
without overlap, i.e., without factors of the form zuxuxr where x is a letter and u
is a word. Overlap is one of the elementary patterns with square (uu), cube (uuu)
or, more generally, k-power (u*). Research on avoidable patterns in words is still
active (see for instance [12]).

One way to show the avoidability of a pattern is to generate, by iterating a
morphism, an infinite word that do not contain this pattern. Thue obtained an in-
finite overlap-free word over a two-letter alphabet (called Thue—Morse word since
the works of Morse [14]) by iterating a morphism u (u(a) = ab and u(b) = ba).
Séébold [18] has shown that the Thue-Morse sequence is the only infinite bi-
nary overlap-free sequence starting with a that can be generated by an iterated
morphism. Karhuméki [5] and Richomme and Wlazinski [17] have given charac-
terizations of endomorphisms defined on a binary alphabet that generate infinite
cube-free words.
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Two sufficient conditions for an endomorphism f to generate a k-power-free
word when iteratively applied from a letter x, are that f(x) starts with « and that
f is a k-power-free morphism, that is, the image by f of any k-power-free word is
also k-power-free. In the case of overlap-freeness, Berstel and Séébold [3,18] have
shown that, on a two letter alphabet, endomorphisms that generate overlap-free
words and endomorphisms that preserve the property of overlap-freeness (called
overlap-free morphisms) are the same. This property is no longer true for the
k-power-free endomorphism with k at least 3. Richomme and Wlazinski [17] have
given an example of a morphism that is not cube-free but generates a cube-free
word. For k > 4, one has just to consider the Fibonnaci word: it is 4-power-free
(see [5]) and thus k-power-free for any k > 4, but it is generated by the morphism
¢ (¢(a) = ab and ¢(b) = a) which is not k-power-free since ¢(b*~1a) = a*b.

Many papers deal with the characterization of k-power-free morphisms. For
instance, Crochemore [4] has shown that on a three-letter alphabet, a morphism
is square-free if and only if the images of all square-free words of length at most 5
are square-free. When k is greater than 3, the results are partial. The particular
case of the length-uniform morphisms has been treated by Kerénen [6,7]. Some
characterizations that depend on the length of morphisms have been given by
Leconte [8,9].

In this paper, we are interested in test-sets for k-power-free morphisms. Such
a test-set is a set of words which has the particular property that a morphism is
k-power-free if and only if the image by this morphism of all the words in the set
are k-power-free. In the case of overlap-free endomorphisms on a binary alphabet,
a complete characterization of test-sets for such morphisms has been given by
Richomme and Séébold [15]. We already have test-sets for cube-free morphisms
when the starting alphabet only contains but 2 letters [9,16,17]. We also know [17]
that, given two alphabets A and B such that Card(A) > 3 and Card(B) > 2, and
given an integer k > 3, there is no finite test-set for k-power-free morphisms from
A to B. But the question remained open when Card(A) is 2. We give a positive
answer here.

In our approach, we need to study the notion of primitiveness. Section 3 is
devoted to primitive morphisms with a particular attention to morphisms on bi-
nary alphabet. We revisit a result by Leconte who stated that a binary morphism
which is k-power-free up to @ is primitive. We improve this bound by giving
an optimal one as well as morphisms which show this optimality (Prop. 3.1).

Section 4 contains results on words equations. The properties given in this sec-
tion have their own interest, but, we mainly use them in Section 5 to demonstrate
the main result of this paper (Th. 5.1) a binary primitive morphism is k-power-
free if and only if it is k-power-free up to 2k + 1. Using Proposition 3.1 and
Theorem 5.1, we obtain that a binary morphism is k-power-free if and only if it is
k-power-free up to k2.
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2. DEFINITIONS AND NOTATIONS

In this section, we recall and introduce some basic notions on words and mor-
phisms.

Let A be an alphabet, that is a finite non-empty set of abstract symbols called
letters. The Cardinal of A, i.e., the number of elements of A, is denoted by
Card(A). When Card(A4) = 2, A is called a binary alphabet. A word over A is
a finite sequence of letters from A. We denote by ¢ the empty word. The set of
words over A equipped with the concatenation of words is a free monoid denoted
by A*.

Let u = ajas...a, be a non-empty word over A, with a; € A (1 < i < n).
The number n of letters of u is called its length and is denoted by |u|. The length
of the empty word is |¢| = 0. The mirror image of u, denoted by @, is the word
Qn - .. a2a1. In the particular case of the empty word, € = ¢.

A word u is a factor of a word v if v = vyuvy for some words vy, ve. If v1 =€, u
is a prefix of v. If v3 = ¢, u is a suffix of v. If v # € and vy # €, u is an internal
factor of v.

Let us consider a non-empty word w and its letter-decomposition z; ...x,. For
any integers 4,7, 1 < i < j < n, we denote by w[i...j] the factor z;...z; of w.
We extend this notation when ¢ > j: in this case, w[i...j] = . We abbreviate
wli...i] in w[i]. This notation denotes the i*" letter of w. For an integer k > 2,
we denote by u* the concatenation of k occurrences of the word u; u® = ¢ and
u' = u. A k-power is a word of the form u* with v # . A word w contains a
k-power if at least one of its factors is a k-power. A word is called k-power-free,
if it does not contain any k-power as a factor. A set of k-power-free words is said
k-power-free.

A word w is said primitive if, for any word z, the equality w = z™ implies n = 1.
In particular, the empty word ¢ is not primitive.

The following proposition gives the well-known solutions (see [11]) to three
elementary equations in words and will be widely used in the following sections:

Proposition 2.1. Let A be an alphabet and w, v, w three words over A.

1. If vu = uw and v # € then there exist two words r and s over A and an
integer n such that u=r(sr)", v=rs and w = sr.

2. If vu = uv, then there exists a word w over A and two integers n and p such
that u = w", v = wP.

3. If u™ = v™ for two integers n and m such that (n,m) # (0,0) then there
exist a word t and two integers p and q such that u =1tP and v = t9.

4. Any non-empty word is a power of a unique primitive word.

We also need three other properties on words. The first one is an immediate
consequence of Proposition 2.1(2).

Lemma 2.2. [7,9] If a non-empty word v is an internal factor of vv, i.e., if
there exist two non-empty words x and y such that vv = xvy then there exist a
non-empty word t and two integers i,7 > 1 such that v =t*, y =t/ and v = t'T7.
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The following proposition is a well-known result on combinatorics on words:

Proposition 2.3 (Fine and Wilf). [11,12] Let = and y be two words. If a power
of x and a power of y have a common prefiz of length at least equal to |x| + |y|
—gcd(|z|, ly]) then x and y are powers of the same word.

As a consequence of Proposition 2.3, we get:

Corollary 2.4 (Kerénen). [7] Let x and y be two words. If a power of x and a
power of y have a common factor of length at least equal to |z| + |y| — ged(|x|, |y|)
then there exist two words t1 and to such that x is a power of t1ts and y is a power
of tat1 with t1te and toty primitive words. Furthermore, if |x| > |y| then x is not
primitive.

A morphism f from an alphabet A to another alphabet B is a mapping from
A* to B* such that given any words v and v over A, we have f(uv) = f(u)f(v).
When B = A, f is called an endomorphism on A. When B has no importance,
we say that f is defined on A or that f is a morphism on A (in particular, this
does not mean that f is an endomorphism). A morphism defined on a binary
alphabet is said to be a binary morphism. Observe that for a morphism f on A,
we necessarily get f(¢) = ¢, and f is uniquely defined by the values of f(z) for all
xin A. When A is a binary alphabet, say A = {a, b}, the Fzchange endomorphism
E is defined by E(a) = b and E(b) = a. If X is a set of words, f(X) denotes the
set of all the images of words in X.

A morphism f on A is said k-power-free (resp. primitive) if for every k-power-
free (resp. primitive) word w over A, f(w) is k-power-free (resp. primitive). Given
a morphism /f\gn A, the mirror morphism f of f is defined for all words w over A,
by f(w) = f(@). In particular, f(a) = f(a), Ya € A. Note that f is k-power-free
if and only if f is k-power-free. A morphism f is k-power-free up to m if and only
if f(w) is k-power-free whenever w is a k-power-free word of length at most m.

A morphism f is prefiz (resp. suffiz) if for all letters z,y with x # y, f(x) is
not a prefix (resp. not a suffix) of f(y). A morphism both prefix and suffix is said
biprefiz.

The property of being biprefix is a necessary condition for a morphism to be
k-power-free:

Lemma 2.5. [9] If a morphism is k-power-free up to k + 1, then it is a biprefiz
morphism.

The proofs of the two following lemmas are left to the reader:

Lemma 2.6. Let f be a prefix morphism on an alphabet A, let u and v be words
over A and let p1 and ps be prefizes of images by f of some letters in A. If p;
and py are mon-empty or if p1 and ps are not images of a letter then the equality
fu)pr = f(v)ps implies u=v and p1 = ps.

Lemma 2.7. Let f be a suffix morphism on an alphabet A, let u and v be words
over A and let s1 and so be suffizes of images by f of some letters in A. If s1
and so are non-empty or if s1 and s2 are not images of a letter then the equality
s1f(u) = saf (v) implies u = v and $1 = sa.
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3. PRIMITIVE MORPHISMS

Let (tk)k22 be defined by to = 3, t3 = 4, t; = %2 if £ > 4 is even and ¢

= w + 2 if £ > 5 is odd. Note that, when & > 4, we have t;, = kL%J +
2(k mod 2).

In this section, we prove:
Proposition 3.1. Let k > 2 be an integer. If a binary morphism is k-power-free
up to ty then it is primitive.

This proposition improves the bound w which was given by Leconte in his

Ph.D. Thesis [9] (however, the proof we make is similar to his proof). Moreover,
the bounds t; are optimal. Indeed, in what follows, we give for each integer k > 2
a non-primitive morphism fj and a shortest k-power-free word u such that fi(u)

contains a k-power. In each case, we have |u| = t.
e fo(a) = a,f2(b) = ¢ and u = aba.

e f3(a) = a,f3(b) = baab and u = baab.
o If k>4 and k even, fi(a) = a, fr(b) = ba*~'b and u = (ba*~1)*/2,
e If k > 5 and k odd, fi(a) = aba, fi(b) = ba(aba)*~3ab

and u = (ba®—1)(F=1)/2pq,
The proof of Proposition 3.1 is based on a previous result due to Lentin and

Schiitzenberger:
Lemma 3.2. [10] A morphism f on {a,b} is primitive if and only if f(w) is
primitive for all words w € a*b U ab*.

Proof of Proposition 3.1. For an integer k > 2, let F; be the set of all the k-power-
free words over {a, b} of length at most t.

By contradiction, assume that f is not primitive. We are going to show that
the image of at least one word in F; contains a k-power.

By Lemma 3.2, there exist a non-empty word u, an integer ¢ > 0 and an integer
n > 2 such that f(a%b) = u™ or f(ab?) = u™.

But f(ab?) is the mirror image of (f o E)(a9b) and (f o E)(F,) k-power-free is
equivalent to f(Fy) k-power-free. So, f(ab?) = u™ implies that f(F}i) contains a
k-power is equivalent to f(a?b) = u™ implies f(F1) contains a k-power: we may
assume that f(a?b) = u™ without loss of generality.

If g=0or f(a) =¢, f(b2]) contains a k-power and b/2] € F. Thus we may
assume ¢ > 1 and f(a) # e.

Now, if | f(a9)| > |f(a)| + |u| then, by Proposition 2.3, f(a) and u are powers
of the same word. This implies that f(a) and f(b) are powers of the same word:
f is not biprefix. Since Fj contains all the k-power-free words of length at most
k+ 1 and by Lemma 2.5, the image of at least one word in F} contains a k-power.

Thus, we may assume |f(a?)| < |f(a)|+]|u|. We get [f(a?™h)| < |ul, i.e., f(a?™!)
is a prefix of u. On the other hand, [u"~t| = |f(a?)|+ |f(b)| — |u| < |f(ab)|. Thus
u™ 1 is a suffix of f(ab). Three different cases may occur:

Case 1. g>k

Since f(a?71) is a factor of u itself a factor of f(ab), thus f(ab) contains f(a)*

as factor and ab € Fj.
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Case 2. g=k

Let us consider two cases |f(a?)| < |u| and |f(a?)| > |u|. In the first case,
since f(a?b) = u”, f(a)* is a factor of u itself a factor of f(ab) with ab € F}.
In the second case, |f(a*~1)| < |u| < |f(a¥)| and there exist three words v,
vy and w3 such that f(a) = vive, u = f(a* 1)v; = vovz and f(b) = vsu" 2.
Since k > 2, we can define p as the prefix of vs such that vivs = vep. We get
flaba) = v1v2v3(vav3)" " 2v1v9 = v1(v2v3)" 2vav3v1ve = ViU 2(f(a))FLvrvep
= viu""2(f(a))*p with aba € Fy.

Case 3. g<k
Let us consider three subcases: k even, k odd with k& > 5 and k = 3. If k is
even f((a%)3) = u™* with 2& > k and (a%)% € Fy. If k is odd with k > 5, let

us recall that u™~1 is a suffix of f(ab). Thus f(ab(aqb)%)) contains u"~ 1+
with n — 1 + @ > k and ab(aqb)% € Fi. If k = 3, let us recall that

f(a%) = u™ with ¢ € {1,2}, n > 2 and |u"~!| < |f(ab)|. If n > 3, f(a%) contains
a 3-power and a?b € Fy. If ¢ = 1 and n = 2, f(abab) = u* and abab € Fy. If
n=2,q=2and |ul <|f(®)|, f(b) ends with u, thus f(baab) ends with u® with
baab € Fy. Thus it remains the case n = 2, ¢ = 2 and |f(b)| < |u] < |f(ab)|.
There exist two words o and ag such that f(a) = a1, u = a1aza; = as f(b).
Let p be the prefix of f(b) such that ajas = agp. We have f(b) = pay and
f(bab) = pajajaspar = p(ar)3asa; with bab € F. O

4. EQUATIONS

In this section, we extend the result of Proposition 2.1(1) to an arbitrary number
of equations.

Proposition 4.1. Let x1,22, - ,Zp, Y1,Y2, -+ , Yp, & be 2p+1 words (p > 2) such
that y1 =z, =€ and || > |yp| > |yp—1] > -+ > |y1].

If ziayr = xaays = -+ = zpayy, then there exist two words r, s and two
integers m,n > p — 1 such that rs # ¢, 1 = (rs)™, yp = (sr)™ and o = (rs)"r.

The situation described in this proposition can be summed up by Figure 1.

Proof. The proof of this proposition is done by induction.

If p = 2, we are in the situation of Proposition 2.1(1). So, we have m =1 and
n > 1 since |a| > |y2|. We also have rs # ¢ since |rs| = |y2| > |y1| =0

Assume that this property is true up to an order p — 1 > 2 and that xyay,
Toqy2, -+, Tpayp are p equal words such that y1 = z, = ¢ and |a| > |yp
> |yp—1| > -+ > |y1|. If we take out the common prefix z,_; from each words
Tq0Yq, 1 < ¢ < p—1, we are in the situation of the hypotheses of the induction.
Thus there exist two words r and s and two integers m,n > p — 2 > 1 such that
rs # €, Yp—1 = (sr)", a = (rs)"r and = (rs)™ where z is the word such that
Tl = Tp_1Z.

The equality x,_1ay,—1 = oy, implies that there exists a word y such that
Yp = Yyp—1 and xp_1a = ay. By Proposition 2.1(1), there exist two words u
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FIGURE 1. Induction cases.

and v and an integer [ such that x,_1 = wv, y = vu and o = (uv)lu. Since
|| > |zp=1]| > |xp| =0, we have [ > 1 and uv # «.

An important fact is that « is a common prefix of (rs)"*! and (uv)*! of length
greater than |uv| + |rs|. Indeed |a| > |z1]| = |xp—12| = |uv(rs)™| > |uv| + |rs|.

Thus, by Proposition 2.3, there exist a word ¢ and two integers n; and ny such
that rs = t™ and wv = t"2. Since rs # € and uv # €, we have ni,ny > 1 and
t#e.

Moreover o = (™ )"r = (¢"2)!u. Since 7 and u are both prefixes of a power of
t, there exist two words t1, to and two integers ng, ny such that t = t1to, 7 = t"™3¢q,
u = t™t;. Consequently, s = tot™ ™~ and v = tyt"™2 ™1 Tt follows that
1 = Tp_1x = wo(rs)™ = (t1ta)"2 ™My, = yy,—1 = vu(sr)™ = (taty)"2 T
and a = (rs)"r = (t1t2)"™*"3¢;. Observe that |a| > |z1| implies nny + ng
> ng + mny. This ends the proof since no + mny >m+1>p—1. ]

When we are working with equations on words, they are not necessarily ordered
by the length of some of their components. Consequently, the hypotheses and
conclusions of the previous proposition are not sufficient. So we generalize the
previous result by the two following corollaries. The proof of the first corollary is
an immediate consequence of Proposition 4.1: it is done by ordering the terms in
an increasing way.

Corollary 4.2. Let x1,%2, -+ ,Zp,Y1,Y2," * ,Yp, & be 2p+ 1 words (p > 2) veri-
fying |yi| # |y;| when @ # j and |y;| < |a| (V1 < 14,5 < p) and such that y;, = ¢
and xz;, = € for some different integers i1 and iy between 1 and p.

If zioy1 = xoay2 = -+ = xpayy, then there exist two words r, s and two
integers m,n > p — 1 such that rs # €, x;;, = (r8)™, yi, = (7)™ and o = (rs)"r.

Corollary 4.3. Let 21,2, -+ ,Zp,Y1,Y2, "+ , Yp; Yp+1, ¢ be 2p + 2 words (p > 2)
verifying |y;| # |y;| when i # j and |y;| < o] (V1 <4,j < p+1) and such that
Yi, = € and z;, = € for some different integers i1 and iz between 1 and p. Let ag
be a suffix of .
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If viayr = zoays = -+ = Tpayy = Yp+1, then there exist two words v, s and
three integers n,q > p and m > p — 1 such that rs # ¢, x;, = (rs)™, Yp+1 = (s1)¢
and a = (rs)™r.

Proof. By Corollary 4.2, there exist two words r and s and two integers m,n > p—1
such that rs # e, z;, = (rs)™, yi, = (sr)™ and a = r(sr)".

By hypotheses, |a| > |ag| > |7;,|. Thus we have ag = v(sr)* where v is a suffix
of sr and k is an integer with p — 1 < k < n. We also have ay;, = (rs)""r.

If v =r then k < n and r(sr)*ypr1 = aoypr1 = ayi, = r(sr)"™. We have
Ypt1 = (sr)" ™™ F and n+m —k > m+1 > p. Since |y,41] < |af, we also get
n>p.

If |v| < |r| then r = uwv for a non-empty word u. Using the prefix of length |rs|
of the word x;, @ = agyp+1, we obtain u(vs) = (vs)u. By Proposition 2.1(2), u and
vs are powers of the same word. If vs = ¢, rkypﬂ = apypt1 = ay;, = rotmrL
We have ypr1 = r" ™ 1"F and n+m+1—k >m+1 > p. Since |yp+1]| < |a/,
we also get n > p. Now, assume vs non-empty. Since u is non-empty, there exist
two words t1, to and three integers 4,5 > 1 and | > 0 such that u = (t1t2)?,
VS = (tth)j, rs = (tth)H_j and v = (tth)ltl, r = (tltg)i+lt1, s = tg(tltg)j_l_l.
Thus ypi1 = (taty) =R g = (t182)™0) | o = (tyt)"HD Ty and
each power is greater than p(> 2).

If [u| > |r| then k < n, v = ur and s = wu for some words v and w. From
T, = 0Yp+1, we get (rw)u = rs = u(rw). This case can be solved as the
previous one. O

5. TEST-SETS

This section is devoted to the following theorem, its consequences and its proof:

Theorem 5.1. Let k > 2 be an integer. A binary primitive morphism f is
k-power-free if and only if it is k-power-free up to 2k + 1.

The only seven square-free (i.e., 2-power-free) words over {a, b} are ¢, a, b, ab,
ba, aba and bab, each length being at most 3. Thus actually, a binary morphism
(primitive or not) is square-free if and only if it is square-free up to 3.

The case k = 3 was already treated in [9,16,17]. Thus, we are only interested
in the case k > 4 and our proof is given for this case.

The bound given in Theorem 5.1 is optimal for any integer k > 3 as we can see
using the morphism f; defined by:

{ fr(a) = z(zybF~toybb—lz)F—1zy,
fr(b) =b.
In [17], it is shown that, for a word w, the word fj(w) contains a k-power if and
only if w contains ab*~1ab*~'a as a factor. Using Lemma 3.2, we can see that f
is primitive.

As we have previously noticed when k = 2 and as an immediate consequence of
Proposition 3.1 and Theorem 5.1 when k > 3, we get:
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Corollary 5.2. Let k > 2 be an integer. A binary morphism is k-power-free if it
is k-power-free up to t) withth =3, t5=7,t) =9 and t; =t when k > 5.

If we want a more general bound, we can see for instance:

Corollary 5.3. Let k > 2 be an integer and let f be a binary morphism. If f is
k-power-free up to k? then f is k-power-free.

From an algorithmic point of view, Corollary 5.2 provides a method to verify the
k-power-freeness of a given binary morphism. This can also be done in an other
way. We can first establish whether the morphism is primitive (see [10,13]). After
that, we have to determine if it is k-power-free that is to verify the k-power-freeness
of the images of words whose lengths grow linearly with k.

Proof of Theorem 5.1. Let us first recall that the case k = 2 is trivial and that the
case k = 3 was already treated in [9,16,17].

Let £ > 4 be an integer. By definition of k-power-free morphisms, we only have
to prove the “if” part of Theorem 5.1.

Let f be a primitive morphism on {a,b}. We assume:

Assumption 1. f is k-power-free up to 2k + 1
Assumption 2. f is not k-power-free.

Note that, by Lemma 2.5 and Assumption 1, since 2k + 1 > k + 1, we have f
biprefix.

We are going to show that the two assumptions above are contradictory. For
this, by successive contradictions, we will reduce the field of investigation. We
end by a final contradiction. We alternate steps of reduction and definitions that
describe the combinatoric situation in which we are.

Preliminary definitions

By Assumption 2, there exists a shortest k-power-free word w (not necessarily
unique) such that f(w) contains a k-power u* with u # . First, note that |w|
> 2k + 2 by Assumption 1. Moreover, since the length of w is minimal, we may
assume that f(w) = mu*o where 7 is a prefix of f(w[1]) different from f(w[1]) and
o is a suffix of f(w[|w|]) different from f(w[|w|]).

Reduction 1. |u| > max{|f(a)|,|f(D)|}.

Since |w| > 2k + 2, we have |w[2...n —1]| > 2k. Since w is k-power-free, it
follows that w[2...n — 1] contains at least two occurrences of the letter a. That
is w[2...n — 1] contains a factor of the form ab’a for some integer j > 0. Thus
f(ab’a) is a common factor of (f(ab’?))? and of u*. If |f(a)| > |ul, |f(aba)]
= |f(ab?)| + |f(a)| > |f(ab’)| + |u|. By Corollary 2.4, f(ab’) is not primitive, i.e.,
f is not primitive: a contradiction.

Thus |f(a)] < |u|. Another consequence of |w[2...n — 1]| > 2k is that ab or
ba is a factor of w[2...n — 1]. Consequently, f(ab) or f(ba) is a factor of u¥. If
|f(a)] = |ul, there exist two words u; and ug such that u = ujus and f(a) = usus.
Moreover f(b) is a prefix of ugu! or a suffix of ulu; for an integer I > 0. This
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implies that f is not a biprefix morphism: a contradiction. We get |f(a)| < |u].
In the same way, we obtain |f(b)| < |ul.

Intermediate definitions

For each integer j with 0 < j < k, we define ¢; as the smallest integer such
that |f(w[l...4;])] > |7u?|. In particular, we have ip = 1 and iy = |w|. By
Reduction 1, we have 1 =iy < i1 < ig < -+ < ig_1 < i = |w|. For any integer ¢
with 0 < ¢ < k, there exist some words p, and s, such that f(w[ig]) = pysq and,
forall 1 < ¢ <k, u=sq_1f(wlig—1 +1...iq — 1])pg with p, # € (by definition of
iq). Furthermore sg # ¢, po = 7 and s = 0.

The previous situation can be summed up by Figure 2.

fwliol) fwlis]) fwli]) Fwlica1) fwliy1)
—— —— —— —— —
RS RS LY Rt S RS
fw) = —— o v o o
| —
u u u
uk

FIGURE 2. Decomposition of a k-power.

Reduction 2. |p;| # |pn| for all integers 1 <1 < m < k and |s;| # |sm]| for all
integers 0 <l <m < k—1.

Let us first remark that |s;| = |s;| for two integers 0 < I;m < k — 1 im-
plies that |pj+1| = [pm+1| (the converse also holds). Indeed, we know that u =
sif(wlip + 1. i1 — 1)pivr = Smf(Wlin + 1. ci41 — 1])Pmy1. Since f s
biprefix and by Lemma 2.6, we get that p;4+1 = pmy1-

Thus, we only have to prove that |p;| # |pm| for all integers 1 <1 < m < k.
By contradiction, assume that there exist two integers | and m such that 1 <1 <
m < k and |p;| = |pm|, i.e., pi = Pm.

We first show that we can assume m =1+ 1.

Since i < iy, W[i; . ..im — 1] # . By Proposition 2.1(4), there exist a unique
primitive word z and an integer go > 1 such that wli;...i, — 1] = 2%°. Let v be
the word such that u = vp;. We have u™~! = s;f(w[i; +1...im — 1])pm and so
(pv)™t = f(wliy...im —1]) = f(2)% with m — > 1. By Proposition 2.1(3),
f(2) and p;v are powers of the same word. Since f is primitive, f(z) is a primitive
word. This implies that -2 is an integer and pjv = f(2)®/m™=t Let us denote
t = z9/m=l We have f(wli;...i141 — 1))piy1 = pu = popr = f(t)p. Since
pi+1 # € and p; # €, by Lemma 2.6, pi41 = pr.

Thus for an integer I, 1 <1 < k, p; = pi4+1. We will now show that for any integer
r such that 1 < r <[, we necessarily have p,. = p;. By contradiction, assume that
there exist an integer r verifying 1 < r < [ and p, # p;. Since p; = pi41,
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we can choose r such that p,11 = pry2 = pi. We get s, f(wli, +1...40.41 —1])
= Spq1f(wliry1 +1... 442 —1]). Since s, # f(w[iy]) and $p41 # f(wlir+1]), by
Lemma 2.7, we get s, = s,41. But one of the two different words p, or p,41 is a
suffix of the other. Thus one of the two different words f(w[i,]) or f(w[ir4+1]) is a
suffix of the other: a contradiction with f biprefix.

In a similar way, we can prove that p, = p; for all integer r such that [ + 1
<r<k.

Thus we have p, = p;foralll <r < k. Sinceu = sq—1 f(wlig—1 +1...i4 — 1])pq
for all 1 < ¢ < k and f biprefix, by Lemma 2.7, we get that sq, 1 = 54,1 and
Wlig—1+1..dg — 1] =wligy_1+1...9g, — 1] forall 1 <gqi,q2o <k —1.

It follows that w = wlig)(w[io + 1...41])* twlig + 1...4; — 1Jw[ix]. Conse-
quently, since w is k-power-free, we have w[ix] # w[i1] and w[ig] # w[i1]. Thus the
word  wlig](wi1])* 1wlix] is k-power-free. But  f(wlio](wli1])* twlix])
= po(sop1)¥sk with p1 # € and |w[io](w[i1])*~twlir]| < 2k + 1: a contradiction
with Assumption 1.

Intermediate definitions

Let us now consider two sets: I, = {0 < r < k | w[iy] = a} and I, = {0 <
r < k| wli,] = b}. We have max{Card(l,),Card(l;)} > [£51]. Without loss of
generality, we may assume Card(l,) > Card(l,). Indeed, the proof of the case
Card(ly) > Card(l,) is obtained by exchanging the roles of a and b.

Reduction 3. Card(l,) < &£

Let r1 be the integer in I, such that |s,,| = max{|s,| | 7 € I,} and ro be the
integer in I, such that |p,,| = max{|p,| | r € I,}. Let us remark that |s,,| < |u]
and |pr,| < |u]. For all 1 < ¢ <k, we have u = sq_1 f(wlig—1 +1...i3 — 1])pq.
Thus, for all j € I,, there exist two words x; and y; such that z;p; = p,, and
5jY; = Sy,. We have y,, =¢, z,, = €.

Since f(a) = pjs;, all the Card(1,) (> 2) terms of the form x; f(a)y; are equal.
Moreover, they fulfill assumptions of Corollary 4.2 with & = f(a). Thus there exist
two words r, s and two integers m,n > Card(l,)—1 such that rs # ¢, x,, = (rs)™,
U, = (s7)™ and f(a) = (rs)"r.

But z,, is a suffix of s, _1 f(w[ir,—1 +1...%r, —1]) and we have |z,,| < |f(a)],
thus z,, is a suffix of the image of a k-power-free word ablt with 0 < I; < k.
In the same way, ¥, is a prefix of the image of a k-power-free word b'2a with
0 <l < k. Thus |ab1ab2a| < 2k + 1 and f(abrab2a) contains (rs)?™*+" with
2m+n > 3 x Card(I,) — 3. When 3 x Card(l,) — 3 > k, we obtain a contradiction
with Assumption 1.

Reduction 4. k =4 and Card(I,) = 2.

Since Card(l,) > [£51], Reduction 3 implies that only three cases are possible:
k =7 with Card(l,) = 3, k = 5 with Card(l,) = 2 and k = 4 with Card(l,) = 2.
We are going to show that the first two cases lead to a contradiction.

In these cases, we have Card(l,) = Card(lp) > 2. Once again, a and b play

symmetrical roles. Without loss of generality, we may assume min{|p;| | i € I}
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> min{|p;| | ¢ € I}. For i € I,, let X; be the word such that X;p; is the suffix of
u of length M; = max{|p;| | i € I,} and let Y; be the word such that s;Y; is the
prefix of w of length My = max{|s;| | i € I,}. Of course, there are two different
integers j1 and js in I, such that |p;,| = M; and |sj,| = M. That is X;, = ¢ and
Y;, ==

Now, let j be the integer in I, such that |p;| = min{|p;| | ¢ € I;}. For any {
in Iy \ {4}, |;| > |pj| and |s;| < |s;|. Since p; and f(w[i; — 1])p; are suffixes of
uwu and since s; and s; are prefixes of w, if w[i; — 1] = b, then f(b) = pis; is an
internal factor of f(w[i; — 1])p;s; = f(bb). By Lemma 2.2, f(b) is not primitive:
a contradiction with f primitive.

Thus wli; — 1] = a. Moreover, by definition of j, there exists a word ag such
that aop; is the suffix of u of length M;. Since |ao| < M1 < |f(a)|, ap is a suffix
of f(a). The word agpjsj, equals any of the Card(l,) words X;p;s;Y; = X;f(a)Y;
where i € I,.

For i € I,, |s;| < |sj,|- It follows that |p;| > |pj,|, i.e. |pj,| = min{|p;| | i € I}
Consequently |X;| < |X,,| and |p;s;,| < [pj»8j.] = |f(a)|. By Corollary 4.3, there
exist two words r and s and three integers n,q > Card(l,) and m > Card(l,) — 1
such that rs # ¢, X;, = (rs)™, pjs;, = (sr)? and f(a) = (rs)"r.

The word X, is a suffix of the k-power-free word f(w[l...4;, — 1]). Moreover
|X,,] < My < |f(a)]: there exists an integer ny < k such that X, is a suffix
of f(ab™). The word p;s;, is a prefix of the k-power-free word f(wli; ... |w|]).
Since |p;sj,| < |f(a)|, there exists an integer no < k such that p;s;, is a prefix of
f(b™2a). Let z = ab™ab™a. We have |z| < 2k + 1 and f(z) contains (rs)™ "4,
Since m +n +¢q > 3 x Card(l,) — 1 > 2 x Card({,) + 1 = k, f(z) contains a
k-power: a contradiction with Assumption 1.

Intermediate definitions
According to Reduction 4, k = 4 and Card(I,) = 2. So Card(l;) = 1. Let us
call j1, j2 and js the integers such that I, = {j1,j2}, Iy = {43} and |p;,| > |pj |-
Since u = sq—1f(wWlig—1 +1...iq — 1])pq for all 1 < ¢ < 4, we will work with
three equal terms of the form wu (see Fig. 3).

u

%1_1 f( V\[ ji1—1+1 - Jli_l ] )
§,-1 (v jip#1.F1])

1 fOW i1 jF1]) b, 9,

pll %1 | f(W[ ij1+1" j1+1_1 ]%p'l

FWLi,+1 . jea-1 ])ps

FOW[i,+1. jea-1 ] )ps

FicURE 3. Equations.

In what follows, we will very often have to use some of the prefixes of the equal-
ities w = s, f(w(ij, + 1. 5,41 — 1)pji+1 = s f(wligy, + 1. i1 — 1pjoyr =
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sjsf(wlijs +1.. . 45,41 — 1])pjs+1 as well as some of the suffixes of the equali-
ties u = s, 1 f(wlij, 1 + 1.5 = 1)pj, = s f(wlige—1+1...45, —1])pj, =
Sjs—1.f (Wlijs—1 + 1. 55 — 1])pj,.

Since [pj,| > |pj, |, let = be the word such that zp;, = p;,. We know that z is
a suffix of s;, 1 f(w[ij,—1 +1...3;, —1]) and |z| < |f(a)|, thus z is a suffix of the
image of a 4-power-free word of the form ab'® with 0 < I3 < 4. In the same way,
let y be the word such that s;, = s;,y: y is a prefix of the image of a 4-power-
free word of the form b*a with 0 < I; < 4. Thus we have |ab®abl*a| < 9 and
zf(a) = xpj, $j, = Pj»Siy = f(a)y. Thus, by Proposition 2.1(1), there exist two
words 7 and s and an integer i such that rs # ¢, x = rs, y = sr and f(a) = (rs)r.
Since |z| < |pj,| < |f(a)|, we have i > 1.

Reduction 5. i =1, r # ¢ and s # e.

If i > 2, we have |ab3ab™a| < 9 and f(ab3ab™a) contains zf(a)y and thus
(rs)*: a contradiction with Assumption 1. Thus i = 1. Since f(a) = rsr, z = rs
and |z| < |f(a)|, we get r # €. Since f is primitive, we have s # €.

2 (resp. of (sr)?).

Reduction 6. rs (resp. sr) is not an internal factor of (rs)
For instance, if rs is an internal factor of (rs)?, by Lemma 2.2, rs = t% for
a non-empty word ¢ and an integer ip > 2. We have |ab'*a| < 9 and f(ab®a)

contains (rs)? and thus t*: a contradiction with Assumption 1.

Reduction 7. w[i;, —1] = b and wij, + 1] =b.
If wlij, —1] = a or wlij, +1] = a, f(a) is an internal factor of f(a)f(a). By
Lemma 2.2, f(a) is not primitive: a contradiction with f primitive.

Reduction 8. |f(b)| > |sr|.

In the case | f(b)| = |sr|, we have rs = x = f(b): a contradiction with f biprefix.

Let us assume that |f(b)| < |sr|. We have |sj,| > |y| = |sr| > |f(D)| > |sj,|. Let
z be the word such that s;, = sj,2: z is a prefix of f(w(ij; +1... 405541 — 1])Pjs+1-
Since |z| < |f(a)|, z is a prefix of a 4-power-free word of the form f(b'sa) for an
integer 0 <5 < 4.

If |5j3f(bl5)| 2 |5j2f(b)|7 5j2f(w[ij2 + 1]) = 5j2f(b) is a prefix of Sjsf(bls)' We
have |sj,| < |f(b)| and sj, # sj,. Two cases are possible: f(b) is a suffix of s,
or f(b) is an internal factor of f(b)f(b). The first case is in contradiction with
f biprefix. By Lemma 2.2, the second case implies that f(b) is not primitive: a
contradiction with f primitive.

Thus [sj, f(B%)] < |s;, /(). Since [fB)] < [srl, Iss f6)] < |sg,|. There
exists a prefix o/ of f(a) such that z = f(b%)a’. Note that |s;,| = |s;, f(b!5)/|
< |85, f(b)d|, so |f(b)a'| > |sj, | — |sj,| = |rs|. Consequently, the suffix sr of s;,
is a suffix of f(b)o/. Since w[i;, — 1] = b, f(b) is a suffix of z = rs. From o’
prefix of f(a) = rsr, it follows that sr is a factor of (rs)?r. If o/ # r, sr is an
internal factor of (sr)?: a contradiction with Reduction 6. Thus o/ = r. From
rsrsr = rsf(a) = xpj, sjy = Pj»sjs f(b)r, we get pj, s, f(b'®) = rsrs. Moreover
DirSjs f(019) is a suffix of w([l...i;, + I5] which is 4-power-free. We have wli;,] = b
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and |pj,| < |f(a)|. Thus there exists an integer lg > 0 verifying l5+1s < 4 and such
that (rs)? is a suffix of f(ablsT!¢). We have |abl>tleablea| < 9 and f(abl>Hsabsa)
contains (rs)*: a contradiction with Assumption 1.

Reduction 9. [sj,| > |s,|.

By Reduction 2, |sj,| # |sj,|. Let us assume that |sj,| < |sj,|. Since w[i;, — 1]
=band |f(b)| > |rs|, the word x = rs is a suffix of f(b). Let z be the word such
that s;, = s;,2. We have |z| < |s;,| < |f(a)| = |rsr|. The word rsz is a suffix of
f(b)z = pj,sj,z. Furthermore |pj,| > |z| = |rs|. Since p;, and pj, are both suffixes
of u, 7sz is a suffix of pj,s;,2 = xp;, 55, = vf(a) = (rs)?r.

If 2 # r, rs is an internal factor of (rs)?: a contradiction with Reduction 6.

If 2z =7, pj,sj, = (rs)? is a suffix of w[l...i;,]. Since wlij,] = b, |f(D)]
> |sr| and |f(a)| > |sr|, (rs)? is a suffix of f(ab) or of f(bb). Thus f(bbaba) or
f(ababia) contains (rs)? f(a)y and so (rs)*. But |bbabia| < 9 and |abablia| < 9:
a contradiction with Assumption 1.

Reduction 10. |pj;,| > |pj,|.

When |p;,| < |pj,|, beginning with w[i;, +1] = b and considering prefixes
instead of suffixes, by a proof similar to Reduction 9, we get that f(ab'3aba) or
f(ab'3abb) contains (sr)* with |ababal < 9 and |ab’abb| < 9.

Intermediate definitions

We have |f(b)| > |pj,8;,| = |rsrsr|.

Let z1 be the word such that z1p;, = pj,. We have |z1] < |f(b)| and z is a
suffix of s;,—1 f(w[ij,—1 +1...4;, —1]). Thus 2z is a suffix of a word of the form
f(ba'7) for an integer 0 < I < 3. Let 23 be the word such that Sj, %2 = Sj,. We
have |z2| < |f(b)] and 23 is a prefix of f(w[i;;, +1...%5,+1 — 1])pj;+1. Thus 22 is
a prefix of a word of the form f(a’sb) for an integer 0 < Ig < 3.

Let 81 and (2 be the non-empty words such that s;,51 = s;, and pj, = Bapj, -
We have f(b) = 52pj18j251' Since Pj182 8T = PjiSjY = PjSjn = f(a) =T8T,
we have pj,s;, = r and f(b) = forfi. Now, observe that 8; is a prefix of
f(wlij, +1...Jw]]). Since wij, +1] = b, Bi is a prefix of f(b). In a similar
way, since O is a suffix of f(w[l...4;, —1]) and since w[ij, — 1] = b, B is a suffix
of f(b).

It follows that there exists a word [y such that f(b) = 818002

Note that 01 = yzo = srze and (s = z12 = 217s.

Reduction 11. |81] < |r| + |B2| and |B2] < |r| + |B1]-

If |81 = |r| + |B2], then B; = Bor and f(b) = (B1)?: a contradiction with f
primitive.

If |61] > |r| + |B=2|, by Proposition 2.1(1), the equality (B2r)B1 = £1(Bof2)
implies that there exist two words v, v3 and an integer j > 1 such that Gor = vvg,
B1 = (vive)vy and Bofa = vavs.
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We have |ba'"ab| < 9 and f(ba'7ab) contains the word zi f(ab) = z1pj,s;, f(b)
= pjySjo f(b) = Bapj, 54, f(b) = BorBriBofe = (viv2)? T2, If j > 2, we get a contra-
diction with Assumption 1. Thus we may assume j = 1.

Note that (8 starts with y = sr and with v.

If |u1| < |sr|, v1 is a prefix of sr. We also have that rsr is a suffix of for = vivs.
If v1 = s, vivevy ends with (rs)? and f(bab) contains (rs)*. If vy # s, since
(1 = v1vvy ends with rsrvy and also with (s thus with rs, we obtain that rs is
an internal factor of (rs)?: a contradiction with Reduction 6.

Thus |v1| > |sr|. Since we have |u| > |f(b)|, we can consider the prefix vy of
flwlijs +1.. . 45,41 — 1])pjs+1 of length |f(b)] — |sj,], d.e., sjv0 is the prefix of
u of length |f(b)|. There exists an integer 0 < lg < 4 such that vy is a prefix
of a word of the form f(a'b). Since s;,vg is a prefix of sj, f(w[ij,+1]) = sj,f(b)
= 8j,010082 = 55,5002, vo is a prefix of fofa = vavi. We have | f ()| = |Bapy, 54,51
= [sjsvo| = [sj,f1vol. Thus |vo| = [Bapj, | = [B2pjisj| — [s5] = [Bor] = [s5] =
[viva| — |85, > |sr| + |va| — |84, = [s] + |pj, | + |va] > |v2|. So vo starts with vs.
We have |ba'"aba'?b| < 9 and f(ba'7aba!®b) contains 21 f(ab)vg = zirsrf(b)vg =
Bar f(b)vg = (v1v2)3v1ve which contains (vivs)*: a contraction with Assumption 1.

The cases |01] < |r| + |B2] and |B2| < |r| 4 |F1] are symmetrical. In the same
way that the case |81] < |r| + |B2|, considering suffixes instead of prefixes and
prefixes instead of suffixes, the case |B2] < |r| + |31] leads to a contradiction with
the assumptions.

Reduction 12. |31] # |32].

If |B1| = |Ba|, z1rs = P2 = (1 = srze and By = r that is f(b) = Sirfa
= zyrsrzirs. Let us recall that z; is a suffix of a word of the form f(ba!7) for an
integer 0 < Iy < 3. Thus f(ba'7ab) has (z17sr)?rs as suffix. We have |u| > |f(b)|
> |Ba| + [sjsl > |r| + |sjs] = |s217]-

Since w(ij, + 1] = b and since r is a prefix of f(b), s;, 017 is a prefix of u. Since
8, P11 = 8j, 81291 = Sj, 21, u = Sj, f(wi;, +1...45,41 — 1])pj;+1 and wij, ] = a,
zor 18 a prefix of a word of the form f(allob) for an integer 0 < l19 < 3. It follows
that f(ba'”abaa'1°b) contains (z17sr)%217srsrzer = (21757)*: a contradiction with
Assumption 1 since |ba'abaa'ob| < 9.

Final Contradiction

If |Ba] < |Bi]| < |r| + |B2], since B180B2 = Barf1, we have 31 = [ar’ for a non-
empty prefix v’ of r different from r. Let us recall that rs is both a suffix of 35
and of 3. It follows that rsr’ has rs as a suffix, that is, rs is an internal factor of
(rs)?: a contradiction with Reduction 6.

The case |B1] < |B2] < |r| + |F1] is symmetrical to the case |B2| < |Bi]
< |r|+|B2] and leads to a final contradiction considering suffixes instead of prefixes
and prefixes instead of suffixes.
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