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CAHIERS DE TOPOLOGIE VOL. XXXII-2 (1991)
ET GEOMETRIE DIFFERENTIELLE
CATEGORIQUES

ALMOST SMOOTH ALGEBRAS
by Alfredo R. GRANDJEAN and Maria J. VALE

RESUME. Le but de cet article est d’ introduire et de
caractériser les algebres ‘“presque lisses". Une A-alge-
bre B est presque lisse si et seulement si, pour tout
homomorphisme surjectif de A-algébres commutatives de
but B la seconde suite exacte fondamentale associée est
une suite exacte courte.

INTRODUCTION.

We introduce and characterize "almost smooth algebras”,
which generalize the formally smooth algebras of Grothendieck
[1]. There are "almost smooth algebras" that are not for-

mally smooth.
It is well known that for every epimorphism of groups
there is a short exact sequence of modules [2]. Also, for

every surjective homomorphism of commutative algebras there
is a right exact sequence (the second fundamental exact
sequence [5]), whose lack of exactness is measured by the
cotangent functors [3], which play an important role in alge-
braic deformation theory. "Almost smooth algebras" are char-
acterized by the short exactness property of the second fun-
damental exact sequence.

DEFINITION.

An A-algebra B is almost smooth if for any A-algebra C ,
any ideal I of C satisfying I’=0, and any A-algebra homo-
morphism g : B — C/I such that I is an injective B-module
via g, there exists a liftng f: B > C of g that is an
A-algebra homomorphism.

B
VA
> 1 > C
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THEOREM. Let B be an A-algebra. Then the following condi-
tions are equivalent:
(1) B is an almost smooth A-algebra;

(7\ T (R\A “ = ﬂ f'“' overy uyouuvo D-uwdutc 1 N whéié Tl
is ~Lichtenbaum and Schlessinger’s first upper cotangent fun-
ctor [3];

(3) Ty(BMAB) =0, where T, is the first lower cotangent
Sfunctor [3];

(4) for every  surjective  homomorphism  of  A-algebras
g:D —> B, the imperfection module of the D-algebra B
relgnve to A, ¥swpa (11, p.136), is isomorphic to
/i) where J = Kerg ;

5) for every  surjective homomorphism of  A-algebras
g:D—-B, the second fundamental exact sequence of B-
modules

0 ————-)J/Jz — Qp\a ©p B —_—)QB\A — 0

is short exact, where J = Kerg ;
(6) there is a polynomial ring R over A and a surjective
homomorphism of A-algebras R —-»> B such that

0 — > I3 — 5 aga® B —— Qg\a —— 0

is short exact, where J = Kerg ;

(7) there is an isomorphism Extg(Qg\aM) = T'(B\A,M) , for
every B-module M .

(8) a singular A-extension of B by an injective B-module 1
is A-trivial if its image by a surjective homomorphism of
A-algebras u : D —» B is A-trivial;

® if 0 - M —>E —-B —0 is a singular A-extension of B
by the B-module M , then the second fundamental exact
sequence of B-modules

0 > M > Qpg\a 8 B —— Qg — 0

is short exact;
(10) every singular A-extension of B ,

0 >5M—>-E-—-B->0,

allows a split embedding, i.e. there is a split singular
A-extension

0——)N—->H(_—_)B—)0
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of B with McN , EcH , such that the diagram
0 > M >

is commutative.

PROOF. (1) — (2. Let 0 51 > E -B5B 0 be a singular
A-extension of B by an injective B-module I . Since B
is an almost smooth A-algebra, there is an A-algebra section
s of p. Thus 0 51 -5 E — B — 0 is split.

2) = (5). Let C be an A-algebra and I an ideal of C satis-
fying I"=0. Let p:C —>CI be the projection and
g : B —> C/I an A-algebra homomorphism such that I is an in-
jective B-module via g . Consider the commutative diagram

0 5> 1 5Cxcyy B—95 B > 0
|y e
0 N > C P, c/1 >0

where
Cxc/iB={(cb)eCxB|gb=pc}.
Since T'(BA,D) =0,
0 »>I >Cx¢,B—-B -0
is a split A-extension. For the secion s of q, hs is
a lifting of .
(2) & (3). Let P be a polynomial ring over A mapping onto
B with kernel J . The sequence
0 — T;(BAB) —> J/I> —> Qp\s @ B —> Q54 — 0

is exact. If I is an injective B-module, the sequence

0 —> Homg(Qp\,,]) —> Homp(@p\, & B,J) —s Homg(J/12) —s
—_ HomB(Tl(B\A,B),I) — 0
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is also exact. Thus

T'(B\A,]) = Homg(T,(B\A,B),]) .

T,(B\A,B) =0 then T'(BA,) =0 .

Conversely, let T'BA,]I) = 0 for every injective B-module
I. Choose I to contain T,{(B\A,B) ; it follows that
T;(B\A,B) =0 .

B)= @ Consider the surjective homomorphism of A-
algebras D —-» B and the associated exact sequences

¥B\D\A — Qp\a & B —— Qg\p —— 0

l | |

0= T1(B\A,B) —> J/Jz > Qp\a ©p B — Qg\a — 0

Since T,(B\A,B) = 0, 7p\pua = J/I° .

4) = (5). Trivial.

(5) = (6). Trivial.

6) = (7). Let 0 -UUy ->FU, >R —->B
extension of B over A [3] and let J

R —» B . From the exact sequence

— 0 be a free
be the kernel of

0 > J/J2 — Qr\a ®R B — Qp\a — 0

we obtain the exact sequence

U/UQGRB——)F/UQ@RB > Qpr\a GRB_)QB\A_"O

N

N

U/, JegB = J/I?
Since Qp\, ®g B and F/U, ey B are free B-modules,

IR

T'B\AM) = Exti(@p M) .

(7) = (8). Let u*:T'(®BWAI — T'OW]I) be the homo-
morphism induced by u:D —s B and I an injective B-
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module.  Since  T'(B\A,J) ~ Extp(@g\,]) = 0, u* is injec-
tive.

8) = 9. Let 0 - M 5>E >B >0 be a singular A-
extension and M — Qp\x @ B — Qg4 — 0 the second funda-
mental sequence associated yith the Al-algcbra homomorphism
E-—>B. Since pP: Tr(,B\A,I) — T'(E\A,D is injective
for every injective B-module 1, the sequence

0 —— Der,(B,) —— Der,(E,J) —— HomgM,]) —— 0

is exact for any injective B-module I . Thus M — Qg\, ® B
is injective.

(9) = (3). Let P be a polynomial ring over A mapping onto B
and with kernel J . Consider the diagram

J2

&
<

A 4
v,

0—J/J — L E-=pF s B >0

If J9 — g, B — gy — 0 is the second fundamental
exact sequence associated with the A-algebra homomorphism
E > B, then by the naturality of the Jacobi-Zariski
sequence, the following diagram is commutative:

0 — J/Jz—>QE\A 8 B —> Qg\y, — 0

{

0 — T,(C\A,Q) > I/ — 5 Qp\s @ B — Qga —— 0

Since Qe\a ®g B = Qp\a ®p B, Ti(C\A,C) =0.
2) = (10). Let 0 5 M 5E 5B -0 be a singular A-

extension of B, and choose an injective B-module I contain-
ing M . Consider the diagram
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iﬁ‘E P,B > 0

0 > M
T
0 > 1 >yEf — B —— 0

vyhere E' =(IeE)YH, I e E is an A-algebra with multiplica-
tion

(x,0)* (x’,e’) = (pe-x’ + pe’-x.,ee’) ,
and H = {(m,-im)|m € M} . The 1singular A-extension
0 >I 5E — B — 0 is split, because T (B\A,]) =0 .

(10) = (2). Let 0 51 5E 5B —-0 be a singular A-
extension of B by an injective B-module I, and
O——)N—)D:B—)O a split embedding. Let j:I > N

be inclusion and ¢ : N — 1 a B-module homomorphism such
that yj = 1; . Consider the commutative diagram

00— I — E > B > 0
i
0—>N—-1,D_—B_— 50
s
v h
0 > I > v > B > 0
where D v (I e D)/{(yn,-in)|n e N} . Since the singular
extension 0-1I1-5D v~ B—-0 splits, so too does

0>»>I—>E—SB-—>0.

NOTE. Every formally smooth algebra is almost smooth, but
there are almost smooth algebras that are not formally
smooth. As an example consider a perfect field A and
B =S/, where

S = A[X;ssXp,Yqeees 1,

Yelx,, . X, Yy, Y, 0 T2
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and I the ideal of S generated by
F,

xf - XZYI"" ’ Fr-I = X?‘-l - X Yron s
F,

X2 - XY, , Fray = X3 Xp - Y,..Y, .

Then B is an almost smooth A-algebra but is not formally
smooth, because the homological dimension of

QB\ A is infin-
ite [4].
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