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UNDECIDABILITY OF THE EQUIVALENCE
OF FINITE SUBSTITUTIONS ON REGULAR LANGUAGE

VESA HALAVA1 AND TERO HARJU2

Abstract. A simplifiée! proof is given for the following resuit due
to Lisovik: it is undecidable for two given £-free finite substitutions,
whether they are equivalent on the regülar language ö{0, l}*c.

1. INTRODUCTION

We give a simplified proof for the resuit due to Lisovik [4]. We also present an
undecidability result considering whether a periodic morphism is included in finite
substitution on regular language.

Let E and A be two finite alphabets and dénote by e the empty word.
A mapping ip : £* -> 2A*, where 2A* dénotes the power set of A*, is called
substitution if

1. <p(e) = {e} and
2. ip(xy) = <p(x)<p(y) for all x and y in E*.

These conditions mean that a substitution is a monoid morphism from S* into
2A*. A substitution ip is called e-free if e £ (p(a) for all a G S, and finite if, for
all a G S, the set <p(a) is a finite subset of A*.

Let L Ç S* be a language. Two substitutions </?,£ : £* —> 2A* are equivalent
on L if for ail w E L, ip(w) = £(w).

We shall concentrate on e-free finite substitutions and prove that the
équivalence of two such substitutions on the regular language fr{0, l}*c is un-
decidable. The undecidability of the équivalence problem is not trivial, since it
is known that there are decidable special cases. For example, for finite prefix
substitutions the équivalence problem on regular language is known to be
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decidable, see Karhumaki [2], This follows from the fact that the monoid of all
prefix codes is free and from the pumping property of regular languages.

There also exists some other undecidability results on e-free finit e substitutions,
see Turakainen [5].

In the undecidability proofs we use the undecidability of the universe problem
for the integer weighted finite automata.

Consider a (nondeterministic) finite automaton A = (Q,S,5, #o) without final
states with the states Q, the alphabet E, the transition function 6: Q x E -> 2®,
and the initial state go- A transition p £ <5(ç, a), where q,p 6 Q and a e S , will
also be written as (g, a,p) (in which case K Q x S x Q i s regarded as a relation
and sometimes also as an alphabet). Note that we allow only transitions that read
a single letter.

Let (Z, +, 0) be the additive group of integer s. An integer weighted finite
automaton A1 consists of a finite automaton A as above, and a weight function
7 : ö —> Z of the transitions. To simplify the notation, we will write

for each transition t = (q} a,p) G Ô.
Let 7T = tot\ .. ,tn be a path of *4, where U = (çi,ûi,Çi+i) for 0 < i < n — 1.

Define a morphism || • || : Ö* —>• E* by setting \\(q, a,_p)|| = a. The weight of the
path 7T is the element

Further, we let L(AJ) = ||^~:t(0)j|, that is

= {weE*\w= ||7T||, 7(7T) = 0} ,

be the language accepted by A1'. In other words, a word IÜ e S* is accepted by X7

if there is a path t reading w and having the weight 0. An integer weighted finite
automata is denoted by FA(Z).

Next lemma is from [1].

Lemma 1.1. The universe problem, asking whether L(A7) is the universal
language E*; is undecidable.

Actually, in [1] it was proved that the universe problem is undecidable for
a rather restricted type of 4-state integer weighted finite automata, if we allow
transitions to have finitely many different weights ie., 7 is a function from ö
into 2Z.

We note that the model of finite automata defined above is closely related to
the counter automata. In our model the counter is replaced by a weight function
of the transitions, and while doing so, the finite automaton becomes independent
of the counter.
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The next corollary follows from Lemma 1.1. We shall use it in the proof of the
main resuit.

Corollary 1.2. The universe problem is undecidable for an FA(Z) over binary
alphabet.

Proof. We shall construct an FA(Z) B1 over a binary alphabet {a, 6} from A7 over
an alphabet S such that L(ö7) = {a, &}* if and only if L(*47) = S*.

First we encode the alphabet E = {ai , . . . , an} to a binary alphabet. One such
encoding is provided by ip(ai) = aïb for a* G A

Each transition in A1 is divided in a way that, for ail q G Q> we have new
states g1, g2 , . . . , qn and a transition function 5f of B1 is defined so that <5'(g, a) =
{(Ç1^)}, S'(qk,a) = {(gfe+1,0)} for 1 < k < n - 1, and, for ail 1 < i < n,
<5'(g\6) ~ {(p,z) | (p, z) G ̂ (g,ai)}. Clearly Ö7 accepts a word w G ip(A*) if and
only if w is accepted in .47.

Finally, we add a part that accepts the words in the regular language
{a, b}* \t/>(£*). Clearly each regular language is accepted by an FA(Z) and FA(Z)
languages are closed under union. D

2. A SPECIAL INCLUSION PROBLEM

In this section we prove the undecidability of a special inclusion problem.
Fix alphabets A = {6,0, l,c} and B = {a, b}. Let h : A+ —» B+ be a periodic

non-erasing morphism, i.e. there exists w G B+ such that h(u) G w+ for ail
u G A+.

Theorem 2.1. Let h : A+ -> B+ be a periodic morphism as above and x '• A* —>
2B* be an e-free finite substitution. It is undecidable^ whether h(u) G x(u) for a^
ueb{0,l}*c.

Proof Let A1 = (Q, {0,1}, <5, ga) be an FA(Z). We shall define h and x such that
/i(u) G x(w) for ail -u G 6{0, l}*c if and only if L{A^) = {0,1}*.

As usual we shall identify a singleton set {u} with its sole member u. Let
s = |Q| + 1, for Q — {gi,. -., g s-i}, where gx is the initial state of A1. Further, let

r = |min{2; | 3(p,z) G S(q,x) for some p, g G Q,x G {0,1}}|,

i.e. r is the absolute value of the minimal weight of the transitions in A1'. We
write (fc,rr, z,j) for (gj,2;) G <5(gfc,x). Define

5 - 1

iü - as6? Â  - I J afc6, and Tx = (J a3~kbwx+raj. (2.1)
ft=i {Kx,z,j)

Here Tx encodes the rules of Ay. Define
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for x G {0,1}, and

h(b) = w, h(c) = w, h(x) = ™r+1.

Let L - 6{0, l}*c. Clearly, for all u G {0,1}% ft(6uc) = w • IÜM^+I) • w, and we
shall prove that wW(r+i)+2 e x{buc) for u e {0,1}* if and only if u G L(AJ).

Let u = X\ . . . xm , â  e {0,1} for 1 < i < m, and v G x(bwc)- We know that

= a> a
s-klbwZl+rajl - as

for the séquence (ki,XiJZi1ji)1 1 < % < m.
Assume that v G w+. Then necessarily k\ = 1, fei+i = j ^ for 1 < i < m — 1,

and £ = s — j m . This means that the séquence is a computation of u in .47 starting
from the initial state q1 and ending in the state gJm. It follows that

V =

Now v = tü|t*|(r+i)+2 if a n d o n l y if ^ m ^ 2_ = Ot T h e l a t t e r c o n d i t i o n i s equivalent
to saying that the séquence {ki^Xi^z^ji}, 1 < i < m, is an accepting computation
of u in JC.

The claim follows from the undecidability of the universe problem of the FA(Z)

3, THE ÉQUIVALENCE PROBLEM

In this section we shall prove that the équivalence problem of finite substitutions
is undecidable for the regular language 6{0,1}* c.

The proof we present modifies the proof of Lisovik [4]. In the original proof
Lisovik used the undecidability of the reliability of défense Systems, cf. [3]. The
undecidability of the reliability of défense Systems has a long proof using the
undecidability of a special inclusion problem for nondeterministic finite transducers
over alphabet {0,1}* x c*, which also has a somewhat involved proof.

We shall use the undecidability of the universe problem for finite integer weighted
automata over a binary alphabet. This model of an automaton is simple and the
undecidability proofs for it are elementary.

Theorem 3.1. The équivalence problem for e-free finite substitutions on the
regular language 6{0, l}*c is undecidable.

Proof. Let JC = (Q, {0, l},<5,gi) be an FA(Z). We shall define two finite
substitutions y>,£ : {6,0,1,0}* —» {a, b}* such that tp and £ are equivalent on

, l}*c if and only if L(A**) = {0,1}*.
As in the proof of Theorem 2.1, let s = \Q\ + 1, for Q = {çx,..., ç s - i} , where
is the initial state of JC', and

r = | min{£ | 3(p,z) G 6(q}x) for some p,q G Q,x G {0,
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We write (k,x,z,j) for (<fc-,z) G S{Qki%)> and define u>, iV and Tx, for as G {0,1},
as in (2.1). Further, for x G {0,1}, define

Cx=

Finally we define the substitutions £ and

= a

£(x) = «,*•+! u (eU iV)(Tx U

for a: G {0,1}, and

(p(b) = £(6) U w, ^(c) = £(c), <

Let L = 6{0,l}*c. Clearly £(v) Ç tp(y) for ail u G L, since £(x) Ç tp{x) for
all letters x G {6,0, l ,c}. Therefore to prove that the équivalence of £ and <p
is undecidable, we need to show that (p(v) Ç £(v) for ail t; G L if and only if

= {0,1}*-

. Assume first that L(v47) / {0,1}*. Let u G {0,1}*, u £ L(-47), and assume that
h and x are as in the proof of Theorem 2.1. Clearly h(buc) G (p(buc) and x(^uc) ^
£(6tic), and by the proof of Theorem 2.1, and the form of TV, h{buc) G £(buc) if
and only if u G L(*A7). By our assumption, h(buc) = u>M(r+1)+2 ^ £(6uc). It
follows that if L(X7) / {0,1}*, then <p(a;) / £(x) for some x G 6{0, l}*c.

Assume next that L(*47) = {0,1}* and let x = x0 ... x n + i e L, u = u0 ... un+i,
where x̂  G {6, 0,1, c} and û  G ̂ (x^) for ail 0 < i < n + 1. Note that XQ = b and
^n+i = c. We have to show that there exists ^ G £(xi) for ail 0 < i < n + 1 such
that vo . - - i>n+i = ^*

First, we note that the only différence in the images of £ and ip is in the image
of 6, and £{b)\(p(b) = w. If UQ ̂  iu, then we have a trivial solution tt̂  — f̂  for ail
0 < i < n + 1. Therefore we assume that wo = w-

We shall use parenthesis to illustrate the factorizations by <p and £ to u^'s and
UÎ'S, respectively. We divide our considération into three cases:

(i) if n = 0, then x = 6c and we have two subcases:

(1) if u\ = tu G <p(c), then iio^i — (iü)(tü) = (a)(as~16tt;) G £(x).
(2) If Wi G TVÎU Ç y?(c), z.e. for some 1 < k < s - 1, wo^i = (w)(as~kbw) =

fe G £(cc).

(ii) If n > 1 and ttx ^ iü r+1, then we show that there is a factorization such that
Ui = Vi for 2 < i < n + 1 and wo^i = ^o^i- For this, there are four subcases:

(1) if ui G Tcĉ^ then, for {k,xi,z,j),

= (a)(as-1bas~kbwz+raj) = vovi e a • NTTXl.
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(2) lîm G NTXl then, for (k,xuzj) and 1 < £ < s - 1,

uoUl = (w)(as-ebas~hbwz+raj) = {was~ib){as-hbwz+rV) = voui G wN • TXl.

(3) If m G CXliV then, for (fc, xuz,j) and 1 < ^ < s - 1,

= (a)(aa-1&a f l- f c6u;z + r + 1aa- '6) = ^ i G a • iVCXliV.

(4) If m e NCXlN then, for {k,xuzj) and 1 < ^ , t < s - 1,

(iii) If n > 1 and ux = ^ r + 1 then we need the fact that L(*47) = {0,1}*.
Let t = min{i | i > l,m / t u r + 1 } . Now

By our assmnption, for the séquence x' = x1... xÉ_i G {0,1}*, we have transi-
tions

(Qji,Zi) € <%*_!,Zi)> i = { l , . . . , t - 1 } ,

in X 7 , where 1 < ji < s — 1 and jo = 1, and

t - i

since xf G L(v47). Therefore there exists

for 1 <i<t — l, and by setting i;o = a, we get

= wwZl+rwwZ2+rw .

By (3.1)

and therefore uoui... ut-\ = t>ó î • • • ^ - I Û 5 " ^ " 1 ^ We may already assume that
Vi = ^ for 1 < i < t - 2.

Now there are two cases depending on t. First if t = n + 1 then we have two
subcases:

(1) if iin+i = w then ü t_i = ^ _ x and vn+i = as~jt-~1bw G Nw G ̂ (c) and we
get that u — v.
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(2) If un+i = as~kbw G Nw, for some 1 < k < s — 1, then set

Vt_1 =vn= as-jt~2bwZt-1+r+1as-kb G CXnN and vn+1 = w.

This yields that u = v.

The second case is that t < n. Then set Vi — Ui for t + 1 < i < n + 1 and there
are four subcases for vt-\ and ^ depending on ut\

(1) if ut — as~kbwz+rai G TXt, for some (k^x^z^j), then set

Vt_1 = ^ _ x and ut = as-jt-1bas-kbwz"rraj G 7VTXt)

to obtain u — v.
(2) If ut = as-ebas-kbwz+raj G iVTXÉ, for some (k,x,zj) and 1 < i < s - 1,

then set

and

to obtain u — v,
(3) If ut - a 5 - f c ^ + r + V - ^ > G CXt;V, for some (k,x,zj) and 1 < € < 5 - 1,

then set

Vt_x = ^ _ 1 and ut = afl-J'*-16aa-fc6u;at+r+1aJ-^ G 7VCXtA ,̂

to obtain u — v,
(4) If ut = a 5 -^a s - f c 6^ + r + 1 a s " / l 6 G NCXtN, for some (k,x,zj) and 1 <

^Î ft- ̂  5 — 1, then set

ut_! = a ' -J*- 2^^- 1^^*- 1^- 5"*- 1^-^ = a5-^-2^**-1^-1-1^-^ G CXtN

and

Vt = a5- f c6^+ r+1a5-^6 G CXtN,

to obtain u — v.

We have proved that if L(A**) = {0,1}* then tp(L) Ç ^(L). The undecidability
follows from the undecidability of the universe problem for FA(Z) over a binary
alphabet, Corollary 1.2. •

In the previous proof we actually proved that it is undecidable, whether the
inclusion

holds for all word a; S E*. This also follows from Theorem 3.1.
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